GHAPTERI‘

Number and Algebra

Indices, exponentials and
logarithms — part 1

You often hear people talk about ‘exponential growth’ or ‘exponential decay’,
generally in connection with business, investment, ecology and science.
This chapter will explain what these terms mean.

In ICE-EM Mathematics Year 9, you learned how to graph parabolas such as

y = x? and y = 3x? — 4. In this chapter, you will learn what the exponential

and logarithm functions are, and how to draw their graphs.
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Review of powers and
integer indices

In ICE-EM Mathematics Year 9, you learned that a number such as 2 could be raised to any integer
power, so that:

20 =1, 2 =2, 22 =4, 23 =38,

In the statement 25 = 32, we call 2° a power, we call 2 the base and we call 5 the index or
the exponent.

In general, if a is any number and »n is a positive integer, we define a” to be the product of
n factors of a, and we define:

1

n

a™ to be

b

a
provided a is non-zero.
Also, we define:

a’ =

All of the index laws follow directly from these definitions. It is important to be able to recall and
use these laws. In this chapter, we will use the index laws repeatedly.

Recall that if m and n are integers and a and b are any non-zero numbers:

Index law 1 a™a" = amt" Index law 4 (ab)" = a"b"
Index law 2 & gmn Index law 5 (ﬂ) -4
a’ b bn

Index law 3 (a™)" = a™

Example 1

a Evaluate:

i 7 ii 28
b Write each number in index form with a prime-number base. !

i 128 ii 343 G

1 1 iii 25
ai 72 =49 ii 2% =256

1

b i 128 =27 ii 343=73 iii 25 52
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9A REVIEW OF POWERS AND INTEGER INDICES ‘a
Example 2

iii 2a’b x 7a’b?

a Simplify each expression.
i x xx?xx? i x2z3 x x77%
b Simplify each quotient.
a’b’ .. 60a’b?
i ——
ab? 5a*b
¢ Simplify (a2)3 x a*.
a i x"xx?xxd=x? i x27° x x7z2 = x°7° iii 2a’b x 7a°b? = 14a°b>
37 372
bi &2 =a’° i 900 o
ab 5a’b
¢ (@)’ xa* =a®xa*
— 40

Simplify these expressions.
a (x2y3)* b (2m?)} x 3m)? w
’ (ab?)?
a (x2y3)* = 8yl b (2m?)} x Bm)* = 8m® x 27m?
= 216m’°

Here are two useful facts:

(a)“ b . a_ b
o | — =—, since — X —=1
b a b a

* Similarly, (ﬁ) =(9)
b a
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9A REVIEW OF POWERS AND INTEGER INDICES
AT BN eRRSEBMBmER MRS
Example 4

Evaluate:
4! 2\
a (—) b 473 c 1073 d 54° e (—)
7 3
-1
a i :Z b4—3:L c 10—3=L
7 4 43 103
_ 1 .
64 1000
A
d 5a° =5x1 e (_) :(_)
_ 3 2
_
8

Simplify these products, expressing each pronumeral in the answer with a positive index.

a a*xa® b 2a* x 5a°° ¢ (m3nd)* x (mn3)d
a a*xa®=qal° b 2a* x5a° = 10a>?
o 10
410 )
¢ (M35 X (mTnd)S = m12n 0 x @15
m?
135

) periseon

1 Evaluate:

a 42 b 5° c 26 d 33 e 10* f 6
2 Write each number in index form with a prime number base.
a 8 b 64 ¢ 81 d 32 e 625 f 243
3 Write each number in index form with a prime number base.
! b : ! d ! 0 f 12173
a — — c —= — e —
13 49 133 1024 729
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9A REVIEW OF POWERS AND INTEGER INDICES ‘a

e 4 Simplify each expression.

a a*xa®xad b a’xa*xa ¢ m*xm?xmb
d p*xp’ xp? e a’bxa*b® f m*n? x mon*
g 2a*b’ x 4ab? h 3x3y x 5x%y? i 3x3y7 x5x%y?

ey S Simplify each quotient, expressing each pronumeral in the answer with a positive index.

a x2y3 30x2y4 . a6m4
xy* 20xy? a’*m

d 25x4y5 . 8ab3c* ; 16x3y578
20x3y5 12ab>c? 4y778

Example 3a 6 Slmphfy

a (a2b4)3 b (x3y5)7 c (ab2c3d4)5

d (2a°b)? e (3a’b*)? f (4a’b?)?

i 7 Simplify each expression, writing each pronumeral in the answer with a positive index.
(a*b)? « a*b’

a (3m?)? x 2m° b (2p°)* + (4p°
(3m?) 2p)° = (4p°) 4 o
g mn? (mn?)’ o 4t a’b ¢ P pg
mn®  mSn8 (ab*)*  a*b re’ (PP
8 Evaluate:
a 27! b 272 ¢ 37! d 32 e 1073
7Y 15)" 3\ 2\~ 51°
5 I O B O R O N )
8 14 5 3 11
0
k 3 I 5+a m 24 n 2+a)° o (43
(5b)°
9 Simplify each expression, writing each pronumeral in the answer with a positive index.
a (2x%y)! b (3x?%y?)? ¢ (4xy™3
d (2x2y—2)—3 e (3x—2y—2)—3 f (2x5y5)2

10 Simplify each expression, writing each pronumeral in the answer with a positive index.

a mélxm?xm? b 2a7'b® x 4a>3bh~° ¢ 5p’q' x3pg
4 -2 5x2y3
M e X 4}7_4 f (2x—1)—4
10p~"¢* 10x4y
2,1\ 2
g (261_1b3)_2 X 4(a2b)—3 h (m—2n3)4 % (m—5n2)—3 i (m Iz )
p
i a bt )’ K 2a7'b? " 4a%p7! 1 m’n=3 o (mn?)~3
¢! a’b™?  6ab™? m*n? m*n®
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~

4y—1 . xyz N a—6b4 . (aZb)—l o (2a4b—2)3 " (22a—3b2)—1
(27 ()2 @b~ ab? 2 c
(m 2 3)2 s (a2)3 a -2 (2a4)2 . (aZ)—3
P S X ) E R Vo) T T

11 Calculate:
31432 b 272 424 272 _p+4
3432 22 424 22 24

2714024073
2+23 4024

12 Calculate

13 If x =1, find the value of 3* + 3!=* + 3%-2,

14 Simplify each expression, writing each pronumeral in the answer with a positive index.
-1

a 2~ b (x'+yDHxTt-y"h ¢ Xy
x -y 4y
1
d % e (x—2 + y)—2 f (x—2 + y—l)—l
X724y

Scientific notation and

significant figures

Many mathematical problems have exact answers, such as g V2 +3 or 4007. However, in

the real world, very large numbers and very small numbers are common and, nearly always, these
can only be determined approximately. To express large and small numbers conveniently, we use
scientific notation, also known as standard form.

In science, whenever we measure something it is an approximation. Scientific notation and
significant figures are useful in expressing these numbers. To deal with approximations we use
significant figures.

Scientific notation or standard form
By definition, a positive number is in scientific notation if it is written as:
a x 10%, where 1 < a < 10 and b is an integer

This notation is also called the standard form for a number. In contrast, for example, 2345.6789, is
called the decimal notation for that number.
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES ‘a

Example 6

Write each number in scientific notation.

a 2100 b 0.0062 ¢ 764 000 000 d 0.000 000 2345
a 2100 = 2.1x10° b 0.0062 = 6.2 x 1073
¢ 764000000 = 7.64 x 108 d 0.000 000 2345 = 2.345 x 10~/

Note: If the number is greater than 1, then the exponent of 10 is positive or zero when the number is
written in scientific notation. If the number is positive and less than 1, then the exponent is negative.

When the number is written in scientific notation, the exponent records how many places the decimal
point has to be moved to the left or right to produce the decimal notation.

Example 7

Write each number in decimal notation.

a 7.2x103 b 5.832x1072 ¢ 3.61x10

a 7.2x10% =7200 b 5.832 x 1072 = 0.058 32 ¢ 3.61x10° = 361000

Example 8

Evaluate each expression without using a calculator. Give your answers in scientific notation.
6.3 x10°
p 2

a (4x10% x2.1x10°
( )% ( ) 105

(1.5 x 105)% x (9.0 x 10712)

(o]

a (4x 104) X (2.1 % 103) =4x2.1x10* x10°
= 8.4 x 107
5
03 X107 _ 3 7% 105 + 106
7 x 100
=09 x10"!
=9.0x107?
¢ (15x 105)2 X (9.0 x 10_12) =1.52 x9.0 x 10!0 x 10712
=2.25%9.0x1072
= 20.25x 1072
= 2.025x%x 107!
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‘ 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES

Significant figures

Every time we record a physical measurement, we write down an approximation to the ‘true

value’. For example, we may say that a standard A4 sheet of paper is 30 cm by 21 cm. This has

a conventional meaning and says that the actual length is between 29.5 cm and 30.5 cm. If we
measure the sheet of paper more accurately, we could say that it is 29.7 cm X 21.0 cm. This means
that we believe that the actual length is between 29.65 cm and 29.75 cm. Similarly, if we say a girl’s
height is 156 cm to the nearest centimetre, this means that her actual height is between 155.5 and
156.5 cm.

In this situation, we say that a measurement recorded as 156 cm is correct to three significant
figures. Similarly, when we say that the width of the paper is 21 cm, this is correct to two significant
figures.

Using approximations of 7 as another example, we say that 3.14 is 1 correct to three significant
figures and 3.141 59 is © correct to six significant figures. When we round a number, we record it
correct to a certain number of significant figures.

The rules for rounding require you to first identify the last significant digit. Then:
e if the next digitis 0,1, 2,3 or 4, round down
* if the next digit is 5,6, 7,8 or 9, round up.

Som = 3.141592 654 ... is rounded to 3,3.1,3.14,3.142,3.1416,3.141 59, 3.141 593 and so on,
depending on the number of significant figures required.

We use the symbol = to mean that two numbers are approximately equal to each other.

Significant figures and scientific notation

Recording a number in scientific notation makes it clear how many significant figures have been
recorded. For example, it is unclear whether 800 is written to 1,2 or 3 significant figures.
However, when written in scientific notation as 8.00 x 102, 8.0 x 102 or 8 x 102, it is clear how
many significant figures are recorded.

Example 9

State the number of significant figures to which each of these numbers is recorded.
a 7.321x10° b 7.200 x 10° ¢ 20x107
d -5.6789 x107° e 213205 f -0.001240

7.321 x 108 has 4 significant figures.

7.200 x 10° has 4 significant figures.

2.0 x 107 has 2 significant figures.

-5.6789 x 10~ has 5 significant figures.

213205 = 2.132 05 x 10° has 6 significant figures.
—0.001240 = —1.240 x 1073 has 4 significant figures.

-0 o 6 o
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES u«a
Example 10

Write each of the following numbers correct to the number of significant figures specified in

the brackets.
a 214 2) b 0.000 6786 3) ¢ 13.999 99 (6)
d -137.4895 &) e 0.000532 2) f 132.007 31 (6)

a 214 = 2.14 x 102
= 2.1x10?
= 210 (Correct to 2 significant figures.)

b 0.000 6786 = 6.786 x 10™*
= 0.000 679  (Correct to 3 significant figures.)

¢ 1399999 = 1.399999 x 10
= 14.000 (Correct to 6 significant figures.)

—1.374 895 x 102
-137.49 (Correct to 5 significant figures.)

d -137.4895

0

e 0.000532 =5.32x10™
= 0.000 53 (Correct to 2 significant figures.)

1.320 0731 x 10?
= 132.007 (Correct to 6 significant figures.)

f 132.007 31

e Scientific notation, or standard form, is a convenient way to represent very large and
very small numbers.

* To represent a number in scientific notation, insert a decimal point after the
first non-zero digit and multiply by an appropriate power of 10. For example:
75 684 000 000 000 = 7.5684 x 10'3 and 0.000 000 000 38 = 3.8 x 10710

e The term for a number expressed without a multiple of a power of 10 is decimal
notation or decimal form.

* A number may be expressed with different numbers of significant figures. For example:

3.1 has 2 significant figures, 3.14 has 3 significant figures,
3.141 has 4 significant figures

* To write a number to a specified number of significant figures, first write the number in
scientific notation and then round it correct to the required number of significant figures.

e To round a number to a required number of significant figures, first write the number in
scientific notation and identify the last significant digit. Then:

— if the next digitis 0,1,2,3 or 4, round down
— if the next digit is 5,6,7,8 or 9, round up.
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‘ 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES
_ ) Exercise 9B

Scientific notation

ey 1 Write each number in scientific notation.

a 63 b 04

¢ 0.62 d 7400

e 21000000 f 0.00026

g -0.086 h 2000 000 000 000
i 0.000 091345 J 57320

k 0.003012 I 0.100 0510

2 a At the beginning of 2011, the population of Australia was estimated to be approximately
22.5 million. Write this number in scientific notation.

b The wavelength of red light is 6700A, where 1A = 1079 m. Write this wavelength of red
light in metres, using scientific notation.

¢ The Sun is approximately 150 billion metres from the Earth. Using scientific notation,
write this distance in metres.

S 3 Write each number in decimal notation.

a 6.4x10° b 9.2x10* ¢ 48x107 d 8.7x107
e 7.412x10° f —4.02x10? g —-4.657x107 h 47.26 x 10°
=ue® 4 Simplify each number, writing your answer in scientific notation.
a (2x10%) x (4 x10% b (5x10%) x(2x10?%)
c (6x10%) x(2.1x10%) d (4x10%) x(5.1x10%)
e (4x107?)x(5x1072) f (2x1073)?
-8)3
g (1.1x10°%)> p (@x107°)°
4 %1073
i (5x10%)+(2x10% j (1.2x10%) + (4 x107)
(2 10%)(4 x 10%) | @x107y
1.6 x 103 (4 X 10—2)3
5 Using your calculator where necessary, write each number in scientific notation.
a (2.7x10%) x (3.8 x 10?) b (5.3x10%) x (1.1x1073)
14
2.6 <10 d ~9.61x 101 x 1.4 x 10°
1.6 x 102!
4
84107 f Y64 x10° x Y1024 x 10710

V4.9 x 10°
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES c‘

6 At the beginning of 2011, the population of Australia was estimated to be approximately
22.5 million. If the population stayed the same for the next year, and each person in
Australia produced an average of 0.712 kg of waste each day, how many tonnes of waste
would be produced by Australians in the following year? (1 tonne = 1000 kg,

1 year = 365 days.) Express your answer in scientific notation.

7 A light year is the distance light travels in a year. Light travels at approximately
3 x 10° km/s.

a How wide is our galaxy (in kilometres) if it is approximately 230 000 light years across?

b How far from us (in kilometres) is the farthest galaxy detected by optical telescopes if it
is approximately 13 x 10° light years from us?

¢ How long does it take light to travel from the Sun to the Earth if the distance between
the Sun and the Earth is 1.4951 x 108 km?

8 The mass of a hydrogen atom is approximately 1.674 x 10?7 kg and the mass of an
electron is approximately 9.1 x 107! kg. How many electrons, correct to the nearest whole
number, will it take to equal the mass of a single hydrogen atom?

Significant figures

9 Write each of these numbers in scientific notation, correct to the number of significant
figures indicated in the brackets.

a 576.63 4) b 472.61 3) c 47261 (2)
d 472.61 ) e 0.051237 4) f 0.051237 3)
g 0.051237 (2) h 0.051237 ) i 1603.29 4)
j 1603.29 3) k 1603.29 (2) 1 1603.29 )}
m 2.9935x10%7 (4) n 2.9935x10% (3) o 2.9935x10% (2)
P 2.9935x10% (1) q 573007 (3) r 0.006534 €))
10 Write each of these numbers in decimal notation, correct to three significant figures.
a 5.6023 b 537.97 ¢ 967347 d 732412
e 0.003511 f 0.014187 g 3722 h 478000

11 A cylindrical wire in an electrical circuit has radius 3.41 x 10~ m and length

8.02 x 102 m. Calculate its volume in m?, correct to three significant figures, giving the

answer in scientific notation.

12 The formula for kinetic energy is E = %mvz.

a Find the value of E correct to three significant figures, when m = 9.21 x 10~!! and
v =3.00x10".

b Find the value of v correct to four significant figures, when E = 2.834 x 10~'? and
m = 6418 x 107%.

13 For each measurement, identify the range within which the true value lies.
a I5cm b 2.00 x 10° kg ¢ 18.67m d 4.8745x 107 mL
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Powers with rational indices

11 1
We begin by considering what we mean by powers such as 32, 23 and w10, in which the exponent
is the reciprocal of a positive integer.

Recall that if a is positive, </a is the positive number whose square is a. That is:
2
(‘/E) =a=d 1

For this reason, we introduce an alternative notation for Ja: we write it as a2. We do this because
then we preserve the third index law:

2

( 1) 2><1

a? =a 2= al

1
Keep in mind that @2 is nothing more than an alternative notation for v/a.
Similarly, every positive number @ has a cube root, 3/a. It is the positive number whose cube is «;
thatis, /a)® =a = a'.
1

We define a3 to be 3/a . The third index law continues to hold.

3
1 FL
a’3) =a 3 =4
The same can be done for ¥a, Ja and so on. The alternative notations are:

1 1
Ya = a4, % = a5 and so on.

;

Let a be positive or zero and let n be a positive integer. Define an to be the n'" root of a.
1

That is, a» is the positive number whose n'" power is a.

1
o =4a
1 1

For example, a2 = Ja and a3 = 3¥a.

Using a calculator, it is easy to obtain approximations for square roots, cube roots or any higher-
order root.

J10 = 3.1623, 310 = 2.1544, 410 = 1.7783, J10 = 1.5849, ...

Using our new notation, here are some other numerical approximations, all recorded correct to five

significant figures.
1 1 1 1

25 =~ 1.1487, 108 = 1.3335, 0.24 = 0.668 74, 3.26 =~ 1.2139

Use your calculator to check these calculations.
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9C POWERS WITH RATIONAL INDICES ‘a
Example 11

Without using your calculator, evaluate:

I i 1 1 ) I e
a &3 b 10242 c 10245 d e

1
a 2°=81s08 =2
1 1
b 1024 = 2! 50 10242 = (219)2 =25 =32

1
Similarly, 10245 = 22 = 4

1 -
d 729 = 3 so(L)Z: 1p_1_1
"\ 729 3° 327

1
Similarly, (%) = 3

(g}

(¢

We now come to the main definition. If a is a positive number, p is an integer and ¢ is a positive
integer, then we define:

r 1 )"
al = (aq which means (%)p. This is the p™ power of the g™ root of a.

For example:

)
83 =1\83) =22 =4
Throughout the rest of this chapter, we will avoid using the radical symbol V' wherever possible.

We begin with some simple calculations and then investigate how the index laws behave when we
have rational powers of numbers.

Example 12

Without using your calculator, find:

] J J 3
a 83 b 814 ¢ 1000005 d 0.012

271

P 9 | ICES., EXPO TIALS GARITHMS — PART 1
ICE-EM Mathematics 10 3ed  ISBN 978-9-'168-1051%4-1 (g JPhe lﬁmversny of’“sel ourne/ KMl\g?Zb Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party Updated June 2022



9C POWERS WITH RATIONAL INDICES
A eereuEsummmeNeIEeS

a Using the definition, b SFiee Bl = T e e
4 1)4 5 "
o = s . 1t < (813)
(since 23 = 8)
=24 _ 35
=16 = 243
3 3
¢ Since 100 000 = 107, d 0.012 = (102)2
3 —10-3
< =1
100 0005 = 103 v
— 1000 = 0.001

Example 13

a Write each number in the form ¥/a.
1 1

i 73 ii 115
b Write each number in index form.
2
i Y17 i (Y13) iii 74/7 iv 62 x U6
1 1
ai 73=37 ii 115 = 11
l 2 ( 1)2 2
bi 17 =17 i (V13)° =\135) =135
1 1
iii 747 =7 x 72 iv 62 x36=62x65
2 1
=72 =65

Example 14

Calculate the exact value of each number.
1 1
a 16 2 b 125 3 c 32

| —
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9C POWERS WITH RATIONAL INDICES ‘a

Index laws for rational indices

The five index laws introduced previously for integer indices are equally valid for rational indices.
This follows from the definition of a*, where x is rational.

We will leave a discussion of the proofs of these laws to the Challenge exercises.
Using index law 3, we note that, for rational x and y:

(@) =a¥ = a" = (@)

Hence:
r 1\? 1
ad = (aq) = (ap)q

This means that when we evaluate a?, it does not matter if we take the qth root first and the
p™ power second, or the p™ power first and the g™ power second. For example:

3 1)?
42 :(45) =723 =238
and also:

3 1 1
42 = (43)2 = 642 =8

Example 15

Simplify:
[ 12 4 3 1615
a 33 x32 b 52 +53 c 273 d 164 e |53
o1 12 12 4 ( 1)4
a 33 x32 =332 b 52 +53 =52 3 ¢ 273 =\273
5 1
=36 =56 =3¢
=81

3 1\3 ] 3
d 164 =(164) e (E) 2 _ é)z
16

=\ (%)
16

5 3

_ Z)

_ 125

64

273
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9C POWERS WITH RATIONAL INDICES
AT eepmndeumI MR IS
Example 16

Simplify each of these expressions, writing your answers with positive indices.

2 1 1 3 32
a a3 xa? b m2 +m5 ¢ (32m#4)>5
2
2 1 2.1 1 3 13 35 2 3.2
a a3 xa2=q3 2 b m2 - mS =m2 5 c | 32m4 | =325m4 5
7 L
= ab =m 10 2 3
= (25)5 ml0
1

. Index laws for rational indices

If @ and b are positive numbers and x and y are rational numbers, then:
Index law 1 a‘a’ = a*tv
Index law 2 — =qa*Y

Index law 3 (a*)¥ = a¥

Index law 4  (ab)* = a*b*

Index law 5 (ﬁ) -4

‘ Exercise 9C

fﬁamlfle 1 Calculate the exact value of each number.
anc
1 1 1 1 1 1

a 42 b 492 c 273 d 325 e 10003 f 6254

2 Calculate the exact value of each number.
, e

) v ()

1

1 \e 1 2 1 4
— d | ——— e | oo
(64) 10 000 10 000

274

ICE-E,\/ICI\EIIZaltEhAé\mI;\aQiéJ%-lOEé\é\éATllgéN g 6181 88Q40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press
Updated June 2022

Photocopying is restricted under law and this material must not be transferred to another party




9C POWERS WITH RATIONAL INDICES u«a
W 3 Calculate the exact value of each number.

2 2 3 3 5
a 273 b 643 c 814 d 325 e 92
2 4
2 1\ 8\ .3 . 2
f 1002 g | < h = i 121 j o 3433
8 27

3 3 3
. ( 4 )2 | ( é); )¢
25 36 ™ 110000

(o)

100

Sk 4 Write each number in the form Ya.

1 1 1 1 1

a 23 b 34 c 205 d 104 e 95
e S Write each number in index form.

a 4 b {13 c 45 d Y11

e (V) £ (V7) g (Y1) h (Y0)
S 6 Write each number in index form.

a 55 b 5x35 ¢ 6x%6

d 7x37 e 52x35 f 112 x11

Example 14 Calculate the exact value of each number.

1 1 1

N |

a 9°? b 16 4 ¢ 1212
L A L
d 100 2 e 1000000 2 f 13313
S 8 Calculate the exact value of each number.
3 3 1\ 5 4 2 _3
a 164 b 100 2 c(—)3 d 1253 e 10003 f 325
8
e 9 Simplify, expressing each answer with a positive index.
2 1 4 1 2
a 23x23 b 35 x33 ¢ 75%x75
L 1 2 1
d 34 x33 e 102 x10 f 103 x104
2 1 11 27
g 33x35 h 25x24 i 55x510
10 Simplify, expressing each answer with a positive index.
31 w8 o1
a 25+125 b 73 +73 c 84 =87
2 1 8 3 3 Bl
d 73 +72 e 89 +89 f 107 =107
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11 Use your calculator to find the value of each of these numbers, correct to five significant

figures.
3 2 4 3
a 105 b 243 c 867 d 12711
3 3 4
e 19.64 f 1.82 g (n + n2)3 h (\/§ + n)7
12 Simplify each expression. In your answers, use only positive indices.
2 1 21 i ra2
a m3 X m4 b a5 xa3 c x2y3 X x4y5
431 43 2 5
d a5h3 xaloh2 e ad+ald f m3 +mo
41 ( 42 ( 1)‘3
g b7 +b3 h \2m5 i \3m?2
) R
j \5a 2 kK \4m 3 " 1 \2m 4) x4m3
1 1 1 _l
m (8m®)3 x (16m?)4 n (27m°)3 x (64m?) 2
13 Evaluate each number, giving the answers correct to four significant figures.
a 62 b 18.5%! ¢ 0.84707 d 159701 e 126718 f 59737
14 Simplify each expression, giving your answers with positive indices.
a a6 x 32 b m*7 x m!3
c p8.2 " p4.6 d b4.1 - b2.85
e (2p1.3)2 f (4p2.1)3
g 4q13p006 + (8a2b—1) h 12m 125035 = (18(}’}1}’1 15)3)
a1'2b4'3 ab0'6 m0.9n 1
i X j X
(ab—l)l.z al.Sb J (mn1.5)2 mn3.8

Graphs of exponential functions

In the previous section, we saw how to define 2* for all rational numbers x. There are a number of
ways of defining 2* for all real numbers x, but it is not possible to deal with them in this book. The
calculator gives approximations to 2* and we will use these values. Consider the following list of
approximate values of powers of 2.

2l =2 211 = 2.1435 212 = 22974
21.3 = 2.4623 21.4 = 2.6390 21‘5 =~ 2.8284 (21'5 = 2\/5)
This list of values suggests that 2* increases as x increases. This is in fact the case.

Throughout the rest of this chapter, you will often need to use your calculator to calculate values of
exponential functions.
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9D GRAPHS OF EXPONENTIAL FUNCTIONS ‘a

Consider the function y = 2*. A table of approximate values, correct to three decimal places,

follows.
I X =3 —2'5 -2 =15 —1 -0.5 0 0.5 1 1.5 2 25 3 I
| » (01250177025 0354 | 05 (0707 | 1 (1414 2 (288 4 (5657 8 |
By plotting these values and connecting them up with a smooth curve, y
we obtain the graph of y = 27, 3
7_

Key features: 6-
e y = 2% is an increasing function; that is, 2% increases as x 51

increases. 47
* A y-intercept occurs at (0, 1) but there is no x-intercept. z
* As x moves away from 0O in the negative direction (to the left), the

value of 2* gets close to 0, but it never equals 0. Why? We say that ‘_I.af“l'j} I

the x-axis is an asymptote for the graph of y = 2*. -3-2-10[ 1 2 3 4 *

Example 17

Produce a table of values for the functions y = 3* and y = 37*. Draw the graphs on the
same set of axes.

N
N
O | =
w| =

[SI N
[NO N
N
~N

Note: y = 3% is an increasing function; that is, 3* increases as x increases; and that y = 3™ *is a
decreasing function; that is, 37 decreases as x increases.

The two graphs in Example 17 are reflections of each other in the y-axis.

1 i )" O B
Note: 5 = 37" hence, g =3 =3
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9D GRAPHS OF EXPONENTIAL FUNCTIONS

Multiplication by a constant

In applications, exponential functions often occur multiplied by a constant.

Example 18

Draw the graphs of y = 3% y = 1 x 3* and y = 2 X 3* on the same set of axes. (Produce a
table of values first.) 2

y _ X
x 2 | 1 o | 1] 2 y=2x3
1 1 6
3 _ — 1 3 g y=3
9 3 5
R ERE yetx
2 18 6 2 | 2 2 4
x 2 2 2 6 18 3
2% 3 5 3
2
1
_j
2 -1 0 1 2 *

The different graphs in Example 18 are roughly the same shape and the y-intercept of the curve is
the constant that multiplies the exponential function.

Next, we will investigate how exponential functions change for different values of the base.

Example 19

Draw the graphs of y = 2%, y = 3* and y = 5* on the same set of axes.

x -3 ) —1 0 1 2 3 1Y SRS

2* 0125|025 | 05 1 2 4 8 y=3*
3* 0037|0111 | 0333 1 3 9 27 o
5* | 0.008 004 | 02 1 5 25 | 125
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All three graphs in Example 19 pass through the point (0, 1) but they have different ‘gradients’.
That is, 5* increases more quickly than 3*, which increases more quickly than 2*. So, for example,
2¥ < 5%if x > 0, but 2 > 5% if x < 0.

’ Graphs of exponential functions

* To graph an exponential function, first create a table of values, then plot the points on a
set of axes.

e |f the exponential is multiplied by a constant, the y-intercept is that constant.
e The graph of y = a™*, where a > 0, is the reflection of the graph of y = a* in the y-axis.

* The x-axis is an asymptote of the graph of y = a* and of y = a™*, wherea > O and a # 1.

7
‘ Exercise 9D

e 1 For each function, produce a table of values for x = -2,—1,0, 1, 2, and use it to draw a graph.
a y=2" b y=27* c y=4* d y=5"*

oo 2 Sketch the graphs of y = 4%, y =2 x 4% and y = 3 X 4* on a single set of axes.

1
3 Sketch the graphsof y =2* y=2X2%and y = 3 X 2% on a single set of axes.

ety 4 Sketch the graph of y = 27,y =37 and y = 57 on the one set of axes.

Exponential equations

From the previous section, we have seen that the graph of y = 2* is increasing and the graph of
y=2"= (%) is decreasing.

In general, suppose that a is a positive number different from 1. Since the graphs of y = a* are either
increasing or decreasing (unless a = 1), there is only one value of x for each value of y. Hence, we
know that if ¢ = a9, then ¢ = d.

In the following examples, this fact is used to solve exponential equations. From the above discussion
it can be seen that there is only one solution for x to the equation a* = y, provided that y is positive.
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9E EXPONENTIAL EQUATIONS
A eseeelEwWEeSwes
Example 20

Solve each equation for x.

a 2 =32 b 10* = 10000 c 5" =625
a 2* =32 b 10* =10000 c 5% =625
Since 32 = 2° Since 10000 = 10* Since 625 = 54
2% — 25 10* = 104 5% — 54
X = 5 x =4 x =4

Example 21

Solve each equation for x.

azx:l b7x=L c 7 =1
8 343
a 2r=1 b 7= c 7 =1
8 343
U S Since —— = 73 Suee 7 =1
S1nce§=2 343 x =0
2% = 23 7 =77
x =-3 x = -3

In Example 22, we first write each side of the equation as a power with the same base.

Solve each equation for x.

a 16* =32 b 81* =243 c 256 =32
a 16 = 32 b 81* = 243 c 256 =32
(24)x =32 (34)x — 35 (28)x - 25
P = 4x =5 8x =5
4x =5 ) 5
X = — X = —
5 4 8
X = —
4
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9E EXPONENTIAL EQUATIONS «a

Solve:
a 31 =81 b 65! =366
a 32x—1 =81 b 61 = 36\/6
32x-1 _ 34 1
5 1 6! = 62 x 62
X — =
5
2x =5 6-1 = 62
T i x—-1= el
2 2
7
X = —
2

Consider the exponential equation 2* = 6.

Since 22 = 4 and 23 = 8, x must be between 2 and 3.
From the graph opposite, we can estimate x to be
about 2.5. From a calculator, one obtains 2.58 as

a better approximation. The value of x is

called log, 6, which is = 2.584 962.

We will discuss logarithms in a later section of this chapter.

Example 24

Between which two integers does x lie if:
a 2* =707 b 2* =200?

The graph of y = 2% is increasing.
a 26 =064 and 27 =128 b 27 =128 and 2% = 256

Therefore, x lies between 6 and 7. Therefore, x lies between 7 and 8.
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9E EXPONENTIAL EQUATIONS
S sEeERmN R e
. Solving exponential equations

For any positive value a, if a¢ = a, then ¢ = d.

Fora > 0 and a # 1, the equation a* = y, where y > 0, can be solved, and there is only
one solution for x.

' Exercise 9E

a 2 =28 b 2* =512 ¢ 3 =243 d 10* =100

e 11" =1331 f 20° =400 g 6" =216 h 10° =100 000

i 5" =125 j 3*=729 k 4% =256 1 4* =1024

2 Solve:

a2 =L b 47 =L ¢ 5 =1 d 10° = 0.001
16 256

e 10* = ! f 7)‘:L g 3X=L h 2XZL
100 000 343 243 1024

m 3 Solve:

a 121" =11 b 121* =1331 ¢ 9 =127 d 64* =16
e 25° =125 f 125 =25 g 1000° =100 h 10000* = 1000
4 Solve:
a 27¢ =243 b 4 =128 ¢ 128 =32 d 6257 =125
f
e 1000¢ =10 f (%) =4 g 27" :i h (0.01)* =1000
W 5 Solve:
a 3*2=27 b 5% =125 c 4% 1 =64 d 3231 =128
1
e 2" =8 f (J7)* =343 e h 3% =271
~7) 8 1632
e 6 Identify which two integers x lies between if:
a2*=19 b 5 =30 c 2 =40 d 10* =500
e 3* =90 f 7 =50 g 11" =100 h 13* =200
i 277 =0.1 j 5'=2 k 5 =03 I 107" =0.045
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Exponential growth and decay

We begin by looking at two examples.

Exponential growth

The first example is a mathematical model of the number of bacteria in a culture.

Initially, there are 1000 bacteria in a culture. The number of bacteria is doubling every hour.
Therefore:

* after 1 hour there are 1000 X 2 bacteria

e after 2 hours there are 1000 x 2 x 2 = 1000 x 22 bacteria

e after 3 hours there are 1000 x 2% x 2 = 1000 x 2° bacteria.

Following this pattern, there are 1000 x 2/ bacteria after ¢ hours. This can be written as a formula.
Let N be the number of bacteria after ¢ hours. Then:

N =1000 x 2
A graph can be plotted by first producing a table of values.

0 1 2 3 4 5 6
1000 2000 4000 8000 16 000 32 000 64 000

60000 -
50000 A
40000 -
30000 1
20000 A
10000 -

N=1000 x 2!

0 12 3 4 5 6 t(hours)

This is an example of exponential growth.

Exponential decay

Radioactivity is a natural phenomenon in which atoms of one element ‘decay’ to form atoms of
another element by emitting a particle such as an alpha particle.

A sample of a radioactive substance that is widely used in medical radiology initially has a mass of
100 g. The substance decays over time, its quantity halving every hour. Let M grams be the mass
present after ¢ hours.
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‘ 9F EXPONENTIAL GROWTH AND DECAY
A e EbeNEWMEmewTawREY

Therefore:

e after 1 hour the mass is 100 X % g

2
e after 2 hours the mass is 100 X % X % =100 x (%) g

, 1y 1 1y
e after 3 hours the mass is 100 x 5 X — =100 x 5 g.

1 t
Following this pattern, there are 100 x (—) grams of the radioactive substance after ¢ hours. So:
t
M =100 1
2

A table is constructed and the graph is plotted.

t 0 1 2 3 4 5 6
M 100 50 25 125 6.25 3.13 1.56

100 4
90 -
80 -
70
60 -
50 M=100 (%)t
40 -
30 -
20 -
10 -

O 1 2 3 4'1 f-IJ '6 t(hours)

This is an example of exponential decay.

Formulas for exponential growth and decay

The two previous examples concern populations or quantities that can be described by a formula of
the form:

P=AXB

In this formula, A and B are positive constants and ¢ is a variable that is usually time measured in
seconds, hours or years, depending on the application.

If t =0,then P = A,so A is the initial amount.
If B=1,then P = A for all values of .

If B > 1, we say that P grows exponentially.

If B < 1, we say that P decays exponentially.

It is possible to estimate both future and past sizes of the population by substituting positive and
negative values for t.
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9F EXPONENTIAL GROWTH AND DECAY ca!

For the rule y = 20 x 3':

a Complete the table of values.

t 0 1 2 3
y

b Plot the graph of y against ¢.
¢ Find the value y, correct to two decimal places, when:
i r=05 ii r=25 iii r=2.8

a Complete the table of values.

t 0 1 2 3
y 20 60 180 540

600 -
500 -
400 -
300 -
200 +
100 -

0 123 7%
¢ Using a calculator:

i When =05, y=234.64 ii When ¢ = 2.5, y =311.77
iii When 7 = 2.8, y = 433.48

D oo

W 1 For the formula y = 200 x 2"

a Complete the table of values.

t 0 1 2 3 4 5

y

b Plot the graph of y against .
¢ Using your calculator, find the value of y, correct to two decimal places, when:
i 1=06 i =22 iii =35
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9F EXPONENTIAL GROWTH AND DECAY
A e EbeNEWMEmewTawREY

1 t
2 For the formula y = 200 X (E) :

a Complete the table of values.

t 0 1 2 3 4 5
y

b Plot the graph of y against t.
¢ Using your calculator, find the value of y, correct to two decimal places, when:
i 1=06 ii r=32 ili r=46

3 a For y =60 x 8, find the value of y when:
i r=0 ii r=2 iii r=25

b For y = 1000 x (0.1)", find the value of y when:
i =0 i r=1 iii =3 iv t=4

4 On 1 January 2011, the population of the world was estimated to be
7074 000 000 = 7.074 x 10° = A. Assume that the population of the world is increasing at
the rate of 3% per year, so that N = A(1.03)" after ¢ years.

a Estimate what the population of the world will be on 1 January 2016.
b Estimate the population on 1 January 2111.

5 A liquid cools from its original temperature of 95°C to a temperature 7°C in ¢ minutes.
Given that T = 95(0.96)’, find:

a the value of 7 when r = 10
b the value of T when ¢t = 20

6 The number of finches on an island, N, at time ¢ years after 1 January 2010 is
approximately described by the rule N = 80 000 x (1.008)".

a Identify (from the rule) the annual percentage increase in finches on the island after
1 January 2010.

b How many finches were there on the island on 1 January 20107

¢ How many finches will there be on the island on 1 January 20207

) ) . ) ) Y
7 The number of bacteria, N, in a certain culture is halving every hour, so N = A X 5) ,

where ¢ is the time in hours after 2 p.m. on a particular day. Assume that there are initially
1000 bacteria.

a State the value of A.
b Estimate the number of bacteria in the culture when:

i =2 i =3 iii r=5
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Logarithms

In Section 9D, we saw how to sketch the graph of y = 2*. When we wish to determine the value of y
for particular values of x, for example, 6 = 2*, the concept of a logarithm is used.

Consider the number fact 23 = 8. When making the exponent the subject of this relationship, we
express it as log, 8 = 3.

This is read as either ‘log to the base 2 of 8 is (equal to) 3’ or ‘the log of 8 to the base 2 is

(equal to) 3°.
For example:
e 3% = 243is equivalent to log;243 = 5 e 10? = 100 is equivalent to log;, 100 = 2
1 1 2 2
e 52 = —isequivalent to logs — = -2 e 83 = 4isequivalent to logg 4 = =
25 q g5 25 q 28 3

The logarithm of a number to base a is the index to which a is raised to give that number.
In general, the logarithm can be defined as follows.
Ifa>0anda # land a* = y, then log, y = x.

Logarithms were invented in the seventeenth century to assist in astronomical calculations. They
have a number of important properties, which will be discussed in detail in Chapter 14.

Example 26

Evaluate these logarithms.
a log, 32 b log; 81 ¢ log;o 1000 d log,1024

a 2> =32,50log,32=5 b 3* = 81,0 log;81 = 4
¢ 103 = 1000, s0 logso 1000 = 3 d 219 = 1024, 50 log, 1024 = 10

Example 27

Evaluate these logarithms.

1 1 |
a I — b log;n0.001 ¢ log, — d lo
T i 877 827004
L1 1 L
a 47 =—,s0logy—=-2 b 107 = 0.001, so log;( 0.001 = -3
16 16
c3‘3—isologi——3 d2‘1°—Lsolo = -
27 397 1024 >° "°82 1004
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9G LOGARITHMS
i esweenwws

On most calculators, the button labelled ‘log’ calculates log;, x, for any positive number x.

Example 28

Calculate these logarithms correct to four decimal places.
a log3

b log;, 842

¢ logyp2

d log;,0.0005

log;n3 = 0.4771

log;( 842 = 2.9253
log;p 2 = 0.3010

log;p 0.0005 = -3.3010

=PI B —

In general, simple logarithmic equations are best solved by first converting them into their equivalent
exponential form.

Example 29

Find the value of x.

1
a log,32=x b logg o1 = 7 ¢ log,x=5
d log,16 =2 e logzsx = = f log;x=2

a log,32 = x, isequivalentto 2* =32,s0 x =5
b lo ! X, i ivalent to 8" ! 2

— = x, is equivalent to 8 = —, so x = 2.

=64 a 64
¢ log, x = 5, is equivalent to 2° = x,s0 x = 32.
d log,16 = 2, is equivalent to x> = 16, so x = 4 (since x > 0).
1
1

1 . . -
e logyx = —5, is equivalent to 36 2 = x,s0 X = g

f log;x =2,isequivalentto 7> = x,s0 x = 49.
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S oo

The logarithm of a number to base a is the index to which a is raised to give this number.

Ifa >0anda # 1and a* = y, thenlog, y = x.

D teere

1 Copy and complete:

a 23 =8 isequivalent to log,8 = ... b 102 = 100 is equivalent to log;;, 100 = ...
¢ 77 =49 is equivalent to log;...=... d 3% =.. isequivalentto logs...=...
e 5% =...isequivalentto logs...=... f 7° =...isequivalentto log;...=...
g 23 =...isequivalentto log,...=... h 10* = .. isequivalent to log;y... = ...
i 107 =...isequivalenttology... = ... j 27!'=..isequivalentto log,...=...
2 Evaluate each logarithm.
a log, 4 b log, 64 ¢ log,128 d log, 4096
e log,1 f log,256 g log)n 1000 h logs25
3 Evaluate:
a logy27 b logs625 ¢ log, 64 d logg 64
e logs216 f log,1 g logs 1296 h logy 729
W 4 Evaluate:
a logzl b log5l c log3l d logllL
4 5 9 121
e logs % f logy 10124 g log3$ h log; %
S Evaluate:
a log;,10 b logjy1 ¢ log;n 1000 d log;, 100 000
e log,10'%° f log ﬁ g log;,0.0000001 h log,,107"3

6 If a >0, whatis log, a?
7 If a >0, whatis log,1?

uer® 8 Use your calculator to evaluate each logarithm correct to four decimal places.

a log;, 789 b log;,0.0003 ¢ log;, 72 000 000
d log;((5.3950 x 1073) e logo(635x10°*) f log,0.00012345
souteed 9 Find the value of x.
1 1
a log,64 = x b log;243 = x ¢ logg,2—=x d logjgy——=x
&2 g3 g4 56 g10 1000
1
e logyx =3 f logsx =2 g log,x=-3 h 10g25x=—5
1
i log,16=4 Jj log, 16 =2 k log,125=3 1 logxg =-3
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Simplify:

3\4 5 b 314 4 (@’b?)*
a (a’)" Xa (2m~)* X (3m) @by
Evaluate: .
a 472 b 6a° c 107 d (g)

Simplify each expression, writing each pronumeral with a positive index.

124*
b 2 xTa® e d (a')? x (4a?)2
a

a a’xa?

Write each term with positive indices only.

a b3 b 2x7* ¢ 5x73
i e , Z
d 2 € 5 2
4 4a>? ~ 5m™!
g 3 h =5 ' oom™
Express each power as a fraction.
a 67 b 473 c 24 d 5! e 1072
Simplify each expression.
a 30 b 54° ¢ (5a)°
d 6+4° e (4+a)N f 2+3p°
Sl 5 '
& \3 h 3 Yy
Simplify each expression, giving your answers with positive indices.
2a%(2b)? b a’b’  a’b’ (2a)* x 8b*
2ab? ab  a’b? 16a*b?
2a’b? N 16(ab)? e 8a® ' 4(a®)* f 3a®
8a’b>  2ab 6a>  (3ay’ 6a~!
Write 2~ % 8" in the form 24+,
22" x 16
Write 27F x 37 x 62% x 32% x 22* as a power of 6.
Simplify each product.
e 2 iz 1
a 23x206x23 b a4 xas xa 10
1 2 1 1 2

¢ 23 x(25) d (23)2x23x25
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REVIEW EXERCISE

11 Write each number in scientific notation.

a 4200 b 0.0062 ¢ 740000 000 d 0.000 0002
12 Write each number in decimal notation.

a 54x103 b 11.2x10% ¢ 6.8x1072 d 9.7x1073

e 1.8 x10! f 64x107 g 7.41x10° h 4.02 x 102

13 Write each number correct to the number of significant figures specified in the brackets.

a 18 (1) b 495 (1) c 416 (2)
d 34200 (2) e 0.00681 (2) f 0.04921 (3)
g 4752 (2 h 5987 (2 i 0.006842 (1)
14 Evaluate:
1
a log, 8 b log, 16 ¢ log, 1 d log;1
1 1 1
e 1 — log, — h log: —
°%5 25 S gy 57 343
15 Evaluate:
a log 10 log;, 100 000 ¢ log, 101
1
d log, ) — log;g — f 1 106
210 10 £10 100 0810
16 Solve each equation for x.
1 1
a 4% = 32xtl (3x+2)3 —_ c 3x+l —
3 81
d 5% +526-D) =1 27 x 4% = é f 9x=27*
17 Evaluate:
1 2 1 1 1 _4 6
a 23 x123 x63 273 x 42 x 83 ¢ 83 x325
2 el 3 3
d 83 x16 4 16 4 x4 f 72 x7!

18

ICE-EM Mathematics 10 3ed

Simplify, expressing your answers with positive indices.

() ()

(a*b)? x (ab’)™!

. (37 2 97
N B TY

(3a*)*  (2b)7

C

(2ab*)*  Ba)™

(a'by™

15BN 9787108 dda34%1 D' Fhe Gniverdtty S Melbolime?
Photocopying is restricted under law and this material must not be transferred to another party

KMI\Q? b GARITHMS — PART 1
2 Cambridge University Press

Updated June 2022




-~

19 Solve for x.

a log,x=5 b logzx =7 ¢ logsx=0
1
d log;x=2 e logjox=-1 f logsx = 5
g log,25=2 h log,81=4 i log,10000 = 4

20 The population of a town is initially 8000. Every year the population increases by 5%.
What is the population of the town after:

a 1 year? b 3 years? ¢ n years?

Challenge exercise

a If2Y = x, what is 15 x 2¥*3, in terms of x?
b If 3* = 2, find 37*.

¢ If4Y = x, what is 42, in terms of x?

\/a_s .
(Vo)

t
3 Find the value of x if t* = 3|—.
\/J?

1

[

2 Find the value of x if a* =

2
4 Find the value of x if 4 = 2%,

&
5 a Evaluate 28 + 2!! + 2" for n between 1 and 8.

b Find the value of n > 8 such that 28 + 2!! + 2" is a perfect square.

6 a Prove that the index laws hold for negative integer exponents. (Use the laws for
positive integer exponents.)

For example, the product-of-powers result can be proved in the following way for
negative integer exponents.

Consider a~Pa~? where p and g are positive integers.
1 1

a_pa_q = — X —
al al
1
alal

1

= —tq (Index law 1 for positive integers)
a

= q Ptd

— a_P“'(_CI)
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CHALLENGE EXERCISE

b Prove that the index laws hold for fractional exponents.
1 1 1.1
- — 7+7 . .
For example, a» X am = an m can be proved in the following way.
rr m
an xgm = gnm X gnhm
— nmy Clm X nm/an
="a™ x a" (Index law 1)

= nm}am+n

mtn P qa L
= q nm The result can easily be extended to a» x am = an m.
1.1
_+_
=qnh m

7 Solve each pair of equations for x and Y.

a 25" = 1257, 16" + 8 =2 x 4% b 3V—1=09% 47 x 64* =128
¢ 105 =105 x 100*, 49Y = 7 x 7* d o% = oo p*HY = p3x
8 Simplify:
2 1 1 2 2

a3 +2a3b3 + b3 —¢3
11 1
a3 + b3 —c3

b x2+x7% - }
x+x1-32
9 Expand:

2 21 !
a (3a3 —2a 3b2 -b 2)(a3 —Zb)
3 i 1 3\ 1 1
b (a4 +a2b?2 + a4b + b2)(a4 — b2)

11 1
10 Without using a calculator, list the numbers 22, 33 and 55 in order from greatest to least.

11 The areas of the side, front and bottom faces of a rectangular prism are 2x, Y and xy.
) .. 2
Find the volume of the prism in terms of x and y.

53x+1 _ 53x—1 + 24

12 Simplif
Py < 5% + 120

13 Find the sum of the digits of 102%%% — 2008.
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