
Lemma 0.0.1 (quadratic variation of Ito processes). Consider an Ito process denoted by dXt =
αt dt+ βt · dWt.

(i) The quadratic variation of the Ito process is 〈X〉t =
∫ t
0 β

2
u du.

(ii) The quadratic covariation (aka cross-variation) of two Ito processes Xt =
∫ t
0 αu dWu and Yt =∫ t

0 βu dWu is

〈X,Y 〉t =
∫ t

0
αuβu du.

(iii) (polarisation formula) A more general version of (ii) gives the quadratic covariation of two
continuous semimartingales. If Xi = Xi

0+M i+Ai and Xj = Xj
0 +M j +Aj are in Sc(P), then

〈Xi, Xj〉 = 〈M i,M j〉 = 1
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(
〈M i +M j〉 − 〈M i〉 − 〈M j〉

)
=

1
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(
〈M i +M j〉 − 〈M i −M j〉

)
.


