
Proof. (i) First note that the process At =
∫ t
0 αu du is always a process of finite variation (thus zero

quadratic variation). This is clear when α ≥ 0 and At is increasing, since the total variation on [0, T ]
is just AT (Theorem 3.3.1). If α is not positive, we can write α = α+−α− and At = A+

t −A−
t where

α+ = max(α, 0), α− = max(−α, 0) and

A±
t =

∫ t

0
α±
s ds

and it is not difficult to see that the total variation of A is bounded by A+
T + A−

T . The quadratic
variation of the process Bt =

∫ t
0 βu · dWu is given in Theorem 4.1.1, thus the result.

(ii) We can use the polarisation formula:
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(∫ t

0
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2 ds−
∫ t

0
α2
u ds−

∫ t

0
β2
u ds

)
=

∫ t

0
αuβu ds,

which concludes the proof. �


