GHAPTERl‘

Number and Algebra

— The parabola

198

In earlier years you learned how to draw curves by plotting some points from

a table of values and joining them up. In particular, you should be familiar with

examples such as the straight line and the parabola y = x2.

axis of symmetry

In this chapter, we will learn techniques for sketching the graphs of quadratics
suchasy=x?+1,y=2x2 —3xand y = —x? + 4x + 6. These graphs are also
called parabolas.



Parabolas congruent to y=x"

We are all familiar with the graph of y = x2, which was y
studied in both ICE-EM Mathematics Year 8 and Year 9. 9. y=x
In this chapter we will call it the basic parabola. 8
7 4
It has the following properties: 6

* The graph is symmetrical about the y-axis, x = 0.

For example, the y-value at x = 3 is the same as the :
y-value at x = —3. In general, the y-value at x = p is 5
the same as the y-value at x = —p. We can visualise 1 -

this as follows: if the graph were to be folded

along the y-axis, the part on the left of the y-axis
would land directly on top of the part on the right.
The y-axis is called the axis of symmetry of the basic
parabola.

* The minimum value of y occurs at the origin. It is called a minimum turning point since the
y-values at points to both the left and the right of the origin are greater than the y-value at the
origin. This turning point is called the vertex of the parabola.

* The arms of the parabola continue indefinitely, becoming steeper the higher they go.

Recall that two geometrical figures are said to be congruent if one can be transformed to the other
by a sequence of translations, rotations and reflections. In this section we will look at parabolas

congruenttoy = x2.

Imagine rotating the figure y = x? about the origin through 45° clockwise. The image you get is
still called a parabola. Its vertex is (0, 0) and its axis of symmetry is the line y = x, as shown in the
left-hand figure below.

y
y
x=)2
&
6\6\,/
Y. % i
. 5, axis of symmetry
. O
©, \2) 'z;‘_\‘: 3 vertex y=0 X
vertex'| " (12, 0) x

Similarly, rotating the basic parabola clockwise through 90° yields another parabola, x = y2, as
shown in the right-hand figure above.

However, for the rest of this chapter we shall only consider parabolas whose axis of symmetry is
parallel to the y-axis; consequently, rotations will not be further discussed.
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7A PARABOLAS CONGRUENT TO y = 2
& memeewsememmy e o

Reflection in the x-axis

. p?

—»? @, 7

When the parabola y = x? is reflected in the x-axis, the point (3, 9) is reflected to the point (3, —9).

In general, the point (p, p?) on the parabola y = x? is reflected to the point (p, —p?). Hence, the

equation satisfied by the points of the image is y = —x>.

The vertex remains at the origin under the transformation. However, the y-value of the vertex now
represents a maximum turning point since the y-values at points to the left and right of the origin
are less than the y-value at the origin.

Translations of y = x2

Vertical translations

We now look at what happens when we translate y = x? up or down nine units.

<

axis of symmetry
0
axis of symmetry ‘<
X

y=2x2+9
(p, p2+9) y=x°-9

0,9 0 X
()

=
=
~
o
|
©
N

Translating y = x? nine units up shifts (p, p?) to (p, p*> + 9) so the equation becomes y = x2 + 9.
gy P p,p

This is a parabola with vertex (0, 9). Similarly, y = x? becomes y = x> — 9 when translated nine
units down.
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7A PARABOLAS CONGRUENT TO y = x?

Horizontal translations

What happens when we make horizontal translations; that is, a translation to the left or to the right?
This is a little trickier.

y y ,
2!
9 g
g 3
© :
€ |lo ]
Ely ol
> x
o | = <l
o 2 ' >
@ (p, p?) (p +3, p?)
3
y=(x=-3)?
y=x°
vertex | (0, 0) x 0| vertex : (3,0) x

Every point on the basic parabola y = x? has coordinates (p, p?),as in the first diagram above.
If we translate the parabola three units to the right, then the vertex (0, 0) goes to (3, 0), and the
axis of symmetry, x = 0 goes to x = 3. The general point (p, p?)
goes to the point (p + 3, p?). That is, each point on the image

has coordinates x = p + 3, y = p’. Eliminating 2
p.y=p*=(x=-3)" Eo 25
Thus, y = (x — 3)? is the equation of the parabola formed by f .
translating y = x? three units to the right, as in the figure above on o

the right. The y-intercept is 9. e

Similarly, translating y = x? five units to the left shifts the

point (p, p?) to the point (p — 5, p?). In the same way, we see

that the image parabola has equation y = (x + 5)2, as in the 5.0

. . . . y=(x +5)?
diagram opposite. Once again, as a check, the vertex is (-5, 0),

which is the image of (0, 0) under this translation. The
y-intercept is 25.

In summary, translating y = x? five units to the left gives the
parabola y = (x + 5)2, as in the figure to the right.

General translations

Finally, if we translate y = x? three units to the right and five units
up, then y = x> becomes y = (x —3)> + Sory—5 = (x — 3)%
The y-intercept is 14. Its axis of symmetry is x = 3 and its vertex
is (3, 5), as in the diagram opposite.

14 (p +3, p>+5)

axis of symmetry

Translating it three units to the right moves y = x2to y = (x — 3)?
and translating this five units up takes it to y = (x — 3)> + 5.

In summary, translating y = x? three units to the right and five vertex G P y=(x-37%+5

units up gives the parabola y = (x — 3)? + 5, as in the figure to the
right.
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‘ 7A PARABOLAS CONGRUENT TO y = x>
Example 1

Sketch each parabola and give the y-intercept, axis of symmetry and vertex.

ay=(x-37-4 b y=x+2?%+6
a y=x-3?%-4 y
The graph of y = (x — 3)2 — 4 is obtained by >E y=kx-32-4
translating the graph of y = x? three units to the right 5
and four units down. oF ™
>
Therefore, the axis of symmetry is x = 3. 5 %! B
The vertex is at (3, —4). \ %
_ — (22 _ 4 — :
Whenx =0,y=(3)"-4=5 0 x
So the y-intercept is 5. :
vertex (3,-4)
b The graph of y = (x + 2)? + 6 is obtained by translating the . Ay
graph of y = x? two units to the left and six units up. £ I
The axis of symmetry is x = —2 and the vertex (-2, 6). = '
Whenx =0,y = (0+2)> +6 a
= 10 oi 110
.>_< :
The y-intercept is 10. Ci Mle(x 42 +6
vertex (-2, 6)
0 X
Translations of y = —x?2 y ;
Starting with y = —x? and translating left or right and up or down, 5 fvertex @0
we can construct many examples. *
For example, if we translate y = —x2 four units to the right, we _ x —a
obtain the parabola y = —(x — 4)? with axis of symmetry x = 4 and > e
vertex (4, 0). (As a check, y < 0 and only equals 0 when x = 4; ‘g ;
hence, the maximum value of y occurs when x = 4). ; T
50"
ER
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vertex (-5, 0) !

Similarly, translating y = —x? five units to the left yields
y=—(x+5)>%

¥y =—(x+5)?

axis of symmetry

Next, if we translate y = —x? seven units upwards we obtain the y e (0. 7
parabola y = —x? + 7, which has axis of symmetry x = 0 and vertex (0, 7)
vertex (0, 7).
0 x
fa y=-x>+7
©
€Elo
Elun
| =
G
Sketch each parabola and give the y-intercept, axis of symmetry and vertex.
a y=-x-8 b y=-(x+3)?-4 c y=—(x-2%+6
a y=-x2-8
The graph y = —x? — 8 is obtained from the graph y = —x? y
by translating 8 units down.
0
The axis of symmetry is x = 0 and the vertex is (0, —8). *
The graph has no x-intercepts. vertex (0, -8)
P
©
Elo
>l
- | ®
o
(continued over page)
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7A PARABOLAS CONGRUENT TO y = 2
& memeewsememmy e o

b y=-(x+3)?%-4 Ly
Whenx =0, y =-9-4 E 0
= 13

The y-intercept is —13.

y=-(x+3)*-4
The graph y = —(x + 3)? — 4 is obtained from

the graph y = —x? by translating 3 units to
the left and 4 units down.

-13

The axis of symmetry is x = —3 and the vertex is (=3, —4).

The graph has no x-intercepts.

c y=—(x-22%+6 y
Whenx =0,y = —(0-2)>+6

—4+6

2 2

The y-intercept is 2. /

vertéx (2, 6)

X

y=—(x-2)+6
The graph y = —(x — 2)? + 6 is obtained from the
graph y = —x? by translating 2 units to the right and 6 units up.
The axis of symmetry is x = 2 and the vertex is (2, 6).

\ X
The graph has two x-intercepts: 2 + J6 and 2 — /6.

‘ The parabola

Properties of the parabola y = x?
e The y-axis is the axis of symmetry, called simply the axis of the parabola.

s e
2

T
o

e The minimum y-value occurs when x = 0.

e The origin is the vertex of the parabola.

Properties of the parabola y = a(x — h)? + k,a = 1ora = —1

* The axis of symmetry is x = h, and the vertex is (h, k).

* When a = 1, the parabola is ‘upright’ and & is the minimum y-value (y > k for all x)

e When a = -1, the parabola is ‘upside down' and k is the maximum y-value (y < k
for all x)

Do

1 Find the axis of symmetry and the vertex for:

ay=(x—-4)? by=x?>-4 cy=(x-2?%+6
dy=(x+32+7 e y=(x+2)?>+3 f y=-x>+9

g y=(x-3?2-4 hy=(x+2?-3 i y=(x-62+6
jy=-(x+1)7> ky=—-(x—2)72+1 1 y=—(x+3)?%+5
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7A PARABOLAS CONGRUENT TO y = x?

2 Find the y-intercept of:
ay=x-2?2-7 by=x-7?-3 cy=x+1>+4
dy=-(x-3)? e y=—(x+2)?>-4 f y=—-(x-272+6

W 3 Sketch the graphs of the following, labelling the y-intercept and vertex.
ay=(x-5)? by=x-12-3 cy=(x+2?>+3
dy=(x-4)72>-3 ey=(x-1D>+6 f y=(x-4)72-4

W 4 Sketch the graphs of the following, labelling the y-intercept and vertex.

ay=-x>-17 by=-x>+7 cy=—(x-3)2+5
dy=-(x-3?2-7 e y=—(x+4)? f y=—(x-6)>
gy=—(x+4)72-3 hy=—-(x+3)?>+11 i y=-(x-12+6

2 is:

S Write the equation of the parabola obtained when the basic parabola, y = —x
a translated 3 units to the right
b translated b units to the left
¢ translated 6 units down

d translated c units up

2 is:

6 Write the equation of the parabola obtained when the basic parabola, y = x
a translated 3 units up and 4 units to the left
b translated 5 units down and 6 units to the right
¢ translated a units to the right and b units up
d translated ¢ units down and d units to the left
7 Consider the parabola y = (x + 3)> — 8. Sketch this parabola. What is the equation of the
image if it is:
a translated 8 units up and 3 units to the right?
b translated 2 units to the left and 3 units down?

¢ translated a units to the right and b units up?

8 Consider the parabola y = (x — 1)> + a. Find the value of a if the y-intercept is:
al b 3 cO d -7

9 Consider the parabola y = —(x — 2)? + b. Find the value of b if the y-intercept is:
al b3 c 4 d -7

10 Consider the basic parabola y = x2. Draw a sketch of the parabola if it is:
a rotated about the origin through 135° clockwise

b rotated about the origin through 90° anticlockwise
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B Sketching the graph of the quadratic
y = ax: +bx +c, wherea — =1

In Section 7A we saw that y = x? becomes:
y = (x + 2)> = 5 when translated two units to the left and five units down.

e y = —(x — 1)?> + 3 when reflected in the x-axis and then translated one unit to the right and 3 units up.

y
y Y 1
: y=—G=12+3] (1,3
.2 AN
y=x il 2

y=(x +2)3°-5

0 x (-2,-5)

By expanding brackets in each of the equations above we obtain an equation of the form

y = ax? + bx + c¢. Any equation of this form represents a parabola. How do we find its axis of
symmetry and its vertex? We do this by putting it into one of the forms above using the method of
completing the square, which you studied in Chapter 5.

Recall that to complete the square when the coefficient of x? is one (a = 1), we add and subtract the
square of half the coefficient of x. When the coefficient of x2 is not one, that is, a # 1 or 0, we first
factor a out of the expression, and then multiply through by a at the final step.

Complete the square and hence sketch the graph of:

a y=x>+6x+13 b y=-x*-3x-5
a y=x>+6x+13 (Add and subtract the square of half the coefficient of x.)
= (x?2+6x+3%)+13-32 :
= (x+3)2+4 2 7
L.
The axis of symmetry is x = —3. E E
>
The vertex is (=3, 4). »-g |
v, 13
When x = 0, y = 13, so the y-intercept is 13. y=x+6x +13\ %
=(x +3)2+4 :
Note that this parabola has no x-intercepts since the '
minimum value of y is 4, which is positive. This is the |
case since (x + 3)? > 0. et (B )
0 X

(continued over page)
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7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

b y=-x2-3x-5
When x = 0, y = =5, so the y-intercept is —5.
Completing the square:

y = —[x? +3x + 5]

3)2 11
= - x —_— —_——
2 4
. . 3
So the axis of symmetry is x = _E

and the vertex is (—é, — E)
2 4

Note that there are no x-intercepts, since y < n for all x.

When sketching parabolas, the special features are:
* the axis of symmetry
* the vertex

* the y-intercept and the x-intercepts.

Example 4

Sketch the following parabolas. First find the y-intercept, then complete the square to find
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist.

a y=x>-06x b y=-x>-10x

a If x=0,then y =0.

Hence, the y-intercept is O. g mi

Also,y = x? — 6x 1
=(x*-6x+9 -9
— _ 3)2 -9 6
= (x 0 X

The axis of symmetry is x = 3 and the vertex is (3, —9).
When y =0, x> —6x =0
So x(x —6) =0, y=x2-6x

x=0orx==6

"3,-9)
Hence, the x-intercepts are 0 and 6. :

(continued over page)
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208

7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

b Consider the equation y = —x? — 10x. 5,25 Y
When x =0, y = 0, so the y-intercept is 0. :
Completing the square: y=-x-10x @ :
[

y = —x% —10x lL
= —[x? +10x] (-10, 0) = ©, 0)
= —[(x* + 10x + 25) — 25] 0 x
= —[(x + 5)? — 25]
= —(x+5)2+25

Hence, the axis of symmetry is x = =5 and the vertex is (-5, 25).

Wheny = 0, —x?> —10x = 0
so—x(x+10) =0

x=0or x =-10

Thus, the x-intercepts are x = 0 and x = —10.

x-intercepts

Some parabolas have x-intercepts and some do not. After completing the square to sketch a parabola,
you will know whether or not it has x-intercepts. To find these, substitute y = 0 into the quadratic
equation and solve the resulting equation for x. There are three ways to do this:

* factorise the quadratic (as in Example 4)

* complete the square

* use the quadratic formula.

These methods were discussed in detail in Chapter 5. Since the sketching technique discussed so far
has included completing the square, the second method is usually used.

Sketch the following parabolas. First find the y-intercept, then complete the square to find
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist.

a y=

a y =

x2+6x-17 b y=-x>+8x+13 c y=x2+x+1

x2+6x—-7

When x =0, y = 7.

The

y:

y-intercept is —7.

x2+6x—17
(x24+6x+9)-9-7
(x+3)2-16

(continued over page)
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7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

The vertex is at (=3, —16) and the axis of symmetry is x = —3. y
=2 +6x-7 !
Substitute y = 0, then yRETHTS
T
(x+3?2-16=0 g

(x+3)?2 =16 _7 1
x+3=4 o x+3=-4 :
x =1 or x = -7 0Z7 *
The parabolaisy = —x? + 8x + 13, (—3,;—16)

When x = 0, y = 13, so the y-intercept is 13.
Completing the square:

y = —[x*—8x —13]

= —[(x>2—8x +16) — 13 - 16] (Complete the square inside the brackets.)

= —[(x — 4)? - 29]

=—(x-4)?%+29
So the axis of symmetry is x = 4, and the vertex is (4, 29).

When y = 0,

y
-x—4)?+29=0
(x—4)> =29
x—4:\/5 or x—4:—\/5
sox =4+ \/E which is positive 1

orx =4 — \/E , which is negative
4-129

Thus, the x-intercepts are 4 + /29 and 4 — /29.

If x =0, then y =1.
Thus, the y-intercept is 1.

Also,y = x> +x +1

I
~/
=
[\S)
+
)
+
=
~—
+
[E—
|
&=

1
The axis of symmetry is x = —— and
1
the vertex is (—5, %) This graph has

no x-intercepts since the minimum

y=x’+x+1

()]

3
value of y is T which is positive.
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2
When a = 1, complete the square by adding and subtracting (é) , to write the quadratic
in the form y = (x — h)? + k. 2

When a = -1, first factor out —1 before completing the square. Then remove the outer
brackets and multiply both terms by —1to write the quadratic equation in the form

y = —(x — h)? + k.
The axis of symmetry is x = h.

The coordinates of the vertex can now be read off. They are (i, k). The graph is a
translation of y = x2.

When a = 1, k is the minimum y-value (y > k for all x) and when a = —1, k is the
maximum y-value (y < k for all x)

Find the y-intercept by substituting x = 0in y = ax? + bx + c. Note: The y-intercept will
always be (0, ¢).

Find the x-intercepts, if they exist, by substituting y = 0 and solving the resulting
quadratic equation.

Dewrern

1 For each parabola:

i determine the y-intercept
ii write down the axis of symmetry and the vertex
iii sketch the parabola

iv determine from the sketch whether the parabola has no x-intercepts, one x-intercept or
two x-intercepts

ay=x’+3 by=2x2-7 cy=(x—22+4
dy=x-3?%-7 e y=(x+5) f y=x-77-1
gy=—(x-3) hy=-x+12+5 i y=-(x-22%-1

2 For each parabola:

210

i determine the y-intercept

ii complete the square

iii write down the axis of symmetry and the vertex
iv sketch the parabola

v determine whether the parabola has no x-intercepts, one x-intercept or two x-intercepts
(Do not find the x-intercepts.)

ay=x>-6x b y=x%+6x cy=x>+2x-4
dy=x>+4x-1 e y=x>+6x-3 fy=x>+12x-4
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'S

gy=x>-3x+5 hy=x>-5x+2 i y=x>+7x

jy=-x*-2x Ky=-x2+8x+7 1 y=—x2+5x-17

3 Find the x-intercepts of the parabolas.

ay=(x+1?2-4 by=((x+2)?-9 cy=—(x-32+25
dy=(x-4)2-7 e y=(x+372>-11 fy=-(x+17>+4
gy=(x-2?%-8 hy=-(x-5?2+18 i y=(x-3?2-50
jy=—-(x+32+20 kKy=(x+2)?-32 1 y=16—(x+1)?
W 4 Find the x-intercepts of the parabolas by completing the square.
ay=x>+2x-4 by=x>-6x+7 cy=x>-8x+13
dy=x>+4x-4 e y=x>+10x-11 f y=x2>-20x-50
g y=—x>+12x+13 hy=-x>+6x-4 i y=—-x2+4x+38

W 5 For each parabola:

i determine the y-intercept

ii complete the square

iii find the axis of symmetry and the vertex

iv determine the x-intercepts, if any, using the completed square expression

v sketch the parabola, marking all of the above features

ay=x>+4x-5 by=x*+4x+5 cy=x>+6x+9
dy=x>-6x-7 ey=x>+8x-3 f y=x>-x-2

g y=x>+5x+10 hy=x>+7x-3 i y=x>-2x+4
jy=—-x>+4x+3 ky=-x>+12x+4 l y=—x?+2x-2
my=-x>+x+1 ny=-x>-5x-1 0y=-x>+11x+20

The general quadratic

y —ax: +bx +c

Graphing the parabola y = 3x2
Consider the parabola y = 3x2, sketched overpage. Its axis of symmetry is x = 0 and its vertex

is (0, 0). The graph of y = x? is sketched on the same set of axes.

Each point on the parabola y = x? has coordinates (p, p?) and the matching point on the parabola
y = 3x2is (p, 3p?). The parabola y = 3x? is obtained from the parabola y = x? by stretching by a
factor 3 from the x-axis.
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7C THE GENERAL QUADRATIC y=ax2+bx+c

Given our investigations in the earlier sections of this y=32
chapter, we would expect that: '

» translations of y = 3x? yield congruent
parabolas of the form y = 3x% + bx + ¢

* every parabola of the form y = 3x> + bx + ¢ .
can be obtained by translating y = 3x2. = xz\\\

axis of symmetry

Both these statements are true.

vertex (0, 0) X

Translations of y = 3x2
Suppose we translate y = 3x? four units to the y
right. The point (p, 3p?) goes to (p + 4, 3p?).

o
Hence, we obtain the parabola y = 3(x — 4)°. *’g‘, i y =3(x—4)?
The y-intercept is 48. The axis of symmetry 48 g M
is x = 4 and the vertex is (4, 0). 51

B : (p+4,3p?)

Similarly, if we translate y = 3x? seven units up, then -
the image is the parabola y = 3x2 + 7 0 Lvertex (4, 0) X
(see left-hand figure below). :

y y >\E
> g
£ £
E|© -
o 55 o!
w | = @
o X
2 =3(x-42+7 E
% (0, 3p+7) y=3G-4) (@ + 4, 3p%+7)
y=3x2+7
vertex (0, 7) rvertex (4, 7)
0 X 0 X

If we perform both translations; that is, four units to the right and then seven units up, then the
parabola y = 3x? becomes the parabola y = 3(x — 4)*> + 7 (see the right-hand figure above). The
axis of symmetry is x = 4 and the vertex is (4, 7).

In summary, translating y = 3x? four units to the right and seven units up gives the parabola

y = 3(x — 4)? + 7, as in the figure above.

Translations of y = ax?, a # 0

Clearly the above discussion holds just as well for translations of, for example, y = 2x2, y = 10x?

1 . . 1
ory = Exz. However, it is equally applicable to y = —3x2, y = —2x? or y = —sz, where the

basic parabola, y = x2, has been not only stretched by a certain factor from the x-axis (3, 2 and 1

respectively), but also reflected in the x-axis. This is shown in Example 6 overpage.
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

To complete the square in y = ax? + bx + ¢, write:

oo

, b
X2+ —x+—
a
and then complete the square inside the square brackets.

a
Example 6

Find the y-intercept, the axis of symmetry and the vertex of each parabola by completing the
square. Sketch their graphs.

b y=3x>+6x-13
d y=-2x2-x+21

a y=2x>+4x+9

c y=-2x>-4x-6

a Consider the equation y = 2x? + 4x + 9.

>

When x = 0, y = 9, so the y-intercept is 9. SE’

M 9 5
y:2_x +2x+5:| y=2x>+4x+9 Eqé ?

|'>—<

'

(x2+2x+1)+%—1]

> Z]
(x+1 +2

=2x+1)2+7 0 x
The axis of symmetry is x = —1 and the vertex is (-1, 7).
Note: This parabola has no x-intercepts since y = 7 for all x.
b Consider the equation y = 3x% + 6x — 13. LY
The y-intercept is —13. < *g
r 13 —3-43 i g —3+43
y=3x2+2x——] 3 Rig 3
! 3 50 / x
i 1 =32+6x-13\ %X f-13
=3(x2+2x+1)—?3—1] e {8
=3"(x+1)2_§] 1,-16)]
L 3
=3(x+1)?-16

The axis of symmetry is x = —1 and the vertex is (-1, —16).

We see from the graph that there are x-intercepts. To find them we substitute y = 0 and obtain:

3x+1)? =16
16
x+1)? =—
( ) :
x+1—i or x+1——i
V3 V3
— +4 2 _
3 = 3—\5 , which is positive, or x = 3—4\/5 , which is negative.

(continued over page)

7 THE PARABOLA
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7C THE GENERAL QUADRATIC y=ax2+bx+c

¢ Consider the equation y = —2x2 — 4x — 6. LAY
. . — :40._;
The y-intercept is —6. i E
y = =2[x2 + 2x + 3] i S
— X
= 2x2+2x+1-1+3] 1';
= 2(x+1)? +2] -1, —4): <
= 2x+1)>-4 r6
The axis of symmetry is x = —1 and the vertex is (-1, —4). i
The parabola has no x-intercepts since y < —4 for all x. y=-22-4x-6
d Consider the equation y = —2x? — x + 21. Ay
The y-intercept is 21. (_%' i %)i 5
= -2 sz +I- 2]
YT T2 5
[ 1) 21 1 E
=2 (x2+£+—)———— I=
| 2 16) 2 16 y=-22-x/t21 i3
(1Y o £
=2 (x+_) -10% 2 210 3
L 4 Pllﬁ' ?"6 X
1Y [ ;‘é
= -2 x+—) +21% Al
4
. . 1 . 1 1
The axis of symmetry is x = ) and the vertex is =1 213 |
y=-2x2-x+21
= —-2x+7)(x-3)
1
When y =0,x =3 orx = —3%. The axis of symmetry is their average, x = 1

(See next section.)

A formula for the axis of symmetry

One thing is clear from some of the previous examples. In practice, completing the square can be
technically difficult to carry out and therefore prone to error.

Fortunately, there is a formula for the axis of symmetry of the parabola y = ax? + bx + ¢. To derive
the formula, we begin by completing the square in the general case:

y =ax>+bx+c

[

C b
=alx”+—x+—

L a a
e () (3]
=alx*+—x+|— - —
L a 2a a 2a (Add and subtract the square of
[ b\ dac — b2 half the coefficient of x.)
=a (x + —) b
2a 44?2
b )2 4ac — b*
=alx+—
2a da

214
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

) ) .. ) ) b
This expression shows that the minimum or maximum of the quadratic occurs when x = ——.
a
. . b
Hence, we have shown that the axis of symmetry of the parabola y = ax? + bx + ¢ is x = Y
a

Once the axis of symmetry is known, then the y-coordinate of the vertex can be determined by
o b . . .
substituting x = — 2 into the quadratic. To complete the sketch, find the y-intercept and the
a

x-intercepts if they exist.

We have also shown that when we write the equation of the parabola in the form y = a(x — h)? + k,
then (4, k) is the vertex and x = £ is the axis of symmetry.

‘ The general parabola y = ax? + bx + ¢

e The parabola y = ax? + bx + ¢ is a translation of, and congruent to, the parabola
— 12
y = ax”.

b
e To complete the square, first take out a as a factor, y = a[x2 +—x+ E], and then
a a

complete the square inside the brackets.
* The equation for the parabola y = ax? + bx + ¢ can also be written in the form
y = a(x — h)? + k, where (h, k) is the vertex and x = h is the axis of symmetry.

e The axis of symmetry of the parabola y = ax? + bx + ¢ has equation x = —zi. The
a

y-coordinate of the vertex can be found by substitution.

Example 7

Sketch y = 2x% + 8x + 19 using the formula for the axis of symmetry.

When x = 0, y = 19.
The y-intercept is 19.

The axis of symmetry is:

b 8
—_—_ = —— = —2

2a 4
To find the vertex, we calculate the y-value
when x = —2, which gives y =8 -16 +19 =11,
so the vertex is (=2, 11). y=2x7+ 8 +19

The graph has no x-intercepts. vertex (-2, 11) !

k= (0, 19)

| B 9 Sy
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7C THE GENERAL QUADRATIC y=ax2+bx+c

Finding the equation of a parabola given the vertex and one other point

Given the vertex and one other point on a parabola, we can find the equation of the parabola. Since
the vertex is (h, k), the equation is y = a(x — h)? + k. The value of a can be found by substituting in

the values of the coordinates of the other point.

Example 8

A parabola has vertex at (1, 3) and passes through the point (3, 11). Find its equation.

The sketch shows the information that has been given.
Since the vertex is at (1, 3), the equation must be of the
form y = a(x — 1) + 3 for some a # 0.

Since (3, 11) is on the parabola,

11 =aB-D%+3

11l =ax4+3
4da+3 =11

4a = 8

a =2

Hence, the equation of the parabolais y = 2(x — 1)> + 3.

Doeercisere

1 a Sketch the graphs of these parabolas on the one set of axes.

i y=x2 i y=3x?

b Sketch the graphs of these parabolas on the one set of axes.

(3,11

(1,3)

iii y=—x

1,

jii =—X
Y73

i y=3x2

cy=6x2-1

i y=—x? i y=-3x2
¢ Sketch the graphs of these parabolas on the one set of axes.
i y=x? i y=2x2
2 Sketch the parabolas. In each case, determine the x- and y-intercepts and the vertex of the
parabola.
ay=2x>+1 by=4x>-1
dy=-2x>+8 e y=-2x>+9

3 Consider the following parabolas. Determine those that are congruent to each other using

translations and reflections in the x-axis.

ay=2x’ b y = 3x?
dy=2x2+7x+9 e y=—2x2+5x

g y=2x>—06x h y=5x%+6x+13
jy=x? ky=-x>-x+1

216
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f y=-3x2-7x-11
i y=7x>+6x+13
1 y=5-3x?
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

4 Write each parabola in the form y = a(x — h)* + k.

ay=3x>+6x+3 by=3x>2-9x+17
cy=2x>+10x-13 dy=2x>+7x+3
e y=3x2+5x+7 f y=-5x2+20x+37

S For each parabola:

i determine the y-intercept

ii complete the square

iii find the axis of symmetry and the vertex
iv determine any x-intercepts

v sketch the parabola

ay=2x>+4x+3 by=-2x>—4x+7
cy=3x2+12x-19 dy=3x2+8x-2
e y=2x2+x-15 f y=2x>-x+5

-b
W 6 Use the formula x = 2 to find the axis of symmetry and vertex of the parabolas.
a

Which of them have x-intercepts?

ay=x>-x+3 by=3x>+5x-13
cy=2x>+x+1 dy=5x>+3x+7
e y=-3x2+5x-7 f y=—x?>+3x+2
7 Consider the parabola y = 2(x — 1)? + k. Find the value of k if the y-intercept is:
ag b 10 c 6 do
8 Consider the parabola y = a(x — 2)> — 6. Find the value of a if the y-intercept is:
aob b -2 c 4 d -18
9 Consider the parabola y = 2(x — h)? + 3. Find the value of # if the y-intercept is:
as b 21 c4 do

Sue® 10 - A parabola has vertex (1, —2) and passes through the point (3, 2). Find its equation.
11 A parabola has vertex (-2, —1) and passes through the point (1, 26). Find its equation.
12 A parabola has y-intercept 4 and vertex at (1, 6). Find its equation.

13 Sketch the parabolas. In each case, determine the x- and y-intercepts, the vertex and the
axis of symmetry.

ay=2x-12+3 by=-=2x-17>+8
cy=—-4x-22%+12 dy=—-4x+3)72+12
e y=4(x+2?2-16 fy=2x+22-12
gy=4-2x-3)7 hy=3x+12-15

i y=5x+4)?%+1
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e
Symmetry and factorisation

In this section, we will deal with another method for sketching parabolas. It is based on the fact that
if we can locate two points on the parabola that are symmetric with respect to the axis of symmetry,
then the axis of symmetry and hence the vertex can be found.

Sketching parabolas in factorised form

Sometimes we are given a quadratic in factorised form. For example, y = (x — 6)(x — 4) or
y = 5(x — 1)(x — 3). These parabolas are easy to sketch since the axis of symmetry is simply given
by the average of the two x-intercepts.

A second easy case is when the parabola is given with the square already completed, for example,
y=-7x>+1.

Example 9

Factor if necessary, and sketch, marking the intercepts, axis of symmetry and vertex.

a y=x-6)(x—4) b y=6+x—x2 ¢ y=5x*-20x+15
d y=-3x+5x+7) e y=-Tx*+1
a y=x-6)(x—4) y

When x = 0, y = 24, so the y-intercept is 24.

When y =0, x =4 or x = 6, 24

so the x-intercepts are 4 and 6.
Taking the average of the x-intercepts, ! y=-6)(x—4)
4+6 =

2

_axis of symmetry

Therefore, x = 5 is the axis of symmetry.

Whenx =5,y = (5— 6)(5 - 4) = -1, S 4\;?;5_1) >
so the vertex is (5, —1). o
b y=-x>+x+6 )
This is an upside-down parabola. (l, 61)
6 I 2 4
When x = 0, y = 6, so this is the y-intercept.
y=—x2+x+6 y=-x2+x+6
— (2
=—(x*—x—-06) > 3
= —(x-3)(x+2)
0 X
So the x-intercepts are 3 and —2. /
3+(=2) 1 1 x=1
2T\ _ 7 therefore the axis of symmetry is x = > 2

2 2

,6%).

N | =

Whenx=l, y=—l+l+6=6%,sothevertexis(
2 4 2

(continued over page)

218

ICE-E,\/ICI\E/IAItEhAé\mIa\a/{iéJ%Eé\é\éATII%EN J '5181 88Q40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party Updated June 2022




7D SYMMETRY AND FACTORISATION c‘

¢ y=>5x>-20x+15 y
When x = 0, y = 15. So the y-intercept is 15. :

y = 5x2 —20x + 15 :
= 5(x%-4x+3) !
=5x-3)(x—-1) rﬁl

15 !

The two x-intercepts are x = 1 and x = 3. i :

y=5x2—-20x+15

axis of éymmetry

Hence, the axis of symmetry is x = 2
and the vertex is (2, —5). 1

d y=-3x+5x+7)
The parabola is upside-down with y-intercept —105.

=7, ' 0 X

The two x-intercepts are x = =5 and x = 7.
y==-3(x+5)x+7)

Hence, the axis of symmetry is x = —6
and the vertex is (=6, 3). o
-105

6
axis of symmetry

e y=-7x*+1 y
The y-intercept is 1, the axis of symmetry
is x = 0 and the vertex is (0, 1). 0, 1)
The parabola is upside-down.
Wheny =0, 1-7x% =

x? =

\l|@
=

y=’l—7x2

Q
=
=
Il
|

@]

=

=
Il
|

Sat|==1=e
S[asl-

<4
q‘ﬁl

So the x-intercepts are x
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7D SYMMETRY AND FACTORISATION
A b SHMEmMbEeeRSGeY

Finding the equation of a parabola from the x-intercepts

If a parabola has two known x-intercepts at x = u and x = v, or exactly one x-intercept at x = ¢,
then we know the parabola has the form y = a(x — u)(x — v) or y = a(x — t)?, respectively. The
value of a can be determined by substitution if we know the coordinates of some other point on the
parabola.

Example 10

A parabola has x-intercepts x = 5 and x = -5, and y-intercept at 10. Find its equation.

(x —5) and (x + 5) are factors. Therefore, y = a(x — 5)(x + 5) for some a # 0.
When x = 0, y = 10.
So 10 = a(-5)(5)
10 2
25 5
So y = —%(x = 5)(x +5).

Dero

1 A parabola has x-intercepts of 1 and 7. What is the x-coordinate of the vertex?

a =

2 A parabola has x-intercepts of —2 and 4. What is the x-coordinate of the vertex?

=8 3 Find the x-intercepts, the y-intercept and the vertex of each parabola and sketch it.

ay=x(x—4) by=x-3)x-2) cy=5x+Dx-3)

dy=2(x+1)5-x) e y=2(x-5(x-6) f y=3x-Dx+2)

g yv=5(x—-4)(x+2) h y=-6(x—-4)(x+3) i y=72x-Dx+1
=l 4 Factor each quadratic and hence find the x-intercepts.

ay=x2+6x+5 by=x>+7x+12 cy=x>-3x-18

dy=x*>+2x-15 e y=2x>-19x-10 f y=16-x2

g y=1-4x? hy=x?-3x i y=2x2+8x
el 5 Sketch each parabola, clearly labelling the x- and y-intercepts, the axis of symmetry and

the vertex.

ay=x>-6x+8 by=x>-4x+3 cy=x>+4x-12

dy=x>-2x e y=x>+3x f y=2x2-3x+1

g y=2x2+7x+6 hy=6x>-7x+2 i y=8x2+6x+1

j y=9-x2 k y=3x—2x? 1 y=3+x-2x2
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6 Find the equation of each parabola.
a

y b y
©,9)
(5,5
5 — (3,0 3,0)
[ oo 1 &

¢ y d y
6
0, 9)
-5 2
(-1, 0) @3, 0) o .
[ o 1o

7 A parabola has x-intercepts of —1 and 2 and passes through the point (4, 10). Find its
equation.

A parabola has x-intercepts of —2 and 3 and y-intercept —3. Find its equation.

A parabola has x-intercepts of 1 and 2 and passes through the point (1, —3). Find its
2

equation.

Sketching via the discriminant

In this section we will discuss how determining the value of the discriminant can assist with parabola
sketching.

The discriminant A = b2 — 4ac and sketching y = ax? + bx + ¢
We now have a few approaches to sketching parabolas when given in general form, y = ax? + bx + c.
« Complete the square to transpose the equation into the form y = a(x — h)? + k.

* Find the x-intercepts via factorisation and use the symmetry property to find the x-value
of the vertex.

e Usetherule x = —2£ to find the x-value of the vertex.
a

In all three cases we need to label the y-intercept (0, c¢), and label x-intercepts, if they exist.

221
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7E SKETCHING VIA THE DISCRIMINANT
4 mesewmwAweesARECYY

222

In Chapter 5 we discussed the following techniques for finding x-intercepts (solving equations of the

form, ax* + bx + ¢ = 0).
e Completing the square
 Factorisation

* The quadratic formula

If you are asked to sketch y = ax? + bx + ¢, which approach should you take? Knowing the value
of the discriminant, A = b%> — 4ac, can assist you in approaching the sketch efficiently. See the table

below.
A = b? — dac Number of x-intercepts
A<O 0
A=0 1
A>0 2

The use of the discriminant is demonstrated in the following example.

Example 11

Sketch the following by whatever means, labelling all key features.

a y=-3x2+8x-6
b y=4x>-4x-3
c y=5x>+3x-12

a y=-3x2+8x-6

A = b? — 4ac = 82 — 4(-3)(-6)
=64-72=-8

A < 0, therefore there are no x-intercepts.

The axis of symmetry is:
b 8

SSHINN

The y-value of the vertex is:

2
—3(£) +8(i)—6=—§+£—6
3 3 9 3
_ —48+96 — 54
9
E
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7E SKETCHING VIA THE DISCRIMINANT c‘

b y=4x*-4x-3

A = b? — 4ac = (—4)? — 4(4)(-3)
— 16+ 48 = 64

A > 0 and is the square of a rational number, therefore there are two rational x-intercepts.
Find the x-intercepts via factorising:
4x* +2x-6x-3=0
2x2x+1)-32x+1) =0
2x+1D2x-3)=0
2x+1=0 or 2x-3=0

1 3
X =——or X ==
2
Axis of symmetry: y
(Lo Don-
2 2 2
y-value of vertex is: -3.,0) (3,0 §

41241 3=1-2-3=-4
2) \2) T 7T ©,-3)

(%r _4)
¢ y=5x2+3x-12
A =b?—4ac = 3)? - 4(5)(-12)
=9+4240 = 249
A > 0 but is not the square of a rational number, therefore there are
two irrational x-intercepts.
The axis of symmetry is: y
_ b _ 3 _ 3 \ /
2a 2(5) 10 *
The y-value of the vertex is: (_3_1%2% : 0) _3+1\ém , 0)
2
5(—i ) +3(—i) — = 4—5—2—12
10 10 100 10 ©,-12)
3 9
= —122 (‘1‘0'_122_0)

Find the x-intercepts via the quadratic formula: a =5, b = 3, ¢ = —12

3249 3+4249
10 10

X =
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=
Do

For each of the following, determine the value of the discriminant and hence sketch the
parabola using the most efficient approach. Label all intercepts and the vertex.

a y=4x>-2x b y=3x>-12x+12 c y=x>+4x+2
d y=2x>-4x+5 e y=-2x>+6x+3 f y=—-x>—-4x+12
g y=3x—4x? h y=4x>+12x+15 i y=25x2-30x+9
J y=-5x>-4x+10 kK y=—4+x-2x? I y=4x>-4x-15

Applications involving quadratics

Many practical problems can be solved using quadratics.
For example:

s = 30t — 4.9¢2

is a formula used to calculate the height, s metres, of a cricket ball # seconds after it has been thrown
in the air vertically with an initial speed of 30 m/s.

Example 12 shows a problem about a right-angled triangle that leads to a quadratic equation.

Example 12

The two sides of a right-angled triangle are, respectively, 2 cm and 4 cm shorter than the
hypotenuse. Find the side lengths of the triangle.

Let x cm be the length of the hypotenuse. Then the two other sides have lengths (x — 2) cm
and (x — 4) cm.

By Pythagoras’ theorem:

x2

(x =22 + (x — 4)?
x2=x2-4x+4+x2-8x+16

0 = x> — 12x + 20 x=2 3
(x-10)(x—-2) =0

x =10o0r2
But the solution x = 2 is impossible, since it leads to a triangle with a o
negative side length. x—4

Hence, x = 10 and the side lengths are 6 cm, 8 cm and 10 cm.

224
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7F APPLICATIONS INVOLVING QUADRATICS

Minimum-maximum problems

Suppose we have 20 centimetres of wire, which is to be bent to form a rectangle. The area of the
rectangle will change as its dimensions change, as you can see in the table below.

25 4 5 6 7
8 7.5 6 5 4 3
16 18.75 24 25 24 21
10 — x
Suppose that we have a rectangle with perimeter 20 cm. Let x cm be the
length. Then the width is (10 — x)cm. .
Suppose that the area is Acm?, then A = x(10 — x)
= 10x — x?2 A 0
The graph of A against x is an upside-down parabola, but note that *
the x-values are restricted to between 0 and 10. 25
The x-intercepts are 0 and 10, so the parabola has x = 5 as its axis
of symmetry. Hence, it has a maximum value of 25 at x = 5. This
value of x makes the rectangle into a square.
Thus, of all the rectangles with fixed perimeter, the square is the one
with greatest area, as you may have noticed from the table of values. 0 5 10 x

The idea of maximising (or minimising) a quantity using parabolas has many uses.

Example 13

A farmer needs to construct a small rectangular paddock using a long wall for one side of the
paddock. He has enough posts and wire to erect 200 m of fence. What are the dimensions of

the paddock if the fences are to enclose the largest possible area?

wall
Let x m be the length of the side perpendicular to the wall.
Then the length of the side parallel to the wall is (200 — 2x) m. om
Let A m? be the area of the paddock.
Then A = x(200 — 2x) 200 _25) m
= 200x — 2x? A
Hence, A = 0 when x = 0 or x = 100 (as in the sketch). Taking 2000
the average, the axis of symmetry is x = 50 and the maximum area
occurs when x = 50.
Thus, the dimensions of the paddock are 50 m by 100 m, and the area
is 5000 square metres.
0 50 100 x

As we saw in Example 12, the algebra can lead to a number of possible answers. Some of these may

not be admissible as they do not satisfy the requirements of the question.
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N e appucaTIONs INVOLVING QuapRATIES
‘ Exercise 7F

The solutions to most of the practical problems should begin with a diagram.

1

S i A W

Example 12 9

10

11

12

13

14

15
16
17

18

=

226

A rectangular paddock is 50 m longer than it is wide. If the area of the paddock is
10 400 m?, find its dimensions.

A large triangular road sign with base length equal to its height has an area of 1800 cm?2.
Find the length of the base.

The product of two consecutive positive integers is 650. Find the numbers.
The product of two consecutive even numbers is 224. Find the numbers.
The product of two consecutive odd numbers is 195. Find the numbers.

One more than a certain positive number is five less than the number squared.
Find the number.

If Tom’s age is squared, it will be equal to his age in 56 years’ time. How old is he now?

If the amount of Karlima’s savings is squared and then doubled, the amount would be $66
more than her savings now. How much has she saved?

A right-angled triangle has one side 7 cm longer than the side perpendicular to it. If the
hypotenuse is 17 cm, find the side lengths of the triangle.

A right-angled triangle has hypotenuse 9 cm longer than its shortest side. Given that the
third side is 21 cm long, find the side lengths of the triangle.

A piece of sheet metal 50 cm by 40 cm has squares cut out of each corner so that it can be
bent and formed into a lidless box with a base area of 1200 cm?. Find the dimensions of
the box.

The formula for finding the number of diagonals of a convex polygon with #n sides is
g(n — 3). How many sides does a polygon with 902 diagonals have? (As an interesting

counting argument, prove the formula for the number of diagonals of a convex polygon.)

Show that the sum of the first n positive integers is nin+1)

needed to produce a sum of 136? 2

. How many integers are

The height (/4 metres) of an arrow above the ground, 7 seconds after release from the
bow, is given by & = 23.7t — 4.9¢% . Find the time taken for the arrow to reach a height of
27 metres, correct to two decimal places.

What is the minimum value of x> — 6x + 27

What is the maximum value of —x? + 3x — 1?

What is the maximum and minimum value of 3x2 + 7x — 2 if:
a -3<x<0? b 0<x<3?

A piece of wire is 100 cm long. Find the dimensions of the rectangle formed by bending
this wire when the area is a maximum.

A farmer has a straight fence along the boundary of his property. He wishes to fence an
enclosure for a bull and has enough materials to erect 300 m of fence. What would be the
dimensions of the largest possible rectangular paddock, assuming that he uses the existing
boundary fence as one of its sides?
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20 The height, 7 metres, reached by a ball after  seconds when thrown vertically upwards
is given by h = 25t — 4.9¢2. Find, correct to three decimal places, the maximum height
reached and the time the ball is in the air.

21 A rectangular piece of land of area 5000 m? is to be enclosed by a wall, and then divided
into three equal regions by partition walls parallel to one of its sides. If the total length of
the walls is 445 m, calculate the possible dimensions of the land.

22 A rectangle is constructed so that one vertex is at the origin, and another vertex is on the
2x . . .
graphof y =3 — 3 where x > 0 and y > 0 and adjacent sides are on the axes. What is

the maximum possible area of the rectangle?

Quadratic inequalities

In this section, we answer such questions as:
For which values of x is x> —1 < 0?
When is x2 + 8x +7 = 0?

Recall the method for solving a linear inequality.

For example:
3x+7 <5x+11

—2x <4
x> =2
Note: When dividing through by a negative number, the inequality is reversed.
When solving quadratic inequalities, a graphical technique is used. The following examples explore

this technique.

Example 14

a Solve the inequality x> — 5x + 4 < 0. b Solve the inequality x> — 5x + 4 > 0.

The graph of y = x> — 5x + 4 = (x — 4)(x — 1) is drawn. y&
4
a The y-values are negative when the graph is below the x-axis.
Thus, x> —=5x+4 <0 if 1 < x < 4. =22 —5x+4

b The y-values are positive when the graph is above the x-axis.
Thus, x> —5x+4 >0 if x >4orx < L 0] 4 X

The y-values are equal to 0 when x =4 or x = 1.

Thus, x2 —=5x+4 >0 if x >4or x < 1.

221
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7G QUADRATIC INEQUALITIES
A ewewweLEwSE
Example 15

a Solve the inequality —x* + 5x — 6 < 0. b Solve the inequality —x2 + 5x — 6 > 0.

The graph of y = —x? + 5x — 6 = —(x — 2)(x — 3) is drawn.

a The y-values are negative when the graph is below

y
the x-axis. y=—x2+5x-6
Thus, —x2 +5x —-6<0 if x <2 or x > 3. 5

2 3 2
b The y-values are positive when the graph is above

the x-axis.
Thus, —x2 +5x —6>0if 2 < x < 3.
The y-values are equal to O when x = 2 or x = 3.
Thus, X2+ 5x—-6>0if 2<x<3. —52

. Exercise 7G

1 Use the graphs given to find the set of x-values described by each inequality.

a x?-2x-15<0 b x2+3x-4>0
y y
y=x2+3x-4
-3\ 0 5 X
y=x2-2x-15
-4 o/ 1 X
- \/Q
c —(x+2?220 d2+x-x2<0
y y
y=2+x—x2
2
2\ 0 . /
-1/ 0 2 X
4
y=—(x+2)?

228
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e (x+3)?2 20 f 9-4x2<0
y y
9
9 y=(x+3)2 b=9 a2

2 Sketch a graph and find all values of x such that:

a(x-3)(x+2)>0 b (x+Dx+4)<0
c(x=5x-2)=20 d x(x+3)<0
3 Solve the quadratic inequalities.
a x>+3x-70>0 b x2-5x-24<0
c x2+9x+20=0 d x2-7x+12<0
W 4 Solve the quadratic inequalities.
a —x2-3x+40>0 b —x>+5x+242>0
¢ —x2+12x-35<0 d —x>+11x<0

Review exercise

1 Find the y-intercept of:

ay=x>+5x+2 b y=>5x-3)-21 ¢ y=23x>+2x
d y=2-2x+1)? e y=5-(x—-17? f y=-3x+2)?2-4
2 Consider the parabola y = (x — h)?> + 5. Find the value of & if the y-intercept is:
as b 21 c 14 do
3 Find the x-intercepts of each parabola.
ay=x>+3x-4 b y=2x>+13x+6 c y=8x2-6x-9
d y=8x2>-16x-10 e y=x2-49 f y=2x2-10x
4 Find the exact values of the x-intercepts of each parabola.
ay=(x+2?2?-5 by=(x-3?2>-2 c y=2x+12-10
d y=3x-2?2-15 e y=5ux-3?%-7 f y=6-3(x-2)?
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REVIEW EXERCISE

S Find the exact values of the x-intercepts by completing the square.

ay=x>+4x-2 by=x>-6x+1
¢ y=2x2+10x+3 d y=-2x>-8x+5
6 State whether the graph of each quadratic has a maximum or minimum turning point
(vertex).
ay=x>+6x-5 by=-x*+2x+1
c y=7-2x—3x? d y=3x>2-2x+1

7 Determine which pairs of parabolas are congruent.
y=x%y=-=2x%y=3x%y=3x2+1,
y=2+3x—-4x%,y=3-2x%y=x2—x,y=1+4x?

8 State the transformations that need to be applied to the graph of y = x? to obtain the

graph of:

ay=x2-1
by=x>+2
c y=4-x2
d y=1-x?

Note: There are many possible answers to this question.

9 State the transformations that need to be applied to the graph of y = x? to obtain the

graph of:
ay=(x+2)7? b y=(x-1)> c y=—-(x+17?
dy=x+1)>-3 e y=(x-2?-3 f y=1-(x-3)?

10 Write the equation of the parabola obtained when the graph of y = x? is:
a translated 2 units to the left
b translated 3 units to the right and 1 unit up
¢ translated 2 units down and 5 units to the right

d translated 3 units to the left and 2 units down

11 Write the equation of the parabola obtained when the graph of y = 3x? is:
a translated 3 units to the left and 2 units up

b translated 3 units to the right and 2 units down

12 Write the equation of the parabola obtained when the graph of y = x? is:
a reflected in the x-axis and translated 1 unit to the right
b reflected in the x-axis and translated 2 units to the left

¢ reflected in the x-axis, then translated 1 unit to the left and 2 units down
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REVIEW EXERCISE

13 For each parabola, state the coordinates of the vertex.
ay=x-12+2 by=(x+2)2>+3 cy=(x+4)?-2
dy=(x-52>+11 e y=-3x+2)?%-1 f y=4-2(x-3)?
14 A parabola has vertex (1, —2) and passes through the point (3, 2). Find its equation.

15 A parabola has x-intercepts of —5 and 3 and passes through the point (1, —12). Find its
equation.

16 A parabola has x-intercepts of —2 and —4 and a y-intercept of —8. Find its equation.

17 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.

ay=x>-6x+5 by=x>-4x-12 ¢ y=x?-3x
d y=x?+5x e y=16-x2 f y=3x-9x?
18 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.
ay=x-37>+4
by=3x+1*-6
c y=5-(x+3)?
d y=6-3(x-5)7?
19 A parabola has vertex (2, —4) and passes through the point (1, 7). Find its equation.
20 A parabola has equation y = 3(x + h)> + 4 and y-intercept 7. Find the value of h.

21 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.

ay=x>+2x-5 b y=x?-6x+2 ¢ y=-x2-4x-17
d y=-x>+8x-13 e y=2x>+4x+5 f y=7+6x-2x?

22 In aright-angled triangle, one side is 7 cm longer than its shortest side and the
hypotenuse is 8 cm longer than its shortest side. Find the side lengths of the triangle.

23 A piece of sheet metal 50 cm X 60 cm has squares cut out of each corner so that it can
be bent and formed into a lidless box with a base area of 2184 cm?. Find the length,
width and height of the box.

24 A farmer has a straight fence along the boundary of his property. He wishes to fence
an enclosure for a bull and has enough materials to erect 500 m of fence. What would
be the dimensions of the largest possible paddock, assuming that he uses the existing
boundary fence as one of its sides?

25 By considering a graph, solve:
a(x=-5x+3)<0
b (x+2)(x+5<0
c x(x=2)>0
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Challenge exercise

1 a What is the maximum value of 2x2 +9x -5if-2<x<0?

b What is the minimum value of 2x° + 9x — 5if 0 < x < 2?

2 Consider the quadratic inequality x> + 4x + ¢ < 0. For each of the following sets of
values of x, find the values of ¢ for which the given set satisfies the inequality:

a-7<x<3
bx=-2

¢ no x values

3 The distance between two towns is 120 km by road and 150 km by rail. A train takes
10 minutes longer than a car, whose average speed is 10 km/h less than the train’s
average speed.

The purpose of this problem is to find the average speed of the car.

a Let the average speed of the car be x km/h and let the time taken by the car be 7 hours.
Show that the information in the question gives:

xt =120 (1)

(x+10) (z+é)=150 (2)

b Subtract (1) from (2) to obtain a linear equation linking x and ¢.

¢ Make ¢ the subject of this linear equation, substitute it into (1) and solve for x,
obtaining x = 80 or x = 90.

d Calculate the corresponding values of ¢ and check that both pairs of solutions make
sense.

The next six questions are similar to the previous question. That is, it is best to introduce
two variables, eliminate one and then solve the resulting quadratic equation. Do not forget
to check that the solutions are feasible; that is, that they make sense and satisfy the original
problem.

4 A train could save 1 hour on a journey of 200 km by increasing its average speed by
10 km/h. What is the original speed of the train?

5 A farmer purchased a number of cattle for $3600. Five of them died, but he sold the
remainder at $20 per head more than he paid for them, making a profit of $400. How
many did he buy?
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CHALLENGE EXERCISE

6 The distance between two towns is 80 km by road and 90 km by rail. A car takes
15 minutes longer than a train, whose average speed i1s 8 km/h greater than the car’s
average speed. Find the average speed of the car and of the train.

) ) total number of runs scored :
7 Incricket, batting average = - . In a season, a cricketer scored
number of times out

1800 runs. If he had been out on one more occasion, his average would have been three
runs less. What is his average?

8 Two boys, one of whom can run 1 m/s faster than the other, compete in a 400 m race.
The slower competitor is given a 20 m start and loses by 10 seconds. What was the
average speed of each runner (correct to three decimal places)?

9 A and B are two towns, 120 km apart. A car starts from A to travel to B at the same time as
a second car, whose speed is 20 km/h faster than the first, starts from B to travel to A.
The slower car reaches B 1 hour and 48 minutes after it passes the other car. Find their
speeds.

10 The diagram shows a square inscribed in an isosceles triangle with side lengths 10, 10
and 12. Find a.

12

11 To solve x*>— gx + h = 0 graphically, let A be the point (0, 1) and B the point (g, h).
Draw a circle with AB as its diameter. Then the points (if any) where the circle cuts the
x-axis are the roots of x2— gx + h = 0.

a Illustrate the method by graphically solving x*>— 5x + 6 = 0.
b Prove that the method works.

Note: This construction is called Carlyle’s method.

12 Take a piece of string of length 100 cm. Cut it into two pieces, x cm and (100 — x) cm,
and form the first piece into a circle and the other into a square.

a Write down a quadratic expression for the combined area enclosed by the separate
pieces.

b Find the minimum possible sum of the two areas and the value of x for which it
occurs.

HAP 7 THE PARABOLA
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CHALLENGE EXERCISE

13

14

Recall that two geometric figures are by definition congruent if there is a sequence of
translations, rotations and reflections taking one figure to the other. Also recall that two
geometric figures are similar if we can enlarge one figure so that its enlargement is
congruent to the other figure.

In this question we will show that all parabolas are similar. It is not, however, true that
all parabolas are congruent.

a Explain why the ideas in Section 7B show that every parabola y = x>+ ax + b is

congruent to the basic parabola y = x2.

b Explain why the ideas in Section 7B show that every parabola y = —x"+ax +bis

congruent to the basic parabola y = x°.

¢ Let a > 0. Explain why the ideas in Section 7C show that every parabola

y = ax? + bx + ¢ and every parabola y = —ax?+ bx + c is congruent to the parabola

y = ax>.

d Every point on y = x? has coordinates (p, p?) for some p. Find a similar expression
for the points on y = 5x2. Show that the transformation taking (x, y) to (x, 5y) maps
y = x% to y = 5x2. Show that this transformation is not a similarity transformation.

e Show that there is an enlargement that takes y = x2 to y = 5x2.

f Show that all parabolas are similar.

In Section 7D we discussed methods for sketching parabolas using symmetry about the
axis of symmetry. Here is another method.

For the parabola y = ax?+ bx + c:

First find the two points where y = ¢ meets the parabola. These are (0, ¢) and (—S, c).
Then find the vertex, knowing that the x-coordinate of the vertex is the average of the
x-coordinates 0 and —é. Sketch the parabola using these three points. Use this method to

a
sketch:

ay:x2+8x+17
by=2x"+5x-3

c y=a’x2+ex—f
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