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Rules

As is tradition, the prize pool has increased (to $300 this year).

I have collapsed first and second place into a winner-takes-all arrangement
(c’est la vie).
Furthermore, there are additional changes to the structure of this Game:
1. you must now pass the problem set to be awarded the prize money;
2. you may submit your solutions to the problem set at any point in the future;

3. if you plagiarise work, I reserve the right to ban you from all subsequent
competitions — grim trigger
4. the problem set is also available on my website

e there you will find an alternative presentation of these problems upheld
with MathJaX, TikZ and JavaScript.

e the url for the problem set is
https://abaj.ai/projects/bday-problems/24th /problems

e my solutions will be available from the start of 2026; by viewing them you
forfeit the prize money (obviously)

5. Good luck!


https://en.wikipedia.org/wiki/Grim_trigger
https://abaj.ai/
https://abaj.ai/projects/bday-problems/24th/problems
https://abaj.ai/projects/bday-problems/upload

§ Problems

1. Given that A and B are sets like so:

A and B are non-empty sets

4 )

- J

(a) Give an expression for the conditional probability P(A|B)

Solution:
P(ANB)

P(A|B) = “P(B) (1)

(b) Hence or otherwise derive Bayes’ (first) rule for conditional probability:

P(A|B) = P(BJA) x iggg
Solution:
P(A|B) — % as (1)
P(B|A) = %
— P(B|A)- P(4) = P(AB) - P(B)
— P(A|B) = P(B|A) x %

(c) Prove that the symmetric difference AAB = (A — B) U (B — A) is the same
as (AUB) — (AN B).



Solution:
Let x € AAB.
Then:

e rcA—B —= rvc€Aandx ¢B
OR:

erceEB-A = zeBandax¢g A
So:

ercAorzeB = ze€(AUB)

e tZ(ANB) = x € (ANB)°
Therefore:

re(AUB)N(ANB)=(AUB)—-(ANB)

2. The Gamma Function
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(a) Recall the integral of

/ e *dx
/ e “dx

(b) Apply integration by parts on

Solution:

/xexdx.

Factorise your result.



Solution:

= —qge * +/e$da:

=—e “(1+2)

(c) These above are special cases of & =1 and aw = 2. More generally we can
compute the integration of
/ r* e *da.

Solution:

= 2 'e "+ (a—1) /xo‘_Qe_wdx (3)

(d) Fixing the limits of integration leads to the Gamma function, defined by
INa) = / v e "dz, for a >0
0
Show that with (3), it follows that
MNa)=(a—1) xT'(a—-1).

Therefore, we have for any integral k: T'(k) = (k—1) x (k—2) x ... x2xT(1),
and I'(1) = 1 due to (2).

Solution: From (3), we have:
/za_le_””dx =—2*le "+ (a—1) /xo‘_ze_wdx
Evaluating with limits from 0 to oo:
INa) = /00 e dw
0

- [—xo‘_le_ﬂgo + (o — 1)/ e dx
0

For o > 1, as © — 0o: 2% te™® — 0 (exponential dominates polynomial).
At 2 =0: 071 =0 for a > 1.




Therefore:

['(a)=[0—-0]+ (v —1) /000 7 %e " dw

= (a— 1) (a—1)

3. Monty Hall Problem:

? ? Goat

Selected Opened

(a) Suppose there are three curtains. Behind one curtain there is a nice prize,

while behind the other two there are worthless prizes (perhaps 1 car and 2
goats). A contestant selects one curtain at random, and then Monte Hall
opens one of the other two curtains to reveal a worthless prize (goat). Hall
then expresses the willingness to trade the curtain that the contestant has
chosen for the other curtain that has not been opened. Should the
contentestant switch curtains or stick or stick with the one that she has?

Solution: She should switch.

Let C denote the event ”car is behind chosen door” and S denote ”car is
behind switch door.”

Initially: P(C) = 5 and P(S) = 2.
Monty knows where the car is and always opens a door with a goat. This

action does not change the initial probabilities:

e If the car was behind the contestant’s door (prob %), switching loses.

e If the car was behind one of the other two doors (prob %), Monty
must reveal the goat from the remaining door, so switching wins.




Using Bayes’ theorem: Let M be the event ”Monty opens door 3 (revealing
goat).” Assuming the contestant chose door 1:

P(M|Car at 2) P(Car at 2)
P(M)

P(Car at 2|M) =

1-

1
2

W=

2
3

where P(M) = P(M|Car at 1)P(Car at 1)+ P(M|Car at 2) P(Car at 2)+

P(M|Car at 3)P(Car at 3) =5 -3 +1-3+0-3 =3

Therefore, switching gives probability 2 of winning vs  for staying.

(b) Now consider the variant where the host does not know which door hides
the car. What is the posterior probability of winning the prize / car if our
contestant switches?

Solution: When the host does not know where the car is and randomly
opens a door, we must carefully condition on observing a goat.

Let contestant choose door 1, host randomly opens door 3 revealing a goat.
Let C; = "car behind door ¢, GG3 = "host opens door 3 and reveals goat.”

P(Gs|C2) P(Cy)
P(Gs)

P(Cy|Gy) =

Computing the probabilities (host picks uniformly from doors 2 and 3):
o P(G3|Cy) = 3 (picks door 3 with prob 3, finds goat)
o P(G3]Cy) = 3 (picks door 3 with prob 3, finds goat)
e P(G5|C5) = 0 (if picks door 3, finds car, not goat)

Therefore:

P(G3) = P(G5|C1)P(Cy) + P(G3|Cy) P(Cy) + P(G3|Cs) P(Cs)

BEUE I O S
2 3 2 3 3
1
"3
Thus:
1.1 1
P(Cy|Gy) = 22 = 5
3




4.

Answer: The posterior probability of winning by switching is

1
2

The key insight: when the host doesn’t know, revealing a goat provides no
information to distinguish between doors 1 and 2, so they become equally
likely.

(a) Prove that there are equally as many natural numbers as there are integers,

i.e. that |Z| = |NJ.

Solution: Infinite sets are equal in cardinality if there is a bijection be-
tween both sets:

Consider f : Z — Z given by f(2n) =n and f(2n+ 1) = —(n+ 1). Such
a function is injective and surjective. The correspondence is illustrated
below.

top row: domain

bottom row: codomain

(b) Prove that there are equally as many integers as there are rational numbers,

i.e. that |Z| = |Q)|.

Solution:
Every rational number ¢ € Q has a unique reduced representation

= % with a € Z, b € Nog, ged(|al,b) = 1.
Define an injection ¢ : Q — Z x Ny by
1(0) = (0,1), L(%) = (a,b) (in lowest terms, b > 0).

This is injective because the reduced representation is unique.




Next, Z x Ny is countable: let g : Z — N be the bijection

(2) 2z, z >0,
Z) =
g —2z—-1, z<0,

and let 7 : N x N — N be Cantor’s pairing function

(x+y)(z+y+1)
2

m(z,y) = +y.

Then
h:7Z x Nyg — N, h(z,b)zﬁ(g(z), b—l)

is a bijection, so Z X Ny is countable.

Since Q injects into a countable set, Q is countable. Also Z C Q, so Q is
infinite. Hence Q is countably infinite, and therefore

Qf = IN| = [Z].

Prove that the real numbers are uncountable; i.e. that |R| # |NJ|.

Solution:

It suffices to show that [0, 1] C R is uncountable. Suppose for contradiction
that [0, 1] is countable. Then we can list all its elements as a sequence

L1, T2, T3y ...
Write each x,, in a decimal expansion
Tn = O-Gnlan2an3 toe

choosing the representation that does not end in repeating 9s (so the
expansion is unique).

Now define a new real number y € [0, 1] by specifying its digits:

1, ap, # 1,
Yy = O.blbgbg s bn = {27 4y, = 1
By construction, b, # a,, for every n. Hence y differs from z,, in the n-th
decimal place, so y # x, for all n. This contradicts the assumption that
(x,) lists all of [0, 1].
Therefore [0,1] is uncountable, and since [0, 1] C R, the real numbers are
uncountable. In particular,

IR| # [N].




x1 = 0. |an | a2 a3 aus

e = 0. as |axg | azs axy - b f ]
n 7 Qnn for a

xzg = 0. a3 age | asz | asg -

X4 = 0. agl ay2 a,3 Q44

Yy = 0. bl bg b3 b4

SO Y #* x, for ¢

1 n
Al n.

5. (a) What does the sequence 1,1, 1 L converge to? (If at all)

) 4797 167

Solution: The sequence is a,, = # forn=1,2,3,...
To show convergence to 0, we use the e-N definition:
For any ¢ > 0, we need N such that for all n > N:

‘o . 1 2.1 1
This is equivalent to =3 <€, or n* > -, or n > NG

n

Choose N = {i-‘ Then for all n > N, we have |a, — 0| < e.

e
Therefore:

What does the sequence 1, 2

, 3,33, converge to? (If at all)

Solution: The sequence is a,, = % forn=1,2,3,...
To show convergence to 0:

For any ¢ > 0, we need N such that for all n > N:

1

——0‘<€
n

This requires % <€ ormn > %
Choose N = [1]. Then for all n > N, we have |a, — 0] < e.
Therefore:

o1
lim — =0
n—oo N,

10



Note: While the sequence converges, the corresponding series >~ % (the
harmonic series) diverges.

6. Which is larger asymptotically as n — co?

7.

2" <« n!

OR
2" > n!

Give a proof by induction.

Solution: We claim that

for sufficiently large n.

Proof by induction:

We will prove that n! > 2" for all n > 4.
Base case: n =4

41 =24>16=2*

Inductive step: Assume k! > 2% for some k > 4. We must show (k + 1)! > 2~1,

(k+1)!=(k+1)- k!
> (k+1)-2F (by inductive hypothesis)

> 2. 2" (since k +1 > 2 for k > 4)
:2k+1

Therefore, by induction, n! > 2" for all n > 4.

Asymptotic analysis: The ratio g—,l grows without bound:

n!  1-2:3-4---nm

1
o on 2 22 2 2

For n > 5, each factor % for £ > 3 is > 1, and we have infinitely many such
factors as n — oo. Thus 2% — 00, confirming n! > 2".

(a) Find the eigenspaces of the following matrices:

11



0
0
0

SO = O W
[N eNel )

Solution: (a) A = E (1)]

Characteristic polynomial: det(A — ) = (1 —\)? =0
Eigenvalue: A\ = 1 (multiplicity 2)
Eigenspace for A = 1: Solve (A — I)v = 0:

L o o

Eigenspace: E; = span { {ﬂ }

-2 2
o=}
Characteristic polynomial: det(B—AI) = (=2=X\)(1—=X\)—4 = A2+ \—6 =
A+3)(A—2)=0
Eigenvalues: \; = —3, Ay =2
For A\ = =3: (B+3[)v =0:

1 2| |z
{2 4} M_O:»sz_o

-4 2} mzo — —dz+2y=0

)

3
(c)C=11 4 3
0 0 1
Characteristic polynomial: det(C' — A) = (1 = A)[(2— A4 — ) —3] =
1-=NAN=6A+5)=1-MNA-1)(\=5)=0

12




Eigenvalues: A\; = 1 (multiplicity 2), Ay =5
For A\=1: (C—1)v=0:

1 3 0] |z
1 3 3 |yl =0
0 0 0] |2
From row 1: 43y =0, fromrow 2: x 4+3y+32=0 = z=0
-3
E; = span 1
0

For A =5: (C —51)v =0:

-3 3 0 x
1 -1 3 yl =0
0 0 —4| |z
From row 3: 2 =0, fromrow 1: -3z +3y=0 = z =y
1
Es = span 1
0
1 10
(d) D= {0 0 0| (assuming this is 3 x 3)
0 00

Characteristic polynomial: det(D — M) = (1 —A\)(=A)2 ==X 3(1—-X) =0
Eigenvalues: A\ = 0 (multiplicity 2), Ay =1
For A =0: Dv = 0:

1 1 0| |
00 0| |yl=0= 24+y=0
0 0 0f |#

-1 0
Ey = span 11,10
)L
For A=1: (D—-1I)v=0
0 1 0 x
0 -1 0 Yyl =0 —= y=2=0
0 0 -—-1| |z
1
FE, = span 0
0

13




(b) Determine if the following matrices are diagonalisable. If so, determine their
diagonal form and a basis with respect to which the transformation matrices
are diagonal.
If they are not diagonal, give reasons why not.

1_01

5 —6 —6
3. |-1 4 2
|3 -6 —4
(5 4 2 1
4. |-1 =1 3 0
1 1 -1 2

-8 4
Characteristic polynomial: det(A— M) = —A(4—A)+8 =2 -4 \+8 =0
\ = EVIG3E _ 4 o 4 oy
2 3

Solution: (a) A = [ 0 1]

Not diagonalizable over R (complex eigenvalues). However, it is diag-
onalizable over C.

For \y =2+ 2i: (A— M\ I)v=0:

—2-2 1
{—8 2—21}"_0

Eigenvector: v, = [2 i 22}

FOF)\2—2—2iZV2—|: 1 :|

2 - 2
| 2+ 2i [ 1
Over € D = { 2—2@} P—{2+2i 2—21']
111
(by B= |1 1 1
111

Characteristic polynomial: Notice rank(B) = 1, so A = 0 has multiplicity
at least 2. tr(B) = 3, so eigenvalues sum to 3.

Eigenvalues: \y =3, Ao = A3 =0
For A\=3: (B—3[)v=0:

14



All rows are equivalent to z + y + 2z = 0 after reduction. Eigenvector:

1
V1 = 1
1

For A\ =0: Bv =0 = z+y+2z = 0 Eigenspace: E, = span

(dimension 2)

300
Diagonalizable: D= |0 0 0
0 00
1 1 1
Basis: P= |1 -1 0
1 0 -1
5 —6 —6
(c)C=1|-1 4 2
3 —6 —4

Characteristic polynomial (expanding along suitable row/column): det(C'—
M)=-XN+5 2 -8\+4=—-A—-1)(A—-2)2=0
Eigenvalues: \; = 1, Ay = 2 (multiplicity 2)

For A\=1: (C—1)v=0:

—6
21v=0

-5

—6
21v=0

—6

Row reduces to: z — 2y — 2z = 0 Eigenspace: dim(FEs) = 2, spanned by

4 -6
-1 3
3 —6
3
Solving: v = |1
1
For A =2: (C —2[)v=0:
3 —6
-1 2
3 —6
2 2
11,10
0 1
100
Diagonalizable: D= |0 2 0
0 0 2

Basis: P =

)
O =N
— O N

15




(d) This appears to be a 3 x 4 matrix (non-square).
Not diagonalizable - only square matrices can be diagonalized in the
standard sense.

If intended as 3 x 3 (ignoring last column), one would need to compute
eigenvalues/eigenvectors accordingly.

8. Consider the following bivariate distribution p(z,y) of two discrete random
variables X and Y.

Y1 10.0110.02]0.03| 0.1 | 0.1

Y Y 10.05| 0.1 {0.05[0.07| 0.2

Y3 1 0.1 10.05]0.03{0.05(0.04

I T T3 Ty Ty

X

(a) Compute the marginal distributions p(x) and p(y).

Solution: Marginal distribution p(z): Sum over all values of y:

p(z1) = 0.01 4+ 0.05 +0.10 = 0.16
p(2) = 0.02 + 0.10 + 0.05 = 0.17
p(x3) = 0.03 +0.05 + 0.03 = 0.11
p(x4) = 0.10 +0.07 + 0.05 = 0.22
p(5) = 0.10 + 0.20 + 0.04 = 0.34

Therefore: p(z) = (0.16,0.17,0.11,0.22,0.34)
Marginal distribution p(y): Sum over all values of x:

p(y1) = 0.01 4+ 0.02 4 0.03 +0.10 + 0.10 = 0.26
p(y2) = 0.05 4 0.10 + 0.05 + 0.07 4+ 0.20 = 0.47
p(ys) = 0.10 4+ 0.05 4+ 0.03 + 0.05 4+ 0.04 = 0.27

Therefore: p(y) = (0.26,0.47,0.27)
Verification: Y p(z) = > p(y) = 1.00

(b) Compute the conditional distributions p(z|Y = y;) and p(y|X = x3).

16



Solution: Conditional distribution p(z|Y = y):

Using p(z|y) = p]()f;;), with p(y;) = 0.26:
p(z1lyr) = % ~ 0.0385
plralyn) = o0 ~ 0.0769
p(xslyr) = % ~ 0.1154
p(z4lyr) % ~ 0.3846
p(@s|m) % ~ 0.3846

Or exactly: p(l‘|y1) - (%7 267 267 26’ 26
Conditional distribution p(y|X = x3):

Using p(y|z) = %, with p(x3) = 0.11:

0.03 3
= ——=—~0.272
p(y1|s) o1 = 7 02T
0.05 5
= —— = —~0454
p(ye|zs) 011 11 0.4545
0.03 3
= — = —=0.2727
P(!/s’fﬂ?,) 011 11
Therefore: p(y|zs) = (%7 %7 1_31)
9. Consider two random variables, z, y with joint distribution p(z,y). Show that

Ex[z] = Ey [Ex|[z|y]]

Here, Ex|[x|y] denotes the expected value of x under the conditional distribution
p(zly).

Solution: Discrete case:

17



Starting with the right-hand side:

Ey[Ex[zly)] = > p(y)Ex|z|y]
= ip(y) >z plaly)
= Xy: Y jPcp(f'fly) - p(y)
= é éx plx,y)  (since p(z,y) = p(z[y)p(y))

Continuous case:

Ev(Exiohl] = [ Exfel o)y
[ ([ ptelras) s
=[] e eptaly) - piwdeay
[ et
([ s s
= | weplayds
— Exls]

Therefore, Ex|[x] = Ey [Ex[z]y]]. O

10. Last year we qualitatively described a number of Probability Distributions, this

year we shall discover more results.

To begin, find the Probability Mass/Density Functions for the following
distributions:

1. Binomial

18



Bernoulli
Geometric
Poisson
Exponential

Gamma

NS Ot W

Normal

Solution: (a) Binomial: X ~ Bin(n,p), where n € N, p € [0, 1]

n

P(X =k)= <k)pk(1 —p)"* k=0,1,...,n

(b) Bernoulli: X ~ Ber(p), where p € [0,1]
P(X =k =p"(1-p)'* ke{01}
Equivalently: P(X =1)=p, P(X =0)=1—p
(c) Geometric: X ~ Geo(p), where p € (0, 1]
PX=k=0-pFtp k=123,...

(Number of trials until first success)

Alternative parameterisation (number of failures before first success):

PX=k)=(1-pFp, k=0,1,2,...

(d) Poisson: X ~ Pois(\), where A > 0

A=A
P(X =k)= T

k=0,1,2,...

(e) Exponential: X ~ Exp(\), where A > 0
flx)y=Xe, >0

(f) Gamma: X ~ Gamma(«, 3), where a, f > 0

flx) = %xo‘_le_ﬁm, x>0

where I'(a) = [Tt et dt
(g) Normal (Gaussian): X ~ N (p,0?), where p € R, 0 > 0

f(x):\/%exp(—(x;(jg)2>, rcR

19




11.

(a) What is the formula for the Moment Generating Function? What about the

kth (central) MGF?

Hint.
ox(s) = E(?) = /?
Solution:
px(s) = E () (5)
_ / dFy (z) (6)
P (0) = E(X") (7)

(b) Hence, or otherwise derive the Expectation, Variance and Moment

Generating Function for all 7 distributions in Q10. Show minimal working.

Solution: 1. Binomial X ~ Bin(n,p):
o EX]|=np
o Var(X) =np(l —p)
o Mx(t) = (pe' +(1—p)"

Derivation: X =3 | X; where X; ~ Ber(p) are independent. By linear-
ity: E[X] = > E[X;] = np, Var(X) = > Var(X;) = np(1 — p). For MGF":
M () = [Iizy Mxi(t) = (pe" + 1 —p)".
2. Bernoulli X ~ Ber(p):

e E[X]=p

o Var(X) =p(l —p)

o Mx(t) =pe' +(1-p)
Derwation: E[X]=0-(1—p)+1-p=p. E[X? = p, so Var(X) =p—p* =

p(1—p). Mx(t) = E[e"] = (1 - p)e” + pe'.
3. Geometric X ~ Geo(p) (trials until first success):

° E[X]:%

e Var(X) = Lp

p

o Mx(t) = #e_tp)et for t < —1In(1 —p)

20



Deriwation:

> 1 1

IE[X]:E k‘(l—p)k 1p:p._2:_

1 p p

o0 t

M t) = tk 1_ k—1 — pe
x(?) ];_1 e (1—p)"p 1—(1—-p)e

4. Poisson X ~ Pois()\):
e E[X] =\
e Var(X) = A\

° MX(t) — ek(etfl)

Derivation:
o )\kze—)\ . o /\k—l
k=0 k=1
A e L (Aet)* :
_ th A U A(et=1)
MX(t)—Ze N ¢
k=0 k=0

For variance: E[X?] = E[X(X — 1)] + E[X] = A\? + \, so Var(X) = \? +
A==\
5. Exponential X ~ Exp(\):

o E[X] =5

o Var(X) = 35

o Mx(t) =3 fort <A
Derwation:

o 1
E[X] = / zhe Mdr = =
0 A

Mx(t) = / e e M dr = )\/ AL e —

6. Gamma X ~ Gamma(a, 3):

e E[X]=2¢

=

o Var(X) =

Yo

21




o My(t) = () fort<p

Derivation: Using I'(a + 1) = al'(«):

_ﬁa Oooz—ac _Ba F(Oé—l—l)_Ck
BLX) = oy |, 27 = py e = 5

Mx(t) = % /OOO o e Bty — (%)

7. Normal X ~ N (u,0?):

e EX]=pu
e Var(X) = o2
2t2

o Mx(t) = etttz

Derivation: For standard normal Z ~ N (0,1):

1 o
Mz (t) = Nor / e 224y = ef*/?

For X =pu+o0Z: Mx(t)=e"My(ot) = phttot2 /2

12. Shortest distance between an arbitrary point and hyperplane given by wz +b =0

Solution: Let x, € R™ be an arbitrary point, and consider the hyperplane
H = {x:w'x+b=0} where w # 0.

The shortest distance from xy to H is the perpendicular distance.

Derivation:
1. The normal vector to the hyperplane is w.

2. Any point on the hyperplane can be written as xz where wxy + b = 0.

3. The projection of xy onto the hyperplane is found by moving in the
direction of —w (toward the hyperplane):

Xproj = X0 — OW

where o is chosen so that x,,.; € H:

T

wl(xg—aw)+b=0 = wixy—a|w||*+b=0

22



wlixy+b
o=
[[wi|?
4. The distance is:
|w'xq + b|
d(x0, H) = |[x0 = Xproj|| = [[aw[| = |af|w]| =
[[wil
Answer:
T b
d(XO,H) _ |W Xo + |
[[wli
In the case where ||w|| = 1 (normalized), the distance simplifies to [w’xq + b|.
13. Consider minimising the strictly convex quadratic function

1
q(x) = EXTGX +d'x+c

on R", where n > 1, d is a constant n X 1 vector, G is a constant n X n symmetric
positive definite matrix and c is a scalar. Let x* € R"™ be the global minimiser for

q(x), xV € R” and xM) # x*.

Consider applying Newton’s method to ¢(x) starting at x(*

(a) Write down the Newton direction at x™") and show that it is a descent direction.

Solution: For the quadratic ¢(x) = ix"Gx +d"x + ¢:
Gradient: Vg(x) = Gx +d

Hessian: VZ¢(x) = G

The Newton direction at x(!) is:

p! = —[V2(xV)]7'Vg(x") = -G7H(Gx + d)

Showing it’s a descent direction:
A direction p is a descent direction if Vg(x™)"p < 0.

Va(x")TpW = (GxV + d)” [-GHGx"Y + d)]
= —(GxW + d)TG1(GxW + d)
= —[[Va(x")[I&-

Since G is positive definite, G™! is also positive definite. Therefore, the
quadratic form v G~1v > 0 for all v # 0.

23



Since x(V) # x* we have Vq(x(V)) # 0 (as x* is the unique stationary
point).
Thus: Vq(xM)TpM < 0, confirming p™") is a descent direction.

(b) How many iteration(s) will Newton’s method take to reach the minimiser x*
of g(x). Give reasons for your answer.

Solution: Exactly 1 iteration.

Newton’s method update is:
x? =xM 4 p® =xM - G 1(GxV + qd)
The minimiser x* satisfies the first-order optimality condition:
Ve(x*)=0 = Gx*+d=0 = x*=-G'd
Substituting into the Newton update:

x®@ =x® - Gg'Gx"Y - G~ld
=xM —x® _—G-d
- -G7ld

:X*

Therefore, Newton’s method reaches the minimiser in exactly 1 iteration
for any quadratic function, regardless of the starting point x(1.

This is because the Hessian of a quadratic is constant, and Newton’s
method is ezxact for quadratic functions—it finds the point where the
quadratic approximation (which is the function itself) is minimised.

14. Consider the following inequality constrained optimisation problem

(IP) minimise a’x
x€eR™

subject to x'Qx —1 <0, (8)

where n > 1, () is a symmetric and positive definite n x n matrix,
a € R" a # 0 and the constraint function ¢(x) = x'Qx — 1.

(a) Write down the gradient V¢(x) and the Hessian VZ¢(x).

Solution: For ¢(x) = x"Qx — 1:
Gradient:
Ve(x) = 20Qx
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(Since @ is symmetric: V(x7Qx) = (Q + QT)x = 2Qx)
Hessian:
Vie(x) = 2Q

Show that ¢(x) is a convex function.

Solution: A twice-differentiable function ¢ : R™ — R is convex if and only
if its Hessian is positive semidefinite everywhere.

From part (a): VZe(x) = 2Q
Since () is given to be positive definite, we have for all v # 0:

viQv >0

Therefore:

vI(Vie(x)v=2vIQv>0 VYv#0

Thus V?¢(x) is positive definite (hence positive semidefinite), which implies
¢(x) is strictly convex.

Show that the problem (IP) is a convex optimisation problem.

Solution: A problem is a convex optimisation problem if:

1. The objective function is convex

2. The feasible region is convex (i.e., all inequality constraints
g:(x) < 0 have convex g;)

1. Objective function: f(x) = a’x is linear, hence convex.

2. Constraint: ¢(x) =x"Qx —1<0

From part (b), ¢(x) is (strictly) convex.

The feasible region is Q = {x : xTQx < 1}, which is a convex set (it’s a
sublevel set of a convex function).

Alternatively: for x;,x5 € Q and A € [0, 1]:

c(Ax1 + (1 — N)x2) < Ae(xy) + (1 — ANe(xz)  (by convexity of ¢)
<A 04+(1=N)-0=0

So Axy + (1 — A\)xy € €, confirming (2 is convex.
Therefore, (IP) is a convex optimisation problem.

(d) Show that x* = 92 5 a constrained stationary point for the problem

(IP).

25



Solution: A point x* is a constrained stationary point if it satisfies the
KKT conditions:

1. Feasibility: ¢(x*) <0

2. Stationarity: V f(x*) + pVe(x*) = 0 for some p
3. Complementarity: pc(x*) =0

4. Dual feasibility: p© >0

Let’s verify:
1. Feasibility:

c(x*) = (x)TQx* —1
QW)
a’Q1la
_a'Q7'QQ"a
= a0
a’Q'a
aTQ la

1
1=20

So x* lies on the boundary of the constraint (constraint is active).

2. Stationarity: We need a + p - 2Qx* = 0 for some p > 0.

—O'a
varQ-la

2ua

valQ-1la

a+2u@Qx* =a+2u@ -

Setting this to O:
2
al1- 2 )= 0
valQ-la
valQ-1la

2

3 & 4: With u > 0 and ¢(x*) = 0, complementarity and dual feasibility
are satisfied.

Since a # 0, we need:

W= >0

Therefore, x* is a constrained stationary point.

. —Q~la - o L
(e) Determine whether x* = \/% is a local minimiser, global minimiser or
a —ta
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neither for the problem (IP).

Solution: Answer: x* is a global minimiser.
Proof:
Since (IP) is a convex optimisation problem (from part ¢) with:

e Convex objective function f(x) =a’x

e Convex feasible region (2

Any local minimiser is also a global minimiser for convex problems.

We showed in part (d) that x* satisfies the KKT conditions. For convex
problems, the KKT conditions are sufficient for global optimality.

Alternative geometric argument:

The problem minimises a linear function over an ellipsoid. The minimum
occurs where the level set {x : a’x = ¢} (a hyperplane orthogonal to a) is
tangent to the ellipsoid {x : xTQx < 1}.

This tangency occurs at:

x* = _Q_la
~V@o

The direction —Q~'a points from the origin toward decreasing values of
a’x, and we scale to hit the boundary of the ellipsoid.

Verification: The objective value at x* is:

Goalx =292 o
fx)=ax NSRS al’Q'a

This is the minimum value over the feasible region.
Therefore, x* is a global minimiser.

(f) Write down the Wolfe dual problem for (IP).

Solution: The Wolfe dual for the problem
min a’x

st. xIQx—1<0
is constructed from the Lagrangian:

L(x,p) = a’x + p(x"Qx — 1)
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The Wolfe dual is:
(WD) max L(x,p) =a’x+ u(x"Qx — 1)
X,
st. VxL(x,p) =a+2u@Qx =0
p=0
Equivalently, eliminating x using the stationarity condition x = —i@fla:
T -1
(WD) max — aQ A i
>0 4p

(g) What is the optimal objective value of the Wolfe dual problem in part f)? Give
reasons for your answer. You do not need to solve the Wolfe dual problem.

Solution: The optimal objective value of the Wolfe dual is —y/aTQ'a.

For convex optimisation problems with differentiable objective and con-
straints, strong duality holds under Slater’s condition (which is satisfied
here since the constraint is strictly feasible at the origin if 0 < 1, or at any
interior point).

By strong duality:

Primal optimal value = Dual optimal value
From part (e), we found that the primal optimal value is:
f(x*) =a’x* = —\/aTQ 'a

Therefore, the Wolfe dual optimal value is also:

—JaGTa

Verification: At the optimal p* = —VaTQM from part (d), the dual ob-
jective is:

L(X*,,LL*) — aTX* _’_M* . 0
— 4 /aTQ—la

confirming strong duality with zero duality gap.

15. Consider the following equality constrained optimisation problem
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(EP) min a’x
x€R”™

st. xIx—1=0,

where n > 1, a € R", a# 0 and ||a], = vaTa. Let z* = —*

— lall2”

where n > 1, () is a symmetric and positive definite n x n matrix,
a € R" a # 0 and the constraint function c¢(x) = x'Qx — 1.

(a) Show that global minima of (EP) must exist.

Solution: We use the Extreme Value Theorem: A continuous function

on a compact set attains its minimum.

T

1. Objective is continuous: f(x) = a’x is linear, hence continuous.

2. Feasible region is compact: The constraint set is Q = {x € R" :
xTx = 1}, which is the unit sphere S~

The unit sphere is:

e Closed: It’s the preimage of the closed set {1} under the
continuous function x — ||x||?

e Bounded: ||x| =1 for all x € Q

By the Heine-Borel theorem, a subset of R" is compact if and only if it is
closed and bounded. Therefore €2 is compact.

Since f is continuous and (2 is compact and non-empty, by the Extreme
Value Theorem, f attains its minimum on 2.

Therefore, global minima of (EP) must exist.

Show that z* is a regular feasible point for (EP).

Solution: A point is regular (satisfies LICQ - Linear Independence Con-
straint Qualification) if the gradients of the active constraints are linearly
independent.

For (EP), the constraint is h(x) = x'x — 1 = 0.
Gradient:
Vh(x) = 2x

-2
Vh(z*) =2z" = a
lall2

Since a # 0, we have Vh(z*) # 0.
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A single non-zero vector is linearly independent, so the LICQ condition is
satisfied.

Verification of feasibility:

(Z*)TZ* — aTa — ||a||% —
lall3 a3

Therefore, z* is a regular feasible point for (EP).

(c) Show rigorously that the feasible region 2 = {x € R" : x’x — 1 = 0} of (EP)
Is not a convex set.

Solution: Proof by counterexample:

Consider n = 2. Let x; = [(1)} and x9 = [_01} )

Both points are in :

xix; =1, xaxy=1

For a convex set, the line segment between any two points must lie entirely
in the set. Consider the midpoint with A = %:

1 +1 _11+1—1_0
Check if x,,q €
Xﬁidxmid =0 7’é 1
Therefore x4 ¢ .

Since we found x1,x; € Q but their convex combination $x; + 3% ¢ Q,
the set {2 is not convex.

General argument: For any n > 1, the unit sphere S"! is not convex
because it does not contain the line segments between antipodal points (or
any pair of distinct points on the sphere).

(d) Verify that z* is a constrained stationary point for (EP).

Solution: For an equality-constrained problem, a point z* is a constrained
stationary point if there exists a Lagrange multiplier A such that:

Lagrange condition:
Vf(z")+ AVh(z*) =0

T

where f(x) = a’x and h(x) = x'x — 1.

We have:

30



e Vix)=a
o Vh(x)=2x
At z* = |I7a :
all2
-2
Vh(z") =2z" = —-a
lall2
The Lagrange condition becomes:
-2
at A o =0
lall2
2\
a (1 — ) =0
all2
Since a # 0, we need:
1— 2\ =0 = A= lall.
lall2 2

With this value of )\, the Lagrange condition is satisfied.

Therefore, z* is a constrained stationary point with Lagrange multi-
: « _ llall2
plier A* = 5=,

(e) Using the second-order sufficient optimality conditions, show that z* is a strict

local minimiser for (EP).

Solution: The second-order sufficient condition states: If z* is a reg-
ular stationary point and

d’V2 L(z*, \*)d > 0

for all d # 0 satisfying Vh(z*)"d = 0 (tangent to the constraint), then z*
is a strict local minimiser.

The Lagrangian is:
L(x,\) =alx+\x"x—1)
The Hessian with respect to x:
V2. L(x,\) = 2\I
At z* with \* = @ > 0 (since a # 0):

all2

V2, L(z"\) =2 I =|al|s]
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The tangent space at z* is:
Ty ={d:Vh(z)'d =0} = {d: 2(z")'d =0} = {d : d L z*}
For any d € T« with d # 0O:
d"VZ,L(z", A)d = d"([lall2])d = [lall2]|d[* > 0

Since the second-order sufficient condition is satisfied, z* is a strict local
minimiser for (EP).

(f) Show that z* is a global minimiser for (EP).

Solution: We'll show that f(z*) < f(x) for all feasible x.
For any x € Q2 (i.e., ||x| = 1), by the Cauchy-Schwarz inequality:

a'x > —[a'x| > —[all2[x]2 = —[all»

Equality holds when x and a point in opposite directions:

X = 2 z*
llal|2
At z*: H ”2
—a a
z')=alz*=a’ - S bl [PA—Y
f=) Tallh =l ~ Ik
Therefore:

f(z) = —|lallz <a’x = f(x) ¥x€Q

This shows that z* achieves the minimum value of the objective function
over the feasible region.
Therefore, z* is a global minimiser for (EP).

Note: The maximum is achieved at —z* = % with value |al|s-

16. (a) Prove that
Proposition.

la| <b <= —-b<a<b

Proof. Solution: Proof:

(=) Assume |a| < b.

32



By definition of absolute value:

a, ifa>0
la| =

—a, ifa<0

Case 1: If a > 0, then |a| = a, so a < b. Also, since a > 0, we have
a>—b(as —b<0<awhenb>0). Thus —b <a <b.

Case 2: If a < 0, then |a| = —a, so —a < b, which gives a > —b.
Also, a < 0 < b (assuming b > 0, which must hold since |a| > 0). Thus
—-b<a<0<h.

In both cases, —b < a < b.

(<) Assume —b < a <b.

Case 1: If a > 0, then |a| = a < b by assumption.

Case 2: If a < 0, then |a| = —a. From —b < a, we get —a < b, so
la| = —a <'b.

In both cases, |a] <b. O

(b) Prove that

Proposition.

Va,b e R, |a|-|b] =]a-0|

Proof. Solution: Proof:
We consider four cases based on the signs of a and b:
Case1l: a>0and b>0
Then ab > 0, so:
la] - [b] = a - b = |abl

Case 2: a>0and b<0
Then ab < 0, so:

laf - [b] = a- (=b) = —ab = |ab|
Case 3: a<0Qand b>0
Then ab < 0, so:

la] - [b] = (=a) - b = —ab = [ad]

Case 4: a<0and b<0
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Then ab > 0, so:
la] - [b] = (=a) - (=b) = ab = |ab|

In all cases, |a| - |b| = |abl. O
Alternative proof: Note that |a| = Va2 and |b| = v/b2. Then:

la| - b = Va2 - VB2 = Va2b? = \/(ab)? = |ab)|

(c) Complete the following
Proposition.

Two real numbers, a and b are equal if and only if, for every € > 0, |a — b| < €.

Proof. Solution: Proof:

(=) Assume a = b.

Then |a — b =|0] =0 < € for all € > 0.

(<) Assume that for every € > 0, |a — b| < e.

Suppose, for contradiction, that a # b. Then |a —b] = d > 0 for some
deR.

Choose €y = 4 > 0. By assumption, |a — b < ¢y = 2.

But this gives d < %l, which implies 2d < d, hence d < 0. This contradicts

d > 0.
Therefore, a =b. [
Interpretation:

This states that two real numbers are equal if and only if the distance
between them is arbitrarily small. This is a fundamental characterisation
of equality in terms of the metric structure of R.

17. Complete the following

Proposition.

Let A C R and m € A be the minimum of A, then inf A = m.
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18.

Proof. Solution: Proof:

Recall that m is the minimum of A if:

1. meA

2. m<aforallae A
Recall that inf A (the infimum or greatest lower bound) satisfies:

1. inf A < a for all @ € A (it is a lower bound)

2. If £ is any lower bound of A, then ¢ < inf A (it is the greatest lower
bound)

We must show inf A = m:

Part 1: Show m is a lower bound of A.

Since m is the minimum, m < a for all a € A. Thus m is a lower bound.
Part 2: Show m is the greatest lower bound.

Let ¢ be any lower bound of A. Then ¢ < a for all a € A.

In particular, since m € A, we have £ < m.

Since m is a lower bound and every lower bound ¢ satisfies ¢ < m, we conclude
that m =inf A. O

Note: The minimum is the infimum when it exists and belongs to the set.
However, not all sets have a minimum (e.g., (0,1) has no minimum), but every
non-empty bounded-below set has an infimum (by the completeness of R).

(a) State and prove the Cauchy-Schwarz inequality.
Proposition.

Solution: Cauchy-Schwarz Inequality: For vectors x,y € R™:
<"y | < [Ix]l[ly]

Equivalently, for real numbers:

n
E T3Yi
i=1

n
SNPIENOM;
i i=1
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Proof. Solution: Proof:
Case 1: If y = 0, then both sides equal 0, so the inequality holds.
Case 2: Assume y # 0. For any t € R, consider:

0 < [x—tyl* = (x—ty)" (x — ty)
Expanding:

0<x'x—2xTy +t’yly
= [Ix||* = 2t(x"y) + ||y |*

This is a quadratic in ¢ that is non-negative for all £. Choose ¢t = ﬂ‘yT”‘é (the

value that minimises the quadratic):

x"y)?  (xTy)?

0 S < 2 _2( 4 Ay 2
Il TERE [yl
y)

lylI?

= Il - &

Rearranging:
(x"y)* < [IxI1*[lyI*
Taking square roots:
[x"y| < [Ix]llly]
Equality condition: Equality holds if and only if x and y are linearly
dependent (i.e., x = ¢y for some scalar c).

Alternative proof via discriminant: The quadratic at? + bt + ¢ with
a=|yl* >0,b=—2x"y, ¢ = ||x][|? is non-negative for all ¢. Thus its
discriminant must be non-positive:

b —dac <0 = 4(x"Ty)? —4|x|*|ly|* <0

which gives the result.

(b) Hence or otherwise, state and prove the Triangle Inequality.

Proposition.

Solution: Triangle Inequality: For all real numbers a, b:

o+ b] < |af + [b]
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19.

More generally, for vectors x,y € R™:

[+ yll < [kl + [lyll

Proof. Solution: We prove the vector version (the scalar case follows by
setting n = 1).

Ix+y[*=(x+y) (x+y)
=xIx+ 2Ty +yly
= [Ix* +2x"y + [y ]|*

By the Cauchy-Schwarz inequality (from part a):
x"y < [x"y| <[]yl
Therefore:

e+ yl* <l + 2l [l + [y ]*
= (Il + Ily1)?

Taking square roots (both sides are non-negative):
[x+yll < [Ix] + llyll

Equality condition: Equality holds if and only if x and y are non-
negative scalar multiples of each other (i.e., point in the same direction).

(a) Give the definitions of these elementary analysis facts:

Definition: Metric Space

Solution: A metric space is a pair (X, d), where X is a (non-empty) set
and d : X x X — [0,00) is a function, such that the following conditions
hold for all z,y, 2z € X:

1. d(z,y) =0 <= z=y

2. d(z,y) = d(y,z)
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3. d(z,y) +d(y,z) > d(z,z) (triangle inequality)

Definition: Epsilon Ball

Solution:
B(zg) ={zx € X : d(z,z0) < €}

Definition: Interior Point

Solution: zp € Y C X is an interior point if B(xg,¢€) lies completely
within Y.

Definition: A subset Y in (X, d) is open if

Solution:
Y = Int(Y)

(b) Complete the following
Proposition.

Every e-ball in a metric space is open.

Proof. Solution: Proof:
Let (X,d) be a metric space, ry € X, and € > 0. We want to show that
the e-ball
Be(zg) ={zx € X : d(z,z0) < €}
is an open set.

To show B.(zg) is open, we must show that every point in B.(zq) is an
interior point, i.e., for each y € B(zo), there exists 6 > 0 such that

Bs(y) € Bu(xo).

Construction:

Let y € B(xg) be arbitrary. Then d(y, xq) < €.
Define § = € — d(y, z¢) > 0.

We claim that Bs(y) C Be(zo).

Verification:

Let z € Bs(y). Then d(z,y) < 0.
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By the triangle inequality:
d<Z7 ZL'()) S d(Z, y) + d(ya 170)
< 0+ d(y, o)
=€

Therefore d(z,zg) < €, which means z € B.(zo).
Since z was arbitrary, we have Bs(y) C B.(zo).
This shows that y is an interior point of B(z).

= (E - d(yv ZL’())) + d(ya ZEQ)

Since y € B(z() was arbitrary, every point of B.(zy) is an interior point.
Therefore, B(x¢) = Int(B.(x¢)), which means B.(x() is open.

20. Infinite-dimensional vector spaces

(a) What are the sets ¢, ¢o, /¥ and ¢>°7 Give examples of sequences in each.

Definition: ¢

terms.

Solution: The space of sequences with only finitely many non-zero

coo = {(zn);2 : only finitely many x,, # 0}

Example: cy

Solution: (1,2,3,0,0,0,...), (1,0,1,0,0,...)

Definition: ¢,

Solution: The space of sequences that converge to zero.

co = {(xn)zo:l :lim 2, = 0}

n—o0

Example: ¢

Solution: (%):;1 = (17 %,

Definition: /#
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Solution: The space of sequences whose p-th powers are summable.

P = {(In)zozl : Z |2 |P < OO}
n=1

Example: /7

Solution:

o (3)am (since 355 < 00), (55),.,

o (&), (since Y =5 < o0)

Definition: ¢

Solution: The space of bounded sequences.

neN

£ = { iy supon] < o

Example: (>

Solution: (1,—1,1,

—1,...), (sin(n));2 |, any constant sequence (c, ¢, c, . ..)

Remark.

Relationships:

coo S co TP (forany 1 <p < o0)

(b) Give the definition and at least 2 examples for each each:
Definition: Hilbert Space

Solution: A complete inner product space.

Example: Hilbert Space

Solution:

e R" with the standard inner product (x,y) = > . | 2;y;
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21.

o (7 ={(,)2, : > 0 |7,]* < oo} with inner product
<l’, y) = ZZO:I LnYn

Definition: Banach Space

Solution: A complete normed vector space

Example: Banach Space

Solution: (C0,1],]| - ||e) and (¢7,]] - |[,)

(a) State pointwise convergence for a sequence of functions.

K(e,x):Vn > K |fo(zx) — f(x)] <e

Solution: lim, ., f, = f p.w (point-wise) <= Vz € X Ve > 0, IK =

(b) State uniform convergence for a sequence of functions

K |fulz)— f(z)] <e VeeX

Solution: lim,,_,, f, = f uniformly <= Ve > 0, 3K = K(¢) : Vn >

(¢) Does the following function converge pointwise? What about uniformly?
For each integer k > 1 define

fr:[0,1] — R, fr(z) = max{0,1 — 4k*| z — 5|}.

Yoy G (1,1)

Solution:

e Pointwise convergence and failure of uniform convergence

of
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Sa) =3 f’“](f), z€0,1].

1

o]
k=

1. Pointwise convergence.

Fix z € (0, 1]. The inequality % <x< % is equivalent to

Al)=/2 <k <B) = /2.

Whose length is

V5 -3 _ 0.253 -
= 0
2\/1 Vi ’

so the interval holds at most [L(z)] integers. Hence only finitely
many k satisfy fi(z) # 0; the series S(z) reduces to a finite sum
and converges. For x = 0 every term is 0, so S(0) = 0. Thus S
converges for every x € [0, 1].

L(z) := B(z) — A(x)

2. Failure of uniform convergence.
Let Sy(z) := ivzl % For N > 10 choose
1
IN ‘= m S [O, 1]

Claim: For every k € [N + 1, N + | N/10]] we have fi(zy) > %
Proof: For such k,

1= W =N _ (k= N)(k+N) _ (N/10)(11N/10) _ 11 1 1

[on — 5 N2 2 N2 K2N? 10042 S8k S 12

IN

so xy € supp(fi) and fy(zn) =1 —4k?xy — 5| > 4.

Therefore the tail Ty (z) == 3,y £ ’“,ix) satisfies

N+|N/10|

1
Tn(zn) > 3 Z

k=N+1

>-In(1+5)=1¢>0 (N > 10),

| =
N —

) n
using Zzzm% ZlnE,Vn,meN, n>m>1:

IS — Snllo = sup |S(z) — Sn(x)] > |Tn(xy)| > ¢ for all N > 10,

50 [|S — Sn||lee 7 0. The convergence of the series is therefore not
uniform on [0, 1].
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(d) What does uniform convergence imply about a series?

Solution: L” convergence and pointwise convergence.

22. (a) Give the definition of a topological space (X, 7).

Solution:

satisfies
1. 9, X er;
2. if {Vi}ier € 7 then U, Vi € 7;
e "an arbitrary union of open sets is open”
1. if Vi, Vo e then ViNV, €.

e "a finite intersection of open sets is open”

A topological space is a pair (X, 7), where X is a set and 7 C P(X)

(b) Give the definitions of these Topological spaces:
Definition: Co-countable Topology

Solution:
7={Y C X :Y“is countable } U {2}

Definition: Co-finite Topology

Solution:
7={Y C X :Y¢is finite } U {7}

Definition: Discrete Topology

Solution:
T={2, X}

(c¢) Are limits unique in a topological space? What about in a metric space?

of.

Solution: Not unique. Only in Hausdorff spaces, of which metric is a type

23. Let (X1,...,X,) ~ P(A).
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(a) Let

_ ] —

X, =- X;
be an estimator of A\. Find the bias, standard error and Mean Squared Error
of X,,.

Solution: For (Xi,...,X,) "~ P()), we have E[X;] = A and Var(X;) = A.
Bias:

So X, is unbiased.
Standard Error:

SE(X,,) = \/Var(X,,)

=.l= Z Var(X;) (by independence)

Mean Squared Error:

MSE(X,,) = Var(X,,) + [Bias(X,,)]?

A
== +0
n

S| >
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(b) Let

T 142440
Compute the bias and MSE of T\n as an estimator of \.

Solution: Note that Y i = n(n;l)-

Bias:

E(f,] = = 3 i E[X]

Therefore: Bias(T},) = 0 (also unbiased).

Variance:
Var(T\ ) = Var L iZX
" n(n+1) — !
4 n
= n2(n+ 1) ; i*Var(X;) (by independence)
A\ =
n?(n+1)2 —
4 n(n +1)(2n + 1)
= n2(n _|_ 1)2 6
_4M2n+1)
~ 6n(n+1)
C2\(@2n+1)
~ 3n(n+1)
MSE: A1)
T o +
MSE(T,,) = Var(T, 2 _ M
SE(Tn) = Var(T) +0 3n(n+1)

(¢) Compare T , to X, in terms of MSE. Which estimator is preferable? Intuitively,
why is one better than the other?
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Solution: Comparison:

- A
MSE(X,) = =
n
~ 2X(2 1
MSE(T,) = 222t
3n(n+1)
To compare, compute the ratio:
~ 2X\(2n+1)
MSE(Tn) _ 3n(n+1)
MSE(X,,) A
B 2(2n 4+ 1)
- 3(n+1)
_dn+2
C 3n+3
_dn+2
~ 3n+3
For large n: gZig ~pt=5>1
More precisely: MSE(T},) > MSE(X,,) for all n > 1.

2(2n41)

( .
o) > 1

To verify, check if
22n+1)>3(n+1) <= 4n+2>3n+3 < n>1

For n = 1: both equal A (both reduce to X;). For n > 2: MSE(X,) <
MSE(T,).

Conclusion: X, is preferable (lower MSE).

Intuition: X, weights all observations equally, making efficient use of
all data. T, gives more weight to later observations, which introduces
unnecessary variability without reducing bias (both are unbiased). The
equal weighting of the sample mean is optimal for i.i.d. data.

Find the moment estimator for \.

Solution: The method of moments equates population moments to
sample moments.

For the Poisson distribution: E[X] = A (first moment).

Sample first moment: X,, = %Z" X;

1=

=

Setting them equal:
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Therefore, the moment estimator is:

This is simply the sample mean.

Find the maximum likelihood estimator for \.

Solution: The likelihood function for i.i.d. Poisson observations is:

The log-likelihood is:

(X)) =log L(X)
= Z z;log A — n\ — Z log(x;!)
i=1 i=1

= (Z ml> log A — n\ — const

i=1
Taking the derivative with respect to A:
d_£ _ D i1 T _
dA A
Setting equal to zero:

D iy Ti IRS
== —n=0 = A=-— i
A " an

i=1
Checking the second derivative:

d*( D i Ti
oz e <0

This confirms a maximum.
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Therefore, the maximum likelihood estimator is:

~ _ 1 <&
Mg = X, = = > X;
MLE n a—

Note: For the Poisson distribution, the MLE equals the moment estima-
tor.

Find the Fisher information Z(\)

Solution: The Fisher information for a single observation is:

(a% log /(X A)ﬂ

or equivalently (when regularity conditions hold):

I\ =E

2

I(\) = -E [% log f(X; A)]

For X ~ P(\):
log f(z; ) = xlog A — A — log(z!)

First derivative:

0 T
Second derivative:

O g fla12) =~

gxz BB = T,

Taking the negative expectation:
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Verification using first formula:
X 2
IN=E||——-1
w=&|(3-1) ]
[ X _2X ]
A2 A
E[X?] B 2E[X] ]
DY A
_NEA 2
N A
1
=1+—-—-2+1
+5 -2+
1
A
Therefore:
1
I\ =~
=13
For n i.i.d. observations: Z,(\) =n-Z(\) = §

24. What is the maximum straight-line distance in an N-dimensional unit hyper-cube?

Solution:

Answer:

VN

Derivation:

An N-dimensional unit hyper-cube is the set [0, 1Y = {(z1,29,...,2x5) : 0 <
x; < 1 for all i}.

The maximum distance is achieved between opposite corners (vertices). Con-
sider the vertices at the origin 0 = (0,0,...,0) and the opposite corner 1 =
(1,1,...,1).

The Euclidean distance is:

d(0,1) = 1—0)+(1—0)+ +(1-0)2

\/ +1+-
N times

U

Visualisation:
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2D Unit Square

3D Unit Cube

B=(1,1,1)

A =(0,0,0)

General Pattern:

e 1D (line segment): maximum distance = /1 = 1
e 2D (square): maximum distance = v/2 &~ 1.414
e 3D (cube): maximum distance = /3 ~ 1.732

e ND (hyper-cube): maximum distance = v/ N

This demonstrates the curse of dimensionality: as dimension increases, the
diagonal of the unit hyper-cube grows without bound, even though each side
length remains 1.
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Question: 1 2 3 4 5) 6 7 8 9 10 11 12 13
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Score:
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Score:
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