xponential Brownian motion with drift] Let z,m € R and o > 0 and we set Y; = ze™T°Wt. The
process Y is called an exponential Brownian motion with drift m and variance o2. We first notice
that the process Y is adapted to the filtration F. Next,

E[Y)] = 2e™E(e"™") = ze™ My, (o) = ze™ /21,

We want to show that the process Y is an F-martingale if and only if m = —¢2/2. Indeed, for s < t,
E[xemH"Wt |]_—S] _ ]E[xems—&—m(t—s)-i-aWs—I—a(Wt—Ws) |~Fs]
_ Y;E[em(t—s)—i-a(Wt—WS)}

_ }/Sem(t—s)-i-oQ(t—s)/Q

and the claim follows.
+endgre
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