Proof. To establish the proposition, we make use of the abstract Bayes formula (Lemma 7.3.1) and
Lévy’s characterisation theorem (Lemma 5.3.1). In view of the latter, it suffices to show that for any
A € R the process
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is an F-martingale under P. By Lemma 7.3.2, we can equivalently check that nM?* is an F-martingale
under P. But
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where o = A\++. Clearly EF(n,M}") = 1 for all ¢ € [0, 7] and thus this process follows an F-martingale

under P. From the Lévy characterisation theorem we conclude that 1 is a standard Brownian motion
on (2, F,P). [ |



