t>0and m, = {tg = 0,%1,...,t,(r) = t} be a partition of [0,t]. We want to show that

n(m)
Jm ST (W = Wi )2 = VW) =

where the convergence is in L?(2, Fr,P), that is,
n(r) 2

lim E (Wi, = Wiy )2 —t]| | =0.

n(m)—o00 1

For brevity of notation, write Aty =t — ty_1, AWy = Wi, — Wy, | and 0y = (AW)? — Aty. Our
goal is to prove that I,, = E[(3_ 6;)?] — 0 as n(n) — oo. To show this,

2

n(m) n(m)
Li=E||> 6k =E | 0.0, =Y E(67)+2) E(6:6))
k=1 i, i=1 i#]

We can show that the second term is 0 by using independent increments and E[(AW},)?] = At;. Then

n(r)
L =Y (E[(AWR)Y] — 2A4E[(AWR)?] + (Aty)?)
k=1
n(m) n(m)
=2 (Atg)? < 2/ma| Y Aty = 2t|m,|
k=1 k=1

where in the second equality we used the fact the 4th central moment of a X ~ N(p,0?) r.v. is
E((X — 1)) = 304,

It is now clear that the quantity I,, tends to zero as n tends to infinity, since |m,| tends to zero.
Lemma 0.0.1. Th



