GHAPTERl‘

Number and Algebra

Review of surds

In this chapter, we revise our work on surds, which are a special class of
irrational numbers that you studied in ICE-EM Mathematics Year 9.

Surds, such as /29, arise when we use Pythagoras' theorem.
\29

2
52+22=29
The values of the trigonometric ratios of some common angles are surds.

Ne

For example, cos 30° = -

Surds also arise when solving quadratic equations and can often be treated as if
they are pronumerals. Skills in manipulating surds strengthen algebraic skills.
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e
A Irrational numbers and surds

Irrational numbers

When we apply Pythagoras’ theorem, we often obtain numbers such as V2. The numbers ~/2 and +/3
are examples of irrational numbers and so is 7, the number that arises from circles. Note that V2
means the positive square root of 2.

Recall that a rational number is a number that can be written as 4 where p is an integer and g is a

. 9’
non-zero integer.

A real number is a point on the number line. Every rational number is real but, as we have seen, not
every real number is rational. A real number that is not rational is called irrational.

3 2 T
| | | | | | |

-4 -3 -2 -1 0 1 2 3 4

As we have mentioned, every real number is a point on the number line and, conversely, every point
on the number line is real.

Surds can always be approximated by decimals, but working with exact values enables us to see
important relationships and gives insights that would be lost if we approximated everything.

Surds

We can take the n™ root of any positive number a. The n'™ root of a, written as ¥/a, is the positive
number whose n™ power is a. Thus, a = b is equivalent to the statement b" = a.

If “/a is irrational, then it is called a surd. If %/a is rational, then a is the n™® power of a rational

number. Hence, v/3, /5 and 3/7 are surds. On the other hand, 3/8 = 2 and ¥/81 = 3, so they are not
surds.

Approximations to surds can be found using a calculator.

Example 1

Use your calculator to arrange the surds J8, 10, /2 and 3/60 in order of size on the
number line.

We use a calculator to find an approximation to each number, correct to two decimal places.

J8 = 2.83 J10 = 3.16 V2 =1.41 360 = 3.91
| \5 | \/5?/1_() %I
1 2 3 4
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2A IRRATIONAL NUMBERS AND SURDS

Constructing some surds geometrically

We can use Pythagoras’ theorem to construct lengths of V2,3
and so on.

Using a ruler, draw a length of 1 unit.

Using your ruler and compasses or set square, draw a right angle at
the end of your interval and mark off 1 unit.

Joining the endpoints, we have a length V2 units by Pythagoras’
theorem.

If we now draw an interval of length 1 unit perpendicular to the
hypotenuse, as shown in the diagram, and form another right-angled
triangle, then the new hypotenuse is J3 units in length. We can

continue this process, as shown, to construct the numbers J5 , J6 1
and so on.

‘ Irrational numbers and surds

e Every real number is a point on the number line and, conversely, every point on the
number line is a real number.

e Every rational number is a real number. A real number that is not rational is called an
irrational number.

e If ais a positive rational number and %/a is irrational, then %a is called a surd.

Arithmetic with surds
We will review the basic rules for working with square roots.

When we write 2/3, we mean 2 x /3. As in algebra, we can omit the multiplication sign.

If a and b are positive numbers, then: For example:
(Ja)’ =a (Vi) =11
\/072 =a \/372 =3
Ja x5 = ab BxT= fx7 =2

Ja o= o VRN SN

The first two of these rules remind us that, for positive numbers, squaring and taking a square root
are inverse processes. For example:

(\/7)2 = 7and\/772 =7
Also, Vw2 = mand (\/E)z = 1. Note that /7 is not a surd.
Take the surd +/12. We can factor out the perfect square 4 from 12, and write:

J12 = Va3
=J4 x3 (\/a_=\/5><x/5)
=23
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2A IRRATIONAL NUMBERS AND SURDS
AT oh RSN NGRS OVBSMRS

Hence, /12 and 2+/3 are equal. We will regard 2+/3 as a simpler form than </12, since the number
under the square root sign is smaller.

To simplify a surd (or a multiple of a surd), we write it so that the number under the square root sign
has no factors that are perfect squares (apart from 1). For example:

JI2 =23
We shall also refer to any rational multiple of a surd as a surd. For example, 4+/7 is a surd.

In mathematics, we are often instructed to leave our answers in surd form. This means that we
should not approximate the answer using a calculator, but leave the answer — in simplest form —
expressed using square roots, cube roots etc. This is also called giving the exact value of the answer.

We can use our knowledge of factorising whole numbers to simplify surds.

Example 2

Simplify:
a /50 b 27

a /50 =25 x2 b 27 =9 x+3
=52 =33

We look for factors of the number under the square root sign that are perfect squares. Sometimes we
may need to do this in stages.

Simplify:
a /588 b 74243 ¢ 64162

a /588 = /4 x 147 b 74243 = 7435 ¢ 64162 = 681 x 2
= 2J147 =73 x3 = 6392 x 2
=2J49 %3 =7x9/3 = 5442
=2x73 =633
=143
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2A IRRATIONAL NUMBERS AND SURDS «a

In some problems, we need to reverse this process.

Example 4

Express each as the square root of a whole number.

a 5J7 b 746

a 5J7 =52 x 7 b 76 = 49 x 6
= J25x7 - 294
- 175

Simplify each expression.

a J/5x7 b 3 x 11 ¢ /5 x+/30 d /3 x15
a \5x+7=435 b V3 x+11=14/33
¢ /5 x+/30 = 150 d V3 x+15 = /45

_ /35x6 =J9x5

=56 =35

Example 6

Simplify each expression.

a V5 +3 b%
G B Y10 _ [70
? \/BT\E_\/Z b T
-5 -5
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2A IRRATIONAL NUMBERS AND SURDS
N e
. Algebra of surds

e If a and b are positive numbers, then:

(Va)' =
Ja x b = ab
Va5 = ¢

e Asurd is in its simplest form if the number under the square root sign has no factors that
are perfect squares (apart from 1).

e To simplify a surd, take out any square factors.

For example, v/50 = /25 x 2 = 52

Doz

1 Arrange the irrational numbers V3,46, 330 and /60 in order of size on the number line.
w 2 Simplify:

a 8 b V12 ¢ /32 d /50 e V54

f /108 g /98 h /200 i /288 i V147

k V112 1 V175 m /245 n /294 o V225

p /900 q /450 r /300 s /1000 t 1728
W 3 Simplify:

a 2475 b 4125 ¢ 699 d 3J150 e 24720

f 54245 g 6432 h 750 i 114108 j 564100

k 775 1 3176 m 2208 n 5V275 0 44300
4 Express each as the square root of a whole number.

a 242 b 3J5 c 73 d 6J6 e 1043

f 410 g 1115 h 750 i 63 j 3420
m S Simplify:

a /2x3 b J7 x 11 ¢ V8 x+/5 d V3 x+13 e V6 x/8
6 Simplify:

V2 J5

am bm c@ d@ em f@
J5 V10 J6 V3

4
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7 Simplify:

a V2 x 7 b V2 x B8 ¢ V3x6 d (v2)' x(v3)
e V1242 £ (V5) -5 g V5 x5 h VI8 + 2
8 Complete:

a J5x...=+/30 b V12 x...= /36 ¢ JI5x..=/45
20

d—“m‘):m e "1':J§ f

9 a Find the area of a rectangle with height /7 cm and width +/3 cm.
b Find the area of a triangle with base /6 cm and height /5 cm.

=

¢ Find the area of a square with side length /17 cm.
d A square has area 11 cm?. What is the length of each side?

e A square has area 63 cm?. What is the length of each side?

10 Use Pythagoras’ theorem to find the value of x in exact form.

a b c
x g 3
3 s 3
6
3 \3

d e b J f
1
’ 2
o\ ’
X
o\
3

11 A square has side length 4+/7 cm. Find:

a the area of the square b the length of a diagonal
12 A rectangle has length 7 cm and width ~/3 cm. Find:

a the area of the rectangle b the length of a diagonal

Addition and subtraction

of surds

Consider the calculation 4~/7 + 5+/7 = 9+/7. We can think of this as 4 lots of \/7 plus 5 lots of /7
equals 9 lots of /7. This is very similar to algebra, where we write 4x + 5x = 9x. We regard the
numbers 4+/7 and 5+/7 as like surds since they are both multiples of /7.

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne | AMSF 5077 R Ciambridge Universiy Press

Photocopying is restricted under law and this material must not be transferred to another party Updated June 2022



2B ADDITION AND SUBTRACTION OF SURDS
AT op eRWeN B SETRIGTONGRRLES

On the other hand, in algebra we cannot simplify 4x + 7y, because 4x and 7y are not like terms.
Similarly, it is not possible to write 4+/2 + 7+/3 in a simpler way. The surds 4~/2 and 7+/3 are
unlike surds, since one is a multiple of ~/2' while the other is a multiple of /3.

We can only simplify the sum or difference of like surds.

Simplify:
a 22 +7V2 - 442 b 4J7 + 35 — 25 + 87
a 22+7V2-42 =52 b 4J7 + 35 - 2J5 +8J7 = 12J7 + /5

When dealing with expressions involving surds, we should simplify the surds first and then look for

like terms.
Example 8
Simplify:
a 8+7/2-/32 b 27 +3J5 + 45 - 443

a V8+7V2-32=22+7J2-42
=52

b V27 +3V5 + V45 — 43 =33 + 35 +3J5 - 43
= 6J5 -3

. Addition and subtraction of surds

e Simplify each surd first, then look for like surds.

e \We can add and subtract like surds.

D oecienn

1 Simplify:
a 62 + 72 b 123 + 133 ¢ —6J2 + 92

d -13J5 - 145 e —19V3 + 213 — 43 £ 135 — 1645 + 255
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2B ADDITION AND SUBTRACTION OF SURDS «a

2 Simplify:
a 52 +6J3+7J2-4J3 b 77 - 445 + 37 - 645
¢ 811 — 710 + 511 + 4410 d 3+4V2-5/3+6\2
e 915 — 47 - 3415 f 85+ 58 +3/5 - 648
3 Complete:
as52+..=112 b 93 +...=143
c 65-...=5 d 112 -... =42
e 7V3+...=23 f 4J5-...=65
g 23 +45+...=53+8/5 h 7V11 =65 +... = 8/11 + 245

i 9V10 —4/3+...=J10 -3 65 + 32 +...= 25 - 52

J
4 Simplify:
a 12 + 27 b 8 + 18
¢ 3J8-42 d /45 - 3420
e 3432 - 427 +5J18 f 5147 + 348 - V12
g 345 + 20 + 745 h 463 + 57 — 828
i V44 + 5176 + 2./99 j 24363 — 54243 + /192
5 Simplify:
a 72 - 50 b 48 + 12 c V8 +2+418
d V12 + 443 - 75 e /32 —200 + 350 f 45— 4420 - V45
g /54 +24 h 27 — V48 + /75 i V45 + /80 — 125
j V2+32+V72 k3\/ﬁ—4\/§+%\/§ 1 5418 — 3420 — 445
6 Simplify:
a V12 + 38 - 2427 + /32 b 4418 — 220 +3V5 + 648
¢ 612 + 9440 — 2427 - V90 d 4427 - 318 + 24108 — 4200
7 Find the value of x if:
a /63 —28 = Jx
b /80 — /45 = Vx
¢ V54 - 2424 = —Jx
8 For each rectangle, find (in exact form) the perimeter and area, and the length of the
diagonal.
ap O b H =
3 V3
0 ] 0 [
3 \5
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Multiplication and division
of surds

When multiplying two surds, we multiply the numbers outside the square root sign together and,
similarly, multiply the numbers under the square root sign. A similar procedure applies for division.
These procedures are captured by the following general rules:

ab x cJd = ac\bd,
where b and d are positive numbers.
ol eedd =2 0
c\d

where b and d are positive numbers and ¢ # 0.

As usual, we should always give the answer in simplest form.

Find:
a 5J7 x3J2 b 1577 + 3J7

a 5J7 x3J2 =15J14 b 15ﬁ+3\/—=_15><\/ﬁ
(ThjsiSSXﬁx3xJ§) f/iﬁ
= 5411

(15+3=5 and \/ﬁ—\/_=\/ﬁ)

Find:
a 5J6 x 710 p 18V10 ¢ (247) d (243)

3J5

a 56 x 7410 = 35V60 b 1810 5
= 354 <15 3V5
= 7015
c (2ﬁ)2=2ﬁx2ﬁ d (2ﬁ)3=2ﬁ><2\5x2\/§
=4x7 =4x3x2x3
= 2 = 243
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2C MULTIPLICATION AND DIVISION OF SURDS «a

The distributive law

We can apply the distributive law to expressions involving surds, just as we do in algebra.

Example 11

Expand and simplify:

a 25(6+3V5) b —43(V6 - 243)

a 2J5(6+3V5) = 1245 + 6425 b —4v3(v6 - 243) = -4J/I8 + 8 x 3
=125 + 30 =—12J2 +24

In algebra, you learned how to expand brackets such as (a + b)(c + d). These are known as
binomial products. You multiply each term in the second bracket by each term in the first, then add.
This means you expand out a(c + d) + b(c + d) to obtain ac + ad + bc + bd. We use this idea
again when multiplying out binomial products involving surds. (Remember to be very careful with

the signs.)
Expand and simplify:
a (23 -1)(4V3 +2) b (3v2 - 443)(5v3 - V2)
¢ (V2+3)(v5-7) d (V2 ++3)(v2 - 3)

a (243 -1)(443 +2) = 2¥3(43 +2) - 1(443 + 2)
=89 + 43 -4/3 -2
=24-2
=22

b (3v2 - 443)(5v3 - v2) = 3v2(5V3 - v/2) - 4J3(5V3 - V2)

=156 — 34 — 209 + 46
=156 — 6 — 60 + 4/6
=196 - 66
¢ (V2 +3)(V5-7)=V2(V5 - 7)) +3(V5 - V7)
= J10 - V14 + /15 - 21
d (V2 ++3)(v2 -3) = V2(vV2 - V3) + V3(vV2 - V3)

=2-6+6-3
=]
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2C MULTIPLICATION AND DIVISION OF SURDS
AT ce WMTRUGEER MpEvsEseaes

. Multiplication and division of surds

e For positive numbers b and d, ax/b x cvJd = ac/bd.
" b
e For positive numbers b and d, a\/b +c\Jd = 2\/;, where ¢ # 0 and d # O.
C

e We can apply the distributive law to expressions involving surds.

e We can expand binomial products involving surds just as we do in algebra:
(a+b)c+d)=alc+d)+blc+d)=ac+ad+ bc+ bd .

Always give the answer in simplest form.

D boize

Example 9

Example 9

1 Simplify:
a J5x3
d /5 x /13

2 Simplify:

a

SR b

d

3 Simplify:
a 42 x 345
d 8v2 x 43
g —3J7 x (—4\/ﬁ)
4 Simplify:
1246
N3
@
‘128

~32./45
16415
S5 Simplify:
a /2 x2
d 85 x /5
g 47 x (-27)

ICE-EM MATHEMATI
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b /5 x /11
e J6 x2

J6
V3

J33
-

b 73 x 115
e —63 x 52
h —632 x (=347

2515
103

—20./6
83

8
246

b V11 x /11
e 332 x 542
h 243 x (-443)
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¢ /8 x+14
f V18 x 3
@
NG
o
J5
¢ 95 x 67

f 732 x (-44/11)
i 11J7 x(-2v6)

¢ 33 x3
f 63 x 53
i7\/5><(—3x/€)

Cambridge University Press
Updated June 2022



2C MULTIPLICATION AND DIVISION OF SURDS «a

6 Complete:
a2Jf3x...=6 b4v2x...=8
¢ 52 x%x...=20 d2J3x...=18
e 2J7 x...=42 f 25 %... =60
g 8/2x%x...=96 h 3J3 x... =108
i 25 %...=100 j 3/8%...=96
kK2 x...=64 1 445 x... =1000
7 Complete:
a 95 x ... = 2715 b 62 x ... = —18J10
c % =52 d 28@ = 411
e ﬁ =55 f ﬁ =86
g 442 x (...) + 86 = 206 h 345 x (...) - 24/10 = 164/10
i 12_f,/g+3ﬁ:7ﬁ j¢—4x/§=—2\/§
N 8 Simplify:
a 2J3 x44/2 + 86 b 743 x 55 + 815
¢ 1616 — 243 x 52 d 1810 — 345 x 442
e 3J6 x 55 — 815 x 442 f 8420 x 342 — 55 x 58
g 142? +5V2 h —121//__ -85
. W20 3V2 . 6410 J_
' lovio T 2 155 °
S 9 Simplify:
a (2v2) b (23) ¢ (345) d (5v6)
¢ (347) r(241) & (s410) h (aB)
S 10 Simplify:
a (v2) b (v2) ¢ (V2) d (v2)'
e (V2) £ (v2) g (V3) h (V5)
i (2v2) i (3v2) k (43) 1 (25)
m(545) n (247) o (242) p (343)
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2C MULTIPLICATION AND DIVISION OF SURDS
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11 Expand and simplify:

a 2(V3+45) b J7(v/5 +6) ¢ 5(v7-2)

d 3v2(245 - 33) e 443(5v2 + 65) f 43(v2-1)

g 35(23 +5) h 246(3V3 +242) i 4410(35 - 442)
i 2V3(4v3-6) k3\/_(5\/_+4\/_) 1 36(4v3 - V6)
m4+/5(2+20 - 38) n 3v7(5V35 - 2421) 0 3VI1(2V22 - 4V33)

12 Expand and simplify:

a (V3+2)(v5+7) b (V5 +7) (V1T + V/6)
(V5 ++2)(v3 -7) d (V3 +6)(v5-7)
e (3v2 +443)(2v2 - 3) £ (5V3 - 5)(2V3 - 35)
g (45 +1)(25 - 3) h(2f+3f)(5\/§ J6)
i(3f+f)(4f—5f) j (V7 +45)(V3 - 245)
k (2v2 - V7)(5v2 - 2V7) 1 (347 - 8)(¥3 - 3V5)
13 Ifx =243 and y = -36, find:
a xy b% ¢ x2+y? d%.,.iz
e x3 f x3y? g% h))ccz—y);
14 Ifx =2++3and y = 2 — /3, find: '
ax+y b x+2y ¢ 3x+2y dx-y
e x—2y f xy g\/gxy h\/ﬁ

15 Find the area and perimeter of a rectangle with:
a length 2+/3 and width 4/2
b length 2+/3 and width 4+/3
¢ length 7 + 2+/5 and width 7 — 2/5
d length 1 + +/5 and width 2 + /5

16 The hypotenuse of a right-angled triangle has length 8 + /3. Another side has
length 4+/3 + 2.

Find:
a the length of the third side
b the perimeter of the triangle

¢ the area of the triangle

17 A square has side length 2 + 5/3.
Find:

a the perimeter of the square

b the area of the square
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Special products

In algebra, you learned the following special identities. Recognising and applying these identities is
important.

(a + b)? = a® + 2ab + b?
(a — b)? = a® — 2ab + b?
(a — b)a + b) = a* — b?

These identities are also useful when dealing with surds, and the following examples demonstrate
this use. The last identity listed above is known as the difference of squares identity, and we will
pay particular attention to this.

Expand and simplify:
a (V7+3) b (52 -3) ¢ (V3 +5V6)

a (VT+3) =(VT) +2(V7)(¥3)+ (V3)" b (52 ~3)"=(sv2) - 2(5v2)(¥3) + (V)

=7+2J21+3 =50 -10/6 +3
=10 + 2421 =53 -10/6

¢ (V3+ 5\/3)2 = (J§)2+ 2(J§)(5J€) + (SJE)Z
=3+104/18 + 150
=153 + 3042

You should always express your answer in simplest form.

Notice what happens when we use the difference of squares identity.

Expand and simplify:
a (VIT - 5)(VI1 +5) b (243 +4)(2V3 - V4)

a (VIT-5)(VIT+45) = (VIT) =(v5) b (2V3+4)(243 -4) = (243) - (4
=11-5 =12-16
=6 -4

When we apply the difference of squares identity, the answer is an integer.

REVIEW OF SURDS



2D SPECIAL PRODUCTS
= et
. Special products

We can apply the identities
(a+ b)? = a® + 2ab + b?

(a — b)? = a? — 2ab + b?

(a = b)a + b) = a® — b?

to calculations involving surds.

D e

1 Simplify:

a(\/§+x/§)2 b(\/§+\/7)2
¢ (V2-3) a (V7 - 6)’
e (243+1) £ (3v2-2)
g (243 +2) h (442 - 33)
i (2\/_+3J_) i (3v2 -443)
k (4- 3J§) 1(2—5\/§)§
m(1-43) n[s-5
2 Simplify:
R R NG R N IR NG NG
d (V6 - V5)(V6 +5) e (243 +1)(243 - 1) f (392 +4)(3v2 - 4)
( (

i

(
g (3v2+2V3)(3v2 - 2V3)  h (3J6 +25)(3v6 - 2v5) i (V2 +7)(2v2 - 7)
(

i (335 - 443) (345 + 443) k(___f)(_ %\/g) 3_§)(3+§)

3 Find the area of a square with side length:

a2++3 b2-3 ¢c5+23 d5-23

4 Ifx=2++5andy=+/5-2, find:
a xy bx+y ¢ x2 +y? dx>-y

5 a Find the area of the triangle.
b Find the length of the hypotenuse. 5\3

5V3
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6 Ifx=5+2J3 and y =2+ 53, find:
ax+y bx-y ¢ xy d x? + y? e x2—y?

7 The two shorter sides of a right-angled triangle have length 7 + 2+/3 and 7 — 2+/3.
Find:
a the length of the hypotenuse of the triangle
b the perimeter of the triangle

¢ the area of the triangle

Rationalising denominators

2 3 , . : :
In the expression —= + —, the first term has a square root in the denominator. This makes it

difficult to tell if the surds are like surds or not.

Fractions involving surds are usually easier to deal with when the surd is in the numerator and there
is a whole number in the denominator.

To express a fraction in such a way is called rationalising the denominator.

When we multiply the numerator and denominator of a fraction by the same number, we form an
equivalent fraction. The same happens with a quotient involving surds.

Example 15

Rationalise the denominator of:
a L b i c W3-l

NE) 25 46

4 4\/§—1_4\/§—1X@
25 406 — 46 T V6
45 _ 418 -6
10
245
5

24
4J9%x2 - /6

VR
_122-46
24
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2E RATIONALISING DENOMINATORS
A mmwemmsweemerwwses
Example 16

2 3
Simplify —— + =
Py === =
2 3 23 B 2 3 243
— == ——F— =X ==
3 2 3 2 33 3
_43+33
6
3
6

Binomial denominators

1
NG
In the following example, we explain how this can be done by using the difference of squares
identity.

In the expression it is more difficult to remove the surds from the denominator.

In the section on special products, we saw that:

(VT = V5)(VT +5) = (V) = (V5]

=7-5
=2, which is rational.
So:
1 VT +45
T35 VT3 T+
_J1+A5
C7-5
_V1+45
2
Using the difference of two squares identity in this way is an important and initially surprising
technique.

Example 17

Rationalise the denominators of the following, simplifying where possible.

245 3 B +2
25 -2 32 + 243

a
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2E RATIONALISING DENOMINATORS «a

o 245 _ 245 ><2\/§+2 1 B3 +2 _ 3 +2 X3J§—2J§
245-2 2/5-2 2J5+2 32 +243 3V2+2V3 7 3V2-243
_20+45 (V3 ++2)(3v2 - 243)
20-4 B 18— 12
_20+4V5 3J6-6+6-2J6
16 - 6
_4(5+5) J6
= -2
5445
4

. Rationalising denominators

e To rationalise the denominator of %, multiply top and bottom by /3 .
e To rationalise a denominator with two terms, we use the difference of squares identity.

— In an expression such as i multiply top and bottom by 5 — /3.
5+3

2
— In an expression such as ———=, multiply top and bottom by 7 + 3v2.
p o ply top y7+332

e Rationalising a denominator allows us to identify like and unlike surds.

D beciezs

a > o6 e
3 V2 J7
3 3 J5
d—5 eﬁ fﬁ
g Y6 h 2 P4
J3 32 3J6
N N | 833
35 43 23
ms—zﬁ n3ﬁ+4J§ Oﬁ—zﬁ
52 32 42

REVIEW OF SURDS
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2E RATIONALISING DENOMINATORS
A e mmewmsvesmemySes

2 Rationalise the denominator and simplify:

I b _2 32 1 W2 3
V203 V15 FNCREN 7 22
e b 2 f L 1 g 45 2_4
V145 NERENIT NERNG] 3 11
3 Rationalise the denominator and simplify:
a L b1t _ e 3 a0 e 2
J5-2 7+6 J6 +2 2-3 3-2
. g 3 _ h_ 7 _ P 2 |
V542 J5+2 J3+42 5-3 J1-3
A2 | 23 BN L3 , M2
22 -3 V3+22 342 -10 32 -1 23 +3
42 +3 2I+\F 25 +1 32 +45 [ 3N2-\5

N PN R N N S W EPNENG 3V2+5

4 Rationalise the denominator and simplify:

1 2J’—1 p_o 3 L1

NN RN B 25+1 5-2

. 32 s 42 q 2 4

V2+45 3V2-1 25+V3 205-43

e 41 f Y243 V243

i 2B G R

5 Ifx=2J3 and y = l, find, in simplest form:
V3
ax+y b x-y ¢ xy a> e x3+y3

Yy
6 A rectangle has area 10. The length of the rectangle is +/2 — 1. Find the width of the
rectangle in simplest form.
7 Ifx=+3+1and y = B+ 2, find, in simplest form:
1 1 1 1 3

a—+— b —+— c x d )3
oy PR
. 2 . .. o
8 Given that x = m, find the value of each expression, giving answers in simplest form
with a rational denominator.
1
a x? b — ¢ — dx+l exz+l fx2+L
X x x x x2

9 Repeat question 8 for:

_ A5 y 23
S5 +1
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Review exercise

1 Simplify:

a2v2+3/2-2

c V3-2V2+23+2
2 Simplify:

a 32 +2\2
3 Simplify:

a 2.3 x5J6
4 Simplify:

a V72 b 45 c V24

g 348 h 412 i 950
S Write each as a single surd.

a 53 b 4.7

e 86 f 9Vil
6 Simplify:

a /32 ++/50

¢ 93 -2V27

e 4420 + 380 — 345
7 Simplify:

a /32 + 448 + 2450 - 342

¢ 72 +4+/8 — 354 + 524
8 Simplify:

a 243(3+3)

¢ 4V3(23 - 47)

b /32 -/18

b 35 x 2410

b —46 — 36 + 86
d V5-32-45+72

c V28 -6V7 d J75+63
¢ 442 x 35 d 76 x 47

d 27 e /30 f 44

j 3108 k 10/32

¢ 1142 d 55
g 413 h 411
b 20 +/75

d 363 +5J28
£ 754 + 5216 + 224

b 532 — 350 + 48 — 318
d 528 — V147 + 263 — 5/48

b 5v2(3v2 -2
d 55(6-25)

e 3V7(4-7) f 3J3(5v3 -442)
9 Expand and simplify:
a (242 +1)(3v2-2) b (5v3-2)(2V3-1) ¢ (N7-5)(N7+45)
(2¥5-3)(25+3) e (7J_+4f)(7f 43) t (V5+43)
g (2J§+J§)2 (2 i (243 -2)(2v3+42)
i (Na++b)(Va-+b) k (V7 1 (5+\/§)2
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REVIEW EXERCISE

10 Rationalise each denominator and simplify where possible.

a i b L c i d L
J3 243 32 T2
e ﬂ f & g ﬂ h M
3.6 42 7J6 1246

11 Rationalise each denominator and simplify where possible.

1 J5

NN b 2J5-3

c 2 d 2
3+45 3-5

12 Rationalise each denominator.

a L b !
21 J3+2

c b d o
B2 V3-2

13 Find integers p and g such that% = p+q\5.

14 Simplify:
a 3 N 2
-2 B2
b 2 1
6-3v3 2J3+3

1
15 If x = and =2+\/§, find, in simplest form:
SN y p
ax+y b x-y c xy da
y
16 Ifx=2++3 andy=4—\/§, find, in simplest form:
ax+y b x-y c x?+y? d x?—y?
e l f l+l g l_l h Xy
X Xy Xy

17 A square has sides of length 2 + /3. Find:
a the perimeter

b the area

18 A rectangle has area 20. The width is 2 + /3. Find the length of the rectangle in
simplest form.
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REVIEW EXERCISE

19 Find the value of x in each diagram.

a b
2+3 X 1\3
X
o\
2-3 o\
2\3
C d X
X =
5 4-+5
4 ++5
3V10
e f
2 Area =20
X
Area =10
V6 + 2\2
3+13
20 The number ¢ = is known as the golden ratio.
a Find:
.o L] 1 .3 1
i o i — i 1+— iv ¢ vV oo+
0 ¢ ¢
b Show that:
1
i 02=0+1 i 0)=¢>+¢ iii ¢=1+$
21 A square has area 50. Find its perimeter.
22 Simplify:
a 2 N 2 b 22
B3-2 B+2 V3-2 B3+2
2 2 2 2

c X d -
J3-2" 3+2 J3-2 3+2
23 A rectangle has area 30 cm? and length +/5 cm. Find its perimeter.

24 For x =3+ 25 and y = 3 - 2/5, find:

ax+y

b xy

1 1
c —+—

Xy
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Challenge exercise

1 a Show that (vx +/y) = x + y + 2xy.
b Use this result to find:

i 16 + 2455

:

i \/11+ 230
2 Simplify:
a ( a+b+a)(\/m—a)
b (2v1+x7 + 1)(2m - 1)

c (\/1+x +\/1—x)(\/1+x —\/l—x)
d a—-b
Ja - b
e (\/a+b+\/a—b)2
3 Solve these equations for x. (Make sure you check your solutions.)

a6x—+Jx =12 bJx-Jx-5=1

¢ J7x—-5—-2x =/15-7x d2Jx —4x-11=1
6Jx —11  2Jx +1 5
e = f VO+2x —2x = ———
3Jx Jx +6 J9 + 2x

2
1
4 Expand (\/;_“_ﬁ) .

I . . .
S5 Express = with a rational denominator.

5

6 Express with a rational denominator.

1
1+3+5+4/15

Hint: Factorise the denominator.

with a rational denominator.

7 Express !
V2 +3+45

a’ + ab + b?
a+~Jab +b’

9 a Show that1/9% =9 /% and 1/4% = 4\/%.

b Describe all mixed numbers that have this property.

8 Simplify
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CHALLENGE EXERCISE

10 A square box of side 7 cm is leaning against a vertical wall, as shown below. Find the
height of point C above the floor.

A 5cm

1 1 1 1
1+vV3 B+ BT JT+3
Simplify 342 _3-V2

P B+z+i +2-B

13 [x]is defined as the largest integer, n, such that n < x.
For example, [1.78] = 1and [2.31] = 2.

11 Simplify

12

Calculate:
al+[V2]1+[V3]+2+...+[J99]+10
b1+ [V2]+[3]+2+ ... +[+/200]

14 In the diagram below, squares AHFD and HBCF are drawn with common side FH.
Diagonal AC is drawn and E is a point on AC such that AE = 1. G is a point on AC so that
FG is parallel to DE.

D 1 F 1 C
G
1 1
; E
A 1 H 1 B
Find:
ai AC
ii EC
iii £EG
iv GC

b Show that EG2 + EG = 1.
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