Number and Algebra

Algebra is the language of mathematics. The development of algebra
revolutionised mathematics. It is used by engineers, architects, applied scientists
and economists to solve practical problems. Every time you see a formula,
algebra is being used.

We are now going to review and consolidate our knowledge of algebra so that
we will be able to use it in more advanced work.
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Substitution

Substitution occurs when a pronumeral is replaced by a numerical value. This allows the term or
expression to be evaluated.

When evaluating an expression, it is important to remember the order in which operations are to be
applied.

‘ Order of operations

e Evaluate expressions inside brackets first.

* In the absence of brackets, carry out operations in the following order:
— powers
— multiplication and division from left to right

- addition and subtraction from left to right.

Example 1

a Evaluate 2x when x = 3.
b Evaluate 5a + 2b when a = 2 and b = 3.
¢ Evaluate 2p(3p —g)when p =1 and g = -2.

a 2x=2x3 b 5a+2b=5x2+2x(=3)
=6 =10-6
¢ 2pBp—q)=2x1x[Bx1-(-2)] =5
=2X5
=10

’ Exercise 1A

1 Evaluate 3a when a = 7.

2 Evaluate 12x when x = -5.
3 Evaluate 7m — 4n when:
am=3andn=5 b m=2and n=-5

cm=-landn=2 d m=-3and n=-2
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4 Evaluate a + 2b — 3¢ when:
aa=3b=5andc=2
ca=-3,b=5andc=2
ea=-3,b=-5andc =2

l—p

a=3b=-5and c=2
a=3,b=5and c=-2
a=3b=-5and c=-2

- e

S Evaluate 2x — 3y when:

1 3 1
a x=—and y=— b x=—and y=
) y 4 y

2 1
¢ x=—and y=—— d x=-
5 4

6 Evaluate a +2b — 3¢ when:
aa=03b=05andc=02
ba=13,b=-05andc=1.2
ca=-23,b=15and c=0.2
da=23,b=25 and c =-23

7 Evaluate p> — 2g when:

a p=3andg=2 b p=7and g=-2
¢ p=—7and g=2 d p=-7and g =-2
1 5 2 1
(3 =——oand g = - f =——and g = -
p 3 q p p P q 1
W 8 Evaluate 2m(m — 3n) when:
am=3andn=>5 bm=2and n=-5
cm=-land n=2 d m=-3and n=-2
em:landn:l fm:landnzl
2 3 3 2

+
9 Evaluate % when:

ax=6and y=5 bx=-6and y=5
¢c x=6and y=-5 d x=-—6and y=-5
+2
10 Evaluate PT2q when:
3r
ap=Tqg=4andr=2 bp=7¢g=-2andr=2
c p=-1,g=4andr=4 dp=-T7,g=-2andr=2
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Like terms

Demitri has three pencil cases, each containing the same number, x, of pencils. So he has a total
of 3x pencils. If he gets two more pencil cases with x pencils in each, then he has 3x + 2x = 5x
pencils in total.

3x and 2x are said to be like terms.

If Lee has x packets of chocolates each containing y chocolates, then she has x X y = xy
chocolates. If David has twice as many chocolates as Lee, he has 2 X xy = 2xy chocolates.

Together they have 2xy + xy = 3xy chocolates.

2xy and xy are like terms. The pronumerals are the same and have the same indices. The
coefficients of these terms are 2 and 1.

The terms 2x and 3y are not like terms.

Similarly, the terms 2x?y and 3xy? are not like terms since the indices of x and y differ.

Example 2

Which of the following are pairs of like terms?
a 3x and 2x b 3m and 2n ¢ 3x?and 3x

d 2x%yand 3yx® e 2mn and 3nm f 5%y and 6y2x

3x and 2x are like terms.
3m and 2n are not like terms. (The pronumerals are different.)
3x2 and 3x are not like terms. (The indices of x are different.)

2

2x2y and 3yx? are like terms. (The multiplication order is not important.)

2mn and 3nm are like terms. (The multiplication order is not important.)

- a6 oW

5x2y and 6y2x are not like terms. (x2y is not the same as xy2.)

e Like terms contain the same pronumerals, with each pronumeral having the same index.

e \We can add and subtract like terms.

e Unlike terms cannot be added or subtracted to form a single term.
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Consider the following examples.

Simplify each expression, if possible.
a 4a+7a b 3x%y +4x%y —2x%y ¢ S5m+6n
d 9b+2c—3b+6¢ e 37+5yx—z—6xy f 6x3 —4x? +5x3

a 4a+7a=1la
b 3x2y +4x%y —2x%y = 5x2y
¢ 5m + 6n. No simplification is possible because 5m and 6n are unlike terms.

d 95 +2¢c—-3b+6¢c =9b—3b+2c + 6¢

= 6b + 8c
e 3z+5yx—z—-6xy =3z —-27+5xy —6xy
=2z —xy
f 6x3 —4x? +5x3 = 6x3 +5x° —4x?
= 11x3 — 4x2

Example 4

Simplify each expression.

X X 3x  2x
a —+=— b —_—
2 3 4 5
x x 3x 2x 3x 2x 15x 8x
a —++— = — 4+ — b —_=—_==_=
2 3 6 6 4 5 20 20
_ 5 _Ix
6 20

D oecien

W 1 Which of the following are pairs of like terms?

a lla and 4a b 6b and -2b ¢ 12m and 5m
d 14p and 5p e 7p and -3¢ f —6a and 7b
g 4mnand Tmn h 3pg and —2pqg i 6ab and —7b
j 4ab and 5a k 11a? and 5a° 1 6x% and —7x?
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Example
3a, b

Example
3d, e

Example 4a

m 4b% and -3b
p 6mn?and 11mn?
s —4x?y? and 12x%y?

n 2y? and 2y
q 6/¢%s and 17/s?

t —5a%bc? and 8a’bc?

Simplify each expression by collecting like terms.

a 7a+2a b 8b+3b

d 15d - 8d e 6x2 +4x?

g 4a+5a—6a h 7f - 3f+9f

Jj 8p+10p—-17p k 94 + 54 — 12a?

m 6ab + 9ab —12ab n 14a’d —10a’d — 6a*d

Copy and complete:

a 2a+..="7a b 5b—..=2b
d 1lpg—...=6pg e 4x>+..=7x>
g 8ab—...=-2ab h 5m?n—...=-6m>n

j O6m+..=/Im

Simplify each expression by collecting like terms.
a 5¢—2d+8c+6d
d 9-2m+5+Tm

g 6a> —2+7ab—9b

b Tm+2n+5m—-—n
e 8m—-6n—-2n—-"7Tm
h —3x%2+5x —2x2 +7x

Simplify each expression by collecting like terms.

a 19xy+6yx —4xy b 8xy? +9xy? — y%x

d 6v2z— 11z + vz — 14z e 6yz—11x+10zy +15x
g 8x2 —12x% + y? +12y? h 2x? +x? —5xy + Tyx

Simplify each expression.

X X a a
a —+— b —+-—
4 3 2.5
d 24 e =+ —
3 5 10
Simplify each expression.
Z z zZ z
a ——— b =--=
2 3 3 5
4. X e XX
3 4 8
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—5a%b and 9a?%b
12d?%e and 14de?

6a2bc and 6a%bc?

11c — 6¢
942 — 6a*
6m—-—4m-9

17m? —14m? + 8m?

8mn+...=12mn
6m? — ... = m?
—T7a*b + ... = a*b

8p+6+3p -2
10ab + 11b — 12b + 3ab
4p? —3p—8p —3p?

—4x% +3x2 =3y Ty
7x3 +6x% — 4y3 —x2

—3ab? + 4a®b — Sab* + a*b

c ¢
_+_
6 7
X
—+x
4
r_X
7 8
c
C—_
7
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8 Simplify each expression.

2x  x S5x  x 3x  x
—+ = b —+— c —+—
3 4 7 3 4 2
42X, e X _X f2x_x
3 2 11 2 3 2
g5_x_2_x h7_x+5_x i 2x—7—x
11 3 3 4 4

9 In each part, the expression in each box is obtained by adding the expressions in the
two boxes directly below it. Fill in the contents of each box. (The first one has been done

for you.)
a b
9a + 14b
| 5a+5b | 4a+9b | | | |
| 2a+b |3a+4b| a+5b | |m+3n|2m+n|4m+3n|
c d
]
| | | | | 6a+2b |
|2p—3q| 4p+q |5p—2q| |3a+2b| | da+b |
‘ 11x+2y ! 7d + e
| [6x -3y | | | 4d —5e |
[ 4x-y | | | | 5d +3e | |

Multiplication and division

Any two terms, like or unlike, can be multiplied together to produce a single term. This is different
from addition and subtraction, where only like terms can be combined into a single term.

For a single term, it is conventional to use alphabetical order when you simplify your answer.

For example, write 3abc instead of 3bca, and write 4x2yz instead of 4yx2z.

Example 5

Simplify each expression.
a 4Xx3a b 2d x 5e ¢ 4m X 5m
d 3p x2pgq e 3x X (-6) f —5ab x (-3bc)
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1C MULTIPLICATION AND DIVISION
AT e uMwRMemermpmesey

a 4x3a=12a b 2d x 5e = 10de ¢ 4m X 5m = 20m?
d 3px2pg =6p’q e 3xXx(-6) =-18x f —Sab x (-3bc) = 15ab’c

Example 6

Simplify each expression.
a 24x+6 b 3x12a+4 ¢ —18x? +(-3)

a 24x+6=4x b 3x12a+4 =36a +4 ¢ —18x2 +(-3) = 6x?
= 9a

Example 7

Simplify each expression.

a 199 p 12x c Ao
3 21 6y

a 129 _s, p 12x _4x _Aw
3 21 7 6y

() Multiplication and division

e To multiply fractions, multiply the numerators and multiply the denominators.

¢ \When the numerator and denominator have a common factor, the factor should be
cancelled; that is, the numerator and the denominator should be divided by the common
factor.

Example 8

Rewrite each expression as a single fraction.
a 2_61 X a b 3_x X 2 C 4_p X i d E X i
5 4 7 12 9 2p x  3x
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1C MULTIPLICATION AND DIVISION ‘!

20 a 2Zxaxa (Multiply the numerators and the denominators.)
a ? X 1 = W (Divide 2 into the numerator and the denominator.)
axa
T 5x2
a2
" 10
3x 5y 3 Xxx5Xy (Multiply the numerators and the denominators.)
7 12T Ix V7,
SXxXy
- 7x4
Sxy
T 28
C 4_pxi:—2,4/></1¥><ﬂ d§x£=75y5xz
9 2p 3g></2/><f x 3x xx3xx
2 _5x2
) XXX
_10
2

Recall that to divide by a fraction, we multiply by its reciprocal.

Example 9

Rewrite each expression as a single fraction.

x| 3x p Sa,2ab
3 5 3
2x 3x 24X 5 6a 2ab B4 3
— =X — b —+ = X
3 5 33X b 3 76 2 db
_2X5 _ 3x3
~ 3x3 CIxbxb
10 9
) T2

Your answer should always be expressed in simplest form — that is, the highest common
factor of the numerator and denominator is one.
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() Exercise 1C

W 1 Simplify:

a 2x3a b 4b x5 ¢ 4ax3b d 5¢x2d

e 4fx(-5g) f -3mx4n g —2p X (-3q) h -6/ x (-5n)

i axa j mxXm k 2a x 4a I —2m X (—4m)

m 7a X 8ab n 2p x3pq 0 —2mn X 5n p —6cd x (—2de)

2 Copy and complete:

a 8ax...=16a b 9bx...=18b ¢ 8ax...=16ab

d Smx...=15mn e 3ax..=12ad> f 6px...=30p?

g —5bx...=10b? h -3/ x...=24/? i 4mx...=12mn

j 4dx...=28d% k —3ab x...=15ab’c 1 —2dex...=10d%ef
3 Simplify:

a l5x +5 b 27y +3 c 24a®> +8

d 32m +16 e 3x12t+9 f 7x15p+21

g 2lr+12x4 h 24x +8x3 i 18y +6x2

j —18x2 +9 k —16a? + (—4) 1 —24x% + (-8)
4 Simplify each expression by cancelling common factors.

a 4x b 3a ¢ _12m d l4p o 22x?

6 9 18 21 33

S In each part, the expression in each box is obtained by multiplying together the terms in the
two boxes directly below it. Fill in the empty boxes.

| | | t6mn_| |
[ 2a | 4b | s5a | | 4m | [ 2p ]
¢ 48a%b d 96m’n’q
| 24a | | | 16mn? | |
| | |2 | 2m | |
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6 Rewrite each expression as a single fraction. Cancel common factors first.

a % X 2 b 3_x X % c Q X X
3 4 5 3 5 4
a3 2ab e 2y L AN
4a 9 5a 4a 6g 4q
20x 6 p L4mp  3np . 2z 3w
3y Sxy Op Tp Sxz  4yz
7 Rewrite each expression as a single fraction. Simplify your answer by cancelling common
factors.
39 5 4 5 4
6 4 6a 4a 6g 9q
e h 2 g 5
5 2 4 2
4m  12mn K 5_P;(_10_P) _9y  3x
50 7 6 3 4xy 16y

Simple expansion of brackets

This section looks at how algebraic products that contain brackets can be rewritten in different
forms. Removing brackets is called expanding.

We are familiar with the distributive law for numbers from Year 7 and Year 8.
The distributive law can be illustrated using a diagram, as shown below.

Area of rectangle ACDF = area of rectangle ABEF' + area of rectangle BCDE
Thatis, 3(2x +5) =3 x2x+3 x5

=6x+15 A oy B 5 c
3
F E D
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1D SIMPLE EXPANSION OF BRACKETS
A b swRERmEenerEMese

Area of rectangle ABEF = area of rectangle ACDF — area of rectangle BCDE

That is, 5(2x —6) = 5% 2x — 5 X 6

= 10x — 30 . 5
Al 1C
6
5
F E D

. Simple expansion of brackets

e In general: a(b +c¢) = ab + ac and a(b — ¢) = ab — ac

e Each term in the brackets is multiplied by the term outside the brackets.

Example 10

Expand the brackets.

a 2(a+3) b 3(x-2) ¢ 42m-—-17)

d p(p+n) e 2(x—-4) f -5Gx+y

a 2a+3)=2a+6 b 3x-2)=3x-6 ¢ 42m—-7)=8m—28
d p(p+n)=p>+np e 2(x—4)=-2x+8 f —-5Bx+y)=-15x-5y

Example 11

Expand and simplify each expression.

a S5a+1)+6 b 42b-1)+7 ¢ 6(d+5)-3d

a S(a+D)+6=5a+5+6 b 42b-1)+7=8-4+7 ¢ 6(d+5)—3d =6d+30-3d
=5a+11 =8h+3 = 3d + 30

The distributive law can be used to simplify expressions that initially appear quite complicated.
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1D SIMPLE EXPANSION OF BRACKETS l«a;
Example 12

Expand and collect like terms for each expression.
a 2b+5+3b+2) b 3(x-2)-2(x+1)
¢ S(a+1)—2a-4) d 3a2a + 3b) + 2a(3a — 2b)

a 2b+5+3b+2)=2b+10+3b+6

=5b+16

b 3(x—-2)-2(x+1)=3x—-6—-2x-2
=x-8

¢ S(a+1)—2(a—-4)=5a+5-2a+8
=3a+13

Note: When expanding the second bracket, be very careful. The -2 is multiplied by each
term in the second bracket, and —2 X (—4) = +8.

d 3a(2a + 3b) + 2a(3a — 2b) = 6a* + 9ab + 6a*> — 4ab
= 12a* + 5ab

Example 13

Expand and simplify each expression.

a é(6x+z) b i(6x+11)+%
5 3 3 3
1
7
a §(6x+—)=§><6x+i>< 71 b i(6x+11)+z=£x6x+ix11+%
5 3) 5 o 3 3 3 3 3
18x 7 44 2
=—+ = =8x+—+—
5 5 3 3
:8x+ﬁ
3

L . .. 46 . . .
Note: It is neither necessary nor desirable to write £y as 15% in an algebraic expression.

CHAPTER 1 ALGEBRA
ICE-EM Mathematics 9 3ed  ISBN 978-1-108-40432-7  © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




ST eAwlETaReIeE e
C ) Exercise 1D

1 Expand each expression using the distributive law. For parts a, e, and i check your answers
by substituting values for the pronumeral.

a 5(x+3) b 2(b+7) ¢ 3a+1)
d 6(2d +5) e 4a—17) f 3(b-5)

g 6(d—2) h 8(f - 4) i 2(4f-5)
i 32g-6) k 53p - 2) 1 6(5¢—1)

2 Expand each expression using the distributive law. For parts a, e, i and m check your
answers by substituting values for the pronumeral.

a 2a+4) b -3(b +6) ¢ —6(2a+7)
d -3(4b+9) e 23a-1) f —6(4b—-17)
g 52b-17) h -7(3b - 2) i —4@3b-5)
j —S5@b-17) k 93x+2) I -12(4y-5)
3 Expand each expression using the distributive law.
a l(2x+6) b l(9x+18) c z(12p+6)
2 3 3
d é(ZOq + 40) e l(6x —24) f —1(106 -6)
4 2 2
1 2 . 4
g _Z(l6p_20) h —§(9m—15) i —g(ZSn—100)
4 Expand:
a %(6x+%j b %(5y+%j c %(%+%)
d 2(3_x+§) e 1(2_3) £ _E(E_E)
7\4 6 3\2 4 5\3 3
S Expand:
a ala+4) b b(b+7) ¢ c(c—-Y5)
d 2g(3g-5) e 4h(5h—17) f 2i5i+7)
g 3j4j+7) h —k(5k —4) i —(30-1)
J 2m(m - 4) k -3n(5n+7) I —4x(Bx-5)
6 Expand:
a 3a(2a + b) b 4c(2c - d) ¢ 5d(2d — 4e)
d 2p(3q — 5r) e —3x(2x + 5y) f —2z(3z-4y)
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1D SIMPLE EXPANSION OF BRACKETS «a

g 2a(3 + 4ab) h 5m(2m — 4n) i 5x(2xy+3)
Jj 3p(2-5pg) k —6y(2x — 3y I —-10b(3a — 7b)

7 A student expanded brackets and obtained the following answers. In each part, identify and
correct the student’s incorrect answer and write the correct expansion.

ad4a+6)=4a+6 b S(a+1)=5a+6 ¢c 3(p-5=-3p-15
d ala+b)=2a+ab e 2m(Bm +5) =6m+ 10m f 4a(3a +5) = 7a*> +20a
g 3a(d4a—-17) =12a> -7 h -6(x—-5) =6x+ 30 i 3x(2x —7y) = 6x2 21y

W 8 Expand and collect like terms for each expression.

a8a+2)+7 b 5(b+3)+10 ¢ 2(c+7)-9
d 5(g+2)+8¢ e 4h+1)+3h f 6(i—-5)-3i
g 2(j—-3)—j h 2a(4a+3)+7a i 5b(2b—-3)+6b
j 2a(4a +3)+7a? k 3b(3b —5) - Tb? I 52—-4p)+20p
m 4(1 - 3g) + 15¢ n 2a(3a + 2b) — 6a o 7m(4m — 3n) + 30mn
9 Expand and collect like terms for each expression. Express the answer as a single fraction.
2 X 1 X 3 2x
a—-(x+3)+— b -(x+2)+— ¢c —(x— D+—
FOIr PR SO D3
d3-a+ X e 2Bx+5) 42 f lar- pe
6 4 7 3 2 5
3 X 1 2x 2 X
—2x+1)—-— h ——GBx+2)-— i ——@x-3)——
g4(x)3 2(x)5 13(x)4

W 10 Expand and collect like terms for each expression.

a2(y+D)+3y+4) b 3(x—-1)+4(x+3) c 23h—-2)+52b-1)
d 3@+5)-2a+7) e 5(b-2)—-4(b+3) f 2B3y-4)-32y-1
g x(x —2)+3(x—-2) h 2p(p+1)-5(p+1) i 4y(3y—-5)—-33y-5)
Jj 2xQ2x+1D)=T7(x+1) k 2p@Bp+1)—-4Q2p+1) I 3z2(z+4)—-z(3z+2)
m3y(y—4)+ y(y—4) n 4z(4z-2)—-z(z+2)
11 a Copy and complete:
i 12x99=12%x(100 — 1)=12%x... —12X...=... — ...=...
i 14x53=14x0GB0+..)=14x... +14x...=...+...= ...
b Use a similar technique to the one used in part a to calculate the value of each product.
i 14x21 ii 17 x101 iii 70 x 29
iv 8x121 v 13x72 vi 17 %201
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12 Expand:
a x(x2+3) b x(x>+2x+1) ¢ 2x(x? = 3x)
d 2x>(3 - x) e 5aBa+1) f 6a*(1+2a—-a?)

Binomial products

In the previous section, we learnt how to expand a product containing one pair of brackets, such as
3(2x — 4). Now we are going to learn how to expand a product with two pairs of brackets, such as
(x + 2)(x + 5). Such expressions are called binomial products.

We first look at expanding the expression (a + 2)(b + 5) using the distributive law.
The expression in the second pair of brackets, (b + 5), is multiplied by both a and 2, giving:
(a+2)b+5 =ab+5+2b+)5)
=ab+5a+2b+10

Each term in the second pair of brackets is multiplied by each term in the first, and the sum of these
is taken.

The procedure can be illustrated with the following diagram.

a 2
b ab 2b
5 5a 10

Area of the rectangle = sum of the areas of the smaller rectangles.
That is, (a + 2)(b +5) = ab + 5a + 2b + 10.

‘ Binomial products

e In general:
(a+b)c+d)=alc+d)+ blc+d)
= ac + ad + bc + bd

e Each term in the second pair of brackets is multiplied by each term in the first, making a
total of four applications of multiplication.
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1E BINOMIAL PRODUCTS u«g
Example 14

Expand (x + 4)(x +5).

The expansion can be | e 4
completed using a table.
X x2 4x
5 5x 20

x+dDHx+5=x(x+5+4x+5)
=x2+5x+4x+20

=x2+9x +20

The x2 and 9x are unlike terms and cannot be added.

To perform a quick check, substitute x = 1:
x+dx+5=0+4)1+5)
=5X%X6
=30
and x> +9x+20 =12+ 9 x 1+ 20a
=1+9+20
=30

Remember that this is not a proof that the expansion is correct. It means that it is
probably correct.

With practice you should be able to complete the expansion in one step.

Example 15

Expand and collect like terms for each expression.

a (x+3)(x-2) b (x-2)(x+)5)

c (x—4dHx-3) d 2y+1D)3By-4)

a (x®2)=x2—2x+3x—6 b x=2)(x+5) =x>+5x-2x-10
=X +x—6 =X +3.x_10

c x—4Hx-3)=x2-3x—-4x+12 d Qy+DBy—-4)=6y> -8y +3y—4
=x2 - Tx+12 =6y -5y —4
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. Exercise 1E

Example 14 1

Example
2

Example 15d 3

Expand and collect like terms. For parts a and d, substitute a value for the pronumeral

as a check.

a (x+3)x+4) b (a+5)(a+38) ¢ (a+3)a+9)

d G+x)5+x) e 2+x)(x+1) f (a+8)9+a)
Expand and collect like terms. For parts a and d, substitute a value for the pronumeral
as a check.

a(x-5x-10 b (x-3)(x-2) c (p—-6)(p+4)

d (x —7)(x+6) e (x+1D)(x-=3) f (x+3)(x-28)

g (x+6)(x-9) h (x-11)(x-7) i (x+7(x—-4)
Expand and collect like terms.

a 2x+3)3x+4) b (3x +2)5x+4) ¢ Gx+D(x+2)

d 2a - 5)(a - 3) e Ba-1D2b+)5) f 4m+3)2m-1)
g 2p+5Q@3p-2) h 5x-2)3x-198) i 2x=73Bx-1
J 6x =5(x+2) k (7x +9)(x =5) 1 (26 +3)4b-2)

Expand and collect like terms.

a (2a+ b)a +3b) b (m+3n)2m + n) ¢ (4c+d)2c - 3d)
d (4x +5y)2x —y) e (Bx —2a)(x + 5a) f Bx—-y)(2x+5y)
g (2a+b)3b - a) h 2p+59)3q - 2p) i 2p-59)3q-2p)
Write down each expansion, if possible, in one step.

a (x+2)(x+5) b (x+3)(x-7) c (x—6)(x—-4)

d 2x+D(x+3) e Bx+2)(x+5) f Ax+D3Bx-1

g 2x-3)3x-95) h 6x-2)3x+7) i 4x+3)(2x-1)

J Gx-7)(3Bx+)5) k 2x-1D2x+1) I (x-4)2x+)5)

Zak expanded a product using the distributive law but, unfortunately, he erased the terms
in the second pair of brackets in each case. Fill in the missing terms in the second pair of
brackets.

a (x+6)(...)=x2+T7x+6 b (x+5)(....)=x>+8+15

c (x+7(..... y=x>+5x—14 d (x+3)(..... )=x>-2x-15

e 2x+1(..... )=6x2—x-2 f Gx+4)(...... )=3x>+x—4

g (dx+3)(...... ) = 8x2 —22x — 21 h Gx+1D(...... )=15x>-13x -6
Fill in the blanks.

a(x+550+7D=x2+...x+... b (x+..)x+6)=x>+9x+...
c (x+dHx—..)=x>-2x—... d Qx+3)x+..)=2x>+Tx+...
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e dx—-D(x—..)=4x>-..x+3 f (.x+DBx—-5=6x>—..x—...

g (.x+..)2x+5 =4x>+12x+... h (.x=3)(.x+..)=12x>-x -6
8 Expand and collect like terms.

a (x+3)(x-3) b (x+3)(x+3) ¢ (x=5(x=5)

d 7x-D(@x+1) e 2x-5)(x+3) f Ix+D(Ox+1)

g 2-x)(x+2) h (2x +3)(2x + 3) i Sa-1)(5a+1)

9 Expand and collect like terms.

() @ G
IS [ IR 0 CE I e [5)

Perfect squares

A perfect square is an expression such as (x + 3)% (x — 5)%or (2x + 7)?. The expansions of these
have a special form.

(x+3)? =(x+3)(x+3)
x(x+3)+3(x+3)

=x2+3x+3x+9

=x2+6x+9

Note that the form of the answer is x> + twice (3 X x) + 3.

(x=52=x-5x-95

=x*-5x-5x+25
=x>-10x+25
= x2 + twice (=5 X x) + (=5)?

Another example:

(Bx+7) =3xBx+7)+7CBx +7)

=9x? + 21x + 21x + 77
=9x? +42x + 49

= (3x) + twice(7 x 3x) + 7>
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1F PERFECT SQUARES
Sy
. Perfect squares

e In general:
(a + b)?

e Similarly:
(a = b)? = a? = 2ab + b?

a? + 2ab + b?

* To expand (a + b)?, take the sum of the squares of the terms and add twice the product
of the terms.

The result can be illustrated geometrically.

Area of square = (a + b)?

This is the same as the sum of the > ab
areas of rectangles = a” + ab + ba + b>

= a® + 2ab + b?

S
S
Q
S
3]

Example 16

Expand:

a (x+3)° b (x —6)?

a (x+32=x2+2x3x+9 b (x-6)?=x>-2x6x+36

=x24+6x+9 =x2-12x+ 36

Example 17

Expand each expression.
a (2x +3)? b (ax — b)?

a 2x+3)2 =02x)2 +2x2xx3+32 b (ax — b)? = (ax)* =2 X ax X b + b?
=4x2 +12x+9 = a%’x? — 2abx + b>

The expansion of a perfect square can be performed mentally. With practice you will be able to
write down the answer without a middle step.

20
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. Exercise 1F

1 Expand each expression. Check your answers to parts a, ¢ and e by substitution.

a (x+1)? b (x+5)? ¢ (x+6)? d (x +20)?
e (a+8)> f 2+ x)? g (9+x)? h (x + a)?
2 Expand each expression. Check your answers to parts a, ¢ and e by substitution.
a (x—4)? b (x—7)? ¢ (x—6)? d (x-1?
e (x—5)? f (x—20)? g (x—11)° h (x —a)?
3 Expand each expression.
a (3x +2)? b (2a + b)? ¢ (2a+3b)? d (3a+ 4b)?
e (2x +3y)? f (2a+3)? g (Bx+a) h (5x + 4y)?
4 Expand each expression.
a (3x-2)? b (4x — 3)? ¢ (2a - b)? d (2a - 3b)?
e (3a—4b)? f (2x —3y)? g (3c-b)? h (4x —5)2
S Expand:

2 2 2 2
a(f+3) b(f—z) c(z—x—1) d(3—x+3)
2 3 5 43

6 Maria has two pieces of paper. One is 10 cm X 10 cm and the other is 6 cm X 6 cm.

a Is it possible for these two square pieces of paper to cover a square of size 16 cm X 16 cm
completely?

b How does the answer to part a show that (10 + 6)? # 10? + 62?
¢ How much more paper is needed to cover the 16 cm X 16 cm square?

d How does your answer to part ¢ reinforce the result that

10+6)? =102 +2x10x 6 + 6%?
7 Tom sees the following written on the board in a mathematics classroom:
‘Now, 6+4 =10
Squaring both sides gives
6+ 4)> =107
SO, 6% +42% =102
That is, 36 + 16 = 100’

Tom, realising that 36 + 16 # 100, tells the teacher there is a mistake. Can you explain
what mistake had been made?
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1F PERFECT SQUARES
i wemeeewel

8

10
11

12

13

14

The figure opposite is made from A a B b_c

rectangles and a square, with AB = a
and BC = b.

a Explain how the diagram geometrically
proves that (a — b)?> + 4ab = (a + b)?.

b By expanding, show algebraically that
(a — b)?* + 4ab = (a + b)*.

Evaluate the following squares, using the method shown in the example below.
(You may be able to do these mentally.)

212 = (20 + 1)2
=202 +2x20x1+12

=400 +40 +1

= 441
a 31? b 192 c 427 d 182 e 512
f 1012 g 992 h 2012 i 3012 j 1992

Evaluate the following using (a + b)? = a® + 2ab + b?> and (a — b)?> = a® — 2ab + b>.
a (1.01)? b (0.99)° ¢ (4.01)? d (4.02)°

e (0.999)° f (1.02)? g (3.01)? h (0.98)°
Expand and collect like terms.

a (x—2)2+(x—4)? b (x —2)* + (x +2)? c 2x =32+ (x—-1)7?
d 2x +5)2+(2x—5)? e (x—4)?%+(x+5)? f 2x-4)2+((x-3)
Expand and collect like terms.

a X2+ +D2+(x+2)?*+(x+3)?

b x2+(x-D%+x-2)*+(x-3)

c xX2—-(x-D2+(x-22-(x-3)7?

Expand:

X 2 X 2 X 2 2x 2
a(—+1) +(——1) b(—+3) +(—+1)
2 2 3 3
2 2 2 2
c(3—x+2) +(£+3) d(g—l) +(£+lj
4 2 5 4 5 2
Identify which of the following is not a perfect square expansion.

2 2 1
a 16x% —8x +1 bg%+15x+25 c4x2—3x+% d%+f——
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Difference of two squares

In this section, we look at a special type of expansion: one that produces the difference of
two squares.

As an example, consider (x + 2)(x — 2).
(x+2)(x—2)=x%-2x+2x-22

— x2 _ 22
Similarly,
(2x +3)(2x — 3) = 4x% — 6x + 6x — 32
= (2x)? - 3?2
Note that:

e the product (x + 2)(x — 2) is of the form:
(sum of two terms) X (difference of those terms)
* the answer is of the form:

(first term) squared — (second term) squared

In general:
(a + b)a—b) = a*> — ab + ab — b?
— a2 _ b2
Expand:
a (x=95((x+5) b (GBx-4)@Bx+4)

a Using the result (a + b)(a — b) = a*> — b?, we get
(x=35(x+5) =x*-25
b (Bx —4)(3x +4) = 3x)? — 42
=9x2 - 16

‘ Difference of two squares

In general:
(a + b)a - b) = a® — b2
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1G DIFFERENCE OF TWO SQUARES
A RO W@ s

The result is illustrated by the following diagrams.

a b a

b a—b a=b

a+b

a-b

The diagram on the left shows that the unshaded region has area a®> — b?.

The diagram on the right, above, shows that the unshaded region has area (a + b)(a — b).

Dowciers

1 Expand by using the difference of two squares.

a(x—-4Hx+4 b x-7kx+17) ¢ (a-Da+1)
d (a-9)a+9) e (c=3)(c+3) f (d-2)d+2)
g (z=7(T+2) h (10 + x)(10 — x) i (x=5x+))
2 Expand:
a 2x-D2x+1 b 3x-2)3x +2) ¢ (4a—-5)4a+5)
d 3x-5@3Bx+5) e 2x+7)(2x-17) f (5a+ 2)(5a-2)
g (2r —3s)(2r + 3s) h 2x+3y)2x - 3y) i (5a+2b)5a—2b)

3 Expand by using the difference of two squares.

() (5ol
(531 (-

4 The following are either difference of squares expansions or perfect square expansions.

Which are which?
a at-1 b a?-2a+1 c x2-9
d 4x% -25 e 4a> +12a+9 f 942 —6a+1

5 Evaluate the following products, using the method shown in the example below. (You may
be able to do these mentally.)

51% 49 = (50 + 1)(50 — 1)

=502 - 12

= 2499
a 21x19 b 3129 ¢ 18x22 d 3228
e 17x 23 f 5961 g 101x 99 h 102 x 98
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6 Evaluate using the difference of two squares identity.
a 1.01x0.99 b 5.01x4.99 ¢ 8.02x7.98
d 1.05x0.95 e 10.01x9.99 f 20.1x19.9

7 Look at the figure opposite.

a What is the length of AB? C
b What is the length of AG? b _
¢ What is the area of the shaded region? B
d Explain why:
area ABFG = area ACDH + area HDEG
— area BCDJ — area JDEF D7
e What has this got to do with the difference \ b
of squares expansions? E

Miscellaneous questions

In this section we present some harder practice questions.

Example 19

Expand and collect like terms.
a (x+22—-(x+1)? b (x+6)? - (x —6)?

a (x+2?-(x-1D?=x>+4x+4-(x>+2x+1)
=2x+3

b (x+6)*—(x—6)* = x*+12x + 36 — (x2 — 12x + 36)
= 24x

/. Exercise 1H
1 Expand and collect like terms in each case.

a (x+2)?2—-(x+4)> b (x +6)* —(x +5)2

c (a—4)?—-(a-4)(a+4) d (a+6)a—5—-(a+3)(a-2)
e Bx+2)(x+D)—-(x+2)(x+3) f 2b-53Bb+2)+ (B +5)b+6)
g (a+2b)2a—b) - (a+b) h 2x + y)(y — 2x) + 2x — y)?
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1H MISCELLANEOUS QUESTIONS
A W meELaVEUSewsWe

2 Evaluate 3m> — 2n when:

am=2andn=3 b m=-4and n=-5
1 3 1
¢cm=—-—and n=— d m=—and n=+2
2 4 3
2x2
3 Evaluate >— When:
y
ax=3and y=4 bx——land _3
Y 2 MY
¢c x=+3and y=-2 d x=+6 and y = -4
4 Evaluate a + 2b — ¢ when:
aa:l,b=landc=E ba=é,b=—landc=&
4 2 8 3
ca=l,b=3—candc=§ da=c2,b=iandc=2
c 2 8 2 3
5 Evaluate (x% — 2)? when: )
ax=2 b x=-2 cx=§ d x=-/2 e x =43
6 Simplify each expression by collecting like terms.
3, 2, 3a  5a 2x  Ix 2a*b  2a*b  6m
a —a" +—a b —+— c —+— d - + —
7 3 b 2b y} o 3y? 5 5 n?
7 Copy and complete:
2a’b 3a’b 2x? 5x?
5 10 y 3y
3 3
¢ M —Im PR
2n? 2n? 2n? n?
8 Tor each value of x, find x? and simplify.
ax=45 b x =3a c x=-2b dx=a+b e x=3m-2n
9 For each value of x, find x? + 3x and simplify.
a x=3a b x=-2b ¢c x=a->b d x=2m+n
10 For each value of x, find (x — 1) and simplify.
a x=3a b x=-2b ¢c x=2a+1 d x=—-4b+2
11 Expand and collect like terms in each case.
a x(2x? +3x +4) b 3a(a* —4a+1)
¢ (m+2)(m?+3m+2) d (p-3)2p*+5p+3)
e (x—Dx%>+x+1) f (x+Dx%2—-x+1)
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1H MISCELLANEOUS QUESTIONS u«a

12 If x=1,y=3,z=5 and w = 0, find the exact value of \/3xy + /3xz + /3wy.

13 Expand and collect like terms.

a(x+y—-29x—-y+2) b @-b+c)a+b-c) c 2x—-y+22x+y—-12)
d (x+z+1)7? e (x+y+z)2 f (x+y—z)2
14 Find 222 if.
a+b 1 |
aa=2and b=3 b a=10 and b = 50 ca=5andb:5
da=landb:l ea=2andb:E fa:landb:l
3 4 3 4 X y
a a—>b
15 Find — and if’
C b—-c
aia=4,b=2andc=i ii a=§,b=§andc=l
3 4 5 2
3
iii a=3,b=—andc=1
2 1 1 1 1
b In each of the above, show that - — — = — — =,
c b b a

16 Simplify by first removing brackets.
aa—-b-c)+a+b-c)+b—-(c+a)
b 3a—2b—-c—(4a—-3b+ 5¢)
ca—-(b+a-(b+a)
d —(—(a-b-0))
e —(2x—-CBy—-(2x-3y)+ (3x —-2y)))
17 Expand and collect like terms.
2@+ b)a-b)+(a+c)a—c)+ab+c))+(a—-b)?+(a-c)+(b-c)
b (a—b)a*>+a+b)+(a+b)a*>—-a+b)

1]

1 1)2(1 1)2
C | ——— — 4+ —
a b a b
2 2
(oot
a a
1

(a+ b)> —[2b(a + b) — (a + b)(b — a)]

(-]
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Review exercise

1 Evaluate 8m — 3n when:
am=3andn=>5 b m=2and n=-5

¢c m=-land n =2 d m=-3and n = -2

2 Evaluate 2a + 3b — 3¢ when:

aa=3b=5andc=2 ba=3b=-5andc=2
¢c a=-3,b=5and c=2 da=3b=5and c=-2
e a=-3,b=-5and c=2 f a=3,b=-5and ¢c =2

3 Evaluate x2 — 2x when:

ax=3 b x=-2 c x=-7
dx=z e)c=—g f x=-1.1
3 3
4 Simplify:
a 7a+2a b 8b+ 3b ¢ 9a - 6a
d 7a+ 5a - 6a e 7x—3x+9x f 7a%> +3a® — 124>
S5 Copy and complete:
a2a+..=1la b 5b—- ...=3b ¢ 3mn+...=16mn
d 1lpg— ...=5pq e 8ab— ...=-5ab f 3m’n—...=-8m’n
g —11a’b +...=2a°b h -7im+...=4/m i 14xy? — ... = -Txy?
6 Expand each expression and simplify if possible.
a 3(x+2) b 4(b +6) c 53b-2)
d —6(2d +5) e 2(4x —15) f 3(4g-06)
g 32p+2) h -53b-5) i —54b-17)
Jj 15(g+2)—8g k 5(h+1)+6h I 16(x —1)—13x
m 2(y—-1)—-y n 5aa+3)—"7a o —5b(2b—-3)+16b
p 23z-1)-4Q2y-1) q z2(z-1D)+3(z-2) r 6y2y—-5)—-5Q2y-5)
7 Expand each expression and collect like terms.
a (x+2)(x+4) b (a-11)(a—-4) ¢ (a-5)(a-5)
d (p-7(p+4) e 5x+2)(2x+2) f 2x-1D@x-)95)
g Ax—-6)(11x+1) h (4x+3)2x-1) i (7Ta—-1)(7a+ 3)
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REVIEW EXERCISE

8 Expand:
a (x+11)? b (x + 6)? c (x—15)2 d (x -10)?
e (x —2y)? f (2a+ 5b)? g (5x +2)? h (5x —6)?
9 Expand:
a (x—6)(x+6) b (z-7)(z+7) c (p—-D(p+1
d Gx-DOBx+1) e (Tx-5)(7x+5) f (10 - 3a)(10 + 3a)
g (5a+ 2b)(5a — 2b) h (12x + y)(12x — y) i 8x+3a)8x—3a)

10 Expand and collect like terms.

a Bx+y)R2x—y) b Bx —4a)(3x + 2a) ¢ (Bc+4b)(5¢ + 4b)
d (x + 5y)? e (a—2b) f (5¢+2m)?
g Bx—y)Bx+y) h 5m + 2n)(5m — 2n) i (3x +5a)?

11 Expand and collect like terms.

a (ﬁ+1)(3—2) b (2—x+6j(x—4) c (3—1)(3“)
2 3 3 2 2

d (31_1)(2_);”) e (@—3)(%2) f (a—6)(3+4)
5 5 6 3
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Challenge exercise

1 a Show that the perimeter of the rectangle opposite A x+3cm B
is (4x + 6) cm. - =
b Find the perimeter of the rectangle if AD = 2 cm.
X cm
¢ Find the value of x if the perimeter is 36 cm.
d Find the area of the rectangle ABCD in terms of x. H o
e Find the area of the rectangle if AB = 6 cm. b ¢
2 Rectangle ABCD is (x + 4) cm wide and (2x + 6) cm A maEen B P
long. A new rectangle, APQR, is formed by increasing
the length of each side of ABCD by 50%. x+4cm
a Find AP in terms of x. o O
b Find AR in terms of x. 0 m
R Q

¢ Find the area of APQR in terms of x.

d Show that the difference between the areas of the two rectangles is %xz + 375x + 30.

e What fraction of the area ABCD is the answer in part d?

3 We know that (a + b)(c + d) = ac + ad + bc + bd.

Expand (a + b + ¢)(d + e + f). Draw a diagram to illustrate your answer.

4 8,9, 10 and 11 are four consecutive whole numbers.
ai Whatis the product of the outer pair (8 X 11)?
ii What is the product of the inner pair (9 X 10)?

b Find the difference between the answers to parts i and ii.

¢ If the smallest of the four consecutive whole numbers is denoted by n, express each of
the other numbers in terms of n.

d Express the following in terms of n:
i the product of the outer pair
ii the product of the inner pair

iii the difference between the answers to part ii and part i.

5 6, 8, 10 and 12 are four consecutive even whole numbers.
a i Whatis the product of the outer pair (6 x 12)?
ii What is the product of the inner pair (8 x 10)?

b If the smallest of the four consecutive even numbers is denoted by n, express each of
the other numbers in terms of 7.
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CHALLENGE EXERCISE

¢ Express the following in terms of n:
i the product of the outer pair
ii the product of the inner pair
iii the difference between the answers to part ii and part i.

d What happens if you take four consecutive odd whole numbers and complete parts
a, b and ¢ with these numbers?

6 a 7, 8 and 9 are consecutive whole numbers. 82 — 7 x 9 = 1.
Prove that this result holds for any three consecutive numbers n — 1, nandn + 1.
That is, ‘If the product of the outer numbers is subtracted from the square of the
middle number, the result is one’.

b a - d,a and a + d are three numbers. Show that if the product of the outer pair is
subtracted from the square of the middle term, the result is d -

7 Expand and collect like terms.
a (X +x+Dx*-x+1
b (x+1)(x2-x+1)
c (- (x> +1)

8 Expand and collect like terms.
a (x-Dx2+x+1)
bx-Dx*+x3+x2+x+1

¢ What do you expect the result of expanding (x — 1)(x® + x® + ... + 1) will be?

9 a Show that (a + b2)(c2 + d?) = (ac — bd)* + (ad + bc)™.

b Hence write (3% + 12)(5% + 22) as the sum of two squares.

10 a Evaluate each of the following.
i 1x2x3x4+1 ii 2Xx3x4x5+1
i 3x4x5x6+1 iv 4x5x6x7+1
b Expand (n? + n — 1)~
¢ Show that (m — Dun(n + D(n+2) + 1= (n®> + n - 12

(Note that we have proved that the product of four consecutive integers plus one is a
perfect square.)
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