Definition 0.0.1 (martingales, submartingales, supermartingales). Consider a real-valued, F-adapted
process M = (M;),c[o,7], defined on a filtered probability space (2, F,P). If

(i) M is integrable, that is, E|M;| < oo for ¢ € [0,T], and
(ii) (martingale property) for any 0 < s <t < T,
o E(M:|Fs) = Ms, then M is an F-martingale. The expectation is a constant: E(M;) =

My), for all t € [0,T].

(
(
(My|Fs) > My, then M is an F-submartingale. The expectation is increasing: E(M;) >
(My) for any t € [0,T].
(
(

M| Fs) < Mg, then M is an F-supermartingale. The expectation is decreasing:
M) < E(My) for any t € [0,T].
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