CHAPTER \

Number and Algebra

B Fu rther factorisation

426

Consider the identity (x — 3)(x - 4) = x? - 7x + 12. Going from left to
right is called expansion. Going from right to left is called factorisation.
Once a quadratic is factorised, it is easy to write down the solutions to the
corresponding equation.

In this chapter we review methods of factorising, including taking out common
factors, factorising monic quadratics and recognising the difference of two
squares or perfect squares.

We then introduce two more methods of factorising: factorising by grouping
and extending the method of factorising simple quadratics to the general
case ax? + bx + c¢. We then apply these methods in the sections on algebraic
fractions.

In the last section we introduce the new technique of ‘completing the square’,
which applies to all quadratics.




15 Grouping

When factorising an expression with four terms, it sometimes helps to group the terms in pairs. It
may happen that after factorising each pair, the resulting expression has a common factor. We may
have to rearrange the four terms first.

Example 1

Factorise 3ax — a + 12x — 4.

3ax —a+12x—4 = Bax —a) + (12x — 4)
=aBx—-1)+403x-1)
=@Bx-D(a+4)

The rearrangement of the expression can take place in more than one way to give the result.

Example 2

Factorise ab — 6 + 2a — 3b.

ab—6+2a—-3b=ab+2a-3b-6
=ab+2)-3b+2)
=b+2)(a-3)

Alternatively:

ab—6+2a—-3b=ab-3b—-6+2a
=b(a—3)+2(a-3)
=(@-3)(b+2)

Example 3

Factorise 6x% — x — 12 by writing it in the form 6x% — 9x + 8x — 12.

We group the terms into pairs and factorise each pair.

6x2 —x—-12 = (6x> = 9x) + (8x — 12)
=3x2x - 3)+4(2x - 3)
=2x-3)3x+4)
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@ Exercise 15A

1 Factorise by grouping in pairs.

a x(x+2)+5(x+2)

¢ 4x(2x +3)+ 6(2x + 3)

e 4x(2x —3) - 6(2x — 3)

g 2x(5—2x)+5(5 - 2x)
Factorise by grouping in pairs.
amx+2m+3x+6

¢c mx+3m+2x+6

e 8ab—-16a+b—-2

g ab—"T7a—-9b+ 63

i 2ab—12a - 5b + 30

Factorise by grouping in pairs.

a x2—3x—4x+12

¢ 6x2 — 4xy + 3xy — 2y?

e x2—3x+4x —12

g 3x? +12x+x + 4

i 6x2 +15x—4x-10

Copy and complete by grouping and factorising.
a x> +5x+6=x2+2x+3x+6

c x2—7x—-18=x2—-9x +2x —18

e x2+11x+30=x2+6x+5x+30

15

- - - = = T

- T - oa T

b

f

2x(3—x)+ 53 - x)
2x(4 —x)— 54 — x)
4x(x —2)—T(x - 2)
Tx(11x +5)+ (11x +5)

ax +2a+4x + 8
Sxy +10x + 5y + 10
x—2+4xy -8y
3ab + 6a + 5b + 10
12x — 8xy — 15+ 10y

2x2 —2x+5x -5
10x2 + 15xy — 4xy — 6y?
4x? +20x + x +5
6x% — 9x — 8x + 12

22 —2x+x—1

X2 +5x—-14=x>+Tx-2x—-14

x2—5x—-36=x%2-9x+4x —36

x2 +29x + 100 = x2 + 25x + 4x + 100

Factorising the general
quadratic ax’+ bx+c

A quadratic expression is an expression of the form ax” + bx + ¢, where a, b and ¢ are given numbers
(and a # 0). In Chapter 4 we introduced a technique for factorising monic quadratic expressions
where a = 1. This was extended to the class of quadratic expressions where a = 1, but where a was

a common factor of b and c. For example:

—2x* +28x—-96 = —2(x2 —14x+ 48) (factor out —2)

=2(x—6)(x—8) (find factors of 48 that sum to —14: —6 and —8)

ICE-EM MATHEMATICS
ICE-EM Mathematics 9 3ed

YEAR 9
ISBN 978-1-108-40432-7

428

© Brown et al. 2017
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



15B FACTORISING THE GENERAL QUADRATIC ax? + bx + ¢

Consider the quadratic expression 4x° + 5x — 6. The coefficient of x” is not 1 and the coefficients
have no common factor. Here is a method for factorising such quadratics.
Step 1:  Multiply the coefficient of x2, 4, by the constant term, —6.
4x(-6)=-24
Step 2:  Find two numbers whose product is —24 and whose sum is 5, the coefficient of x.
The numbers are 8 and —3.
8% (-3)=-24and 8+(-3)=5

Step 3:  Split the x term using these two numbers.
S5x = 8x — 3x
Step4:  Next use grouping to factorise the quadratic.

42 +5x -6 =4x> +8x-3x -6
= 4x(x +2) - 3(x + 2)
= (x + 2)(4x - 3)
Note: Grouping in a different way also works.
4x2 —3x + 8x — 6 = x(4x — 3) + 2(4x - 3)
= (4x - 3)(x +2)

That is, 5x = 8 — 3x and 5x = —3x + 8x both work.

. Factorising the general quadratic

To factorise a quadratic of the form ax? + bx + ¢, find two numbers o and B whose sum is
b and whose product is ac. Split the middle term as owx + Bx and factorise by grouping.

Note: This method also works for monic quadratics.

Example 4

Factorise 2x? +9x + 4.

Multiply 2 by 4 to obtain 8. Look for two numbers whose product is 8 and whose sum is 9.
The numbers are 8 and 1.

Hence 2x2+9x+4=2x2+8x+x+4

= 2x(x +4) + 1(x + 4)
= (2x + D(x + 4)
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‘ 15B FACTORISING THE GENERAL QUADRATIC ax® + bx + ¢

Factorise:

a 6xZ—19x +10 b 3x2 —5x-128

a Multiply 6 by 10 to obtain 60. Look for two numbers whose product is 60 and whose sum
is —19. The numbers are —15 and —4.

Hence 6x2 —19x + 10 = 6x2 = 15x — 4x + 10
=3x(2x - 5) - 2(2x - 5)
=2x-50Bx-2)

b Multiply 3 by —28 to obtain —84. Look for two numbers whose product is —84 and whose
sum is —5. The numbers are —12 and 7.

3x2 —5x — 28 =3x2 —12x + 7Tx — 28
=3x(x-4)+7(x-4)
=(x-4HBx+7)

There are other methods for factorising quadratics in which the coefficient of X2 is not 1, but this
method is recommended.

. Exercise 15B

1 Factorise the quadratic expressions.

-

a 2x>+7x+5

d 2x? +17x + 21
g 4x> +16x +15
j 2x2+17x +15
m12x? +32x +5

b 2x2 +11x+5
e 3x? +14x +8
h 4x2 +23x + 15
k 4x% +32x +15
n 12x2 +16x+5

Factorise the quadratic expressions.

a 3x> —14x+8
d 4x> -9x+5

g 4x> —12x+5
j 6x2 —25x+4
m 4x? — 39x + 27

b 3x2 —10x + 8
e 6x2 —11x+3
h 4x2 —16x + 15
k 6x2—11x+5
n 4x2 — 24x + 27

2x% +13x + 21
3x2 +10x + 8

2x2 +31x + 15
6x% + 19x + 10
8x2 + 34x + 21

4x2 - 21x +5
6x2 — Tx + 2
6x2 —19x + 10
6x2 —17x + 10
10x2 — 7x +1
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3 Factorise the quadratic expressions.

a2x2-9x-5 b 2x2 -3x -5
d 2x%2 +9x — 18 e 3x2+x-10
g 4x? —4x —15 h 4x? +17x - 15

j 4x>—28x—15
m 6x2 — 11x — 10

Find the missing factor and check by expansion.
ax2+7x+10=x+5)......
c X2 +8x+16=(x+4)
e 9x? — 16y = (3x + 4y)
g 6x2+13x+6=0Cx+2)

i 6x2+35x—-6=

Copy and complete.
a xX2+Tx+...=(x+5x+..)
c X2+ .. x+15=x+3)(x+..)

kK 12x2+17x =5
n 10x2 -31x—14

¢ 2x2+9x -5

f 3x? -13x-10
i 4x?-7x-15
1 12x> +11x -5
0 20x> -7x-3

xz—

9

22 = Tx—4=02x+1)
6x> —17x =3 = (6x + 1)
4x% +12x +9 = (2x + 3)

=2 N = PR -

xz—

b 6x...=(x—4)x..)
d x2...x =24 =(x-4)x..)

a If ax?> + bx + ¢ = (px + q)(rx + s), show that a = pr, b = ps + qr and ¢ = gs.

b Hence show that if ax? + bx + ¢ can be factorised, then b can be written as the sum of
two numbers whose product is ac. (This shows why our method of factorisation works.)

Simplifying, multiplying and
dividing algebraic fractions

15

We can sometimes use factorisation techniques to simplify algebraic fractions. In this section, we
show how some quotients and products of quotients can be simplified by first factorising and then
cancelling common factors.

Example 6

Simplify:
a x% + xy 8n? — 50m?>
x2 —y? 4n® + 10mn?
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15C SIMPLIFYING, MULTIPLYING AND DIVIDING ALGEBRAIC FRACTIONS

a Xt _ x(x+79) b 8n2 —50m> _ Z(4n? —25m?)

2oy T Gee(my) A 0me 2 (e Sm)
x _W(Zﬂ—Sm)
X—y 0 (2n+5m)

_ 2n—>5m
n2
Example 7
Simplify:
x2-x-12 b 2x2 +9x — 18
x2 —12x + 32 2x2 - 11x + 12
x2—x-12 (= +3)  (x+3)
x2-12x+32 (x-4Hx-8 (x-98)
b 2x% +9x - 18 = 2x%> +12x — 3x — 18 (2% (~18) = =36 = 12 x (-3);
12+(-3)=9)
=2x(x +6) —3(x + 6)
=x+6)(2x-3)
and 2x2 — 11lx +12 = 2x* —8x —3x + 12 (2x12 =24 = (-8) x (-3);
-8+ (-3)=-11)

=2x(x —4)-3(x — 4)
=(x-4)2x -3)

o 2249x—18  (x+6)@2x=3)
22 —1lx +12  (x — 49)(2x—=73)

_x+6
x—4

Example 8

Simplify:

)62—316—10>< 2x% - 2x 4x%2 - 1 ;4x2—4x+1
x2—5x x2-x-6 4x2 +4x +1  2x2 -3x +1
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15C SIMPLIFYING, MULTIPLYING AND DIVIDING ALGEBRAIC FRACTIONS ca

x2-3x-10 _ 2x2-2x _ (x—5) (x+72) . 2X£(x—1)

a X =
x% — 5x %#—x—6 XM (x—3)M
_2x-1)
(x=3)
p Aol A odxal 4o 2x* =3x +1

=+ = X
4x>+4x+1  2x*> -3x+1 4x?+4x+1 4x? —4x+1

_ @D Qe Qe=T(x-1)
T Qx+DEx+D) T 2x=T) 2x=T)

_ox—1
2x +1

. Exercise 15C

1 simpliy

- k% — k¢ 2
2 1TM b ¢ Ox° +6xy
m-—n -k y2—_x2
d 18k2 — 8¢ e 12p% — 274 ¢ Pq
6k — 40 6p> — 9pq P*q* + pq
m? + mn s2 — 12 . 3x-3
g ——— h i 3)
n- + nm t—s Xy — X
3p* - 3pq? K x3 — xy? " m? —m?n
P+ pq 2x + 2y n—m
2 Simpliy:
a x2 -1 b x2 -4 x2+4x-5
x2—x=2 x2=3x-10 x2=2x+1
dx2+x—12 o x2—x=20 x2+6x+9
x2 —3x 2 +x-12 24+x-6
2x2 - 18 b x2=5x+6 3x2 +3x - 36
3x2 +3x—18 x2 —4x +4 x2 +8x +16
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Example 7b 3

15C SIMPLIFYING, MULTIPLYING AND DIVIDING ALGEBRAIC FRACTIONS

Simplify:

2x =3)(x+1) Bx+6)(x+1) . (7x + D(x = 3)
2x-=3)(x+2) 2x — D(5x + 6) (x=3)Tx+1
2x2—3x + 1 4x2 -1 5x24+9x -2
d — e f ————
x? -2x+1 4x — 2 x2 -4
2x2 +3x =2 b 2x2 —5x+3 i2x2—7x+3
8 2x2 —Tx+3 2x2 —x -3 2x%2 —5x -3
4 Simplify:
3x2 4x2 -1 x2—x=2 S5x
b X
2x +1  x3 +5x2 x2 4+ 3x x—2
2x2+3x—2>< x% - 4x 3x2 —10x + 3 3x2 — 6x
x2 4+ 2x x2—-5x -4 3x2—Tx+2 4x2 - 11x =3
5 Simplify:
3x2 = 3x 1—x x2 -4 6—x— x2
a = b =
x+1 X2 +x 2x2 — 6x 9 — x2
2x2+5x—3;x2—x—12 16x2+8x+1; 4x + 1
x2 -1 x2—3x—4 8x2+14x+3  4x2+4x-3
2x2—3x—2; 2x% + x ;x2—3x+2
x2 + 3x x24+2x-3 x2
6 Simplify:
6x2+x-2 10x2 +x -2 x2 -9 2x%2 —3x+1
a X b +
10x2 -9x+2 6x2+7x+2 2x2 —Tx+3 x2 =1
x?2 2x2 —11x + 15 2x2 —x -3 2x2-5x+3
c X d -
2x2 - Tx+3 2x% — 5x x2 -1 X2+2x+1
2_g%> 2pg+
e LT T (piyg)
2p*+p p°-pq
2a% - 32 ;4a2—4a—48;(a—1)(4a+5)
a>+7a+12 12a*+15a a
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Adding and subtracting
algebraic fractions

Recall how we add two fractions with different denominators:

3 7 15 49
— Y — = — 4+
4 10 70 70

_o

70

_ %

35

(Express fractions with a common denominator. )

Notice that we use the lowest common multiple of 14 and 10, which is 70, as the common
denominator.

We use the same procedures to add and subtract algebraic fractions.

Example 9

Express as a single fraction.

2x X 2m
a —+ = b ——+ =
5 3
2x x 6x Sx 2m 3m  2m
a —+=-=—+== 0 == s =
5 3 15 15 9
1lx __nm
15 9

When the denominator is an algebraic expression, the procedure is the same.

Example 10

Express as a single fraction.

4 2 4 2 5 4 4 2
a —+= b —+— c =+ — d +
X X x  3x x2 Ix x—1 x+1
6 4 2 12 2 5 4 35 4x
a —+=-=— b —+—=—+— C S +—=—"F+—F
X x 3x 3x 3x x2  Ix Tx% 0 Ix?
_ 14 _4x +35
3x 7x?
(continued over page)
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‘ 15D ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

4 N 2 4x+] N 2(x — 1)
x—1 x+1_(x—1)(x+1) x+D(x-1
=4(x+1)+2(x—1)

d

(x+ D(x - 1)
_4x+4+2x-2
G+ D -1

6x +2 6x +2

=———— or
(x+Dx-1 x2 -1
Either answer is acceptable.

Example 11
2
+

Simplif
By x—1 1-x

Note that 2 - —2
1-x x-1
Hence g + 2 = - + =
x—-1 1-x x-1 x-1
2

x—1
Example 12

5 ~ 4
x=3)(x+2) (x+2(x-1

Simplify

The common denominator of the two expressions is (x — 3)(x + 2)(x — 1).

5 4 _ 5(x—D)—4(x-3)
(x-3)x+2) x+)x—-1) Gx=-3Hx+2)x-1)
. 5x—-5-4x+12
C(x=3)(x+2)(x—1)

x+7

T G-)E+)E—1)
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15D ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

Example 13

4 3

Simplif b .
Y x24+5x+6 xZ+4x+3

Note that x> +5x +6 = (x +3)(x +2) and x> +4x +3 = (x + 3)(x + 1).

The common denominator of the two fractions is (x + 1)(x + 2)(x + 3).

4 3 4 3
So + = +
X2 +5x46 xZ+4x+3 (x+3)x+2) x+3Dx+1D)
4(x+1) N 3(x +2)

X+ D+ (x+3)x+2)(x+ 1)
_ 4x+4+3x+6

C x+3)x+2)(x+1)

_ Tx +10

C x+3)x+2)(x+1)

. Exercise 15D

1 Express as a single fraction.

3x X 4x  2x 2x  5x 4x x
6x x 2x  2x 2x  x  3x 3x  2x

e —~— 7~ f —-— g =+ = nh2X_=
5 4 73 32 4 5 3

2 Express as a single fraction.

4 3 5 6 3 4

a —+— b —+— c —+ —
ro4x XX x  2x

5 3 5 3 73

d_2+_ € ——— f_Z__

X X X X X X
43 7 _4 115

g —+— h —— — I — - —

x  2x 2x  3x 3y 2x

3 Simpliy:

a * b + c +
x+1 x+2 x+4 x-1 x+3 x-2

d 3 _ 2 e 7 3 4 ¢ 3 _ 1
x+1 x+3 x+2 x-1 2x -1 x+2
2 3 4 2 S 43

g + h - i —
2a+1 a-4 b+3 2b-1 b—1 1=2b
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‘ 15D ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

4 Simplify:
1 3 4 2 X 1
a + b + c +
x—5 x-5 a+5 a-5 x—-3 x+4
d 2x N 2 e 12 ¢ 2a N 3a
x-2?% x-2 a—-5 a-5 a—4 a+4
1 2 2 2a . 2x+3 2x-4
g - h - i -
x-7* x-7 (a-D> (a-1)72 x—4 x—4
5 Simplify:
1 2 2 1

(x=D(x+3) " (x=Dx-2)

c 2 B 4 4 3
x=-3)(x-2) (x-Dx-2) x+Dx-=3 x+1

a +
x+Dx+2) (x+2)x+3)

e 3 + 4 f > + 3
x2-x-2 x*-3x+2 x2 -1 x*-2x-3
3 1 4 1
g + h -
x+Dx-2 (x+3)2-x) x2+2x-3 1-x2
3 N 4 . 1 B 3
x(x+2) (x+2)(x-1 ] x=-2)x+4) (x+dHx-3)
3 2 4 3
+ 1 +
x+Dx+3) x(x+3) x+Dx+2) x+1
1 3 2 3
m + n +
x2—=2x—-8 x2+3x+2 x2+2x x*-4
2 4 3 4
1) + P +
x3-x) x+Dkx-3) 4 —x2 x(x=2)
6 Simplify:
2 3 3 5 m m
a +— b + c _
x+1 x 2m—n 3m+n m-n m+n
X 5 x—1 x-2 3k+1 3k-1
- — e — f +
3x+1  x?2 x+1 x+2 k2 -1 k+1
5 1 1 1 . 7 5
g + — h + — i +
2p+1 p l+g 1-g¢g 2k+0 k=2
2p 4 3p kp+2+p—1 l7m+n+3m—n
p+1 p-1 p—-1 p+2 2m—n 2m+n
1 2 4 1 6 1
m + + n + +
x+2 x-2 x(-4 x+3 x2-9 3-—x
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3 2 5x — 6 2 1 9
0 - - p + —~
x+3 x—-4 xT-x-12 k+5 k-4 k*r+k-20
1 1 2x — 2 4 3 Tx
- + r — -
x+1 x-1 1 - x2 24x 2-x x*2-4
5 2 6 — 6x 20 1-7/ 2
s + — t - +
34x x-3 9-x2 1-20?% 1-50+60> 1-3¢

15 Completing the square

In this section a general technique for factorising quadratics is introduced.
What number must be added to x> + 6x to make a perfect square?
It is 9, which is the square of half of the coefficient of x. We get
x2 +6x+9=(x+3)?
This idea is the basis for an important technique called completing the square.

The key step is to add and subtract the square of half the coefficient of x. For example, to complete
the square of x2 +10x — 6, we add and subtract 25, which is the square of half of 10.

Focus on x? + 10x. The related perfect square is x> + 10x + 25.

x> +10x — 6 = x2 +10x +25-25-6 (Add and subtract 25.)
= (x% +10x + 25) - 31
= (x+5)* - 31

‘ Completing the square

¢ Add the square of half of the coefficient of x and then take it away.
e Write the first part of the quadratic as a perfect square.

For example, x> —10x — 6 = (x2 —10x + 25) = 25 -6
=(x-57-31
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15E COMPLETING THE SQUARE
AT g eeumSewEeRMSE
Example 14

Complete the square.
a x>+4x+2 b x*+7x -4 ¢ x> -12x-10

a x> +4x+2=(2+4x+4)-4+2

=(x+2)? -
b x2+7x-4=|x*+"7x +£)—£—4
4 4
7)2 49 16
= + — B e —
2 4 4
7)2 65
= + — _—
2 4

¢ x2—12x—10 = (x? — 12x + 36) — 36 — 10
= (x—6)? —

Example 15

Factorise by completing the square.

a x2-2x-8 b x2-4x-3 ¢ x2+7x+1

a x2-2x-8=0(x%2-2x+1D)-1-38
=(x—-12 -9 (9 =32 Use the ‘difference of two squares’ identity.)
= (x—1-3)x—1+3)
= (x - H(x+2)
b x> —4x-3=(x>-4x+4) -
—(x=22 -7
=(x-2? -7

=@x-2-VDx-2+7)
49 49

¢ x>+ 7x+1=x2+7x +__7+1
_ Z) _ B
2 4
_ Z)
2 2
_ Z_ﬁ nln
2
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A\
.\
. Exercise 15E

1 Copy and complete the following.

ax?+6x+..=(x+3)? bx2+12x+...=(x+6)2
5\° 7\’

c x2+5x+...=(x+5) dx2+7x+...=(x+5)

e x2—12x+...=(x—6)? f x2-100x+...=(x—...)?

g x> —...x+..=(x-5)? hx2-80x+...=(x—-..)%
2 Complete the square.

ax?+2x-5 bx?+2x+7 c x?+4x+1

dx>+6x+2 e x>2+6x—3 f x2-6x+6

g x> —-8x-5 h x? + 8x + 25 i x2+12x-11

j x2+3x-2 kx> +11x+7 1 x2-10x-3

m x2 + 4x + 10 n x? —8x + 20 0 x> —6x+9

p x> +5x+8 q x> +10x -4 r x2+5x-10
m 3 Factorise by first completing the square and then using the difference of two squares

identity.

ax>+4x+3 b x> +5x+4 cx>2+5x+6

dx>+6x+5 e x2+6x—3 f x>2-10x-3

g x> +12x -5 h x2 -12x+5 i x2+8x-5

j x2-10x-6 k x2-1lx+1 1 x2+9x -8

mx? —7x+2 nx2-"7x-2 0o x> +13x-5

Review exercise

1 Factorise:
a 9x — 63 b 24x2 +8 ¢ —36x + 42x2
d 8y —16y? e —64b —32 f 21m? + Tmn

2 Factorise:
aala+5+4(a+)5) b 2p(6p — 1) —Tq(6p — 1)
¢ 4x(3y+5)—- 3y +5) d2m+9+2n2m+9)
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REVIEW EXERCISE

3 Factorise:

aa®-121
d 7x% - 63
g 3m? — 27

4 Factorise the quadratic expressions.

axZ+5x-24
d 4a4% + 24a + 20
g 5a> —10a+5

b 9x% — 36

e x2-36

h 6x%2 —24

b x2 —15x + 36
e 3r2—6r-24

h 2p2 +16p—32

64m? —169n?
x? —16y?

i 4b% 100

x2—5x-14
5a% — 60a + 180

i —b2—3b+4

Factorise:

abx+3b+4x+12

¢ 6x—12xy—4+8y

Factorise the quadratic expression.
a4x> +25x+6

d 22 +5t-3

g 39x2 +131x — 44

Find the missing factor.
ax24+9x+20=(x+4)......
c x24+10x+25=(x+5)......
e 254> —9b% = (Sa +3b)......

Simplify:
(x +5)(x +3) x2—x-6
(x+95) x2 -8x+15
e3x2—7x+2 9x2 — 4
x2—4x+4 12x — 8
Simplify:
a*+ab ab?* + b?
a —ab @+ ad*b
m*—m-6 m?>
m* -9 m? + 2m
4x2+x—3; x2—4x-5
¥2+2x x2-3x-10

x2—3x—4;x2—4x+4
x2—4x  xr-4

ICE-EM MATHEMATICS YEAR
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b 6x2—7x+2
e 10a2—a-2

h —96x2 + 76x — 15

b x2 —5x —6x+30
d x3-3x+5x2-15

c 12x2—-17x =5
f 28x2 —85x+63
i 15x2 +4x-35

bx2-16=(x—-4)......
dm?>+3m+mn+3n=m+3)......
f 3x2-10x -8 =CBx+2)......

. x2+7x+10 (x+3)3x+1
x2+6x+8 x24+6x+9
8x2+5x -3 3x2+x-2

x? -1 3x2 +4x — 4
2 2

b a ><a S5a + 6
a’> -4 3a — a?

d3x2+x—2 x2 —2x+1

X
x2 -1 x2—-x=2

2x2+x—3;x2—4x+3; 2x2 + 3x
x2+2x x2 " x2-x-6

f

© Brown et al. 2017 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



REVIEW EXERCISE

10

11

12

13

14

Simplify:
3x  x Tx  3x
a— 4+ — p A _22
10 10 6 4
X, 3 2 a3
2 4 3 x+1 x+3
5 4 5 1
e + f AL
x+2 x-1 x—2 1-3x
2 3 2 4
g + +
x+4 x-—-4 (x=3? x-3
. 3x 1
1 +
(x=5?% x-5
Simplify:
1 2 3 6
a + 45
x=2x+1) &-=2)(x-3) x+3)(x+1) x+3
2 5 d 3 6
24+x-2 x2-3x+2 x2 -4 x2-2x-8
2 3 6 2
€ + +
x+7Dx-3) (x+4H)3B-x) x(x+3) (x+3)(x-4)
Simplify:
b a 3x+5 3x-1
a = b +
a—-b a+b x2-9 x+3
3 3 2 5
c s d dk
4dp+q p-—2q x+5 x-5 x*-25
2 3 4x —1 a b a’ + b?
€ + - f + -
x+4 x-5 x2-x-20 a—-b a+b a*-b?
- 1 B 1 B 1
a’—-6a+8 a*-5a+6 a*-Ta+12
Complete the square.

ax?+4x—4 b x> —6x+7 cx2-8x-6
Factorise:

a 15x2 +5x-10
¢ 12x2 —=7x -10

e 3x2 —26x+55

b 12x% + 23x + 10
d 9x? - 36x + 35
f 3x2+16x —35

d x2+3x-1

ICE-EM Mathematics 9 3ed

ISBN 978-1-108-40432-7

CHAPTER 15
© Brown et al. 2017

FURTHER FACTORISATION
Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




Challenge exercise

1 Simplify:
a ! A ! b £+ 4
c—d d-c P—¢qg qg-7p
o 1 1 1 dbtc b-c 4bc
(S TS S b—c bic 2_p
a+— b+~ —a+=b - ¢ te o=
b a 2 2
o b+c c+a a+b
(b-a)c—a) (c—-b)a—-b) (a—-c)b-c)
2 Use the method of completing the square to show that:
a x2+4x+152>11 b x2+2x+15>14

3 a Show that the area, A cm?, of a rectangle of perimeter 20 cm is given by the formula
A = w(10 — w), where w cm is the width.

b Complete the square for the quadratic expression 10w — w? and hence show A < 25.
¢ What value of w makes the area equal to 25 m??

d Complete: Of all the rectangles with perimeter 20 m, the one with the largest area is ...

4 By considering (\/_ -

greater than or equal to 2’.

1x ), prove that ‘the sum of a positive number and its reciprocal is

S For positive numbers a and b:

a Show that a;—b > \Jab. b s e and <Jab equal?
cDeducethatg+é22. d Show that 2 S\/%Sa-i_b.
b a l+l 2
a b

Each of these numbers has a name. If a and b are positive then:

o ath is called the arithmetic mean of a and b.

2
o 12_1 is called the harmonic mean of a and b.

_+_
a b

e \ab is called the geometric mean of a and ».
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CHALLENGE EXERCISE

6 Prove that a positive number plus one-quarter of its reciprocal is always greater than 1.
7 If (a — b)*> + 10ab = 120, find the maximum possible value of ab.
8 If a and b are positive numbers, prove that a® + b3 2 ab + ab?.

9 a Find all integer solutions of the equation xy + 2x + 3y = 8 by first writing it in the
form (x + a)(y + b) = c.

b Find all integer solutions of xy — 5x + 2y = 21.

10 By factorising the left-hand side of the equation, find all integer solutions of the
equation 2x2 + xy — 15y% = 51.

11 Given that x? + y*> = 28 and xy = 14, find the value of x? — y2.

12 Prove that for any numbers a, b, c, d:
a 2abcd < a*b? + c*d?

b 6abcd < a?b? + a*c? + a*d? + b%*c? + b%d? + c2d?
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