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1 GENERAL PROBABILITY THEORY

1.1 o-algebra

Definition 1.1.1.
o The set of all possible outcomes of an experiment is called the state space, denoted by 2.
e The family of all possible subsets of 2, i.e. the power set is denoted by 2.

Definition 1.1.2 (o-algebra). A family of subsets A C 2 is called a o-algebra if it satisfies
(i) Qe A, or e A
(ii) Closure under complement: If A € A then A° € A.
(iii) Closure under countable unions and intersections: If a sequence of sets (A4;);>1 belongs to A, then (J;2, A;
(or N2, Ai, by De Morgan’s law!) also belongs to A.

The smallest possible g-algebra is the trivial o-algebra: {0, Q}. The largest possible o-algebra is 22. Between the
two, we have e.g. for a 6-faced dice, A = {{1},{2,3,4,5,6},0,Q}.
Definition 1.1.3 (o-algebra generated by families of sets).

o Let C be an arbitrary family of subsets of 2. We denote by ¢(C) the smallest o-algebra which contains every
set in C (i.e. C C ¢(C)) and call this the o-algebra generated by C.

o (Borel o-algebra) An important example is the Borel o-algebra over any topological space €2, denoted by
B(£2), which is the o-algebra generated by the open sets of 2 (or, equivalently, by the closed sets?). In other
words, B(2) := o(O(Q)), where O(-) denotes the collection of all open sets.

— Recall that an open set of R is a subset £ C R such that for every z € E there exists € > 0 such that
Be(x) ={y € R: |z — y| < €} is contained in E.

— A set I' C R is said to be closed if F¢ is open.

— R and () are simultaneously both open and closed sets.

o (o-algebra generated by a random variable) Given X : (Q,4) — (V¥,G), the o-algebra generated by X,
denoted o(X) is the smallest o-algebra on Q such that X is a random variable, that is, X is measurable
with respect to o(X) and G. Equivalently, o(X) = X~ 1(G) = {X~1(S) | S € G} (by Definition 1.3.1 and
Theorem 1.3.2).

Theorem 1.1.1. The Borel o-algebra B(R) is generated by intervals of the form (—oo, a] where a € Q is a rational
number.

Proof. Let O denote the collection of all open intervals. Since every open set in R is an at most countable union
of (disjoint) open intervals, we have o(O) = B(R).
Let D be the collection of all intervals of the form (—oo,a], a € Q. For any a < b, a,b € Q,

(a,b) = U (a,b—1] = U (—=00,b— 11N (=00, al’,
n=1 n=1

which implies that (a,b) € o(D), i.e. O C o(D) = 0(O) C o(D). However, every element of D is a closed set
(complement of an open set) so D C B(R) = o(D) C B(R) = 0(O), completing the proof. [ |

1.2 Probability Space

Definition 1.2.1 (measurability).
« Given a state space Q and a o-algebra A C 2, the duple (Q,.A) called a measurable space.
e A subset A € Q is said to be A-measurable if A € A. We call A an event.

i=1
2To show this, we just need to show that o(C) C B(Q2) and B(Q2) C o(C). All closed sets are complements of open sets. Since B(Q)
being a c-algebra is closed under complement, it contains all the closed sets, i.e. C C B(Q2) = ¢(C) C B(Q2). A similar argument can

be used to show that O C ¢(C) = B(Q2) = o(O) C o(C).

"Nz Ai:( i’ilAf)c~
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Definition 1.2.2 (probability measure). Let 2 be a nonempty set, and let A be a o-algebra of subsets of Q. A
probability measure P is a function that, to every set A € A, assigns a number in [0, 1]. We require:

(i) P(Q2) = 1.

(ii) (countable additivity) whenever Aj, As,--- is a countable sequence of disjoint sets in A, then

o (00) - S
=1 =1

The triple (2,4, P) is called a probability space.

Theorem 1.2.1 (probability measure P is continuous along monotone sequences of events). If P: A — [0,1] is a
probability measure, then
o If (Ai)i>1 € A is increasing, i.e. Ay C Ay C Az C -+ with lim; oo A; = ;o A; = A, denoted A; T A, then

1—00 71— 00
o If (Ai)i>1 € A is decreasing, i.e. Aj D Ay D A3 D -+ with lim; oo A; = ;2 Ai = A, denoted A; | A, then
1—00 1—>00
Proof omitted (course notes pp.8-9).

1.3 Random Variables

Let (92, A) and (¥, G) be two measurable spaces (Definition 1.2.1).

Definition 1.3.1 (measurability of a function). A function X : Q — ¥ is said to be measurable with respect to
A and G if the pre-image X }(G) = {w: X(w) € G} € A for all G € G, or equivalently, X 1(G) C A.
Definition 1.3.2 (random variable). A random variable is a real-valued function X : @ — R that is measurable

with respect to A and B(R). That is, the pre-image X ~}(B) = {w : X(w) € B} € A for all Borel sets B € B(R).
We sometimes simply say X is A-measurable.

Definition 1.3.3 (almost sure equality of two r.v.s). Two random variables X and Y are said to be equal almost
surely, written X =2 Y if the set {w : X (w) # Y (w)} is of probability zero.

The theorem below says, to check if a function is measurable w.r.t. a o-algebra, it suffices to check the pre-image
of the generating family of the o-algebra.

Theorem 1.3.1 (measurability of a function). Let C be a class of subsets of ¥ such that o(C) = G. In order for
a function X : Q@ — W to be measurable with respect to A and G, it is necessary and sufficient that X *(C) C A.

Proof. By Definition 1.3.1, we just need to show that X ~1(C) C A iff X~1(c(C)) C A.
The backward direction is straightforward since C C o(C). To show the forward direction, suppose X ~(C) C A.
Define

K={BeolC)| X 1(B)ec A}

It is easy to verify that K is a o-algebra (by using results on pre-image of complement, union, and intersection).
By assumption, C C K and therefore o(C) C K. The definition of K then implies X ~1(c(C)) C A. [ |

Corollary 1.3.1. (from Theorem 1.3.1 and Theorem 1.1.1) A function X : Q@ — R is a random variable if and
only if {w: X(w) <a} = X"1((—o00,d]) € A for all a € Q.

Ezxample to Corollary 1.8.1. Consider the probability space ([0, 1], B[0, 1], P) where P is the Lebesgue measure, i.e.
Pla,b] =b—a, 0 < a <b<1. Consider the identity function, i.e. X (w) = w. To show X is a r.v., just note that

X1 ((~00,d]) = {w: X(w) < a} =[0,a] € BJO,1],

forall a € Q, a < 1.
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Corollary 1.3.2. (from Theorem 1.3.1) Two random variables X and Y are independent iff P(X < a,Y <b) =
P(X <a)P(Y <b) for all a,b € Q.

Theorem 1.3.2 (pre-image of o-algebra on domain is also o-algebra). Let X : Q — ¥ be a mapping. Let G be a
o-algebra on W. Then X ~Y(G) is a o-algebra on .

Proof. We verify the axioms for a g-algebra:
i) X1 (¥)=0=0ecX G as ¥ eg.
(ii) Let S € X~1(G). Then S = X~!(G) for some G € G. We know that the pre-image of set difference equals
the set difference of the respective pre-images, so

Q\S=X"1\ X=X T\G)=Q\SeXx 3.
€g

(iii) Let (S;)i>1 € X1(G). Then S; = X ~1(G;) for some G; € G for all i. It follows that

G G X*(Eﬁ%)ex*@x

where we used the fact that the union of pre-images is the same as the pre-image of the union.

1.4 Expectation

Definition 1.4.1 (characteristic function, mgf).
« The characteristic function of a r.v. X is given by ®x(t) = E[e!*X].
« The moment generating function of a r.v. X is given by Mx(t) = E[e!X].

Definition 1.4.2 (expectation). Let X be a r.v. on a probability space (€2, A,P). The expectation of X is

- [ Xt b

When X is a simple random variable, i.e. it takes on only finitely many values, it can be written as
X = ZxZIA — X(w ZJUzIA w e N
=1

where z; € R and 4; = {w: X(w) = z;} € A. Its expectation is given by

=> 2 P(4) =) xP{X =ux;}.
=1 =1

Definition 1.4.3 (L'). We say X is integrable if E(X) < co. The space of integrable r.v.s is denoted by
LY(Q,P).

Theorem 1.4.1. The random variable X is integrable if and only if E(|X]|) < oo.

Proof. We can write X = X* — X~ where XT = max(X,0) and X~ = max(—X,0). Then |[X|=XT+X". H

Theorem 1.4.2 (Jensen’s inequality). Let g : R — R be a convex function and X a r.v. with E|X| < co. Then

9(E[X]) < E[g(X)].
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1.5 Conditional Expectation
1.5.1 Conditional Expectation w.r.t. a Partition

Given a simple random variable X taking values x1,--- , z,,
D(X) = {Df(, ,Di(} where D,;X ={X =z;}

is the partition of 2 associated with X.

Definition 1.5.1 (conditional expectation w.r.t. a partition). For any partition D = {Dy,---,D,} of Q, the
conditional expectation of a simple random variable X is given by

E(X|D) = ZEX]D ii P(D:|D)1p,

a simple o(D)-measurable r.v.

where E(X|D;) = E(X1p,)P(D;)~! is the usual conditional expectation, and D(X) partitions  w.r.t. X.
If we have two simple random variables X and Y, then

E(X]Y) := E[X[D(Y)] = g(Y)

for some measurable function g, which, clearly, is o(Y)-measurable.

Result 1.5.1.
» Given a partition D of Q, P(A|D) = P(A|o(D)) for all A € A. More generally, E(X|D) = E(X|o(D)).
o For a simple random variable X, 0(X) = o(D(X)).

Proof. For (1), E(X|D) is clearly o(D)-measurable. Now from the uniqueness of conditional expectation (Defini-
tion 1.5.2), it suffices to check that for all A € (D),

E[E(X|D)14] = E[14X].
We can see that this indeed holds as

E[14X] = E[E[14X|D]] (tower property)
= E[14E[X|D]] (taking out what is known).

For (2), X is o(D(X))-measurable, so (X ) C ¢(D(X)). On the other hand, D(X) C 0(X) = o(D(X)) C o(X),
hence the equality. [ |

1.5.2 General Conditional Expectation

Definition 1.5.2 (conditional expectation w.r.t. a o-algebra). Let X be a integrable random variable on (€2, A, P).
Given a arbitrary sub-o-algebra G C A, the conditional expectation of X with respect to G, denoted by E[X |G],
is the unique integrable random variable satisfying the following conditions:
(i) (measurability) E[X|G] is G-measurable, i.e. E[X|G]"}(B(R)) C G or E[X|G]"}(B) € G for all A € B(R).
(ii) (partial averaging) For any A € G, we have

E[14X] = E[14E[X|G]]

or in integral form [, E[X|G](w = [, X (w).
For the definition to make sense, we need to prove the existence and uniqueness of conditional expectation.

Theorem 1.5.1 (existence and uniqueness of conditional expectation). Let G be a sub-o-algebra of A. Then
1. (existence) there exists a conditional expectation E[X|G] for any X € L1 (Q,P).
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2. (uniqueness) any two conditional expectations of X € L*(Q,P) respective to G are equal P-a.s.

Proof. Existence. Suppose X € L'(Q,P) then X* € L'(Q,P). Without loss of generality, we may assume that
X > 0. Define a new probability measure Q on (£2,.4) by setting for any A € A,

Q) = gy

The probability Q is absolutely continuous with respect to P on A (i.e. for A € A, P(A) =0 = Q(A) = 0). This
implies that Q < P on G C A (Remark following Definition 7.1.1). Therefore from the Radon-Nikodym Theorem,
there exists a positive G-measurable Radon—Nikodym derivative n = dQ/dP € L'(2,P) such that

E14X] =: E[X]Q(4)
E[XTE[n1.4]
E[E[X]E[714]|G]
= EME[X]14]

then nE[X] is a version of the conditional expectation E[X|G].
Uniqueness. Suppose Y and Y’ are both G-conditional expectation of X. Let G = {w : Y(w) > Y'(w)} and we
assume that P(G) > 0. To this end, we note that

[e.e]
G={Y-Y>0=J{v-v>1
n=1
n
Gn={y-Y > = J{v-v'>1
j=1
By Theorem 1.2.1, G,, T G = P(G,) 1 P(G), so there exists m > 0 such that P(G,,) > 0.
Since Y and Y’ are both G-conditional expectations, we have by (ii) of Definition 1.5.2 that for every A € G, in
particular G, we have E[1¢Y] = E[1¢Y’] = E[1¢(Y — Y')] = 0. But

E[le(Y -Y')] > E[1g,, (Y —=Y')] (1¢ > 1g,,)
1
> %P[Gm] >0 (1e,, = Lyy—y'>1/m})
This is a contradiction and hence P(G) = 0. [

1.5.3 Properties of Conditional Expectation

Result 1.5.2.
o Consider a constant r.v. X = ¢, i.e. X(w) = cfor all w € Q. Then o(X) is the trivial o-algebra Ay = {0, Q}.
o E[|Ao] = E[].

Proof. For (1), the trivial o-algebra is obviously the smallest. Further, X is measurable w.r.t. Ay as

Q ifceB

for all B € B(R). As X 1(B(R)) C Ay, by definition o(X) = Ay.
For (2), let X be any random variable on (€2, .4, P). The earlier result implies that E[X] is Ag-measurable. Next,
we check that

E(1pX) =E(1pE(X)) =0

E(1oX) = E(1oE(X)) = E(X)

That is, E[14X] = E[14E[X]] for all A € Ay. The required equality follows immediately from the uniqueness of
conditional expectation. |
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Theorem 1.5.2 (conditional expectation). Let X, Y be two integrable random variables on (Q, A,P), and G, H
be two sub o-algebras of A. Then
1. (taking out what is known) If X is G-measurable (or equivalently o(X) C G), then E[X|G] = X.
2. (linearity) For a,b € R, E[aX + bY'|G] = aE[X|G] + bE[Y|G].
3. (tower property) If H C G then
E[ELX|G][H] — E[X |3

in particular, by taking H = {0,Q} to be the trivial o-algebra, we have
E[E[X|g]] = E(X).
4. If X is independent of G in the sense that for all A € o(X) and B € G we have P(AN B) = P(A)P(B), then
E[X]|G] = E[X].
5. If X is G-measurable and Y is independent of G then for any Borel function h : R — R we have
E[h(X,Y)|G] = H(X),

where H : R — R is given by the formula H(x) = Elh(x,Y)]. Consider, e.g. X represents the present, Y
the future and G the information generated by past events.
6. (conditional Jensen’s inequality) Let g : R — R be a convex function and for any o-algebra G C A,

9(E[XG]) < E[g(X)]|g].

Proof. (for 5)

E[h(X,Y)|G] = E[h(z, Y)]g]‘x:X (taking out what is known)
= Elh(x, Y)]|x:X (Y is independent of G)
= H(z)| _

Lemma 1.5.1 (Doob’s measurability theorem). Let X : Q@ — ¥ be a mapping and (V,G) a measurable space.
A function Y : Q — R is o(X)-measurable if and only if there exists a G-measurable function h : ¥ — R s.t.
Y = h(X).

Remark 1.5.1. Doob’s measurability theorem tells us for a integrable random variable Y, E[Y|o(X)] which by
definition is o(X)-measurable, must be a function of X.

1.5.4 Geometric Interpretation of Conditional Expectation

Theorem 1.5.3. Let X be a square integrable random variable, i.e. E [XQ] < 0o. Then E[X|G] is the orthogonal
projection of X on L?(Q,P). This means that for every square integrable G-measurable Z,

E[(X - 2)?] > E[(X - E[X|G))*]

with equality if and only if Z = E[X|G].
Remark 1.5.2. One can show that X — E(X|G) is orthogonal to E(X|G). That is,

E[(X - E(X]9)) - E(X]G)] = 0.
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Proof. (Sketch) We consider
E[(X - 2)* =E[(X - E(X|G) + E(X|G) — 2)?]

=E [(X - E(X]9))*] +E [(E(X|G) — 2)*] +2E[(X — E(X|G))(E(X|G) — Z)]
(*)

But

(x) = E[E[(X — E(X[9))(E(X]|9) — 2)[9]] (tower property)

=E [(E(X|G) - 2)E[(X —E(X]9))|G]| =0 (taking out what is known)

=E(X|G)-E(X|9)=0

and therefore E [(X — Z)?] > E [(X — E[X]G])?].
1.6 Visual Representation of Expectation

E(X) = /Q X (w) dP(w)

The lower Riemann sum is pictured below, with Ay = {w € Q : yp < X(w) < Yg+1}-

Y3

Y2

Y1

Yo =10 w

Fig. 1.3.2. Lower Lebesgue sum.
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2 STOCHASTIC PROCESSES: PRELIMINARIES

2.1 Stochastic Processes

Definition 2.1.1 (stochastic process). For a given probability space (€2, .4, P), a (real-valued) stochastic process
(Xt)ter is a collection of A-measurable random variables X; where t € I (known as the index set). It can also be
written as (Xt )terwen to reflect that it is actually a function of two variables mapping from I x @ — R.
Definition 2.1.2 (filtration, F-adapted process, natural filtration).
o A filtration F = (F;);c(o,r) is an increasing family of o-algebras, that is, 7, € F; for any 0 <u <t <T.
o A stochastic process X = (X¢)g(o,r) defined on (2, F,P) is F-adapted if for any ¢ € [0,T], the random
variable X; is F;-measurable, i.e. for any z € Q, the event {X; < z} € F; (Corollary 1.3.1).
« The natural filtration of X (or the filtration generated by X) is defined as FX = (F{X).cjo7) where
FiX = 0(X,,u <t). Any stochastic process X is, by definition, adapted to its natural filtration.

Remark 2.1.1. We assume that A = Fr and hereafter we shall write (Q2, F,P) instead of (12, 4, F,P).

Definition 2.1.3 (“equality” of stochastic processes). Two processes X and Y defined on a common probability
space are said to be
« (stronger) indistinguishable if the event {X; =Y, for all ¢ € [0, T} has probability 1, i.e. P((",{X; = Yi}) =
1.
o (weaker) modifications of each other if for all ¢t > 0, P(X; =Y;) = 1.

Remark 2.1.2.
1. X and Y are indistinguishable = X and Y are modifications of each other, but not the reverse.
2. In discrete time these two concepts coincide.

Proof. We only need to show the converse. Since X and Y are modifications of each other, P(X; = Y;) = 1 for all
t in some countable set I. Since countable unions of null sets are again null sets?, countable intersections of sets
with full measure, have again full measure. Hence, P((,c;{X; = Y;}) = L. [ |

3. If X and Y two cadlag processes are modification of each other, then X and Y are indistinguishable.

Examples 2.1.1 (Counterexample of the converse). We give an example where X and Y are modifications of
each other, but not distinguishable. Consider the space ([0, 1], B([0,1]),P), where PP is the Lebesgue measure,
i.e. P([a,b]) = b—a. Let (Y;)ie[o,1) denote a constant process given by Y¥; = 0 and (Xt):c[0,1) given by

X, () 1 ift=w,
w) =
! 0 ift#w.

For a fixed w, the trajectories X;(w) and Y;(w) differs only at the point ¢ = w. To see that X and Y are
modifications of each other, for every ¢ € [0, 1], we have

{w: Xi(w) =Y (w)}={w:w#t} =0\ {w:w=1t}

This shows that P(X; =Y;) = 1 — P({t}) = 1. Here the process X is not a right continuous process (cadlag),
therefore one cannot conclude that X and Y are indistinguishable. In fact, we see that

{w: Xi(w) =Y (w), forallt € [0,1]} = ﬂ {w: Xi(w) =Y (w)} =0
t€[0,1]

3Follows from countable additivity of probability measure (Definition 1.2.2).
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since the complement is given by

U {w: Xi(w) #Viw)} = | {wiw=t} =0

te[0,1] t€[0,1]

which means (X¢).e(o,1] and (Y)¢e[o,1] cannot be indistinguishable.

2.2 Martingales

Definition 2.2.1 (martingales, submartingales, supermartingales). Consider a real-valued, F-adapted process
M = (M¢)sejo,1), defined on a filtered probability space (€2, F,P). If
(i) M is integrable, that is, E|M;| < oo for t € [0,T], and
(ii) (martingale property) for any 0 < s <t <T,
o E(My|Fs) = Ms, then M is an F-martingale. The expectation is a constant: E(M;) = E(My), for all
t€[0,T7.
o E(M;|Fs) > Mg, then M is an F-submartingale. The expectation is increasing: E(M;) > E(M,) for
any t € [0,T7.
o E(M|Fs) < Mg, then M is an F-supermartingale. The expectation is decreasing: E(M;) < E(My)
for any ¢ € [0,T].
Remark 2.2.1. (equivalent conditions for discrete time martingales) For a discrete time process, it suffices to
show
o E(Myy1|Fn) =M, foralln=0,1,...,N —1, or
o E(Mn|F,) =M, foralln=0,1,...,N.
Other ways to prove a martingale in continuous case include:
e Lemma 2.2.1: A sub- or supermartingale with constant expectation.
o E(Mp|F;) = M, for all t € [0,T].
« Corollary 3.3.2: M? — (M) is an F-martingale if M is a continuous, square integrable F-martingale.
o Theorem 4.1.1: I(v) for v € LZ(W) is an F-martingale.
o Theorem 4.2.1: I(vy) for v € Lp(W) is an F-local martingale.
o Itd’s lemma (Theorem 4.3.1) proves a continuous semimartingale when g is sufficiently smooth.

Lemma 2.2.1. Assume that M is either an F-submartingale or an F-supermartingale. Then M is an F-
martingale if and only if the expected value of M is constant, i.e. E[My] = E[My] for all t € [0,T].

Proof. The only if part is straightforward. We prove only the converse.
Suppose M is a submartingale with constant expectation. Let 0 < u < ¢ < T. Then E[M,|F,] — M, > 0 and

E[E[M,|F,] — M,] = E[M;] — E[M,] =0

by assumption. A non-negative random variable X with E(X) = 0 almost surely, as the Markov inequality implies
P(X >27") < 2"E(X) = 0. This implies that E[M;|F,] = M, almost surely, i.e. M is an F-martingale. [ |

Lemma 2.2.2 (convex transform of a martingale). Let M be an F-martingale and let h : R — R be a convex
function. If the process X = h(M) is integrable, then it is an F-submartingale.

Examples 2.2.1 (Conditional Jensen’s inequality (Theorem 1.5.2)). Conditional Jensen’s inequality can
come handy when dealing with martingales. For example, if S is a martingale, then the process (S — K) is a
submartingale, as f : x +— (z — K)7 is convex:

E[f(S)|Fs] = fE[S:|Fs]) = f(Ss),

for 0 < s <t < T. Similarly we can show that (S?) is also a submartingale.

Lemma 2.2.3 (conditional expectation process is a martingale). Let X be an Fr-measurable and integrable
random variable. Then the process defined by M, = E(X|F;) fort € [0,T] is an F-martingale.
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Proof. This is an immediate result of the tower property. |

2.3 Local Martingales

Definition 2.3.1 (local martingales). A process M is an F-local martingale if there exists an increasing sequence
(Tn)nen of stopping times such that 7,, — T a.s. (T' can be 00), and for every n the stopped process M™ is a
uniformly integrable martingale. Any sequence (7,,),en With these properties is called the reducing sequence
for a local martingale M.

2.4 Doob Decomposition Theorem
2.4.1 Discrete Time: Doob Decomposition

Theorem 2.4.1 (Doob decomposition theorem). A discrete time submartingale X = (Xy)n=01,..N can be de-
composed into
X, =M, + A,

where M is a martingale and A is a predictable, increasing process with Ag = 0. Similarly, a supermartingale can
be decomposed into a martingale and a decreasing process. This decomposition is almost surely unique.

Proof. Existence. We prove the existence of Doob decomposition by construction. Define the processes A and
M by setting, for every n € I ={0,1,...,N},

n

Ap = (B[Xp| Fio1] = Xpo1)
k=1

and .
M, = X, + Z (X — E[X4|Feo1]) .
k=1
It is easy to check that X, = M,, + A,, for all n € I, by writing X,, — X as a telescoping sum.
It is clear that A is increasing since E[Xy|Fr_1] — Xkx—1 > 0. To check that M is a martingale, we note that
E[an—'.nfl] - E[Mnfl + Xn - E[an—'.nfl] | fnfl]
- n—1 1 E[Xn‘fnfl] - ]E[Xn’]:nfl}

= n—1

foralln=1,...,N.
Uniqueness. Let X = M’ + A’ be an additional decomposition. Then the process Y ;= M — M’ = A’ — A is a
martingale, implying that

E[Yn’]:n—l] - Yn—h

and also predictable (as A is predictable), implying that
E[Yn|]:n71] = Yna

for any n = 1,...,N. Since Yy = A — Ap = 0 by the convention about the starting point of the predictable
processes, this implies iteratively that Y,, = 0 almost surely for all n =0,1,..., N. |
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2.4.2 Continuous Time: Doob—Meyer Decomposition

Theorem 2.4.2 (Doob-Meyer decomposition theorem). Let X be a non-negative continuous submartingale*.
Then there exists a continuous increasing process A with Ag = 0 such that the process M = X — A is a continuous
martingale. The processes M and A in the Doob—Meyer decomposition

X=M+A

are unique up to indistinguishability of stochastic processes (Definition 2.1.3).

2.5 Stopping Times

Definition 2.5.1 (stopping time). An F-stopping time 7 is a random variable taking values in [0, oo] such that
{T < t} < ft

for all t > 0.

Lemma 2.5.1 (stopped processes in discrete time, p.26).
o Let X = (Xy)n=0,.. N be an F-adapted process and T be an F-stopping time. Then the stopped process

X" = (Xn/\'r) = Xnlp<r + XTanT

is also F-adapted.
o Let M = (My)n=o,.. N be an F-martingale process and T be an F-stopping time. Then the stopped process

MT™ = (Mn/\'r) = Mplp<r + MTanT

is also an F-martingale.

Definition 2.5.2. Given a stopping time 7, the o-algebra F. defined by
Fr={AeFr:foraltel0,T], An{r <t} e F}

is called the o-algebra of events prior to 7.

Theorem 2.5.1 (Doob’s optional sampling theorem). Let o < 7 be two stopping times taking values in{0,1,..., N}.
For any martingale, submartingale or supermartingale X, we have
(i) The random variables X, and X, are integrable.
(ii) E[X:|Fs] = Xo (if X is a martingale), E[ X |F,] > X, (submartingale) and E[X,|F,] < X, (supermartin-
gale) holds respectively.
Lemma 2.5.2 (a discrete time result). Let M = (Mp)p=0.1,...N be an F-adapted and integrable stochastic process.
Then M is an F-martingale if and only if E(M;) = E(My) for any stopping time T with values in {0,1,..., N}.

Proof. (=) This is a direct result of Lemma 2.2.1.

(<) By tower property, it suffices to check that M, = E(My|F,) for every n € {0,1,..., N}. By assumption,
we have E(M;) = E(My) for any stopping time 7 with values in {0,1,..., N} (this is true since 7 = N is also a
stopping time). Let us fix ¢ and consider an event A € F;. Define 74 as

n, ifwedA,
TA =
N, ifw¢A,

then 74 is an F-stopping time with values in {0,1,..., N} and so E(M,,) = E(My). This yields E(14M,) =
E(14Mp). Since this equality holds for any event A € F;, by definition we have M,, = E(My|F,), which in turn
implies that M is an F-martingale. |

4A more general version of the theorem applies to any cadlag supermartingale of class D.
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3 BROWNIAN MOTION

3.1 Brownian Motion

Definition 3.1.1 (standard Brownian motion). A real-valued process W = (W¢),¢(o,7], with Wy = 0, defined on
a filtered probability space (€2, F,P), is called a standard F-Brownian motion if:

1. W is F-adapted.

2. For any 0 <u <t <T, Wy — W, is independent of F,.

3. Forany 0 <u <t <T, Wy — Wy, ~N(0,t —u).

4. W is sample-paths continuous, i.e. almost all sample paths of W are continuous.

Definition 3.1.2 (Gaussian process). A stochastic process (X¢)>0 is said to be a Gaussian process, if for arbitrary
times 0 < t] < tg < -+ < ty, the vector (Xy,,...,X;,) follows a multivariate Gaussian distribution.

3.2 Properties of Brownian Motion

Theorem 3.2.1 (properties of Brownian motion). Let W be an F-Brownian motion. Then
1. (martingale property) W is a continuous F-martingale.
2. (Markov property) For any bounded Borel measurable function g : R - R and 0 <u <t <T,

Elg(Wi)|Fu] = Elg(We)|o(Wa)] = h(Wo)
——
Doob’s measurability theorem

3. W is a Gaussian process.

4. Cov(Wy, Wy) = E[WW;] = min(s,t) for all s,t > 0 and in particular E[W?] = t.

Proof. For (1), note that W is an integrable, F-adapted process with E(W|F,) = E(W; — W, + Wy|Fy) = Wy,
forany 0 <u<t<T.
For (2),

E[Q(Wtﬂfu] = E[Q(Wt - Wu + Wu)‘fu]
=E[g(W; — W, + x)|Fu] |m:W (W, is F,-measurable)
= E[Q(Wt - Wy + x)] ’szu

which is a function of W, and therefore o(W,,)-measurable (Lemma 1.5.1). It follows that
E[E[Q(Wt)‘f';t”a(wu)] = E[Q(Wt)‘ﬁt]
= E[Q(Wt)’U(VVu)] = E[Q(Wt)‘fu]

(independent increments)

For (3), note that

Wi, 10 -~ 0 Wy,
Wr, 11 0 Wy, — Wy,
W, 11 - 1) \W,, =Wy,

::;:N
We can then conclude by using the fact that any linear transform of a Gaussian vector is again Gaussian. In
particular, (Wy,,...,W;,) ~ N (0, ALAT) where ¥ = Var(y).
For (4),

COV(WS, Wt) E[WSWt]
E[W(W; — W,)] + E[W2]
E[W,|E[W; — W] + E[W2]

Similarly when s > ¢, Cov(Ws, W;) = t. Therefore E[W;W;] = min(s, ). [ |
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Examples 3.2.1 (Exponential Brownian motion with drift). Let 2,m € Rand ¢ > 0 and we set Y; = ze™ oW,

The process Y is called an exponential Brownian motion with drift m and variance o?. We first notice that the
process Y is adapted to the filtration F. Next,

E[Y;] = ze™E(e”V) = ze™ My, (0) = ze™o° /21,

We want to show that the process Y is an F-martingale if and only if m = —02/2. Indeed, for s < t,
E[xemt-i-cht A E[l,ems—i-m(t—s)-‘rows+U(Wt—Ws) FA
= KE[em(t—S)w(Wt—Ws)]
_ Ysem(t—s)+02(t—s)/2

and the claim follows.

3.3 Quadratic Variation
3.3.1 Total Variation

Definition 3.3.1 (total variation, aka first-order variation). Let m, = {to = 0,¢1,...,tm, = T} be a partition of
[0,T] with n(7) = m,, subintervals. The maximum step size of the partition is denoted by

|| == max (tg — tg—1).
1<k<mn

For a given partition 7, we define the corresponding measure of the oscillation of a function f by

mn

Va(f) = D 1f (k) = F(tk-1)l-

k=1

The total variation of f is defined as

V(f) = lim V,(f)= lim Z\f te) — f(te_1)|

|7 |—0 |7t |—

Lemma 3.3.1. Any continuously differentiable function f is a function of finite variation, i.e. V(f) < oco.

Proof.

Mn tk Mn tk T
AGEDYD '(t) dt gz (t)| dt = / |/ (t)| dt < oo
k=1 |/ te—1 k=17 thk—1 0

where we have used the fact that any continuous function on a closed and bounded interval is bounded. By taking
the limit as |m,| — 0, we have proved that any continuously differentiable function f on [0,77] is a function of
finite variation. |

Theorem 3.3.1 (Jordan’s decomposition and related results).
o Any bounded increasing function f is a function of finite variation, i.e. V(f) < oc.
(Jordan’s decomposition) If f is a function of finite variation, i.e. V(f) < oo, then f = fi1 — fa where fi1, fo
are non-decreasing functions.
e The difference of two bounded increasing functions is a function of finite variation.

Proof. (Sketch) The first result comes from V(f) = |f(T) — f(0)] < oo.

The second result can be proved by construction (omitted).

The third result follows from (1) as well as the fact that the difference of two functions of finite variation also has
finite variation (a direct result of triangle inequality). |
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3.3.2 Quadratic Variation

Definition 3.3.2 (quadratic variation). For a given partition m, = {to = 0,t1,...,tm, = T} of [0,T], the
quadratic variation of f is defined as

(f) = V() = lim Vé“‘)(f)=|Wlimoi\f<tk>—f<tk_1>|2
"=

|7 |—0

Lemma 3.3.2. Any continuously differentiable function f has zero quadratic variation, i.e. V(z)(f) =0.

Proof.
Mn Mn te 2
V() = 1) = ft-0)P = ( F(t) dt)

k=1 k=1 \7tk—1
Mn tk
< Z(tk - tk—l)/ | (t)* dt (by Cauchy—Schwarz, see Theorem A.0.1)
k=1 b1

T
<lmal [ 170 dt < oc
0
Taking the limit as |m,| — 0, we have V) (f) = lim|, -0 V,SQ)( f) = 0, completing the proof. Alternatively, this
can also be shown by combining the results of Lemma 3.3.1 and 3.3.3. |

Lemma 3.3.3 (finite variation = zero quadratic variation). Let f be a continuous function of finite variation on
[0,T]. Then the quadratic variation of f is equal to zero.

Proof. Observe that for any partition 7, = {tc = 0,t1,...,tm, = T} of [0,T] we have

V() = S 1t — fte 1)l
k=1
< max [(t) — F(tr)| D015t — F(ti)
=Mm=tn k=1

= max |f(tm)— f(tm-1)| ;/n(f)

1<m<mg

By using the fact that any continuous function is uniformly continuous on a closed bounded interval, taking the
limit as |m,| — 0 completes the proof. [ |

Corollary 3.3.1. (from Lemma 3.3.3) If the quadratic variation of a continuous stochastic process is a.s. strictly
positive, then the total variation of the process is almost surely infinity. In particular, sample paths of a Brownian
motion are a.s. functions of infinite variation on any interval.

Theorem 3.3.2. Let W be a standard Brownian motion. W is a process of finite quadratic variation. In
particular, (W) =t (a.s.) for allt > 0.

Proof. Let t > 0 and 7, = {to = 0,%1,...,t,(r) = t} be a partition of [0,¢]. We want to show that

n(m)
lim > (W, — Wy, _,)? = VO (W) =t
n(m)—o0 1

where the convergence is in L?(§2, Fr,P), that is,

n(m) 2

lim E | (Y (W, -W,_,)>—t] | =0

n(m)—00 1



Melantha Wang 17

For brevity of notation, write Aty =ty —tr_1, AWy = Wi, — Wy, _, and 0, = (AW})? — Atg. Our goal is to prove
that I, = E[(3_ 0k)?] — 0 as n(r) — co. To show this,

n(m) 2 n(m)
Li=E[[>Y o] | =E|D 00, ZE02+2ZE06
k=1 %, iF£]

We can show that the second term is 0 by using independent increments and E[(AW},)?] = At;. Then

:Z [(AWL)Y] — 2ALE[(AWR)?] + (At)?)

=1
n(m) n(m)
=2 (At)® < 2fma| Y Aty = 21|,
k=1 k=1

where in the second equality we used the fact the 4th central moment of a X ~ N (1, 02) r.v. is E((X —pu)*) = 30*.
It is now clear that the quantity I,, tends to zero as n tends to infinity, since |m,| tends to zero. |

Lemma 3.3.4. The process M = W? — (W) is a continuous F-martingale.

Proof. The process M is F-adapted and integrable since W? is F-adapted and integrable, while the quadratic
variation (W), =t is clearly F-adapted and integrable.
For 0 <u <t < T, from the equality E(W,W,|F,) = W, E(W;|F,) = W2, we deduce that

E(My|Fy) = B(W? — t|Fy)
=E(W} = W2 + W7 —t|Fy)
= IE(W2 Wf]]—“u) +W2—t
=E((Ws — Wo)*|Fu) + Wi —t
= VV2 u = M,.

Theorem 3.3.3 (alternative definition of quadratic variation for martingales). Let M be a continuous, square
integrable F-martingale, i.e. E(M?) < oo for allt > 0. Then the quadratic variation (M) is the unique continuous,
increasing and F-adapted process with (M)g = 0 such that M?* — (M) give us an F-martingale.

Remark 3.3.1. The existence of (M) in the theorem above follows from the Doob—Meyer decomposition (Theo-
rem 2.4.2).

We now obtain a generalisation of Lemma 3.3.4:

Corollary 3.3.2. (from Theorem 8.3.3) If M is a continuous, square integrable F-martingale, then
M2 — (M)
is also an F-martingale. In particular, if My = 0, then E[M? — (M)] = MZ — (M) = 0 and therefore
Var(My;) = E(M{) = E((M),).
3.4 Reflection Principle
Let b > 0 and B a standard Brownian motion. Define the hitting time
T, = inf{s : Bs = b}.

Theorem 3.4.1. The following results hold (pp.41-44):
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o (reflection principle) P(T, < t) = 2P(B; > b). More precisely, Ty, follows a Lévy distribution with
parameters (0,b%) (or equivalently, an inverse Gamma distribution with shape 1/2 and scale b?).

o We can therefore show that P(Ty < co) =1 but E(T}) = oo.

e The moment generating function of Ty is e~ V2Nb for b, A > 0.

e For anyt > 0, the running supremum Bj = sup,«, Bs and |B| have the same distribution.

o The joint distribution of By = supys<; Bs and By is given by

P(B; <uz,Bf >y)=P(B;>2y —z)=P(B; <z —2y)

for everyt >0,y >0 and x < y.
o The joint density of Bf = supys<; Bs and By is given by

22y —x) 1 eXp(_(2y—$)2>

' ot

t V2Tt

forx <y, y>0.
o The drawdown Bj — By has the same distribution as |By].
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4 It0’s INTEGRAL

4.1 Tto’s Integral for Processes from L2(WW)
Definition 4.1.1. L%P(W) denotes the class of all F-progressively measurable processes v defined on (2, F,P) s.t.

T
Il = E [ / mﬁdu} < oo,

Definition 4.1.2 (Ito’s integral for general integrands). For any process v € L3(W), the random variable Ir(v)
is called Ito’s integral of v with respect to W over [0, T]. We write (notation only, not a formal definition):

T
Ir(y) = /0 Yo+ AWy

t
Li(y) = Ir(Y1jpy) = /0 Yo - AWy

Theorem 4.1.1 (properties of Ito’s integrals). Let v € LA(W), i.e. E [f(;f |Yu |2 du} < 00. Then:
(i) (martingale) 1() is a continuous, square integrable F-martingale.
(ii) (linearity) For constants a and b, I;(ay + bn) = aly(y) + bly(n).

(i5i) (Tto isometry) E[I2(7)] = E [ JiEq2 du} .

(iv) (quadratic variation) The quadratic variation accumulated up to time t by the Ito’s integral is

t
<Itw>t=:J€ Vo du.
Furthermore, Theorem 3.3.3 says that 12(y) — (I(v)) is an F-martingale. Corollary 3.3.2 implies that
Var(Ii(v)) = E[I}(7)] = E[I(7))d]-

(v) (local property) For any F-stopping time 7, I(v1g ) = I+ (7).

Proof. For (iii), we prove the case for an elementary process v € R. Since the expected value of the cross terms
are zero, i.e. E[(Wy,,, — Wy, )(Wy,,, — Wy, )] = 0 for j # k, we obtain

1
2 -
m—1 m—1
E Z ,YJ'(Wthrl - Wtj) =E ’732'(th'+1 - Wtj)2
j=0 | =0
fm—1
=E 7_72E [(Wtj+1 - Wtj)2 ‘ 'th]]
L i=0
fm—1
=k ﬁﬁﬁl—%i
L i=0
= 171l
This means that Iz : (K, || - [|w) — L*(Q, Fr,P) is an isometry, i.e. a distance preserving transformation. This

can be extended to the isometry I : (LE(W),| - |lw) — L*(Q, Fr,P).5

51 will skip the definition of Ito’s integral for elementary processes, which is required to formally define Ito’s integral for more
general processes as discussed here.

5The extension is done using the fact that the class of simple process K is a dense subset in the Banach space L3(W) and the space
L?(Q, Fr,P) is also complete (since it a Banach space or more specifically a Hilbert space).
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For (iv), again we consider an elementary process v and we can then do a similar proof to that of Theorem 3.3.2.
We first compute the quadratic variation accumulated by the Ito integral on one of the subintervals [t;,¢;41] on
which v, = 7; is constant. For this, we choose partition points

tj:80<81<"~<8m:tj+1

and consider

[y
[y

m— m— m—1

(Isi+1 (7) - Isi (7))2 = Z ('Yj(WSi+1 - Wsi))2 = 7]2 Z(W3i+1 - Wsi)Q
0 =0 i=0

1=

As m — oo and the step size maxo<i<m—1(Si+1 — si) approaches zero, the term Z;’if)l(WSiH — Ws,)? converges to
the quadratic variation accumulated by Brownian motion between times ¢; and t;41, which is ¢; 11 —t;. Therefore,
the limit of the above is

2 KA
i (i1 —t5) = / Vu du-
tj

Adding up all these pieces for each of the subintervals [t;, ;1] completes the proof. |

Examples 4.1.1 (Ito’s integral for a deterministic integrand). For a deterministic function f, we have

X; = /Otf(s) dWs ~ N (o,/ot £2(s) ds) .

The computation of E(X;) and Var(X;) follows directly from Theorem 4.1.1. Normality follows from the fact
that X is (the limit of) the sum of independent normal r.v.s:

t m—1
s aw = tim 3 0% - W)

)
J=0

Examples 4.1.2 (Ito’s integral). We can show that f(f 2W dW, is a martingale, by noting that

T T T
E[/ \QWuqu} :/ E[4W3]dt:/ 4t dt = 2T < oo
0 0 0

where the first equality uses Fubini’s Theorem.

4.2 Tto’s Integral for Processes from Lp(1V)
Definition 4.2.1. Lp(WW) denotes the class of all F-progressively measurable processes v on (£, F,P) s.t.

T
IP(/ |7u|2du<oo> =1
0

By applying the optional stopping technique (aka localisation), we can extend the definition of Ito’s integral to
the more general class Lp(W). Details are omitted, the important conclusion is that:

Theorem 4.2.1. [y € Lp(W), i.c. P (j;)T

Yul? du < oo) =1, then I() is a continuous F-local martingale.

4.3 Ito’s Lemma in 1D

Ito processes are a special class of continuous semimartingales.

Definition 4.3.1 (Ito process). An F-adapted continuous process X is called an Ito process if it admits a repre-
sentation

t t
Xt:X0+/ Ozudu—i—/ By - dW,, forallte0,T]
0 0
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for some F-adapted processes a and (3 that are defined on (€2, F,P) and satisfy suitable integrability conditions.
It is customary to write the integral formula above using differential notation as

dXt = O dt + Bt . th

Lemma 4.3.1 (quadratic variation of Ito processes). Consider an Ito process denoted by dX; = oy dt + By - dAWy.
(i) The quadratic variation of the Ito process is (X); = fot 52 du.
(i) The quadratic covariation (aka cross-variation) of two Ito processes Xy = f(f a, dW, and Y; = fg By AWy, is

(X,Y) = /Ot oy By du.

(iii) (polarisation formula) A more general version of (ii) gives the quadratic covariation of two continuous
semimartingales. If X' = X, + M"+ A" and X7 = X} + M7 + A7 are in S¢(P), then

(X7 XT) = (MF, M) = % (M 4+ MP) — (M) — (MP)) = i (M + MP) — (M — MP)).

Proof. (i) First note that the process A; = fo ay, du is always a process of finite variation (thus zero quadratic vari-
ation). This is clear when o > 0 and A; is increasing, since the total variation on [0, 7] is just Ar (Theorem 3.3.1).
If a is not positive, we can write « = a™ — o~ and A; = A — A, where at = max(a,0), @~ = max(—a,0) and

t
Aft:/ of ds
0

and it is not difficult to see that the total variation of A is bounded by A}' + A7. The quadratic variation of the

process B; = f(f By - dW,, is given in Theorem 4.1.1, thus the result.
(ii) We can use the polarisation formula:

(X,¥)0 = £ (X +Y); = (X} — (V)y)

<< (e + fu) qu,/ vy + Bu) AW, >t - </auqu>t— </5u qu>t>
< (avy + Bu) ds—/otozids—/o ﬁids)
=/0tauﬁuds,

which concludes the proof. |

Theorem 4.3.1 (Ito’s Lemma, 1D). Suppose that g : [0,T] x R — R is a function of class C*1([0,T] x R,R), i.e
g 1s twice continuously differentiable. Then for any Ito process X, the process Yy = g(t, Xy), t € [0,T], is an Ito
process (and therefore also a continuous semimartingale). Moreover, its canonical decomposition is given by the
Ito formula

[\D\H [\D\HI\’)\

1
dg(t, Xi) = gi(t, X¢) dt + ga(t, X¢) dX¢ + igxa:(t; Xi) d(X)t.

or equivalently,

t

g(t, Xt) = g(0, Xo) +/0 gt(saXs)d$+/

1 t
gif(s?XS) dX8+ 2/ gm:(SaXs) d<X>s
0 0

If dXy = ap dt + By dWy, then

1
dg(t, X¢) = gu(t, X¢) dt + g2 (t, Xi)ay dt + go(t, X¢) B AW + igxac(tv X1) B dt.
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Examples 4.3.1 (Ito’s lemma, 1D). We can use Ito formula to determine whether a process is a martingale
(no drift), submartingale (drift > 0) or supermartingale (drift < 0).
1. f(W;) = (W)%. Then we have for all t € [0,7],

1 t t t
df (W) = 2W, dW + 5 - 2dt — WE:W02+/ 2W3dWS+/ ds:/ 2Ws dW, + L.
0 0 0

This also gives the Doob-Meyer decomposition (Theorem 2.4.2) of the positive submartingale W?2. Also
recall that W2 —t = f(f 2W, dWy is a martingale (e.g. Theorem 3.3.3, or Example 4.1.2).
2. Y, = g(t, Wy) = eM*We | Let g(t, ) = et and then g; = Y, 9o = Y3, gow = Y; and so

1 1
dY, = pY;dt + Yy Wy + 3 - Yy d(W), = <M+2>Ytdt+Ytth

t t
1
:>Y}:Y0+/ (M+>Yudu+/ Y, dW,
0 2 0 ——
- - a martingale, as Y €LZ(W)
increasing

Therefore, we conclude that Y is a submartingale.
3. (integration by parts, Corollary 4.4.1) Z; = sin(Wy) cos(Wy). Then

dZy = sin Wy d(cos W) 4 cos Wy d(sin Wy) + d(sin W, cos W);.
By Ito’s lemma,
d(cos Wy) = —sin W, dW, — % cos W; dt,
d(sin W) = cos Wy dW; — % sin W, dt.
Also d(sin W, cos W); = — sin W, cos W, dt, so
dZ, = — sin2(Wt) dW; + COSQ(Wt) dW; — 2sin W; cos W; dt

The sign of the drift term is not always positive or negative, and therefore Z is none of a martingale,
submartingale or supermartingale.

4.4 Tto’s Lemma in Multidimensional Space

Definition 4.4.1 (Ito’s integral, multidimensional). Let v € Ly (P), that is, v is an R%valued F-progressively

measurable process satisfying
T
P (/ IVul? du < oo> =1,
0

where | - | stands for the Euclidean norm in R?. Then the Ito stochastic integral of y w.r.t. W is well defined and
for any ¢ € 0,77,

t d_ -t
1) = [ dw =3 [apaw
0 = Jo
Definition 4.4.2 (Ito process, multidimensional). X = (X!, ..., X¥) is a k-dimensional Ito process if
t t
ngXé—l—/adeu—l—/ﬁL-qu
0 0

where o are real-valued processes and 3¢ = (%, ..., 3") are R%valued processes for i = 1,..., k. It is implicitly
assumed in the above that the processes o', 8%, i = 1,...,k are integrable in a suitable sense.
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Lemma 4.4.1 (quadratic variation of k-dimensional Ito processes). For X = (X',..., X*) defined in Defini-
tion 4.4.2, for any t € [0,T],

t t d
e x) = [ g sau= [ > pleldu
0 0 =1

Theorem 4.4.1 (Ito’s Lemma, multidimensional). Suppose that g is a function of class C2(R*,R), i.e. g is twice
continuously differentiable, and that X a k-dimensional Ito process. Then

k k
i 1L i j
dg(Xe) = Y 92, (X)X} + 5 D Guia, (X0} - 5] dt

i=1 ij=1
k A k , 1 F o
= Zgwi (Xt)ai dt + Zgwi (Xt)ﬁg AW + 5 Z Ga;a; (Xt)ﬁz ’ Bg dt.
i=1 i=1 ij=1

Corollary 4.4.1 (integration by parts formula). Given two continuous semimartingales X and 'Y, then
t t
0 0

or equivalently,
dXyYy = X4 dYe + Vi d Xy + d(X,Y ).

If at least one of X orY is a process of finite variation, then
dX:Y: = X dYs + Y d X

Examples 4.4.1 (Ito’s lemma, multidimensional). Let

Ri(d) =\ (W) + (W22 4 - + (W2

where W = (W, W?2,..., W% is a standard d-dimensional Brownian motion for d > 3. The process R is called
a Bessel process. We want to show that 1/R;(3) for 1 <t < T is a local martingale but not a martingale.
1. To show it is a local martingale, we apply Ito’s lemma to compute the dynamics of 1/R;(3) (and show
that there is no drift term). Let

3
Vi =R}(3) = (W})? + (W2)? + (WP)? = dYy =) 2W/dW] + 3dt.

i=1

But 1/R:(3) = 1//Y: = g(Y;) where g(x) = 1/y/z. Strictly speaking, one cannot apply directly Ito’s
formula as ¢ is not differentiable at zero. But for d > 3, the d-dimensional Brownian motion never return
to the origin after time 0. So (heuristically) one can apply Ito formula again to obtain that

11 1 3 1

d(l/Rt(?))):—2Wdyt+§'z'md<y>t
t t
3
1 1 ; i 1 3 1
=-3=3 > owidw] +3dt 5 e AYedi)
Y, i=1 Yy

3

1 S
= N Wiawi = — W, - W,
2N gy

as d(Y); = Zg’:l(ZWti)Q dt = 4R?dt. This is not a true martingale as ||1/R} - Wi||%, = oo.
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2. We can also show that
1 1 2
E[1/R(d)] = %E [\/Y} =\ =

where X ~ x3. As the expectation is decreasing in ¢, 1/R;(3) is indeed a supermartingale (see also
Theorem 5.1.1).
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5 SEMIMARTINGALES

Bounded
Martingales

Square Integrable
Martingales

[ Martingales Local Martingales}—{ Semimartingales }

[ submarungales%

[ Supermartingales ]

Figure 1: The family of martingales. An arrow from A to B indicates that A is subclass of B.

5.1 Local Martingales

We introduced local martingales in Definition 2.3.1 and Theorem 4.2.1. In this section, we state a few important
results about local martingales.

Theorem 5.1.1 (local martingales).
(i) Any non-negative F-local martingale M is an F-supermartingale”. If, in addition, E(M;) is constant then
M is an F-martingale.
(ii) (corollary of above) Let M be a non-negative F-local martingale. If My = 0 then My = 0 for every t € [0,T].
(7ii) (quadratic variation) Let M be a continuous F-local martingale. Then the quadratic variation (M) is the
unique continuous, increasing and F-adapted process with (M) = 0 such that the process M? — (M) is a
continuous F-local martingale.

Remark 5.1.1. The quadratic variation is invariant with respect to an Fyp-measurable shift of M; specifically,
if N =1+ M for some Fy-measurable random variable 1) is a continuous local martingale, then (N) = (M).
In particular, (M) = (M — My).

(iv) Let M be a continuous F-local martingale s.t. (M), =0 fort € [0,T]. Then My, = My for every t € [0,T].

(v) Let M be a continuous F-local martingale of finite variation®. Then My = My for every t € [0,T).

(vi) (corollary of above) If My = 0 and M is a continuous F-local martingale of finite variation, then M vanishes
(more precisely, it is indistinguishable from the null process).

"The assumption that M is non-negative can be replaced by the assumption that M > 5 for some random variable 7 with
E(n) > —oc.

8 An F-adapted stochastic process X = (X¢)tepo,1) is said to be of finite variation if almost all sample paths of X are functions of
finite variation on [0, T7.
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Proof. (ii) Assume that My, # 0 for some ¢y € [0,7]. Then E(My,) > 0 = E(My), which contradicts the property
that M is a supermartingale.
(iv) We may assume, without loss of generality, that M is a continuous bounded martingale and My = 0. This is
because one can always take M’ = M — Mj and stop the continuous local martingale M’ such that it is bounded.
Then

E[M7 — (M)] = M§ — (M)o =0 = E[M?] =E[(M),] =0

for any ¢ € [0, 7] and thus M; = 0 for any ¢ € [0, 7.
(v) It suffices to apply (iv) and to observe that the assumption that sample paths of M are continuous functions
of finite variation implies that the quadratic variation of M vanishes. |

Examples 5.1.1 (Quadratic variation). Recall that d(W?) = 2W; dW, + dt. This implies
t t
WE:W3+/ 2Wdes+/ ds
0 0

t
WtQ—t:Wg—l—/ 2W, dW
0

where the RHS is an F-martingale. We therefore conclude that (W), = .

5.2 Semimartingales

5.2.1 Properties of Semimartingales

Definition 5.2.1 (continuous semimartingale). A real-valued, continuous, F-adapted process X is called a (real-
valued) continuous semimartingale if it admits a (canonical) decomposition

Xy =Xo+ M+ Ay, Vte [O,T],

where Xg, M and A satisfy:
(i) Xo is an Fp-measurable random variable.
(ii) M is a continuous local martingale with My = 0.
(iii) A is a continuous process whose almost all sample paths are of finite variation on the interval [0, 7] with
Ag=0.

We denote by S¢(P) the class of all real-valued continuous semimartingales on the probability space (2, F,P). A
continuous semimartingale is a continuous local martingale if and only if the process A in its canonical decompo-
sition X = Xy + M + A vanishes, that is, is indistinguishable from the null process.

Examples 5.2.1 (Semimartingale). Consider the drawdown process X; = W;* — W; where W, is a standard
Brownian motion and W = sup,<, W is the running supremum. Then X is a semimartingale. In particular,
X is a submartingale as A; = W}* is an increasing process.

Theorem 5.2.1 (uniqueness of semimartingale decomposition). Let X be a continuous semimartingale with the
decomposition X = Xo+ M + A so that Mo = Ag = 0. If X admits also a decomposition X = Xo + M+ A for
some continuous local martmgale M with My = 0 and some continuous process A of finite variation on [0,T] with
Ag =0 then M, = Mt and A, = A, fort €0,T].

Proof. 1t is enough to observe that a difference of two continuous local martingales is also a continuous local
martingales, and a difference of two continuous processes of finite variation also follows a continuous process of
finite variation. In our case, we have M — M=A— Aand My — MO = Ao —Ap=0.

Consequently, in view of (vi) of Theorem 5.1.1, any continuous local martlngale of finite variation starting at 0 at
time 0 is a null process. We therefore conclude that M; = Mt and A; = At for every t € [0,T]. |
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Theorem 5.2.2 (quadratic variation of semimartingales). If X = Xo+ M + A € S°(P), then the quadratic
variation (X) = (M). More generally, if X' = X} + M* + A® and X7 = X} + M7 + A7 are in S(P), then

(M + M7y — (M* — M7)).

(X1, X7) = (M1, M) = 5 ((M° 4+ M) — () — (M) = §

5.2.2 It6’s Lemma for Continuous Semimartingales

Theorem 5.2.3 (It6’s Lemma). If X = Xo+ M + A is a real-valued continuous semimartingale, and g is a
function of class C*'([0,T] x R,R), then the process Y; = g(t, X;) follows a continuous semimartingale with the
following canonical decomposition

1
dY; = gt(t; Xt) dt + gx(t7 Xt) dXt + iga:m <t7 Xt) d<M>t'

Examples 5.2.2 (Itd’s lemma for semimartingales). We again consider the drawdown process X; = W} — W,
where W, is a standard Brownian motion and W} = sup,«; Wy is the running supremum.

We note that X is not an Itd process, but is a continuous semimartingale with M; = —W;, A; = W/ in its
canonical decomposition. By [t6’s lemma, we can compute, e.g.

1
dX? = 2X;dX; + 3 - 2d(X);

= —2X, dW; + 2X; AW} + d{—W),
= —2X; dW; + 2X; AW} + dt.

5.3 Recognising a Brownian Motion

In some instances, it would be convenient to have the possibility of checking whether a given process is a standard
Brownian motion by establishing its martingale property and by computing its quadratic variation. We may use
the martingale characterisation of a Brownian motion, due to Paul Lévy.

Theorem 5.3.1 (Lévy, 1D). Let M be a continuous F-local martingale such that My =0 and (M), =t for every
t € [0,T) (i.e. the process M7 —t is a continuous F-local martingale). Then M is a standard JF-Brownian motion.
Under the stronger assumption that M is a square integrable continuous F-martingale, this property can be

represented as follows
E[M - M| F,)=t—u, u<t<T,

or equivalently (in view of the martingale property of M, see proof of Lemma 3.5.4)
E((My—M,)? | F)=t—u, u<t<T.
Proof. Suppose M satisfies the assumptions of Theorem 5.3.1. We want to show that M is an F-Brownian motion.

Let A € R. We apply the It5 formula theorem to F(z) = €. Then F,(\,x) = iAF(\, 2), For(\, ) = —A2F(\, 2).

' 1, [t
FOLM;) = FOM,) +ix [ eMeans, — 232 [ et ay

S

t t
— MMM g / GAMU=M:) g, — %V / A=) gy

S S

for all s < t. By the martingale property of stochastic integrals,

t
E [ / MM g,

t
]E[eM(MﬁMS) | F]=1-— ;)\2/ E[eiA(MrMs) | Fs] du.

7)o

Then
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If we write g(t) = E[e?M:=Ms) | 7] then the above translates to the following differential equation (in integral
form)

1 t
1) =1 33 [ gl du
2 S
2
to which g¢(t) = e~ 7 (79 is the unique solution, i.e.
. 22
E[eZA(Mt—Ms) | F] = e~ 5 (t=9)

and therefore the random variable M; — M; is independent of Fy and has the normal N (0,¢ — s) distribution

(characteristic function, Definition 1.4.1). Hence, M is an F-Brownian motion. |

Lemma 5.3.1. A real-valued continuous F-adapted process X defined on (Q, F,P) is a standard F-Brownian
motion if and only if for any A € R the process

1
MtA = exp <)\Xt — 2>\2t) , Vtelo,T],

is a F-local martingale and Mg‘ =1.
Theorem 5.3.2 (an oversimplified version of Dubins—Schwarz theorem). If M is a continuous F-local martingale

such that (M) is strictly increasing and (M )., = 00, then M is a time changed Brownian motion.

Proof. (M) is continuous and strictly increasing therefore the inverse of (M) is given by C; := inf{s : (M)4 > t}.
We consider the process Wy := M, for t > 0, which is adapted to the filtration G = (F¢,)t>0. We now assume,
without loss of generality, M is a bounded martingale. Then from the Doob Optional Sampling Theorem (2.5.1)
and the fact that C; is F-stopping time for all ¢, we obtain

E[W; | Gs] = E[Mg, | Fo,] = Mo, = W.

s

Therefore W is a G-local martingale. Furthermore, since C' is the (right) inverse of M then (W), = (M)¢, = t.
Hence, by Lévy characterisation theorem, W is a Brownian motion in the filtration G.
Finally, since (M) is strictly increasing, C is the (left) inverse of (M) and so C(ypy, = t. This shows that

My = Mc,,,, = Wiy

t?

where W is a Brownian motion in the filtration G. |

5.4 Martingale Representation Theorem (for the Brownian Filtration)

1t6 representation theorem states that any square integrable and ]-":IF/V -measurable random variable admits a rep-
resentation as the Itd integral of some stochastic process.

Theorem 5.4.1 (It6 representation theorem). For any random variable X € L* (Q, .F%V,]P’), there exists a unique
F-predictable process v from the class L[%D(W) such that the following equality is valid

T
X:EPX+/ Yoo - AW
0

The condition that v belongs to L3(W) implies that the It6 integral I(v) is a square integrable F-martingale and
thus we also have that, for every t € [0,T],

t
EF(X | FY) :EPX+/O Y - AW,y
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Remark 5.4.1. We omit the definition of an F-predictable process, but we note any left-continuous and F-adapted
process is F-predictable. Also, a F-predictable process is also F-progressively measurable, but the converse does
not hold.

Theorem 5.4.2 (martingale representation theorem). Let a process M = (My)ejo,r) be an FW martingale s.t.
EF[M2] < co. Then there exists a unique F-predictable process ~y from the class L2(W) such that, for anyt € [0,T],

t
MtZMo—I—/ Yo+ AWy,
0

Proof. A straightforward consequence of Itd representation theorem with X = M. |
Remark 5.4.2. The theorem suggests the existence of 7, but in general it is very difficult to find it.
Examples 5.4.1 (Martingale representation theorem). Consider X = W3. We want to find v such that

T
W%ZWW%+/imM%.
0

Note if we directly apply It6’s lemma to X, then dﬂ"f = 3”}2 dW, + % - 6W; dt and therefore,

T T
W3 = / 3W2dW, + / 3W ds
JO J0

which is not the form we want. We consider the martingale M; = E(M3 | F;) with My = W3 [why? The MRT
implies that a martingale can be written as a stochastic integral w.r.t. the Brownian motion|. For ¢ € [0,7],
M, =E(Wi | Fy)
=E((Wr — W+ W))* | )
=E((Wr — Wy +2)° | F) |
=E[Wr—- Wi+ a:)ﬂ |
= [2° + 32(T — t)] |
= W3 +3W(T —t)
= f(t,W3)

where f(t,x) = 23 + 32(T — t). Applying It&’s formula to M; = f(t, W;) gives

— (W is Fi-measurable)

(independent increments)

(Wi — Wy ~ N(0,T = 1))

=W}

=W}

1
dM; = —3W, dt + 3W2 dW, + 3(T — t) dW, + 5 OWed(W),
= [3W2 + 3(T — t)] dW,.

Therefore we can take v, = 3W2 + 3(T — u) for u € [0, T).

Corollary 5.4.1. Any F"W -local martingale is necessarily a continuous process.
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6 STOCHASTIC DIFFERENTIAL EQUATIONS
By a solution of the stochastic differential equation
dXt = ,U,(t, Xt) dt + O'(t, Xt) . th

with the initial condition X given as an Fy-measurable r.v., we mean an R¥-valued, F-adapted stochastic process
X defined on the probability space (€2, F,P) and such that, for every ¢ € [0, T,

t t
X =Xo+ / p(u, X)) du + / o(u, Xy) - dW,.
0 0

Note that any solution X to the SDE is an It6 process.

Definition 6.0.1 (pathwise uniqueness). We say that the pathwise uniqueness of solutions to the above SDE
holds if for any filtered probability space (€2, F, IP’) any d-dimensional standard Brownian motions W and w
defined on (2, F,P), and any two solutions X and X driven by W and 1% respectively, the following implication
is true

P{W, =W, |Vt [0,T]} =1 = P{X, =X, |Vte[0,T]} = 1.

Remark 6.0.1. The pathwise uniqueness of solutions is sometimes referred to as the strong uniqueness. This is
due to the fact that under pathwise uniqueness any solution to the SDE is strong, meaning that it is adapted to
the filtration generated by the driving Brownian motion W, FW.

6.1 Itd’s Existence and Uniqueness Theorem

Theorem 6.1.1 (It6’s theorem, sufficient but not necessary conditions for the uniqueness of SDE solution). Let
p:[0,T] xR =R and o :[0,T] x R — R satisfy the following conditions:
(i) (Lipschitz continuity) u and o are Lipschitz continuous with respect to the variable x, that is, there exist
constants K1, Ko > 0 such that, for any x,y € R and t € Ry,

lu(t,x) — p(t,y)| < Kilz -y
lo(t,z) —o(t,y)] < Ka|z -y

(ii) (linear growth condition) p and o satisfy the linear growth condition, i.e. there exist constants Cy,Co > 0
such that, for any x € R and t € Ry,

lu(t,z)] < C1(1 + |zf)
|o(t,2)] < Co(1 + |z])

Then the SDE has a unique solution X.

Remark 6.1.1. To check Lipschitz continuity, it is sufficient to check that p and o have bounded derivative. By
Mean Value Theorem,

(e, = utesy) = [ 4,2) dz
)

/dz
Yy

so if || < K, then
u(t, ) — p(t,y)| < K

= K|z —y|.



Melantha Wang 31

6.2 Linear SDE
Proposition 6.2.1. The unique solution of the SDE

dXt = ,U,(t, Xt) dt + O'(t, Xt) : th
with

p(t, Xe) = A Xy + ay,
o(t,Xy) = [BIX; + b}, -, BIX, +b4],

where A, a, B, b (i =1,--- ,d) are all F-adapted bounded processes, is given by the formula

t t
X, = d; (XO +/ @, 'a, — By - b,] du—l—/ (I)ulbu-qu>
0 0

t BuBu t
@t:exp(/ <Au—2>du+/Bu-qu>.
0 0

Remark 6.2.1. Analogous to ODE, we can consider the integration factor given by

t t 1 t
Yt:cb;l:exp<—/ Audu—/ Bu-qu+2/ Bu-Budu)
0 0 0

Proof. To check that X is a solution to the SDE, it suffices to differentiate the RHS using It6’s formula (easier:
compute d(X;Y;)). The uniqueness of solution can be deduced from It6’s Theorem (6.1.1). [

where

6.3 Non-Linear SDE

Solving non-linear SDEs requires us to apply some suitable transform to the original equation.
Examples 6.3.1 (Non-linear SDE: CIR process). We solve the SDE

1
dX; = <4 — bXt> dt + /X dWy, Xg=1

by considering the Y; := /X;. We apply It6’s lemma to Y; := /X, (with the omission of some technicalities).

1 1 1 1
dY;y = ——dX¢e+ - | ———5 | (X
¢ 2V Xy t+2 ( 4Xf/2> (X

1 [/1 11
- S bXy ) dt /Xy AW | — ~— Xy dt
e | () o VR

VX 1 1
_ b 5 tdt+§th - —%Ytdt+5th

bt/2

..and we know how to solve linear SDEs! By applying an integration factor of ¢”/¢ or otherwise, we can show

t
v= ey L [y,
0

and therefore the solution to the SDE is given by

t 2
X, = (e—bt/z + % / e~ 2b(t=3) dWS> .
0
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6.4 Stochastic Exponential and Stochastic Logarithmic

Recall the definition of an It0’s integral: Let W be a d-dimensional standard Brownian motion defined on a filtered
probability space (Q, F,P). For an R%valued process v € Lp(W), we define the real-valued F-adapted process U
by setting

t
U= Li(y) = / Yu - AWy, t € 10,7
0

The process U defined in this way is, of course, a continuous F-local martingale.

Definition 6.4.1 (stochastic exponential). The stochastic exponential of U is given by the formula

. t t
St(U) = gt </ Yu - qu) = €xp </ Yu - qu - ;/ |’7u’2du> ) te [OvT]
0 0 0

that is, £&(U) = exp(Us — (U)+/2). More generally, for any continuous local martingale M, we define

£,(M) = exp <Mt _ ;<M)t> C te[0,T).

Lemma 6.4.1. The stochastic exponential of U is the unique solution X of the stochastic differential equation
dXt == Xt'yt . th == Xt dUt

with the initial condition Xo = 1. More generally, for any continuous local martingale M, the stochastic exponential
E(M) is the unique solution X to dX; = X, dM; with the initial condition Xy = 1.

Remark 6.4.1.
1. It follows immediately that d&(U) = E(U)vy; - AWy = &(U) dUy.
2. Note that £(U) is a strictly positive continuous local martingale under P and thus, it follows a supermartin-
gale with respect to F. If, in addition,

EF(&r(U)) =B (&(U)) =1

so that EF(&(U)) is constant on ¢ € [0,7]°, then the process £(U) is a continuous F-martingale.

Definition 6.4.2 (stochastic logarithm). Given a continuous, strictly positive process U, the stochastic loga-
rithm of U, denoted by £,(U) is the (unique) solution to

1
dL;(U) = — dU,
+(U) g AU
with Lo(U) = 0.
Remark 6.4.2.

1. One can check that . .
1 1 1
L(U) = — dUg = logU; + = — d{U),
W)= [ g av =gt g [ graw)

is one (and “the”) solution, by noting that dlogU; = U% Uy — 1L a(U),.

202
2. Stochastic logarithm is an inverse operation to stochastic exponertltial: E(LU))=L(EWU))=U. Check
1 1
dL(EWU)) = d&(U) = =—=&(U) dU = dU,
t( ( )) gt<U) t( ) gt(U) t( ) t t)

AEL(V)) = (L)) dL(U) = Uiy dU; = U

9For a supermartingale, we have E(Mr) < E(M;) < E(My) for all ¢ € [0, 7], hence the “so that” conclusion.
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7 GIRSANOV THEOREM

7.1 Change of Measure

Definition 7.1.1. Consider two probability measures P and Q defined on (2, .4).
o (equivalence) P and Q are said to be equivalent if

P(A)=0 < Q(A)=0

for all A € A; i.e. they have the same set of null events in the o-algebra A.
o (absolute continuity) Q is said to be absolutely continuous with respect to P, written Q < P, if

P(A) =0 = Q(A) =0

for all A € A.
Remark 7.1.1. If P and Q are equivalent on A, then they also enjoy this property on any c-algebra G C A. In
particular, if P ~ Q on Fr then P ~ Q on F; for every ¢ € [0,7].

Theorem 7.1.1 (Radon—Nikodym Theorem). Let P and Q be two probability measures on (2, A) such that Q < P,
then there exist a unique positive P-integrable random variable n (the Radon—Nikodym density) such that for
all A e A,

Q(A) = E* (nla).
We also write
dQ

77:@-

Examples 7.1.1 (Radon—-Nikodym Density).
1. Coin flip with Q = {7, H}. Consider P given by P{H} =P{T} =1/2and Q by Q{H} = 1/3, Q{T'} = 2/3.
Clearly P and Q are equivalent; further,

Q{T} = E¥[n1yry] = n{T}P{T}
Q{H} =E[nln] = n{H}P{H}
= n(w) = %, we{T,H}.

2. Consider © = [0, 00) and A = B(]0,00)). One can define two equivalent probability measure on (£2,.4) by
setting, for every A € A,

P(A) = /Q 14 (2)1 0.0 () dr = /O T 1a(z) dP(z)
Q(A) = /Q 1a(z)e" dz — /0  1a(z) dQ(z)

The probability measure P is the uniform (Lebesgue) measure on [0, 1] and Q is the exponential measure.
It is not difficult to see that P is absolutely continuous with respect to Q but not the reverse, as P(A4) <
eQ(A).

To find the Radon—Nikodym density of Q with respect to P we note that for any A € A,

]P’(A)—/QIA(x)l[O,l](x)dx—/gzlA(x)l[[)’l_]g(csn)e_gcdx—/QlA(x)l[Oe’l_]i@d@(:):)

e

Therefore the Radon-Nikodym density of P w.r.t. Q is given by n(x) = 1 j(x)/e”*. Further, if we let
X (w) = w, then we can show that X ~ U]0, 1] under P and X ~ Exp(1) under Q by computing the CDFs.
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7.2 Radon—Nikodym Density Process

For Theorem 7.1.1, in the special case of A = Fp, we usually write nr to denote the (unique) Fp-measurable r.v.
such that for every A € Fr,

Q(A) =EF(nrla) = /AnT dP.

Remark 7.2.1.
(i) For any Q-integrable r.v. ¢, we have
EY () = EX (nry)).
1 is Q-integrable if and only if 71 is P-integrable.

(ii) P{nr >0} = 1.

(iti) E¥nr = Q(Q) = 1.
Definition 7.2.1 (Radon—Nikodym density process). The Radon—Nikodym density process 1 = (:).c(o,7] of
Q with respect to P and a given filtration F is defined by setting

ne =KX (nr | Fy), Vte0,T]

Remark 7.2.2.
(i) The tower property implies that Radon—Nikodym density process 7 is a strictly positive martingale under

P.
(ii) The random variable 7, is the Radon-Nikodym density of Q with respect to P on (€2, 7). That is,
_dQ
n = dP |,

7.3 Abstract Bayes Formula
Lemma 7.3.1 (abstract Bayes formula). Let G be a sub-c-algebra of Fr, and let 1 be a Q-integrable random

variable. Then »
E*(ny | G)

EF(n|G)
Proof. It can be easily checked that EF (5 | G) is strictly positive P-a.s. so that the RHS is well-defined. By our
assumption, the random variable ni is P-integrable, it is therefore enough to show that

EF(ny | G) =E%(w | G)E (1] ).

EC¢(y | G) =

We want to verify that, for all A € G,
E” (1) = EF [E%(w | OEF(n | G)14] -

Write Y = E2(¢) | G). Then

EF [EQ(¢ | G)EF (n | Q)lA} = EF [EP(nY | Q)lA} (since Y is G-measurable)
=EF [EP(nYlA | g)} (since 14 is G-measurable)
= EF [nY14] (tower property)

— EQ[Y14] = EC [E@(w | g)1A}
= E° [E%y14 | )]

= E% [y14]

= EF (ny14)

The definition of conditional expectation then gives the desired result. |
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Lemma 7.3.2. A stochastic process X is an F-martingale under Q if and only if the product nX is an F-martingale
under P.

Proof. This is a direct application of the abstract Bayes formula. Assume first that nX is an F-martingale under
P so that EF (n; X; | Fu) = nuX,y for any 0 < u <t <T. Then the Bayes formula yields,

EP(UTXt | Fu) EP(XtEP(nT | Fi) | Fu) EP(tht | Fu) Xulu

EQX; | Fu) = = = = =X

K2 = B [ 7 E¥(nr | 72) . e
for any 0 < u <t <T. We conclude that X is an F-martingale under Q. The proof of the converse implication
goes along the same lines. [ |

7.4 Girsanov Theorem
7.4.1 Linear Drift

Proposition 7.4.1. Let W be a one-dimensional standard Brownian motion on a probability space (Q, F,P). For

a real number v € R, we define the process 1% by setting Wt = Wi —~t fort € [0,T]. Let the probability measure
P, equivalent to P on (Q, Fr), be defined through the formula (see Definition 6.4.1 for E)

dP 1,
= — = —_ = T — .
0T = —p = eXp <7WT 57 > Er(yW)
Then W is a standard Brownian motion on the probability space (2, F, IF’)

Proof. To establish the proposition, we make use of the abstract Bayes formula (Lemma 7.3.1) and Lévy’s char-
acterisation theorem (Lemma 5.3.1). In view of the latter, it suffices to show that for any A € R the process

—~ 1
M} = exp </\Wt — 2)\2t> , Vtelo,T],
is an F-martingale under P. By Lemma 7.3.2, we can equivalently check that nM? is an F-martingale under P.

But
1 1 1
ne M} = exp <'7Wt — 272t> exp <)\(Wt —t) — )\2t> = exp <0<Wt — a2t>

2
where o = A + 7. Clearly EF(n,M}") = 1 for all ¢ € [0, 7] and thus this process follows an JF-martingale under P.
From the Lévy characterisation theorem we conclude that W is a standard Brownian motion on (Q,F, ]P’) |

7.4.2 Stochastic Drift

Let W be a d-dimensional standard Brownian motion defined on a filtered probability space (2, F,P). For an
R?-valued process v € Lp(W), we define the real-valued F-adapted process U by setting

t
Ut:It(’y):/ Yu - AWy, t€0,T).
0

Proposition 7.4.2. Suppose that 7y is an Re-valued F-progressively measurable process such that B [Ep(U)] = 1.
Define a probability measure P on (Q, Fr) equivalent to P by means of the Radon—Nikodym derivative

dP ‘
nr = dP_gT </0 'yu-qu) —ST(U).

Then the process w given by the formula
N t
Wt:Wt—/ ’yudu, YVt € [O,T]
0

follows a standard d-dimensional Brownian motion on the space (£, F, @)
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The condition E¥[E7(U)] = 1 is required in Proposition 7.4.2 to ensure that n = &p(U) is a true F-martingale
under P: 7 = &Ep(U) is in general a non-negative F-local martingale and therefore an F-supermartingale. Having
EF[Er(U)] = EP[Ey(U)] = 1 guarantees 7 is a true F-martingale.

However, it is difficult to check this condition in general. We present two sufficient conditions below.

P .
E* |exp 3/, 7] du )| < o0,

then EF (E0(U)) = 1. Consequently, the process n = E(U) is a strictly positive continuous F-martingale. In
particular, if the process «y is uniformly bounded, that is, there exists a constant K such that || < K for
t €10,T), then Novikov’s condition is satisfied and thus EF (Er(U)) = 1.

(ii) (Kazamaki’s condition) A weaker but also sufficient condition is the Kazamaki condition:

1 t
EP [exp <2/ Y - qu)] < oo, Vtel0,T].
0

Proposition 7.4.3.
(i) (Novikov’s condition) If

The next result shows that, if the underlying filtration is generated by a d-dimensional Brownian motion, the
Radon—Nikodym density process of any probability measure equivalent to P has necessarily the form of the
stochastic exponential for some process ~.

Proposition 7.4.4. Assume F = F"V. Then for any probability measure P on (Q, Fr) equivalent to P, there
exists an FW -progressively measurable, R*-valued process v such that

dP '
UT—(W—gT(/O ’Yu-qu>.

Proof. Let nr be the Radon—Nikodym density of P with respect to P on (2, Fr) (whose existence is guaranteed by
Radon-Nikodym theorem). Clearly, the process 1, = EF(ny | F;) is an F-martingale and 79 = 1. Further, since
the underlying filtration F = F" is a Brownian filtration, the martingale representation theorem (Theorem 5.4.2)
implies the existence of a process ¥ € Lp(W) such that

t
=1 +/ Vu - AWy, VYt € [0,T].
0
Since P{np > 0} = 1, we also have that P{n, > 0} = 1 for any ¢ € [0,T], and further, in view of continuity of n

(which is apparent from the representation above) we obtain P{n, > 0,V¢t € [0, 7]} = 1. Therefore, the process
Ve = VN, Lis well defined and we have

¢ t
77t:1+/ ?u'quzl‘F/ NuYu - AWy
0 0
We conclude that the Radon—Nikodym density process is the unique solution to the SDE
dne = neve - dWh,

and thus, in view of the form of the stochastic exponential, it satisfies, for any ¢ € [0, T,

0

This completes the proof of the proposition. |
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7.4.3 Continuous Semimartingales

Theorem 7.4.1 (Girsanov theorem for continuous semimartingales). Let P~ P be two equivalent probability
measures on (, Fr) with Radon—Nikodym density np. We assume, in addition, that the Radon—Nikodym density
process n; := EX (np | F), t € [0,T)] is continuous'®. Then any continuous real-valued P-semimartingale X is a
continuous ]@—semimartingale. If the canonical decomposition of X under P’ is X = Xo+ M + A then its canonical
decomposition under Pis X = Xo+ M+ A where

t

—~ 1

Mt:Mt—/ —77 d{n, M), = My — (L(n), M),
0 u

and .
~ 1
A= A+ / L ap, MYy = A, + (L), M),
0

T
In particular, X follows a local martingale under P if and only if the process A=A+ (L(n), M) vanishes identically
(Definition 5.2.1), that is, Ay + (L(n), M), =0 for every t € [0,T].
The transform ¢ : M~ M — (L(n), M) is called Girsanov transform.

Proof. We need to prove that B

(i) M is a local martingale under PP. N

(ii) A is a process of finite variation with Ag = 0 (i.e. almost all sample paths are of finite variation on [0, 7).
To show (ii), recall the polarisation formula

—_

(X, V) = 2 ((X+Y) - (X -Y)),

4
which is the difference of two increasing processes and therefore must have finite variation (Theorem 3.3.1). Hence,

A=A+ (L(n), M) being the sum of two processes of finite variation, must be a process of finite variation itself.
To show (i), we check its equivalence: nM is a local martingale under P. Consider the dynamics of nM:

dnt]\Z = d]\A]t + ]\A/ft dng + d(n, M>t (integration by parts)
— e d[My — {(£(n), M)+ VT, i+ din, M — (£0), M),
= dMy — ny d{L(n), M); + +d(n, M), ({(L(n), M) has finite variation)
= 1 dM; + M, dn, (observe d(n, M)y = ny d(L(n), M))

where M and 7 are both P-local martingales. Hence, nM is also a P-local martingale, completing the proof. W

10We know already that this holds if F = F" for some Brownian motion W, see Proof of Proposition 7.4.4.
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A SoMmE UseruL Resurts!!

Theorem A.0.1 (Cauchy—Schwarz inequality).
1. (definite integrals) Let f and g be real functions which are continuous on the closed interval [a,b]. Then:

([ 1090 dt>2 < ['pwa [ o
</abf(t) dt>2 <(-aq /ab £2(t) dt.

2. (expectations) For any two random variables X and Y,

As a corollary, we have

[E(XY)]* < E(X*)E(Y?),

or equivalently,
E(XY)| < VEXE(V).

Theorem A.0.2 (Fubini-Tonelli theorem). Let X be a stochastic process such that fOTIE(|XS|) ds < oo, then

E[/OTXSd8:| :/OTIE[XS]ds.

T may omit some technical conditions in this section.
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