
Theorem 0.0.1 (Ito’s Lemma, 1D). Suppose that g : [0, T ]×R → R is a function of class C2,1([0, T ]×
R,R), i.e. g is twice continuously differentiable. Then for any Ito process X, the process Yt = g(t,Xt),
t ∈ [0, T ], is an Ito process (and therefore also a continuous semimartingale). Moreover, its canonical
decomposition is given by the Ito formula

dg(t,Xt) = gt(t,Xt) dt+ gx(t,Xt) dXt +
1

2
gxx(t,Xt) d〈X〉t.

or equivalently,

g(t,Xt) = g(0, X0) +

∫ t

0
gt(s,Xs) ds+

∫ t

0
gx(s,Xs) dXs +

1

2

∫ t

0
gxx(s,Xs) d〈X〉s.

If dXt = αt dt+ βt dWt, then

dg(t,Xt) = gt(t,Xt) dt+ gx(t,Xt)αt dt+ gx(t,Xt)βt dWt +
1

2
gxx(t,Xt)β

2
t dt.


