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1 General Probability Theory

1.1 σ-algebra

Definition 1.1.1.

• The set of all possible outcomes of an experiment is called the state space, denoted by Ω.
• The family of all possible subsets of Ω, i.e. the power set is denoted by 2Ω.

Definition 1.1.2 (σ-algebra). A family of subsets A ⊂ 2Ω is called a σ-algebra if it satisfies

(i) Ω ∈ A, or ∅ ∈ A.

(ii) Closure under complement : If A ∈ A then Ac ∈ A.

(iii) Closure under countable unions and intersections: If a sequence of sets (Ai)i≥1 belongs to A, then
⋃∞

i=1Ai

(or
⋂∞

i=1Ai, by De Morgan’s law1) also belongs to A.

The smallest possible σ-algebra is the trivial σ-algebra: {∅,Ω}. The largest possible σ-algebra is 2Ω. Between the
two, we have e.g. for a 6-faced dice, A = {{1} , {2, 3, 4, 5, 6} ,∅,Ω}.

Definition 1.1.3 (σ-algebra generated by families of sets).

• Let C be an arbitrary family of subsets of Ω. We denote by σ(C) the smallest σ-algebra which contains every
set in C (i.e. C ⊆ σ(C)) and call this the σ-algebra generated by C.

• (Borel σ-algebra) An important example is the Borel σ-algebra over any topological space Ω, denoted by B(Ω),
which is the σ-algebra generated by the open sets of Ω (or, equivalently, by the closed sets2). In other words,
B(Ω) := σ(O(Ω)), where O(·) denotes the collection of all open sets.

– Recall that an open set of R is a subset E ⊆ R such that for every x ∈ E there exists ϵ > 0 such that
Bϵ(x) = {y ∈ R : |x− y| < ϵ} is contained in E.

– A set F ⊆ R is said to be closed if F c is open.

– R and ∅ are simultaneously both open and closed sets.

• (σ-algebra generated by a random variable) Given X : (Ω,A) → (Ψ,G), the σ-algebra generated by X, denoted
σ(X) is the smallest σ-algebra on Ω such that X is a random variable, that is, X is measurable with respect
to σ(X) and G. Equivalently, σ(X) = X−1(G) =

{
X−1(S) | S ∈ G

}
(by Definition 1.3.1 and Theorem 1.3.2).

Theorem 1.1.1. The Borel σ-algebra B(R) is generated by intervals of the form (−∞, a] where a ∈ Q is a rational
number.

Proof. Let O denote the collection of all open intervals. Since every open set in R is an at most countable union
of (disjoint) open intervals, we have σ(O) = B(R).

Let D be the collection of all intervals of the form (−∞, a], a ∈ Q. For any a < b, a, b ∈ Q,

(a, b) =

∞⋃
n=1

(a, b− 1

n
] =

∞⋃
n=1

(−∞, b− 1

n
] ∩ (−∞, a]c,

which implies that (a, b) ∈ σ(D), i.e. O ⊆ σ(D) =⇒ σ(O) ⊆ σ(D). However, every element of D is a closed set
(complement of an open set) so D ⊆ B(R) =⇒ σ(D) ⊆ B(R) = σ(O), completing the proof. ■

1⋂∞
i=1 Ai =

(⋃∞
i=1 A

c
i

)c
.

2To show this, we just need to show that σ(C) ⊆ B(Ω) and B(Ω) ⊆ σ(C). All closed sets are complements of open sets. Since B(Ω)
being a σ-algebra is closed under complement, it contains all the closed sets, i.e. C ⊆ B(Ω) =⇒ σ(C) ⊆ B(Ω). A similar argument can
be used to show that O ⊆ σ(C) =⇒ B(Ω) = σ(O) ⊆ σ(C).
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1.2 Probability Space

Definition 1.2.1 (measurability).

• Given a state space Ω and an σ-algebra A ⊆ 2Ω, the duple (Ω,A) called a measurable space.
• A subset A ∈ Ω is said to be A-measurable if A ∈ A. We call A an event.

Definition 1.2.2 (probability measure). Let Ω be a nonempty set, and let A be a σ-algebra of subsets of Ω. A
probability measure P is a function that, to every set A ∈ A, assigns a number in [0, 1]. We require:

(i) P(Ω) = 1.

(ii) (countable additivity) whenever A1, A2, · · · is a countable sequence of disjoint sets in A, then

P

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P (Ai) .

The triple (Ω,A,P) is called a probability space.

Theorem 1.2.1 (probability measure P is continuous along monotone sequences of events). If P : A → [0, 1] is a
probability measure, then

• If (Ai)i≥1 ∈ A is increasing, i.e. A1 ⊆ A2 ⊆ A3 ⊆ · · · with limi→∞Ai =
⋃∞

i=1Ai = A, denoted Ai ↑ A, then

lim
i→∞

P(Ai) = P
(
lim
i→∞

Ai

)
= P(A).

• If (Ai)i≥1 ∈ A is decreasing, i.e. A1 ⊇ A2 ⊇ A3 ⊇ · · · with limi→∞Ai =
⋂∞

i=1Ai = A, denoted Ai ↓ A, then

lim
i→∞

P(Ai) = P
(
lim
i→∞

Ai

)
= P(A).

Proof omitted (course notes pp.8-9).

1.3 Random Variables

Let (Ω,A) and (Ψ,G) be two measurable spaces (Definition 1.2.1).

Definition 1.3.1 (measurability of a function). A function X : Ω → Ψ is said to be measurable with respect to
A and G if the pre-image X−1(G) = {ω : X(ω) ∈ G} ∈ A for all G ∈ G, or equivalently, X−1(G) ⊆ A.

Definition 1.3.2 (random variable). A random variable is a real-valued function X : Ω → R that is measurable
with respect to A and B(R). That is, the pre-image X−1(B) = {ω : X(ω) ∈ B} ∈ A for all Borel sets B ∈ B(R).
We sometimes simply say X is A-measurable.

Definition 1.3.3 (almost sure equality of two r.v.s). Two random variables X and Y are said to be equal almost
surely, written X

a.s.
= Y if the set {ω : X(ω) ̸= Y (ω)} is of probability zero.

The theorem below says, to check if a function is measurable w.r.t. a σ-algebra, it suffices to check the pre-image
of the generating family of the σ-algebra.

Theorem 1.3.1 (measurability of a function). Let C be a class of subsets of Ψ such that σ(C) = G. In order for
a function X : Ω → Ψ to be measurable with respect to A and G, it is necessary and sufficient that X−1(C) ⊆ A.

Proof. By Definition 1.3.1, we just need to show that X−1(C) ⊆ A iff X−1(σ(C)) ⊆ A.
The backward direction is straightforward since C ⊆ σ(C). To show the forward direction, suppose X−1(C) ⊆ A.
Define

K =
{
B ∈ σ(C) | X−1(B) ∈ A

}
.

It is easy to verify that K is a σ-algebra (by using results on pre-image of complement, union, and intersection).
By assumption, C ⊆ K and therefore σ(C) ⊆ K. The definition of K then implies X−1(σ(C)) ⊆ A. ■
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Corollary 1.3.1. (from Theorem 1.3.1 and Theorem 1.1.1) A function X : Ω → R is a random variable if and
only if {ω : X(ω) ≤ a} = X−1((−∞, a]) ∈ A for all a ∈ Q.

Example to Corollary 1.3.1. Consider the probability space ([0, 1],B[0, 1],P) where P is the Lebesgue measure, i.e.
P[a, b] = b− a, 0 ≤ a ≤ b ≤ 1. Consider the identity function, i.e. X(ω) = ω. To show X is a r.v., just note that

X−1((−∞, a]) = {ω : X(ω) ≤ a} = [0, a] ∈ B[0, 1],

for all a ∈ Q, a ≤ 1.

Corollary 1.3.2. (from Theorem 1.3.1) Two random variables X and Y are independent iff P(X ≤ a, Y ≤ b) =
P(X ≤ a)P(Y ≤ b) for all a, b ∈ Q.

Theorem 1.3.2 (pre-image of σ-algebra on domain is also σ-algebra). Let X : Ω → Ψ be a mapping. Let G be a
σ-algebra on Ψ. Then X−1(G) is a σ-algebra on Ω.

Proof. We verify the axioms for a σ-algebra:

(i) X−1(Ψ) = Ω =⇒ Ω ∈ X−1(G) as Ψ ∈ G.

(ii) Let S ∈ X−1(G). Then S = X−1(G) for some G ∈ G. We know that the pre-image of set difference equals
the set difference of the respective pre-images, so

Ω\S = X−1(Ψ)\X−1(G) = X−1(Ψ\G)︸ ︷︷ ︸
∈G

=⇒ Ω\S ∈ X−1(G).

(iii) Let (Si)i≥1 ∈ X−1(G). Then Si = X−1(Gi) for some Gi ∈ G for all i. It follows that

∞⋃
i=1

Si =
∞⋃
i=1

X−1(Gi) = X−1

( ∞⋃
i=1

Gi

)
∈ X−1(G),

where we used the fact that the union of pre-images is the same as the pre-image of the union. ■

1.4 Expectation

Definition 1.4.1 (characteristic function, mgf).

• The characteristic function of a r.v. X is given by ΦX(t) = E[eitX ].
• The moment generating function of a r.v. X is given by MX(t) = E[etX ].

Definition 1.4.2 (expectation). Let X be a r.v. on a probability space (Ω,A,P). The expectation of X is

E(X) =

∫
Ω
X(ω)dP(ω).

When X is a simple random variable, i.e. it takes on only finitely many values, it can be written as

X =

n∑
i=1

xi1Ai ⇐⇒ X(ω) =
n∑

i=1

xi1Ai(ω), ω ∈ Ω

where xi ∈ R and Ai = {ω : X(ω) = xi} ∈ A. Its expectation is given by

E(X) =

n∑
i=1

xiP(Ai) =

n∑
i=1

xiP{X = xi}.

Definition 1.4.3 (L1). We say X is integrable if E(X) <∞. The space of integrable r.v.s is denoted by L1(Ω,P).
Theorem 1.4.1. The random variable X is integrable if and only if E(|X|) <∞.

Proof. We can write X = X+ −X− where X+ = max(X, 0) and X− = max(−X, 0). Then |X| = X+ +X−. ■

Theorem 1.4.2 (Jensen’s inequality). Let g : R → R be a convex function and X a r.v with E|X| <∞. Then

g(E[X]) ≤ E[g(X)].
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1.5 Conditional Expectation

1.5.1 Conditional Expectation w.r.t. a Partition

Given a simple random variable X taking values x1, · · · , xn,

D(X) =
{
DX

1 , · · · , DX
n

}
where DX

i = {X = xi} is the partition of Ω associated with X.

Definition 1.5.1 (conditional expectation w.r.t. a partition). For any partition D = {D1, · · · , Dn} of Ω, the
conditional expectation of a simple random variable X is given by

E(X|D) =

n∑
i=1

E (X|Di)1Di =

n∑
i=1

m∑
j=1

xjP
(
DX

j |Di

)
1Di︸ ︷︷ ︸

a simple σ(D)-measurable r.v.

,

where E (X|Di) = E(X1Di)P (Di)
−1 is the usual conditional expectation, and D(X) partitions Ω w.r.t. X.

If we have two simple random variables X and Y , then

E(X|Y ) := E [X|D(Y )] = g(Y )

for some measurable function g, which, clearly, is σ(Y )-measurable.

Result (from exercise).

• Given a partition D of Ω, P(A|D) = P(A|σ(D)) for all A ∈ A. More generally, E(X|D) = E(X|σ(D)).
• For a simple random variable X, σ(X) = σ(D(X)).

Proof. For (1), E(X|D) is clearly σ(D)-measurable. Now from the uniqueness of conditional expectation (Defini-
tion 1.5.2), it suffices to check that for all A ∈ σ(D),

E[E(X|D)1A] = E[1AX].

We can see that this indeed holds as

E[1AX] = E [E[1AX]|D] (tower property)

= E [1AE[X|D]] (taking out what is known).

For (2), X is σ(D(X))-measurable, so σ(X) ⊆ σ(D(X)). On the other hand, D(X) ⊆ σ(X) =⇒ σ(D(X)) ⊆ σ(X),
hence the equality. ■

1.5.2 General Conditional Expectation

Definition 1.5.2 (conditional expectation w.r.t. a σ-algebra). Let X be a integrable random variable on (Ω,A,P).
Given a arbitrary sub-σ-algebra G ⊆ A, the conditional expectation of X with respect to G, denoted by E[X|G], is
the unique integrable random variable satisfying the following conditions:

(i) (measurability) E[X|G] is G-measurable, i.e. E[X|G]−1(B(R)) ⊆ G or E[X|G]−1(B) ∈ G for all A ∈ B(R).
(ii) (partial averaging) For any A ∈ G, we have

E [1AX] = E [1AE[X|G]]

or in integral from
∫
A E[X|G](ω)dP(ω) =

∫
AX(ω)dP(ω).
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For the definition to make sense, we need to prove the existence and uniqueness of conditional expectation.

Theorem 1.5.1 (existence and uniqueness of conditional expectation). Let G be a sub-σ-algebra of A. Then

1. (existence) there exists a conditional expectation E[X|G] for any X ∈ L1(Ω,P).
2. (uniqueness) any two conditional expectations of X ∈ L1(Ω,P) respective to G are equal P-a.s.

Proof. Existence. Suppose X ∈ L1(Ω,P) then X± ∈ L1(Ω,P). Without loss of generality, we may assume that
X ≥ 0. Define a new probability measure Q on (Ω,A) by setting for any A ∈ A,

Q(A) :=
E [1AX)

E[X]

The probability Q is absolutely continuous with respect to P on A (i.e. for A ∈ A,P(A) = 0 =⇒ Q(A) = 0). This
implies that Q ≪ P on G ⊆ A (Remark following Definition 7.1.1). Therefore from the Radon-Nikodym Theorem,
there exists a positive G-measurable Radon-Nikodym derivative η = dQ/dP ∈ L1(Ω,P) such that

E [1AX) =: E[X]Q(A)

= E[X]E [η1A)

= E [E[X]E[η1A]|G]
= E[ηE[X]1A]

then ηE[X] is a version of the conditional expectation E[X|G].

Uniqueness. Suppose Y and Y ′ are both G-conditional expectation of X. Let G = {ω : Y (ω) > Y ′(ω)} and we
assume that P(G) > 0. To this end, we note that

G :=
{
Y − Y ′ > 0

}
=

∞⋃
n=1

{
Y − Y ′ >

1

n

}

Gn :=

{
Y − Y ′ >

1

n

}
=

n⋃
j=1

{
Y − Y ′ >

1

j

}
By Theorem 1.2.1, Gn ↑ G =⇒ P (Gn) ↑ P(G), so there exists m > 0 such that P (Gm) > 0.
Since Y and Y ′ are both G-conditional expectations, we have by (ii) of Definition 1.5.2 that for every A ∈ G, in
particular G, we have E[1GY ] = E[1GY ′] =⇒ E [1G (Y − Y ′)) = 0. But

E
[
1G(Y − Y ′)

)
≥ E

[
1Gm(Y − Y ′)

)
(1G ≥ 1Gm)

≥ 1

m
P [Gm) > 0 (1Gm = 1{Y−Y ′>1/m})

This is a contradiction and hence P(G) = 0. ■

1.5.3 Properties of Conditional Expectation

Result (from exercise).

• Consider a constant r.v. X = c, i.e. X(ω) = c for all ω ∈ Ω. Then σ(X) is the trivial σ-algebra A0 = {∅,Ω}.
• E[·|A0] = E[·].

Proof. For (1), the trivial σ-algebra is obviously the smallest. Further, X is measurable w.r.t. A0 as

X−1(B) =

{
∅ if c /∈ B

Ω if c ∈ B
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for all B ∈ B(R). As X−1(B(R)) ⊆ A0, by definition σ(X) = A0.
For (2), let X be any random variable on (Ω,A,P). The earlier result implies that E[X] is A0-measurable. Next,
we check that {

E(1∅X) = E(1∅E(X)) = 0

E(1ΩX) = E(1ΩE(X)) = E(X)

That is, E[1AX] = E[1AE[X]] for all A ∈ A0. The required equality follows immediately from the uniqueness of
conditional expectation. ■

Theorem 1.5.2 (conditional expectation). Let X,Y be two integrable random variables on (Ω,A,P), and G,H be
two sub σ-algebras of A. Then

1. (taking out what is known) If X is G-measurable (or equivalently σ(X) ⊆ G), then E[X|G] = X.

2. (linearity) For a, b ∈ R, E[aX + bY |G] = aE[X|G] + bE[Y |G].
3. (tower property) If H ⊆ G then

E[E[X|G]|H] = E[X|H]

in particular, by taking H = {∅,Ω} to be the trivial σ-algebra, we have

E[E[X|G]] = E(X).

4. If X is independent of G in the sense that for all A ∈ σ(X) and B ∈ G we have P(A∩B) = P(A)P(B), then

E[X|G] = E[X].

5. If X is G-measurable and Y is independent of G then for any Borel function h : R2 → R we have

E[h(X,Y )|G] = H(X),

where H : R → R is given by the formula H(x) = E[h(x, Y )]. Consider, e.g. X represents the present, Y the
future and G the information generated by past events.

6. (conditional Jensen’s inequality) Let g : R → R be a convex function and for any σ-algebra G ⊆ A,

g(E[X|G]) ≤ E[g(X)|G].

Proof. (for 5)

E[h(X,Y )|G] = E[h(x, Y )|G]
∣∣
x=X

(taking out what is known)

= E[h(x, Y )]
∣∣
x=X

(Y is independent of G)
=: H(x)

∣∣
x=X

■

Lemma 1.5.1 (Doob’s measurability theorem). Let X : Ω → Ψ be a mapping and (Ψ,G) a measurable space.
A function Y : Ω → R is σ(X)-measurable if and only if there exists a G-measurable function h : Ψ → R s.t.
Y = h(X).

Remark. Doob’s measurability theorem tells us for a integrable random variable Y , E[Y |σ(X)] which by definition
is σ(X)-measurable, must be a function of X.
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1.5.4 Geometric Interpretation of Conditional Expectation

Theorem 1.5.3. Let X be a square integrable random variable, i.e. E
[
X2
)
<∞. Then E[X|G] is the orthogonal

projection of X on L2(Ω,P). This means that for every square integrable G-measurable Z,

E
[
(X − Z)2

)
⩾ E

[
(X − E[X|G])2

)
with equality if and only if Z = E[X|G].

Remark. One can show that X − E(X|G) is orthogonal to E(X|G). That is,

E [(X − E(X|G)) · E(X|G)] = 0.

Proof. (Sketch) We consider

E
[
(X − Z)2

]
= E

[
(X − E(X|G) + E(X|G)− Z)2

]
= E

[
(X − E(X|G))2

]
+ E

[
(E(X|G)− Z)2

]
+ 2E [(X − E(X|G))(E(X|G)− Z)]︸ ︷︷ ︸

(∗)

But

(∗) = E [E [(X − E(X|G))(E(X|G)− Z)|G]] (tower property)

= E

(E(X|G)− Z)E [(X − E(X|G))|G]︸ ︷︷ ︸
=E(X|G)−E(X|G)=0

 = 0 (taking out what is known)

and therefore E
[
(X − Z)2

)
⩾ E

[
(X − E[X|G])2

)
. ■

1.6 Visual Representation of Expectation

E(X) =

∫
Ω
X(ω)dP(ω)

The lower Riemann sum is pictured below, with Ak = {ω ∈ Ω : yk ≤ X(ω) < yk+1}.

1 . 3  Expectations 15  

This lower sum converges as I III I I , the maximal distance between the Yk par­
tition points, approaches zero, and we define this limit to be the Lebesgue 
integral In X(w) dlP(w) ,  or simply In X diP. The Lebesgue integral might be oo, because we have not made any assumptions about how large the values of X can be. 

We assumed a moment ago that 0 � X(w) < oo for every w E  il. If the 
set of w that violates this condition has zero probability, there is no effect on 
the integral we just defined. lf !P'{w; X(w) ;:::: 0} = 1 but IP'{w; X(w) = oo} > 0, 
then we define In X(w)dlP(w) = oo. 

y 

Ys - - - - - - - - - - - -

Y3 

Y2 

Yt 

Yo = 0 

Fig. 1 .3 .2 .  Lower Lebesgue sum. 

Finally, we need to consider random variables X that can take both pos­
itive and negative values. For such a random variable, we define the positive and negative parts of X by 

x+ (w) = max{X(w) , O} ,  x- (w) = max{-X(w) , O} . ( 1 .3 . 1 )  

Both x+ and x- are nonnegative random variables, X = x+ - x- , and 
lX I  = x+ + x- . Both In x+ (w) dlP(w) and In x- (w) dlP(w) are defined by 
the procedure described above, and provided they are not both oo, we can 
define 

l X(w) dlP(w) = l x+ (w) dlP(w) - l  x- (w) dlP(w) .  ( 1 .3.2) �f In X+ (w) dlP(w) and In X- (w) dlP(w) are both finite, we say that X is 
tntegrable, and In X(w) dlP(w) is also finite. If In x+ (w) dlP(w) = 00 and 
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2 Stochastic Processes: Preliminaries

2.1 Stochastic Processes

Definition 2.1.1 (stochastic process). For a given probability space (Ω,A,P), a (real-valued) stochastic process
(Xt)t∈I is a collection of A-measurable random variables Xt where t ∈ I (known as the index set). It can also be
written as (Xt,ω)t∈I,ω∈Ω to reflect that it is actually a function of two variables mapping from I × Ω → R.

Definition 2.1.2 (filtration, F-adapted process, natural filtration).

• A filtration F = (Ft)t∈[0,T ] is an increasing family of σ-algebras, that is, Fu ⊆ Ft for any 0 ≤ u ≤ t ≤ T .

• A stochastic process X = (Xt)t∈[0,T ] defined on (Ω,F,P) is F-adapted if for any t ∈ [0, T ], the random variable
Xt is Ft-measurable, i.e. for any x ∈ Q, the event {Xt ≤ x} ∈ Ft (Corollary 1.3.1).

• The natural filtration of X (or the filtration generated by X) is defined as FX = (FX
t )t∈[0,T ] where FX

t =
σ (Xu, u ≤ t) . Any stochastic process X is, by definition, adapted to its natural filtration.

Remark. We assume that A = FT and hereafter we shall write (Ω,F,P) instead of (Ω,A,F,P).

Definition 2.1.3 (“equality” of stochastic processes). Two processes X and Y defined on a common probability
space are said to be

• (stronger) indistinguishable if the event {Xt = Yt, ∀t ∈ [0, T ]} has probability 1, i.e. P (
⋂

t {Xt = Yt}) = 1.
• (weaker) modifications of each other if for all t ≥ 0,P (Xt = Yt) = 1.

Remark.

1. X and Y are indistinguishable =⇒ X and Y are modifications of each other, but not the reverse.
2. In discrete time these two concepts coincide.

Proof. We only need to show the converse. Since X and Y are modifications of each other, P(Xt = Yt) = 1 for
all t in some countable set I. Since countable unions of null sets are again null sets3, countable intersections
of sets with full measure, have again full measure. Hence, P

(⋂
t∈I {Xt = Yt}

)
= 1. ■

3. If X and Y two càdlàg processes are modification of each other, then X and Y are indistinguishable.

Examples 2.1.1 Counterexample of the converse We give an example where X and Y are modifications of
each other, but not distinguishable. Consider the space ([0, 1],B([0, 1]),P), where P is the Lebesgue measure, i.e
P([a, b]) = b− a. Let (Yt)t∈[0,1] denote a constant process given by Yt = 0 and (Xt)t∈[0,1] given by

Xt(ω) =

{
1 t = ω

0 t ̸= ω

For a fixed ω, the trajectories Xt(ω) and Yt(ω) differs only at the point t = ω. To see that X and Y are
modifications of each other, for every t ∈ [0, 1], we have

{ω : Xt(ω) = Yt(ω)} = {ω : ω ̸= t} = Ω\{ω : ω = t}

This shows that P (Xt = Yt) = 1 − P({t}) = 1. Here the process X is not a right continuous process (càdlàg),
therefore one cannot conclude that X and Y are indistinguishable. In fact, we see that

{ω : Xt(ω) = Yt(ω), ∀t ∈ [0, 1]} =
⋂

t∈[0,1]

{ω : Xt(ω) = Yt(ω)} = ∅

since the complement is given by⋃
t∈[0,1]

{ω : Xt(ω) ̸= Yt(ω)} =
⋃

t∈[0,1]

{ω : ω = t} = Ω

which means (Xt)t∈[0,1] and (Yt)t∈[0,1] cannot be indistinguishable.

3Follows from countable additivity of probability measure (Definition 1.2.2).
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2.2 Martingales

Definition 2.2.1 (martingales, submartingales, supermartingales).
Consider a real-valued, F-adapted process M = (Mt)t∈[0,T ], defined on a filtered probability space (Ω,F,P). If

(i) M is integrable, that is, E |Mt| <∞ for t ∈ [0, T ], and

(ii) (martingale property) for any 0 ≤ s ≤ t ≤ T ,

• E (Mt|Fs) =Ms, thenM is an F-martingale. The expectation is a constant: E (Mt) = E (M0) , ∀t ∈ [0, T ].
• E (Mt|Fs) ≥Ms, then M is an F-submartingale. The expectation is increasing: E (Mt) ≥ E (M0) for any
t ∈ [0, T ].

• E (Mt|Fs) ≤ Ms, then M is an F-supermartingale. The expectation is decreasing: E (Mt) ≤ E (M0) for
any t ∈ [0, T ].

Remark. (equivalent conditions for discrete time martingales) For a discrete time process, it suffices to show

• E(Mn+1|Fn) =Mn for all n = 0, 1, · · · , N − 1, or
• E(MN |Fn) =Mn for all n = 0, 1, · · · , N .

Other ways to prove a martingale in continuous case include:

• Lemma 2.2.1: A sub- or supermartingale with constant expectation.
• E (MT |Ft) =Mt for all t ∈ [0, T ].
• Corollary 3.3.2: M2 − ⟨M⟩ is an F-martingale if M is a continuous, square integrable F-martingale.
• Theorem 4.1.1: I(γ) for γ ∈ L2

P(W ) is an F-martingale.
• Theorem 4.2.1: I(γ) for γ ∈ LP(W ) is an F-local martingale.
• Itô’s lemma (Theorem 4.3.1) proves a continuous semimartingale when g is sufficiently smooth.

Lemma 2.2.1. Assume thatM is either an F-submartingale or an F-supermartingale. ThenM is an F-martingale
if and only if the expected value of M is constant, i.e. E [M0] = E [Mt] for all t ∈ [0, T ].

Proof. The only if part is straightforward. We prove only the converse.
Suppose M is a submartingale with constant expectation. Let 0 ≤ u ≤ t ≤ T . Then E [Mt|Fu]−Mu ≥ 0 and

E [E [Mt|Fu]−Mu] = E[Mt]− E[Mu] = 0

by assumption. A non-negative random variable X with E(X) = 0 almost surely, as the Markov inequality implies

P(X ≥ 2−n) ≤ 2nE(X) = 0.

This implies that E [Mt|Fu] =Mu almost surely, i.e. M is an F-martingale. ■

Lemma 2.2.2 (convex transform of a martingale). Let M be an F-martingale and let h : R → R be a convex
function. If the process X = h(M) is integrable, then it is an F-submartingale.

Examples 2.2.1 Conditional Jensen’s inequality (Theorem 1.5.2) Conditional Jensen’s inequality can come
handy when dealing with martingales. For example, if S is a martingale, then the process (S − K)+ is a
submartingale, as f : x 7→ (x−K)+ is convex:

E[f(St)|Fs] ≥ f(E[St|Fs]) = f(Ss), for 0 ≤ s ≤ t ≤ T.

Similarly we can show that (S2) is also a submartingale.

Lemma 2.2.3 (conditional expectation process is a martingale). Let X be an FT -measurable and integrable random
variable. Then the process defined by Mt = E(X|Ft) for t ∈ [0, T ] is an F-martingale.

Proof. This is an immediate result of the tower property. ■
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2.3 Local Martingales

Definition 2.3.1 (local martingales). A process M is an F-local martingale if there exists an increasing sequence
(τn)n∈N of stopping times such that τn → T a.s. (T can be ∞), and for every n the stopped process M τn is a
uniformly integrable martingale. Any sequence (τn)n∈N with these properties is called the reducing sequence for a
local martingale M .

2.4 Doob Decomposition Theorem

2.4.1 Discrete Time: Doob Decomposition

Theorem 2.4.1 (Doob decomposition theorem). A discrete time submartingale X = (Xn)n=0,1,··· ,N can be de-
composed into

Xn =Mn +An

where M is a martingale and A is a predictable, increasing process with A0 = 0. Similarly, a supermartingale can
be decomposed into a martingale and a decreasing process. This decomposition is almost surely unique.

Proof. Existence. We prove the existence of Doob decomposition by construction. Define the processes A and
M by setting, for every n ∈ I = {0, 1, · · · , N},

An =

{
n∑

k=1

E [Xk|Fk−1]−Xk−1

}
and Mn = X0 +

{
n∑

k=1

Xk − E [Xk|Fk−1]

}
.

It is easy to check that Xn =Mn +An for all n ∈ I, by writing Xn −X0 as a telescoping sum.
It is clear that A is increasing since E [Xk|Fk−1]−Xk−1 ≥ 0. To check that M is a martingale, we note that

E [Mn|Fn−1] = E [Mn−1 +Xn − E[Xn|Fn−1]|Fn−1]

=Mn−1 + E[Xn|Fn−1]− E[Xn|Fn−1]

=Mn−1

for all n = 1, · · · , N .
Uniqueness. Let X = M ′ + A′ be an additional decomposition. Then the process Y := M −M ′ = A′ − A is a
martingale, implying that

E [Yn|Fn−1] = Yn−1,

and also predictable (as A is predictable), implying that

E [Yn|Fn−1] = Yn,

for any n = 1, · · · , N . Since Y0 = A′
0 − A0 = 0 by the convention about the starting point of the predictable

processes, this implies iteratively that Yn = 0 almost surely for all n = 0, 1, · · · , N . ■

2.4.2 Continuous Time: Doob-Meyer Decomposition

Theorem 2.4.2 (Doob-Meyer decomposition theorem). Let X be a non-negative continuous submartingale4. Then
there exists a continuous increasing process A with A0 = 0 such that the process M = X − A is a continuous
martingale. The processes M and A in the Doob-Meyer decomposition

X =M +A

are unique up to indistinguishability of stochastic processes (Definition 2.1.3).

4A more general version of the theorem applies to any càdlàg supermartingale of class D.
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2.5 Stopping Times

Definition 2.5.1 (stopping time). An F-stopping time τ is a random variable taking values in [0,∞] such that

{τ ≤ t} ∈ Ft for all t ≥ 0.

Lemma 2.5.1 (stopped processes in discrete time, p.26 ).

• Let X = (Xn)n=0,··· ,N be an F-adapted process and τ be an F-stopping time. Then the stopped process

Xτ := (Xn∧τ ) = Xn1{n<τ} +Xτ1{n≥τ}

is also F-adapted.
• Let M = (Mn)n=0,··· ,N be an F-martingale process and τ be an F-stopping time. Then the stopped process

M τ := (Mn∧τ ) =Mn1{n<τ} +Mτ1{n≥τ}

is also an F-martingale.

Definition 2.5.2. Given a stopping time τ , the σ-algebra Fτ defined by

Fτ = {A ∈ FT : ∀t ∈ [0, T ], A ∩ {τ ≤ t} ∈ Ft}

is called the σ-algebra of events prior to τ .

Theorem 2.5.1 (Doob’s optional sampling theorem). Let σ ≤ τ be two stopping times taking values in {0, 1, . . . N}.
For any martingale, submartingale or supermartingale X, we have

(i) The random variables Xσ and Xτ are integrable.

(ii) E [Xτ |Fσ] = Xσ (if X is a martingale), E [Xτ |Fσ] ≥ Xσ (submartingale) and E [Xτ |Fσ] ≤ Xσ (supermartin-
gale) holds respectively.

Lemma 2.5.2 (a discrete time result). Let M = (Mn)n=0,1,··· ,N be an F-adapted and integrable stochastic process.
Then M is an F-martingale if and only if E (Mτ ) = E (M0) for any stopping time τ with values in {0, 1, · · · , N}.

Proof. ( =⇒ ) This is a direct result of Lemma 2.2.1.
(⇐=) By tower property, it suffices to check that Mn = E (MN |Fn) for every n ∈ {0, 1, · · · , N}. By assumption,
we have E (Mτ ) = E (MN ) for any stopping time τ with values in {0, 1, · · · , N} (this is true since τ = N is also a
stopping time). Let us fix t and consider an event A ∈ Ft. Define τA as

τA =

{
n, if ω ∈ A,

N, if ω /∈ A,

then τA is an F-stopping time with values in {0, 1, · · · , N} and so E (MτA) = E (MN ). This yields E (1AMn) =
E (1AMN ). Since this equality holds for any event A ∈ Ft, by definition we have Mn = E (MN |Fn), which in turn
implies that M is an F-martingale. ■
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3 Brownian Motion

3.1 Brownian Motion

Definition 3.1.1 (standard Brownian motion). A real-valued process W = (Wt)t∈[0,T ], with W0 = 0, defined on
a filtered probability space (Ω,F,P), is called a standard F-Brownian motion if:

1. W is F-adapted.
2. for any 0 ≤ u ≤ t ≤ T , Wt −Wu is independent of Fu.

3. for any 0 ≤ u ≤ t ≤ T ,
Wt −Wu ∼ N (0, t− u).

4. W is sample-paths continuous, i.e. almost all sample paths of W are continuous.

Definition 3.1.2 (Gaussian process). A stochastic process (Xt)t≥0 is said to be a Gaussian process, if for arbitrary
times 0 < t1 < t2 < · · · < tn, the vector (Xt1 , · · · , Xtn) follows a multivariate Gaussian distribution.

3.2 Properties of Brownian Motion

Theorem 3.2.1 (properties of Brownian motion). Let W be an F-Brownian motion. Then

1. (martingale property) W is a continuous F-martingale.

2. (Markov property) For any bounded Borel measurable function g : R → R and 0 ≤ u ≤ t ≤ T ,

E [g(Wt)|Fu] = E [g(Wt)|σ(Wu)] = h(Wu)︸ ︷︷ ︸
Doob’s measurability theorem

.

3. W is a Gaussian process.

4. Cov(Ws,Wt) = E [WsWt] = min(s, t) for all s, t ≥ 0 and in particular E[W 2
t ] = t.

Proof. For (1), note that W is an integrable, F-adapted process with E(Wt|Fu) = E(Wt −Wu +Wu|Fu) =Wu for
any 0 ≤ u ≤ t ≤ T .
For (2),

E [g(Wt)|Fu] = E [g(Wt −Wu +Wu)|Fu]

= E [g(Wt −Wu + x)|Fu]
∣∣
x=Wu

(Wu is Fu-measurable)

= E [g(Wt −Wu + x)]
∣∣
x=Wu

(independent increments)

which is a function of Wu and therefore σ(Wu)-measurable (Lemma 1.5.1). It follows that

E [E [g(Wt)|Fu]|σ(Wu)] = E [g(Wt)|Fu]

=⇒ E [g(Wt)|σ(Wu)] = E [g(Wt)|Fu] .

For (3), note that 
Wt1

Wt2
...

Wtn

 =


1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1




Wt1

Wt2 −Wt1
...

Wtn −Wtn−1


︸ ︷︷ ︸

y∼N

We can then conclude by using the fact that any linear transform of a Gaussian vector is again Gaussian. In
particular, (Wt1 , · · · ,Wtn) ∼ N (0, AΣA⊤) where Σ = Var(y).



Melantha Wang 13

For (4),

Cov (Ws,Wt) = E [WsWt]

= E [Ws (Wt −Ws)] + E
[
W 2

s

]
= E [Ws]E [Wt −Ws] + E

[
W 2

s

]
= s

Similarly when s ≥ t,Cov (Ws,Wt) = t. Therefore E [WtWs] = min(s, t). ■

Examples 3.2.1 Exponential Brownian motion with drift Let x,m ∈ R and σ > 0 and we set Yt = xemt+σWt.
The process Y is called an exponential Brownian motion with drift m and variance σ2. We first notice that the
process Y is adapted to the filtration F. Next,

E [Yt] = xemtE(eσWt) = xemtMWt(σ) = xe(m+ 1
2
σ2)t.

We want to show that the process Y is an F-martingale if and only if m = −σ2

2 . Indeed, for s ≤ t,

E
[
xemt+σWt

∣∣Fs

]
= E

[
xems+m(t−s)+σWs+σ(Wt−Ws)

∣∣Fs

]
= YsE[em(t−s)+σ(Wt−Ws)]

= Yse
m(t−s)+ 1

2
σ2(t−s)

and the claim follows. ■

3.3 Quadratic Variation

3.3.1 Total Variation

Definition 3.3.1 (total variation, aka first-order variation). Let πn = {t0 = 0, t1, · · · , tmn = T} be a partition of
[0, T ] with n(π) = mn subintervals. The maximum step size of the partition is denoted by

|πn| := max
1≤k≤mn

(tk − tk−1) .

For a given partition πn, we define the corresponding measure of the oscillation of a function f by

Vn(f) =

mn∑
k=1

|f(tk)− f(tk−1)| .

The total variation of f is defined as

V (f) := lim
|πn|→0

Vn(f) = lim
|πn|→0

mn∑
k=1

|f(tk)− f(tk−1)|

Lemma 3.3.1. Any continuously differentiable function f is a function of finite variation, i.e. V (f) <∞.

Proof.

Vn(f) =

mn∑
k=1

∣∣∣∣∣
∫ tk

tk−1

f ′(t)dt

∣∣∣∣∣ ≤
mn∑
k=1

∫ tk

tk−1

∣∣f ′(t)∣∣ dt = ∫ T

0

∣∣f ′(t)∣∣ dt <∞

where we have used the fact that any continuous function on a closed and bounded interval is bounded. By taking
the limit as |πn| → 0, we have proved that any continuously differentiable function f on [0, T ] is a function of finite
variation. ■
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Theorem 3.3.1 (Jordan’s decomposition and related results).

• Any bounded increasing function f is a function of finite variation, i.e. V (f) <∞.
• (Jordan’s decomposition) If f is a function of finite variation, i.e. V (f) <∞, then

f = f1 − f2

where f1, f2 are non-decreasing functions.
• The difference of two bounded increasing functions is a function of finite variation.

Proof. (Sketch) The first result comes from V (f) = |f(T )− f(0)| <∞.
The second result can be proved by construction (omitted).
The third result follows from (1) as well as the fact that the difference of two functions of finite variation also has
finite variation (a direct result of triangle inequality). ■

3.3.2 Quadratic Variation

Definition 3.3.2 (quadratic variation). For a given partition πn = {t0 = 0, t1, · · · , tmn = T} of [0, T ], the quadratic
variation of f is defined as

⟨f⟩ = V (2)(f) := lim
|πn|→0

V (2)
n (f) = lim

|πn|→0

mn∑
k=1

|f(tk)− f(tk−1)|2

Lemma 3.3.2. Any continuously differentiable function f has zero quadratic variation, i.e. V (2)(f) = 0.

Proof.

V (2)
n (f) =

mn∑
k=1

|f(tk)− f(tk−1)|2 =
mn∑
k=1

∣∣∣∣∣
∫ tk

tk−1

f ′(t)dt

∣∣∣∣∣
2

≤
mn∑
k=1

(tk − tk−1)

∫ tk

tk−1

∣∣f ′(t)∣∣2 dt (by Cauchy-Schwarz, see Theorem A.0.1)

≤ |πn|
∫ T

0

∣∣f ′(t)∣∣2 dt︸ ︷︷ ︸
<∞

.

Taking the limit as |πn| → 0, we have
V (2)(f) = lim

|πn|→0
V (2)
n (f) = 0,

completing the proof. Alternatively, this can also be shown by combining the results of Lemma 3.3.1 and 3.3.3. ■

Lemma 3.3.3 (finite variation ⇒ zero quadratic variation). Let f be a continuous function of finite variation on
[0, T ]. Then the quadratic variation of f is equal to zero.

Proof. Observe that for any partition πn = {t0 = 0, t1, · · · , tmn = T} of [0, T ] we have

V (2)
n (f) =

mn∑
k=1

|f(tk)− f(tk−1)|2

≤ max
1≤m≤mn

|f(tm)− f(tm−1)|
mn∑
k=1

|f(tk)− f(tk−1)|

= max
1≤m≤mn

|f(tm)− f(tm−1)| · Vn(f).

By using the fact that any continuous function is uniformly continuous on a closed bounded interval, taking the
limit as |πn| → 0 completes the proof. ■
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Corollary 3.3.1. (from Lemma 3.3.3) If the quadratic variation of a continuous stochastic process is a.s. strictly
positive, then the total variation of the process is almost surely ∞. In particular, sample paths of a Brownian
motion are a.s. functions of infinite variation on any interval.

Theorem 3.3.2. LetW be a standard Brownian motion. W is a process of finite quadratic variation. In particular,
⟨W ⟩t = t (a.s.) for all t ≥ 0.

Proof. Let t ≥ 0 and πn =
{
t0 = 0, t1, · · · , tn(π) = t

}
be a partition of [0, t]. We want to show that

lim
n(π)→∞

n(π)∑
k=1

(
Wtk −Wtk−1

)2
︸ ︷︷ ︸

=:V
(2)
n (W )

= t

where the convergence is in L2 (Ω,FT ,P), that is,

lim
n(π)→∞

E

n(π)∑
k=1

(
Wtk −Wtk−1

)2 − t

2 = 0.

For brevity of notation, write ∆tk = tk − tk−1, ∆Wk =Wtk −Wtk−1
and θk = (∆Wk)

2 −∆tk. Our goal is to prove
that In = E[(

∑
θk)

2] → 0 as n(π) → ∞. To show this,

In = E

n(π)∑
k=1

θk

2 = E

∑
i,j

θiθj


=

n(π)∑
i=1

E(θ2i ) + 2
∑
i ̸=j

E(θiθj)

We can show that the second term is 0 by using independent increments and E[(∆Wk)
2] = ∆tk. Then

In =

n(π)∑
k=1

(
E
[
(∆Wk)

4
]
− 2∆tkE

[
(∆Wk)

2
]
+ (∆tk)

2
)

= 2

n(π)∑
k=1

(∆tk)
2 ≤ 2|πn|

n(π)∑
k=1

∆tk = 2t |πn|

where in the second equality we used the fact the 4th central moment of a X ∼ N (µ, σ2) r.v. is E((X−µ)4) = 3σ4.
It is now clear that the quantity In tends to zero as n tends to infinity, since |πn| tends to zero. ■

Lemma 3.3.4. The process M =W 2 − ⟨W ⟩ is a continuous F-martingale.

Proof. The process M is F-adapted and integrable since W 2 is F-adapted and integrable, while the quadratic
variation ⟨W ⟩t = t is clearly F-adapted and integrable.
For 0 ≤ u ≤ t ≤ T, from the equality E (WtWu|Fu) =WuE (Wt|Fu) =W 2

u , we deduce that

E (Mt|Fu) = E
(
W 2

t − t|Fu

)
= E

(
W 2

t −W 2
u +W 2

u − t|Fu

)
= E

(
W 2

t −W 2
u |Fu

)
+W 2

u − t

= E
(
(Wt −Wu)

2|Fu

)
+W 2

u − t

=W 2
u − u =Mu.

■
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Theorem 3.3.3 (alternative definition of quadratic variation for martingales). Let M be a continuous, square
integrable F-martingale, i.e. E(M2

t ) <∞ for all t ≥ 0. Then the quadratic variation ⟨M⟩ is the unique continuous,
increasing and F-adapted process with ⟨M⟩0 = 0 such that M2 − ⟨M⟩ give us an F-martingale.

Remark. The existence of ⟨M⟩ in the theorem above follows from the Doob-Meyer decomposition (Theorem 2.4.2).
We now obtain a generalisation of Lemma 3.3.4:

Corollary 3.3.2. (from Theorem 3.3.3) If M is a continuous, square integrable F-martingale, then

M2 − ⟨M⟩

is also an F-martingale. In particular, if M0 = 0, then E
[
M2

t − ⟨M⟩t
]
=M2

0 − ⟨M⟩0 = 0 and therefore

Var(Mt) = E(M2
t ) = E (⟨M⟩t) .

3.4 Reflection Principle

Let b > 0 and B a standard Brownian motion. Define the hitting time

Tb = inf {s : Bs = b} .

Theorem 3.4.1. The following results hold (pp.41-44):

• (reflection principle)
P(Tb < t) = 2P(Bt > b).

More precisely, Tb follows a Lévy distribution with parameters
(
0, b2

)
(or equivalently, an inverse Gamma

distribution with shape 1/2 and scale b2).
• We can therefore show that P(Tb <∞) = 1 but E(Tb) = ∞.

• The moment generating function of Tb is e−
√
2λb for b, λ > 0.

• For any t ≥ 0, the running supremum B∗
t = sups≤tBs and |Bt| have the same distribution.

• The joint distribution of B∗
t = sups≤tBs and Bt is given by

P (Bt ≤ x,B∗
t > y) = P (Bt > 2y − x) = P (Bt < x− 2y)

for every t ≥ 0, y ≥ 0 and x ≤ y.
• The joint density of B∗

t = sups≤tBs and Bt is given by

2(2y − x)

t

1√
2πt

exp

(
−(2y − x)2

2t

)
for x ≤ y, y ≥ 0.

• The drawdown B∗
t −Bt has the same distribution as |Bt|.
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4 Itô’s Integral5

4.1 Itô’s Integral for Processes from L2
P(W )

Definition 4.1.1. L2
P(W ) denotes the class of all F-progressively measurable processes γ defined on (Ω,F,P) s.t.

∥γ∥2W := E
[∫ T

0
|γu|2 du

]
<∞.

Definition 4.1.2 (Itô’s integral for general integrands). For any process γ ∈ L2
P(W ), the random variable IT (γ)

is called Itô’s integral of γ with respect to W over [0, T ]. We write (notation only, not a formal definition):

IT (γ) =

∫ T

0
γu · dWu

It(γ) = IT (γ1[0,t]) =

∫ t

0
γu · dWu

Theorem 4.1.1 (properties of Itô’s integrals). Let γ ∈ L2
P(W ), i.e. E[

∫ T
0 |γu|2du] <∞. Then:

(i) (martingale) I(γ) is a continuous, square integrable F-martingale.

(ii) (linearity) For constants a and b, It(aγ + bη) = aIt(γ) + bIt(η).

(iii) (Itô isometry)

E
[
I2t (γ)

]
= E

[∫ t

0
γ2u du

]
.

(iv) (quadratic variation) The quadratic variation accumulated up to time t by the Itô’s integral is

⟨I(γ)⟩t =
∫ t

0
γ2u du.

Furthermore, Theorem 3.3.3 says that I2(γ)− ⟨I(γ)⟩ is an F-martingale. Corollary 3.3.2 implies that

Var(It(γ)) = E
[
I2t (γ))

]
= E [⟨I(γ)⟩t] .

(v) (local property) For any F-stopping time τ , I(γ1[0,τ ]) = Iτ (γ).

Proof. For (iii), we prove the case for an elementary process γ in R. Since the expected value of the cross terms
are zero, i.e. E

[
(Wtj+1 −Wtj )(Wtk+1

−Wtk)
]
= 0 for j ̸= k, we obtain

E

m−1∑
j=0

γj
(
Wtj+1 −Wtj

)2 = E

m−1∑
j=0

γ2j
(
Wtj+1 −Wtj

)2
= E

[
m−1∑
i=0

γ2jE
[(
Wtj+1 −Wtj

)2 | Ftj

]]

= E

[
m−1∑
i=0

γ2j (tj+1 − tj)

]
= ∥γ∥2W

This means that ÎT : (K, ∥ · ∥W ) → L2 (Ω,FT ,P) is an isometry, i.e. a distance preserving transformation. This
can be extended to the isometry IT :

(
L2
P(W ), ∥ · ∥W

)
→ L2 (Ω,FT ,P) .6

5I will skip the definition of Itô’s integral for elementary processes, which is required to formally define Itô’s integral for more general
processes as discussed here.

6The extension is done using the fact that the class of simple process K is a dense subset in the Banach space L2
P(W ) and the space

L2 (Ω,FT ,P) is also complete (since it a Banach space or more specifically a Hilbert space).
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For (iv), again we consider an elementary process γ and we can then do a similar proof to that of Theorem 3.3.2.
We first compute the quadratic variation accumulated by the Itô integral on one of the subintervals [tj , tj+1] on
which γu = γj is constant. For this, we choose partition points

tj = s0 < s1 < · · · < sm = tj+1

and consider
m−1∑
i=0

[
Isi+1(γ)− Isi(γ)

]2
=

m−1∑
i=0

[
γj
(
Wsi+1 −Wsi

)]2
= γ2j

m−1∑
i=0

(
Wsi+1 −Wsi

)2
As m→ ∞ and the step size max0≤i≤m−1 (si+1 − si) approaches zero, the term

∑m−1
i=0

(
Wsi+1 −Wsi

)2
converges to

the quadratic variation accumulated by Brownian motion between times tj and tj+1, which is tj+1− tj . Therefore,
the limit of the above is

γ2j (tj+1 − tj) =

∫ tj+1

tj

γ2u du.

Adding up all these pieces for each of the subintervals [tj , tj+1] completes the proof. ■

Examples 4.1.1 Itô’s integral for a deterministic integrand For a deterministic function f , we have

Xt =

∫ t

0
f(s) dWs ∼ N

(
0,

∫ t

0
f2(s) ds

)
.

The computation of E(Xt) and Var(Xt) follows directly from Theorem 4.1.1. Normality follows from the fact
that Xt is (the limit of) the sum of independent normal r.v.s:∫ t

0
f(s) dWs = lim

m→∞

m−1∑
j=0

f (tj)
(
Wtj+1 −Wtj

)
.

Examples 4.1.2 Itô’s integral We can show that
∫ t
0 2WsdWs is a martingale, by noting that

E
[∫ T

0
|2Wu|2 du

]
=

∫ T

0
E
[
4W 2

t

]
dt =

∫ T

0
4t dt = 2T 2 <∞

where the first equality uses Fubini’s Theorem.

4.2 Itô’s Integral for Processes from LP(W )

Definition 4.2.1. LP(W ) denotes the class of all F-progressively measurable processes γ on (Ω,F,P) s.t.

P
(∫ T

0
|γu|2 du <∞

)
= 1.

By applying the optional stopping technique (aka localisation), we can extend the definition of Itô’s integral to the
more general class LP(W ). Details are omitted, the important conclusion is that:

Theorem 4.2.1. If γ ∈ LP(W ), i.e. P(
∫ T
0 |γu|2du <∞) = 1, then I(γ) is a continuous F-local martingale.
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4.3 Itô’s Lemma in 1D

Itô processes are a special class of continuous semimartingales.

Definition 4.3.1 (Itô process). An F-adapted continuous process X is called an Itô process if it admits a repre-
sentation

Xt = X0 +

∫ t

0
αudu+

∫ t

0
βu · dWu, ∀ t ∈ [0, T ]

for some F-adapted processes α and β that are defined on (Ω,F,P) and satisfy suitable integrability conditions. It
is customary to write the integral formula above using differential notation as

dXt = αtdt+ βt · dWt.

Lemma 4.3.1 (quadratic variation of Itô processes). Consider an Itô process denoted by dXt = αtdt+ βt · dWt.

(i) The quadratic variation of the Itô process is

⟨X⟩t =
∫ t

0
β2u du.

(ii) The quadratic covariation (aka cross-variation) of two Itô processes Xt =
∫ t
0 αudWu and Yt =

∫ t
0 βudWu is

⟨X,Y ⟩t =
∫ t

0
αuβu du.

(iii) (polarisation formula) A more general version of (ii) gives the quadratic covariation of two continuous semi-
martingales. If Xi = Xi

0 +M i +Ai and Xj = Xj
0 +M j +Aj are in Sc(P), then〈

Xi, Xj
〉
=
〈
M i,M j

〉
=

1

2

(〈
M i +M j

〉
−
〈
M i
〉
−
〈
M j
〉)

=
1

4

(〈
M i +M j

〉
−
〈
M i −M j

〉)
.

Proof. (i) First note that the process At =
∫ t
0 αudu is always a process of finite variation (thus zero quadratic vari-

ation). This is clear when α ≥ 0 and At is increasing, since the total variation on [0, T ] is just AT (Theorem 3.3.1).
If α is not positive, we can write α = α+ − α− and At = A+

t −A−
t where α+ = max(α, 0), α− = max(−α, 0) and

A±
t =

∫ t

0
α±
s ds

and it is not difficult to see that the total variation of A is bounded by A+
T +A−

T .

The quadratic variation of the process Bt =
∫ t
0 βu · dWu is given in Theorem 4.1.1, thus the result.

(ii) We can use the polarisation formula:

⟨X,Y ⟩t =
1

2
(⟨X + Y ⟩t − ⟨X⟩t − ⟨Y ⟩t)

=
1

2

(〈∫
(αu + βu) dWu,

∫
(αu + βu) dWu

〉
t

−
〈∫

αu dWu

〉
t

−
〈∫

βu dWu

〉
t

)
=

1

2

(∫ t

0
(αu + βu)

2 ds−
∫ t

0
α2
u ds−

∫ t

0
β2u ds

)
=

∫ t

0
αuβu ds,

which concludes the proof. ■
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Theorem 4.3.1 (Itô’s Lemma, 1D). Suppose that g : [0, T ]×R → R is a function of class C2,1([0, T ]×R,R), i.e.
g is twice continuously differentiable. Then for any Itô process X, the process Yt = g (t,Xt) , t ∈ [0, T ], is an Itô
process (and therefore also a continuous semimartingale). Moreover, its canonical decomposition is given by the
Itô formula

dg (t,Xt) = gt (t,Xt) dt+ gx (t,Xt) dXt +
1

2
gxx (t,Xt) d⟨X⟩t.

or equivalently,

g (t,Xt) = g (0, X0) +

∫ t

0
gt (s,Xs) ds+

∫ t

0
gx (s,Xs) dXs +

1

2

∫ t

0
gxx (s,Xs) d⟨X⟩s.

If dXt = αtdt+ βtdWt, then

dg (t,Xt) = gt (t,Xt) dt+ gx (t,Xt)αtdt+ gx (t,Xt)βtdWt +
1

2
gxx (t,Xt)β

2
t dt.

Examples 4.3.1 Itô’s lemma, 1D We can use Itô formula to determine whether a process is a martingale (no
drift), submartingale (drift > 0) or supermartingale (drift < 0).

1. f (Wt) = (Wt)
2. Then we have for all t ∈ [0, T ],

df(Wt) = 2WtdWt +
1

2
· 2dt =⇒ W 2

t =W 2
0 +

∫ t

0
2WsdWs +

∫ t

0
dt =

∫ t

0
2WsdWs + t.

This also gives the Doob-Meyer decomposition (Theorem 2.4.2) of the positive submartingale W 2. Also
recall that W 2

t − t =
∫ t
0 2WsdWs is a martingale (e.g. Theorem 3.3.3, or Example 4.1.2).

2. Yt = g(t,Wt) = eµt+Wt. Let g(t, x) = eµt+x and then gt = µYt, gx = Yt, gxx = Yt and so

dYt = µYtdt+ YtdWt +
1

2
· Yt d⟨W ⟩t =

(
µ+

1

2

)
Ytdt+ YtdWt

=⇒ Yt = Y0 +

∫ t

0

(
µ+

1

2

)
Yudu︸ ︷︷ ︸

increasing

+

∫ t

0
YudWu︸ ︷︷ ︸

a martingale,
as Y ∈ L2

P(W )

.

Therefore, we conclude that Y is a submartingale.

3. (integration by parts, Corollary 4.4.1) Zt = sin(Wt) cos(Wt). Then

dZt = sinWt d(cosWt) + cosWt d(sinWt) + d⟨sinW, cosW ⟩t.

By Itô’s lemma,

d(cosWt) = − sinWt dWt −
1

2
cosWt dt, d(sinWt) = cosWt dWt −

1

2
sinWt dt.

Also d⟨sinW, cosW ⟩t = − sinWt cosWt dt, so

dZt = − sin2(Wt)dWt + cos2(Wt)dWt − 2 sinWt cosWt dt

The sign of the drift term is not always positive or negative, and therefore Z is none of a martingale,
submartingale or supermartingale.
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4.4 Itô’s Lemma in Multidimensional Space

Definition 4.4.1 (Itô’s integral, multidimensional). Let γ ∈ LW (P), that is, γ is an Rd-valued F-progressively
measurable process satisfying

P
(∫ T

0
|γu|

2 du <∞
)

= 1,

where | · | stands for the Euclidean norm in Rd. Then the Itô stochastic integral of γ w.r.t. W is well defined and
for any t ∈ [0, T ],

It(γ) =

∫ t

0
γu · dW u =

d∑
i=1

∫ t

0
γiudW

i
u.

Definition 4.4.2 (Itô process, multidimensional). X =
(
X1, . . . , Xk

)
is a k-dimensional Itô process if

Xi
t = Xi

0 +

∫ t

0
αi
udu+

∫ t

0
βi
u · dW u

where αi are real-valued processes and βi =
(
βi1, . . . , βid

)
are Rd-valued processes for i = 1, . . . , k. It is implicitly

assumed in the above that the processes αi,βi, i = 1, . . . , k are integrable in a suitable sense.

Lemma 4.4.1 (quadratic variation of k-dimensional Itô processes). For X =
(
X1, . . . , Xk

)
defined in Defini-

tion 4.4.2, for any t ∈ [0, T ], 〈
Xi, Xj

〉
t
=

∫ t

0
βi
u · βj

udu =

∫ t

0

d∑
l=1

βiluβ
jl
u du.

Theorem 4.4.1 (Itô’s Lemma, multidimensional). Suppose that g is a function of class C2(Rk,R), i.e. g is twice
continuously differentiable, and that X a k-dimensional Itô process. Then

dg (Xt) =
k∑

i=1

gxi(Xt)dX
i
t +

1

2

k∑
i,j=1

gxixj (Xt)β
i
t · β

j
tdt

=
k∑

i=1

gxi(Xt)α
i
tdt+

k∑
i=1

gxi(Xt)β
i
t · dW t +

1

2

k∑
i,j=1

gxixj (Xt)β
i
t · β

j
tdt.

Corollary 4.4.1 (integration by parts formula). Given two continuous semimartingales X and Y , then

XtYt = X0Y0 +

∫ t

0
XudYu +

∫ t

0
YudXu + ⟨X,Y ⟩t

or equivalently,
dXtYt = XtdYt + YtdXt + d⟨X,Y ⟩t.

If at least one of X or Y is a process of finite variation, then

dXtYt = XtdYt + YtdXt.

Examples 4.4.1 Itô’s lemma, multidimensional Let

Rt(d) :=

√∣∣W 1
t

∣∣2 + ∣∣W 2
t

∣∣2 + · · ·+
∣∣W d

t

∣∣2
where W =

(
W 1,W 2, . . . ,W d

)
is a standard d-dimensional Brownian motion for d ≥ 3. The process R is

called a Bessel process. We want to show that 1/Rt(3) for 1 ≤ t ≤ T is a local martingale but not a martingale.
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1. To show it is a local martingale, we apply Itô’s lemma to compute the dynamics of 1/Rt(3) (and show
that there is no drift term). Let

Yt = R2
t (3) =

∣∣W 1
t

∣∣2 + ∣∣W 2
t

∣∣2 + ∣∣W 3
t

∣∣2 =⇒ dYt =
3∑

i=1

2W i
t dW

i
t + 3dt.

But 1/Rt(3) = 1/
√
Yt = g(Yt) where g(x) = 1/

√
x. Strictly speaking, one cannot apply directly Itô’s

formula as g is not differentiable at zero. But for d ≥ 3, the d-dimensional Brownian motion never
return to the origin after time 0. So (heuristically) one can apply Itô formula again to obtain that

d
1

Rt(3)
= −1

2

1

Y
3/2
t

dYt +
1

2
· 3
4

1

Y
5/2
t

d⟨Y ⟩t

= −1

2

1

Y
3/2
t

(
3∑

i=1

2W i
t dW

i
t + 3dt

)
+

1

2
· 3
4

1

Y
5/2
t

(4Ytdt)

=
1

R3
t

3∑
i=1

W i
t dW

i
t =

1

R3
t

W t · dW t

as d⟨Y ⟩t =
∑3

i=1(2W
i
t )

2 dt = 4R2
t dt. This is not a true martingale as ∥ 1

R3
t
W t∥2W = ∞.

2. We can also show that

E
[

1

Rt(d)

]
=

1√
t
E
[

1√
X

]
=

√
2

πt

where X ∼ χ2
3. As the expectation is decreasing in t, 1/Rt(3) is indeed a supermartingale (see also

Theorem 5.1.1). ■
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5 Semimartingales

Figure 1: The family of martingales. An arrow from A to B indicates that A is subclass of B.

5.1 Local Martingales

We introduced local martingales in Definition 2.3.1 and Theorem 4.2.1. In this section, we state a few important
results about local martingales.

Theorem 5.1.1 (local martingales).

(i) Any non-negative F-local martingale M is an F-supermartingale7. If, in addition, E(Mt) is constant then M
is an F-martingale.

(ii) (corollary of above) Let M be a non-negative F-local martingale. If M0 = 0 then Mt = 0 for every t ∈ [0, T ].

(iii) (quadratic variation) Let M be a continuous F-local martingale. Then the quadratic variation ⟨M⟩ is the
unique continuous, increasing and F-adapted process with ⟨M⟩0 = 0 such that the process M2 − ⟨M⟩ is a
continuous F-local martingale.
Remark. The quadratic variation is invariant with respect to an F0-measurable shift of M ; specifically, if
N = ψ +M for some F0-measurable random variable ψ is a continuous local martingale, then ⟨N⟩ = ⟨M⟩.
In particular, ⟨M⟩ = ⟨M −M0⟩.

(iv) Let M be a continuous F-local martingale s.t. ⟨M⟩t = 0 for t ∈ [0, T ]. Then Mt =M0 for every t ∈ [0, T ].

(v) Let M be a continuous F-local martingale of finite variation8. Then Mt =M0 for every t ∈ [0, T ].

(vi) (corollary of above) If M0 = 0 and M is a continuous F-local martingale of finite variation, then M vanishes
(more precisely, it is indistinguishable from the null process).

Proof. (ii) Assume that Mt0 ̸= 0 for some t0 ∈ [0, T ]. Then E (Mt0) > 0 = E (M0), which contradicts the property
that M is a supermartingale.
(iv) We may assume, without loss of generality, that M is a continuous bounded martingale and M0 = 0. This is
because one can always take M ′ =M −M0 and stop the continuous local martingale M ′ such that it is bounded.
Then

E[M2
t − ⟨M⟩t] =M2

0 − ⟨M⟩0 = 0 =⇒ E
[
M2

t

]
= E[⟨M⟩t] = 0

for any t ∈ [0, T ] and thus Mt = 0 for any t ∈ [0, T ].
(v) It suffices to apply (iv) and to observe that the assumption that sample paths of M are continuous functions
of finite variation implies that the quadratic variation of M vanishes. ■

7The assumption thatM is non-negative can be replaced by the assumption thatM ≥ η for some random variable η with E(η) > −∞.
8An F-adapted stochastic process X = (Xt)t∈[0,T ] is said to be of finite variation if almost all sample paths of X are functions of

finite variation on [0, T ].
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Examples 5.1.1 Quadratic variation Recall that d(W 2
t ) = 2Wt dWt + dt. This implies

W 2
t =W 2

0 +

∫ t

0
2Ws dWs +

∫ t

0
ds

W 2
t − t =W 2

0 +

∫ t

0
2Ws dWs

where the RHS is an F-martingale. We therefore conclude that ⟨W ⟩t = t.

5.2 Semimartingales

5.2.1 Properties of Semimartingales

Definition 5.2.1. (continuous semimartingale) A real-valued, continuous, F-adapted process X is called a (real-
valued) continuous semimartingale if it admits a (canonical) decomposition

Xt = X0 +Mt +At, ∀t ∈ [0, T ],

where X0,M and A satisfy:

(i) X0 is an F0-measurable random variable.

(ii) M is a continuous local martingale with M0 = 0.

(iii) A is a continuous process whose almost all sample paths are of finite variation on the interval [0, T ] with
A0 = 0.

We denote by Sc(P) the class of all real-valued continuous semimartingales on the probability space (Ω,F,P). A
continuous semimartingale is a continuous local martingale if and only if the processA it its canonical decomposition
X = X0 +M +A vanishes, that is, is indistinguishable from the null process.

Examples 5.2.1 Semimartingale Consider the drawdown process Xt = W ∗
t − Wt where Wt is a standard

Brownian motion and W ∗
t = sups≤tWs is the running supremum. Then X is a semimartingale. In particular,

X is a submartingale as At =W ∗
t is an increasing process.

Theorem 5.2.1 (uniqueness of semimartingale decomposition). Let X be a continuous semimartingale with the

decomposition X = X0 +M + A so that M0 = A0 = 0. If X admits also a decomposition X = X0 + M̃ + Ã for
some continuous local martingale M̃ with M̃0 = 0 and some continuous process Ã of finite variation on [0, T ] with

Ã0 = 0 then Mt = M̃t and At = Ãt for t ∈ [0, T ].

Proof. It is enough to observe that a difference of two continuous local martingales is also a continuous local
martingales, and a difference of two continuous processes of finite variation also follows a continuous process of
finite variation. In our case, we have M − M̃ = Ã−A and M0 − M̃0 = Ã0 −A0 = 0.
Consequently, in view of (vi) of Theorem 5.1.1, any continuous local martingale of finite variation starting at 0 at

time 0 is a null process. We therefore conclude that Mt = M̃t and At = Ãt for every t ∈ [0, T ]. ■

Theorem 5.2.2 (quadratic variation of semimartingales). If X = X0 + M + A ∈ Sc(P), then the quadratic
variation ⟨X⟩ = ⟨M⟩. More generally, if Xi = Xi

0 +M i +Ai and Xj = Xj
0 +M j +Aj are in Sc(P), then

〈
Xi, Xj

〉
=
〈
M i,M j

〉
=

1

2

(〈
M i +M j

〉
−
〈
M i
〉
−
〈
M j
〉)

=
1

4

(〈
M i +M j

〉
−
〈
M i −M j

〉)
.
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5.2.2 Itô’s Lemma for Continuous Semimartingales

Theorem 5.2.3 (Itô’s Lemma). If X = X0 + M + A is a real-valued continuous semimartingale, and g is a
function of class C2,1([0, T ] × R,R), then the process Yt = g (t,Xt) follows a continuous semimartingale with the
following canonical decomposition

dYt = gt (t,Xt) dt+ gx (t,Xt) dXt +
1

2
gxx (t,Xt) d⟨M⟩t.

Examples 5.2.2 Itô’s lemma for semimartingales We again consider the drawdown process Xt = W ∗
t −Wt

where Wt is a standard Brownian motion and W ∗
t = sups≤tWs is the running supremum.

We note that X is not an Itô process, but is a continuous semimartingale with Mt = −Wt, At = W ∗
t in its

canonical decomposition. By Itô’s lemma, we can compute, e.g.

dX2
t = 2XtdXt +

1

2
· 2d⟨X⟩t

= −2XtdWt + 2XtdW
∗
t + d⟨−W ⟩t

= −2XtdWt + 2XtdW
∗
t + dt.

5.3 Recognising a Brownian Motion

In some instances, it would be convenient to have the possibility of checking whether a given process is a standard
Brownian motion by establishing its martingale property and by computing its quadratic variation. We may use
the martingale characterisation of a Brownian motion, due to Paul Lévy.

Theorem 5.3.1 (Lévy, 1D). Let M be a continuous F-local martingale such that M0 = 0 and ⟨M⟩t = t for every
t ∈ [0, T ] (i.e. the process M2

t − t is a continuous F-local martingale). Then M is a standard F-Brownian motion.
Under the stronger assumption that M is a square integrable continuous F-martingale, this property can be repre-
sented as follows

E
(
M2

t −M2
u |Fu

)
= t− u, u ≤ t ≤ T,

or equivalently (in view of the martingale property of M , see proof of Lemma 3.3.4)

E((Mt −Mu)
2 |Fu) = t− u, u ≤ t ≤ T.

Proof. Suppose M satisfies the assumptions of Theorem 5.3.1. We want to show that M is a F-Brownian motion.
Let λ ∈ R. We apply the Itô formula theorem to F (x) = eiλx. Then Fx(λ, x) = iλF (λ, x), Fxx(λ, x) = −λ2F (λ, x).

F (λ,Mt) = F (λ,Ms) + iλ

∫ t

s
eiλMudMu − 1

2
λ2
∫ t

s
eiλMudu

=⇒ eiλ(Mt−Ms) = 1 + iλ

∫ t

s
eiλ(Mu−Ms)dMu − 1

2
λ2
∫ t

s
eiλ(Mu−Ms)du,

for all s ≤ t. By the martingale property of stochastic integrals,

E
[∫ t

s
eiλMudMu

∣∣∣∣Fs

]
= 0

Then

E[eiλ(Mt−Ms)|Fs] = 1− 1

2
λ2
∫ t

s
E[eiλ(Mu−Ms)|Fs] du.
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If we write g(t) = E[eiλ(Mt−Ms)|Fs], then the above translates to the following differential equation (in integral
form)

g(t) = 1− 1

2
λ2
∫ t

s
g(u) du

to which g(t) = e−
λ2

2
(t−s) is the unique solution, i.e.

E[eiλ(Mt−Ms)|Fs] = e−
λ2

2
(t−s)

and therefore the random variable Mt − Ms is independent of Fs and has the normal N (0, t − s) distribution
(characteristic function, Definition 1.4.1). Hence, M is an F-Brownian motion. ■

Lemma 5.3.1. A real-valued continuous F-adapted process X defined on (Ω,F,P) is a standard F-Brownian motion
if and only if for any λ ∈ R the process

Mλ
t = exp

(
λXt −

1

2
λ2t

)
, ∀t ∈ [0, T ],

is a F-local martingale and Mλ
0 = 1.

Theorem 5.3.2 (an oversimplified version of Dubins-Schwarz theorem). If M is a continuous F-local martingale
such that ⟨M⟩ is strictly increasing and ⟨M⟩∞ = ∞, then M is a time changed Brownian motion.

Proof. ⟨M⟩ is continuous and strictly increasing therefore the inverse of ⟨M⟩ is given by Ct := inf {s : ⟨M⟩s > t}.
We consider the process Wt := MCt for t ≥ 0, which is adapted to the filtration G = (FCt)t≥0. We now assume,
without loss of generality, M is a bounded martingale. Then from the Doob Optional Sampling Theorem (2.5.1)
and the fact that Ct is F-stopping time for all t, we obtain

E [Wt|Gs] = E [MCt |FCs ] =MCs =Ws.

Therefore W is a G-local martingale. Furthermore, since C is the (right) inverse of M then ⟨W ⟩t = ⟨M⟩Ct = t.
Hence, by Lévy characterisation theorem, W is a Brownian motion in the filtration G.
Finally, since ⟨M⟩ is strictly increasing, C is the (left) inverse of ⟨M⟩ and so C⟨M⟩t = t. This shows that

Mt =MC⟨M⟩t
=W⟨M⟩t ,

where W is a Brownian motion in the filtration G. ■

5.4 Martingale Representation Theorem (for the Brownian Filtration)

Itô representation theorem states that any square integrable and FW
T -measurable random variable admits a rep-

resentation as the Itô integral of some stochastic process.

Theorem 5.4.1 (Itô representation theorem). For any random variable X ∈ L2
(
Ω,FW

T ,P
)
, there exists a unique

F-predictable process γ from the class L2
P(W ) such that the following equality is valid

X = EPX +

∫ T

0
γu · dWu.

The condition that γ belongs to L2
P(W ) implies that the Itô integral I(γ) is a square integrable F-martingale and

thus we also have that, for every t ∈ [0, T ],

EP(X|FW
t ) = EPX +

∫ t

0
γu · dWu.

Remark. We omit the definition of an F-predictable process, but we note any left-continuous and F-adapted process
is F-predictable. Also, a F-predictable process is also F-progressively measurable, but the converse does not hold.
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Theorem 5.4.2 (martingale representation theorem). Let a process M = (Mt)t∈[0,T ] be an FW -martingale s.t.

EP[M
2
T ] < ∞. Then there exists a unique F-predictable process γ from the class L2

P(W ) such that, for any t ∈ [0, T ],

Mt =M0 +

∫ t

0
γu · dWu.

Proof. A straightforward consequence of Itô representation theorem with X =MT . ■

Remark. The theorem suggests the existence of γ, but in general it is very difficult to find it.

Examples 5.4.1 Martingale representation theorem Consider X =W 3
T . We want to find γ such that

W 3
T = E(W 3

T ) +

∫ T

0
γudWu.

Note if we directly apply Itô’s lemma to X, then dW 3
t = 3W 2

t dWt +
1
2 · 6Wtdt and therefore,

W 3
T =

∫ T

0
3W 2

s dWs +

∫ T

0
3Wsds

which is not the form we want. We consider the martingale Mt = E(M3
T |Ft) with MT =W 3

T [why? The MRT
implies that a martingale can be written as a stochastic integral w.r.t. the Brownian motion]. For t ∈ [0, T ],

Mt = E(W 3
T |Ft)

= E
[
(WT −Wt +Wt)

3|Ft

]
= E

[
(WT −Wt + x)3|Ft

] ∣∣
x=Wt

(Wt is Ft-measurable)

= E
[
(WT −Wt + x)3

] ∣∣
x=Wt

(independent increments)

= [x3 + 3x(T − t)]
∣∣
x=Wt

(WT −Wt ∼ N (0, T − t))

=W 3
t + 3Wt(T − t)

= f(t,Wt)

where f(t, x) = x3 + 3x(T − t). Applying Itô’s formula to Mt = f(t,Wt) gives

dMt = −3Wtdt+ 3W 2
t dWt + 3(T − t)dWt +

1

2
· 6Wtd⟨W ⟩t

= [3W 2
t + 3(T − t)]dWt.

Therefore we can take γu = 3W 2
u + 3(T − u) for u ∈ [0, T ].

Corollary 5.4.1. Any FW -local martingale is necessarily a continuous process.
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6 Stochastic Differential Equations

By a solution of the stochastic differential equation

dXt = µ (t,Xt) dt+ σ (t,Xt) · dWt

with the initial condition X0 given as an F0-measurable r.v., we mean an Rk-valued, F-adapted stochastic process
X defined on the probability space (Ω,F,P) and such that, for every t ∈ [0, T ],

Xt = X0 +

∫ t

0
µ (u,Xu) du+

∫ t

0
σ (u,Xu) · dWu.

Note that any solution X to the SDE is an Itô process.

Definition 6.0.1. (pathwise uniqueness) We say that the pathwise uniqueness of solutions to the above SDE holds

if for any filtered probability space (Ω,F,P), any d-dimensional standard Brownian motions W and W̃ defined on

(Ω,F,P), and any two solutions X and X̃ driven by W and W̃ respectively, the following implication is true

P{Wt = W̃t | ∀t ∈ [0, T ]} = 1 =⇒ P{Xt = X̃t | ∀t ∈ [0, T ]} = 1.

Remark. The pathwise uniqueness of solutions is sometimes referred to as the strong uniqueness. This is due to the
fact that under pathwise uniqueness any solution to the SDE is strong, meaning that it is adapted to the filtration
generated by the driving Brownian motion W , FW .

6.1 Itô’s Existence and Uniqueness Theorem

Theorem 6.1.1 (Itô’s theorem, sufficient but not necessary conditions for the uniqueness of SDE solution). Let
µ : [0, T ]× R → R and σ : [0, T ]× R → R satisfy the following conditions:

(i) (Lipschitz continuity) µ and σ are Lipschitz continuous with respect to the variable x, that is, there exist
constants K1,K2 > 0 such that, for any x, y ∈ R and t ∈ R+,

|µ(t, x)− µ(t, y)| ≤ K1|x− y|
|σ(t, x)− σ(t, y)| ≤ K2|x− y|

(ii) (linear growth condition) µ and σ satisfy the linear growth condition, i.e. there exist constants C1, C2 > 0
such that, for any x ∈ R and t ∈ R+,

|µ(t, x)| ≤ C1(1 + |x|)
|σ(t, x)| ≤ C2(1 + |x|)

Then the SDE has a unique solution X.

Remark. To check Lipschitz continuity, it is sufficient to check that µ and σ have bounded derivative. By Mean
Value Theorem,

µ(t, x)− µ(t, y) =

∫ x

y
µ′(t, z) dz

so if |µ′| ≤ K, then

|µ(t, x)− µ(t, y)| ≤ K

∣∣∣∣∫ x

y
dz

∣∣∣∣ = K|x− y|.
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6.2 Linear SDE

Proposition 6.2.1. The unique solution of the SDE

dXt = µ (t,Xt) dt+ σ (t,Xt) · dW t

with

µ(t,Xt) = AtXt + at,

σ(t,Xt) = [B1
tXt + b1t , · · · , Bd

tXt + bdt ],

where A, a,Bi, bi (i = 1, · · · , d) are all F-adapted bounded processes, is given by the formula

Xt = Φt

(
X0 +

∫ t

0
Φ−1
u [au −Bu · bu] du+

∫ t

0
Φ−1
u bu · dW u

)
where

Φt = exp

(∫ t

0

[
Au − Bu ·Bu

2

]
du+

∫ t

0
Bu · dW u

)
.

Remark. Analogous to ODE, we can consider the integration factor given by

Yt = Φ−1
t = exp

(
−
∫ t

0
Audu−

∫ t

0
Bu · dW u +

1

2

∫ t

0
Bu ·Budu

)
Proof. To check that X is a solution to the SDE, it suffices to differentiate the RHS using Itô’s formula (easier:
compute d(XtYt)). The uniqueness of solution can be deduced from Itô’s Theorem (6.1.1). ■

6.3 Non-Linear SDE

Solving non-linear SDEs requires us to apply some suitable transform to the original equation.

Examples 6.3.1 Non-linear SDE: CIR process We solve the SDE

dXt =

(
1

4
− bXt

)
dt+

√
XtdWt, X0 = 1

by considering the Yt :=
√
Xt. We apply Itô’s lemma to Yt :=

√
Xt (with the omission of some technicalities).

dYt =
1

2
√
Xt
dXt +

1

2
·

(
−1

4

1

X
3/2
t

)
d⟨X⟩t

=
1

2
√
Xt

((
1

4
− bXt

)
dt+

√
XtdWt

)
− 1

8

1

X
3/2
t

Xtdt

= −b
√
Xt

2
dt+

1

2
dWt =: − b

2
Ytdt+

1

2
dWt

. . . and we know how to solve linear SDEs! By applying an integration factor of ebt/2 or otherwise, we can show

Yt = e−bt/2 +
1

2

∫ t

0
e−

1
2
b(t−s)dWs

and therefore the solution to the SDE is given by

Xt =

(
e−bt/2 +

1

2

∫ t

0
e−

1
2
b(t−s)dWs

)2

.
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6.4 Stochastic Exponential and Stochastic Logarithmic

Recall the definition of an Itô’s integral: LetW be a d-dimensional standard Brownian motion defined on a filtered
probability space (Ω,F,P). For an Rd-valued process γ ∈ LP(W ), we define the real-valued F-adapted process U
by setting

Ut = It(γ) =

∫ t

0
γu · dW u, t ∈ [0, T ]

The process U defined in this way is, of course, a continuous F-local martingale.

Definition 6.4.1 (stochastic exponential). The stochastic exponential of U is given by the formula

Et(U) = Et
(∫ ·

0
γu · dW u

)
= exp

(∫ t

0
γu · dW u − 1

2

∫ t

0
|γu|

2 du

)
, t ∈ [0, T ]

that is, Et(U) = exp (Ut − ⟨U⟩t/2). More generally, for any continuous local martingale M , we define

Et(M) = exp

(
Mt −

1

2
⟨M⟩t

)
, t ∈ [0, T ].

Lemma 6.4.1. The stochastic exponential of U is the unique solution X of the stochastic differential equation

dXt = Xtγt · dW t = XtdUt

with the initial condition X0 = 1. More generally, for any continuous local martingaleM , the stochastic exponential
E(M) is the unique solution X to dXt = XtdMt with the initial condition X0 = 1.

Remark. 1. It follows immediately that dEt(U) = Et(U)γt · dW t = Et(U)dUt.

2. Note that E(U) is a strictly positive continuous local martingale under P and thus, it follows a supermartingale
with respect to F. If, in addition,

EP (ET (U)) = EP (E0(U)) = 1

so that EP(Et(U)) is constant on t ∈ [0, T ]9, then the process E(U) is a continuous F-martingale.

Definition 6.4.2 (stochastic logarithm). Given a continuous, strictly positive process U , the stochastic logarithm
of U , denoted by Lt(U) is the (unique) solution to

dLt(U) =
1

Ut
dUt

with L0(U) = 0.

Remark. 1. One can check that

Lt(U) =

∫ t

0

1

Us
dUs = logUt +

1

2

∫ t

0

1

U2
s

d⟨U⟩s

is one (and “the”) solution, by noting that d logUt =
1
Ut
dUt − 1

2
1
U2
t
d⟨U⟩t.

2. Stochastic logarithm is an inverse operation to stochastic exponential: E (L(U)) = L (E(U)) = U. Check

dLt(E(U)) =
1

Et(U)
dEt(U) =

1

Et(U)
Et(U)dUt = dUt,

dEt(L(U)) = Et(L(U))dLt(U) = Ut
1

Ut
dUt = dUt.

9For a supermartingale, we have E (MT ) ≤ E (Mt) ≤ E (M0) for all t ∈ [0, T ], hence the “so that” conclusion.
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7 Girsanov Theorem

7.1 Change of Measure

Definition 7.1.1. Consider two probability measures P and Q defined on (Ω,A).

• (equivalence) P and Q are said to be equivalent if

P(A) = 0 ⇐⇒ Q(A) = 0

for all A ∈ A; i.e. they have the same set of null events in the σ-algebra A.
• (absolute continuity) Q is said to be absolutely continuous with respect to P, written Q ≪ P, if

P(A) = 0 =⇒ Q(A) = 0

for all A ∈ A.

Remark. If P and Q are equivalent on A, then they also enjoy this property on any σ-algebra G ⊆ A. In particular,
if P ∼ Q on FT then P ∼ Q on Ft for every t ∈ [0, T ].

Theorem 7.1.1 (Radon-Nikodym Theorem). Let P and Q be two probability measures on (Ω,A) such that Q ≪ P,
then there exist a unique positive P-integrable random variable η (the Radon-Nikodym density) such that for
all A ∈ A,

Q(A) = EP (η1A) .

We also write

η =
dQ
dP

.

Examples 7.1.1 Radon-Nikodym Density

1. Coin flip with Ω = {T,H}. Consider P given by P {H} = P {T} = 1/2 and Q by Q {H} = 1/3,Q {T} =
2/3. Clearly P and Q are equivalent; further,

Q {T} = EP[η1{T}] = η {T}P {T}
Q {H} = EP[η1{H}] = η {H}P {H}

=⇒ η(ω) =
Q(ω)

P(ω)
, ω ∈ {T,H} .

2. Consider Ω = [0,∞) and A = B([0,∞)). One can define two equivalent probability measure on (Ω,A) by
setting, for every A ∈ A,

P(A) =
∫
Ω
1A(x)1[0,1](x)dx =

∫ ∞

0
1A(x)dP(x)

Q(A) =

∫
Ω
1A(x)e

−xdx =

∫ ∞

0
1A(x)dQ(x)

The probability measure P is the uniform (Lebesgue) measure on [0, 1] and Q is the exponential measure. It
is not difficult to see that P is absolutely continuous with respect to Q but not the reverse, as P(A) ≤ eQ(A).
To find the Radon-Nikodym density of Q with respect to P we note that for any A ∈ A,

P(A) =
∫
Ω
1A(x)1[0,1](x)dx =

∫
Ω
1A(x)

1[0,1](x)

e−x
e−xdx =

∫
Ω
1A(x)

1[0,1](x)

e−x
dQ(x)

Therefore the Radon-Nikodym density of P w.r.t. Q is given by η(x) = 1[0,1](x)/e
−x. Further, if we let

X(ω) = ω, then we can show that X ∼ U [0, 1] under P and X ∼ Exp(1) under Q by computing the CDFs.
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7.2 Radon-Nikodym Density Process

For Theorem 7.1.1, in the special case of A = FT , we usually write ηT to denote the (unique) FT -measurable r.v.
such that for every A ∈ FT ,

Q(A) = EP (ηT1A) =

∫
A
ηTdP.

Remark.

(i) For any Q-integrable r.v. ψ, we have
EQ(ψ) = EP(ηTψ).

ψ is Q-integrable if and only if ηTψ is P-integrable.
(ii) P {ηT > 0} = 1.

(iii) EPηT = Q(Ω) = 1.

Definition 7.2.1 (Radon-Nikodym density process). The Radon-Nikodym density process η = (ηt)t∈[0,T ] of Q
with respect to P and a given filtration F is defined by setting

ηt := EP (ηT |Ft) , ∀t ∈ [0, T ]

Remark.

(i) The tower property implies that Radon-Nikodym density process η is a strictly positive martingale under P.
(ii) The random variable ηt is the Radon-Nikodym density of Q with respect to P on (Ω,Ft). That is,

ηt =
dQ
dP

∣∣∣∣
Ft

7.3 Abstract Bayes Formula

Lemma 7.3.1 (abstract Bayes formula). Let G be a sub-σ-algebra of FT , and let ψ be a Q-integrable random
variable. Then

EQ(ψ|G) =
EP(ηψ|G)
EP(η|G)

.

Proof. It can be easily checked that EP(η|G) is strictly positive P-a.s. so that the RHS is well-defined. By our
assumption, the random variable ηψ is P-integrable, it is therefore enough to show that

EP(ηψ|G) = EQ(ψ|G)EP(η|G).

We want to verify that, for all A ∈ G,

EP(ηψ1A) = EP [EQ(ψ|G)EP(η|G)1A] .

Write Y = EQ(ψ|G). Then

EP [EQ(ψ|G)EP(η|G)1A] = EP [EP(ηY |G)1A] (since Y is G-measurable)

= EP [EP(ηY 1A|G)] (since 1A is G-measurable)

= EP [ηY 1A] (tower property)

= EQ [Y 1A] = EQ [EQ(ψ|G)1A]
= EQ [EQ(ψ1A|G)]
= EQ [ψ1A|G)]
= EP(ηψ|G)

The definition of conditional expectation then gives the desired result. ■
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Lemma 7.3.2. A stochastic process X is an F-martingale under Q if and only if the product ηX is an F-martingale
under P.

Proof. This is a direct application of the abstract Bayes formula. Assume first that ηX is an F-martingale under
P so that EP (ηtXt|Fu) = ηuXu for any 0 ≤ u ≤ t ≤ T . Then the Bayes formula yields,

EQ (Xt|Fu) =
EP (ηTXt|Fu)

EP (ηT |Fu)
=

EP (XtEP (ηT |Ft) |Fu)

EP (ηT |Fu)
=

EP (Xtηt|Fu)

ηu
=
Xuηu
ηu

= Xu

for any 0 ≤ u ≤ t ≤ T . We conclude that X is an F-martingale under Q. The proof of the converse implication
goes along the same lines. ■

7.4 Girsanov Theorem

7.4.1 Linear Drift

Proposition 7.4.1. Let W be a one-dimensional standard Brownian motion on a probability space (Ω,F,P). For

a real number γ ∈ R, we define the process W̃ by setting W̃t = Wt − γt for t ∈ [0, T ]. Let the probability measure
P̃, equivalent to P on (Ω,FT ), be defined through the formula (see Definition 6.4.1 for E)

ηT =
dP̃
dP

= exp

(
γWT − 1

2
γ2T

)
= ET (γW ).

Then W̃ is a standard Brownian motion on the probability space (Ω,F, P̃).

Proof. To establish the proposition, we make use of the abstract Bayes formula (Lemma 7.3.1) and Lévy’s charac-
terisation theorem (Lemma 5.3.1). In view of the latter, it suffices to show that for any λ ∈ R the process

Mλ
t = exp

(
λW̃t −

1

2
λ2t

)
, ∀t ∈ [0, T ],

is an F-martingale under P̃. By Lemma 7.3.2, we can equivalently check that ηMλ is an F-martingale under P.
But

ηtM
λ
t = exp

(
γWt −

1

2
γ2t

)
exp

(
λ (Wt − γt)− 1

2
λ2t

)
= exp

(
αWt −

1

2
α2t

)
where α = λ + γ. Clearly EP(ηtM

λ
t ) = 1 for all t ∈ [0, T ] and thus this process follows an F-martingale under P.

From the Lévy characterisation theorem we conclude that W̃ is a standard Brownian motion on (Ω,F, P̃). ■

7.4.2 Stochastic Drift

Let W be a d-dimensional standard Brownian motion defined on a filtered probability space (Ω,F,P). For an
Rd-valued process γ ∈ LP(W ), we define the real-valued F-adapted process U by setting

Ut = It(γ) =

∫ t

0
γu · dW u, t ∈ [0, T ].

Proposition 7.4.2. Suppose that γ is an Rd-valued F-progressively measurable process such that EP [ET (U)] = 1.
Define a probability measure P̃ on (Ω,FT ) equivalent to P by means of the Radon-Nikodym derivative

ηT =
dP̃
dP

= ET
(∫ ·

0
γu · dW u

)
= ET (U).

Then the process W̃ given by the formula

W̃ t = W t −
∫ t

0
γudu, ∀t ∈ [0, T ]

follows a standard d-dimensional Brownian motion on the space (Ω,F, P̃).
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The condition EP [ET (U)] = 1 is required in Proposition 7.4.2 to ensure that η = ET (U) is a true F-martingale
under P: η = ET (U) is in general a non-negative F-local martingale and therefore an F-supermartingale. Having
EP [ET (U)] = EP [E0 (U)] = 1 guarantees η is a true F-martingale.

However, it is difficult to check this condition in general. We present two sufficient conditions below.

Proposition 7.4.3.

(i) (Novikov’s condition) If

EP

[
exp

(
1

2

∫ T

0
|γu|

2 du

)]
<∞,

then EP (ET (U)) = 1. Consequently, the process η = E(U) is a strictly positive continuous F-martingale. In
particular, if the process γ is uniformly bounded, that is, there exists a constant K such that |γt| ≤ K for
t ∈ [0, T ], then Novikov’s condition is satisfied and thus EP (ET (U)) = 1.

(ii) (Kazamaki’s condition) A weaker but also sufficient condition is the Kazamaki condition:

EP

[
exp

(
1

2

∫ t

0
γu · dW u

)]
<∞, ∀t ∈ [0, T ].

The next result shows that, if the underlying filtration is generated by a d-dimensional Brownian motion, the Radon-
Nikodym density process of any probability measure equivalent to P has necessarily the form of the stochastic
exponential for some process γ.

Proposition 7.4.4. Assume F = FW . Then for any probability measure P̃ on (Ω,FT ) equivalent to P, there exists
an FW -progressively measurable, Rd-valued process γ such that

ηT =
dP̃
dP

= ET
(∫ ·

0
γu · dW u

)
.

Proof. Let ηT be the Radon-Nikodym density of P̃ with respect to P on (Ω,FT ) (whose existence is guaranteed
by Radon-Nikodym theorem). Clearly, the process ηt = EP (ηT |Ft) is an F-martingale and η0 = 1. Further, since
the underlying filtration F = FW is a Brownian filtration, the martingale representation theorem (Theorem 5.4.2)
implies the existence of a process γ̃ ∈ LP(W ) such that

ηt = 1 +

∫ t

0
γ̃u · dW u, ∀t ∈ [0, T ].

Since P {ηT > 0} = 1, we also have that P {ηt > 0} = 1 for any t ∈ [0, T ], and further, in view of continuity of
η (which is apparent from the representation above) we obtain P {ηt > 0, ∀t ∈ [0, T ]} = 1. Therefore, the process
γt = γ̃tη

−1
t is well defined and we have

ηt = 1 +

∫ t

0
γ̃u · dW u = 1 +

∫ t

0
ηuγu · dW u.

We conclude that the Radon-Nikodym density process is the unique solution to the SDE

dηt = ηtγt · dW t,

and thus, in view of the form of the stochastic exponential, it satisfies, for any t ∈ [0, T ],

ηt = Et
(∫ ·

0
γu · dW u

)
This completes the proof of the proposition. ■
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7.4.3 Continuous Semimartingales

Theorem 7.4.1 (Girsanov theorem for continuous semimartingales). Let P̃ ∼ P be two equivalent probability
measures on (Ω,FT ) with Radon-Nikodym density ηT . We assume, in addition, that that the Radon-Nikodym
density process ηt := EP (ηT |Ft) , t ∈ [0, T ] is continuous10. Then any continuous real-valued P-semimartingale
X is a continuous P̃-semimartingale. If the canonical decomposition of X under P is X = X0 +M + A then its
canonical decomposition under P̃ is X = X0 + M̃ + Ã where

M̃t =Mt −
∫ t

0

1

ηu
d⟨η,M⟩u =Mt − ⟨L(η),M⟩t

and

Ãt = At +

∫ t

0

1

ηu
d⟨η,M⟩u = At + ⟨L(η),M⟩t

In particular, X follows a local martingale under P̃ if and only if the process Ã = A+⟨L(η),M⟩ vanishes identically
(Definition 5.2.1), that is, At + ⟨L(η),M⟩t = 0 for every t ∈ [0, T ].

The transform ϕ :M 7→M − ⟨L(η),M⟩ is called Girsanov transform.

Proof. We need to prove that

(i) M̃ is a local martingale under P̃.
(ii) Ã is a process of finite variation with Ã0 = 0 (i.e. almost all sample paths are of finite variation on [0, T ]).

To show (ii), recall the polarisation formula

⟨X,Y ⟩ = 1

4
(⟨X + Y ⟩ − ⟨X − Y ⟩) ,

which is the difference of two increasing processes and therefore must have finite variation (Theorem 3.3.1). Hence,
Ã = A+ ⟨L(η),M⟩ being the sum of two processes of finite variation, must be a process of finite variation itself.

To show (i), we check its equivalence: ηM̃ is a local martingale under P. Consider the dynamics of ηM̃ :

dηtM̃t = ηtdM̃t + M̃tdηt + d⟨η, M̃⟩t (integration by parts)

= ηtd[Mt − ⟨L(η),M⟩t] + M̃tdηt + d⟨η,M − ⟨L(η),M⟩⟩t
= ηtdMt − ηtd⟨L(η),M⟩t + M̃tdηt + d⟨η,M⟩t (⟨L(η),M⟩ has finite variation)

= ηtdMt + M̃tdηt (observe d⟨η,M⟩t = ηtd⟨L(η),M⟩t)

where M and η are both P-local martingales. Hence, ηM̃ is also a P-local martingale, completing the proof. ■

10We know already that this holds if F = FW for some Brownian motion W , see Proof of Proposition 7.4.4
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A Some Useful Results11

Theorem A.0.1 (Cauchy-Schwarz inequality).

1. (definite integrals) Let f and g be real functions which are continuous on the closed interval [a, b]. Then:(∫ b

a
f(t)g(t)dt

)2

≤
∫ b

a
f2(t)dt

∫ b

a
g2(t)dt.

As a corollary, we have (∫ b

a
f(t)dt

)2

≤ (b− a)

∫ b

a
f2(t)dt.

2. (expectations) For any two random variables X and Y ,

[E(XY )]2 ≤ E(X2)E(Y 2),

or equivalently,
|E(XY )| ≤

√
E(X2)E(Y 2).

Theorem A.0.2 (Fubini-Tonelli theorem). Let X be a stochastic process such that
∫ T
0 E (|Xs|) ds <∞, then

E
[∫ T

0
Xsds

]
=

∫ T

0
E [Xs] ds.

11I may omit some technical conditions in this section.
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