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1.1 Exercises 1A

Problem 1A.1. Suppose f : [a,b] — R is a bounded function such that
L(f, P, [a7 b]) = U(f,P, [avb])

for some partition P of [a,b]. Prove that f is a constant function on [a, b].

Solution. Write Pasa=x¢p <z1 < --- <z, =b. By 1.3,

n

U(f,P,[a,b])—L(f,P,[a,b]):Z(xj—xj_1)< sup f— inf f),

j=1 [zj—1,75] [zj-1.2]
and the hypothesis says this equals 0. Every summand is nonnegative, so every summand vanishes;
since x; — xj_1 > 0, this forces

sup f= inf f forj=1,...,n.

[z5-1,2;] 251,25

Hence f is constant on each [z;_1,z;], say with value ¢;. Consecutive subintervals share the point x;,
so ¢j = f(zj) = ¢jq1 for 1 < j <mn—1, and all the ¢; equal a common value c¢. The subintervals cover
[a,b], so f is constant on [a, b].

Problem 1A.2. Suppose a < s <t < b. Define f : [a,b] — R by

f(w):{1 ifs <<t

0 otherwise.

Prove that f is Riemann integrable on [a,b] and that f(f f=t—s.

Solution. Squeeze with the partition P. of [a, b] formed by the distinct elements of {a, s, s+¢, t—¢, t, b}

in increasing order, where 0 < ¢ < t_TS Its subintervals are [a, s] (present only if a < s), [s,s + ¢,

[s+e,t—¢e], [t —e,t], and [t,b] (present only if ¢ < b). Now f =1 on [s+¢&,t — €], while f =0 on |[a, s]
and on [t,b], and 0 < f <1 throughout; hence

L(f, P, |a, b])

(t—e)—(s+e)=(t—s)— 2,
U(f, P, [a,b]) <e

>
<e+(t—e)—(s+e) +e=t—s.

Letting € — 0 in the first estimate and using 1.7 and 1.8,
t —s < L(f,[a,b]) <U(f,[a,b]) <t—s.

By 1.9, f is Riemann integrable on [a, b] with fab f=t—s.

Problem 1A.3. Suppose f : [a,b] — R is a bounded function. Prove that f is Riemann integrable
if and only if for each e > 0, there exists a partition P of [a, b] such that

U(f,P,[a,b]) — L(f, P,[a,b]) < e.

Solution. Both directions run off 1.7, which gives L(f, P,[a,b]) < L(f,[a,b]) and U(f,[a,b]) <
U(f, P, |a,b]) for every partition P of [a, b].
(i) The e-condition implies integrability. Given £ > 0, choose P as in the statement; then with 1.8,

OSU(fa[a7b])_L(f7[a?b]) gU(f,P,[a,b])—L(f,P,[a,b]) <Eé.



As e > 0 was arbitrary, L(f, [a,b]) = U(f,[a,b]), so f is Riemann integrable by 1.9.
(ii) Integrability implies the e-condition. Let € > 0. Since L(f, [a,b]) is a supremum and U(f, [a, b]) an
infimum over partitions (1.7), there are partitions Py, P» of [a, b] with

L(f, Pr,[a, b)) > L(f;[a,0]) = 5, U(f, P, [a,0]) < U(f;[a,0]) + 3.

Let P merge the lists defining P; and Ps; each of those lists is a sublist of P, so 1.5 gives L(f, P, [a,b]) >
L(f, P1,[a,b]) and U(f, P,[a,b]) < U(f, P»,|a,b]). Hence, using L(f,|a,b]) = U(f,|a,b]),

U(f,P, [a,b]) - L(f7P7 [a’b]) < U(f7P2) [a’7b]) - L(fapla [a,b])
< (Ut lab) +5) = (L Lo b)) = 5) ==

Problem 1A.4. Suppose f,g : [a,b] — R are Riemann integrable. Prove that f + ¢ is Riemann

integrable on [a, b] and
b b b
/(f+g)—/ f+/ g

Solution. Write L(h, P) and U (h, P) for L(h, P, [a,b]) and U (h, P, [a, b]). For every nonempty A C |[a, b],

inf f +infg < inf(f + g) < sup(f +g) <sup f +supy,
A A A A A A

since inf4 f +inf4 g is a lower bound and sup 4 f +sup 4 g an upper bound for the values of f+ ¢ on A.
Applying this with A = [z;_1, ;] for each subinterval of a partition P, multiplying by z; —z;—1 > 0
and summing gives, by 1.3,

L(f,P)+ L(g, P) < L(f + 9, P) <U(f + g, P) <U(f,P) + Ulg, P). (%)
Let € > 0. By Exercise 3 in this section there are partitions Py, P of [a, b] with U(f, P1) — L(f, P1) < §
and U(g, P») — L(g, ) < 5; let P merge their lists, so by 1.5 both estimates persist at P. Then ()

gives

so f + g is Riemann 1ntegrable by Exercise 3 again. For its value, keep that P and use (x) together
with L(f, P) < L(f, [a,b]) f fand U(f,P) > U(f,a,b]) = f:f from 1.7 and 1.9 (and the same for
9):

b
/<f+g>sv<f+g, P) < U(f,P) + Ulg. P)

< (L(f, P)+ g) n (L(g, P) + g)

and symmetrically fb f+g) > L(f+g,P) > L(f,P)+ L(g, P) > f(ff—i— f;g —¢e. Ase > 0 was
arbitrary, f (f+g9) = f f—l—f g.

Problem 1A.5. Suppose f : [a,b] — R is Riemann integrable. Prove that the function —f is

Riemann integrable on [a, b] and
b b
Jen=-[r

Solution. Negation swaps infima and suprema: for every nonempty A C [a, b],

inf(—f) = —sup f, Slj‘p(—f) =—inff,



because « is an upper bound for { f(z) : z € A} exactly when —« is a lower bound for {—f(z) : z € A},
and conversely. Applying this with A = [z;_1,z;] on each subinterval of a partition P of [a,b] gives,
by 1.3,

L(—f,P,[a,b]) =—-U(f, P,[a,b]), U(—f, P, la,b]) = — L(f, P, |a,b]).

The same swap, applied now to the set of upper Riemann sums of f and to the set of lower ones, turns
1.7 into

L(=f[a,0]) = =U(f,[a, b)), U(=f,[a,b]) = = L(f, [a, b]).

Since f is Riemann integrable, L(f,[a,b]) = U(f,[a,b]) = ff f, so both left sides equal — f; f. By 1.9,
—f is Riemann integrable on [a, b] with f;(—f) =— f; I

Problem 1A.6. Suppose f : [a,b] — R is Riemann integrable. Suppose ¢ : [a,b] — R is a function
such that g(x) = f(x) for all except finitely many x € [a,b]. Prove that ¢ is Riemann integrable on

[a,b] and , ,
[oef

Solution. By Exercise 4 in this section it suffices to prove that h = g — f, which vanishes off a finite
set, is Riemann integrable with f; h = 0; then g = f + h is Riemann integrable with ffg = ff f.

Let ¢; < -+ < ¢, be the points where h # 0 (if there are none, every Riemann sum of A is 0 and we
are done), and put M = max{|h(c1)|,...,|h(cm)|} > 0, so |h| < M on [a,b]. For § > 0 let Ps be the
partition of [a, b] whose points are the distinct elements of

{a,b}U({ci—é, ci—f—ézi:l,...,m}ﬂ(a,b))

in increasing order. If a subinterval [u, w] of Ps contains some ¢;, then [u,w] C [¢; —d, ¢; + J]: otherwise
¢i — 0 or ¢; + 9 would lie in (u,w) C (a,b) and hence be a point of Ps strictly between the consecutive
points u and w.

On a subinterval containing no ¢; we have h = 0, so it contributes 0 to both L(h, Ps,[a,b]) and
U(h, Ps,[a,b]). For each i at most two subintervals contain ¢;, and they have disjoint interiors and lie
in [¢; — 9, ¢; + d], so their lengths sum to at most 26; hence the subintervals meeting {ci, ..., ¢y} have
total length at most 2md, and there |sup h| < M, |infh| < M. Therefore

|L(h, Ps,[a,b])] <2moM and |U(h, Fs,a,b])| < 2mdM.

Given € > 0, take 0 = 5-=57; then 1.7 gives U(h, [a,b]) < € and L(h, [a,b]) > —c. As e > 0 was arbitrary
and L(h,[a,b]) < U(h,[a,b]) by 1.8, both are 0. By 1.9, h is Riemann integrable with f; h =0.

Problem 1A.7. Suppose f : [a,b] — R is a bounded function. For n € Z™, let P, denote the
partition that divides [a, b] into 2" intervals of equal size. Prove that

L(f.a,b]) = Jim L(f. Pu[a.t) and U(f.[ab) = lim U(F. Py [a.).

n—o0

Solution. Put M = supy, |f| < oo, and let P, have the points $§»n) =a+ j(g%a) for j=0,...,2" so
each of its subintervals has length %-2.
Refinement estimate: if every subinterval of a partition @ has length at most ¢ and @’ is obtained by

adjoining p points to the list defining (), then

L(f,Q'[a, b)) < L(f,Q, [a,b]) + 2pML.

For p = 1 the adjoined point v either lies in @) already, when the two sums agree, or lies interior to one



subinterval [u,w] of @, when all other terms agree and, using |infs f| < M,

(v—u) inf f+ (w—wv) inf f— (w—u) inf f<2M(w—u) < 2MV.
[u,v [v,w] [u,w]

For general p, adjoin the points one at a time; each intermediate partition refines (), so its subintervals

still have length at most /.

Since m§.n) = xé?H), the list defining P, is a sublist of that defining P, 11, so 1.5 makes (L(f, P,,|a, b]))n

increasing while 1.7 bounds it above by L(f, [a,b]); hence it converges, with limit at most L(f, [a, b]).

For the reverse inequality let € > 0 and use 1.7 to choose a partition P, say a = yg < - -+ < yp = b, with

L(f, P,[a,b]) > L(f,|a,b]) — . Let @, merge the lists of P, and P; this adjoins at most k — 1 points

to P,, whose subintervals have length I’Q_—n‘l, so the refinement estimate together with L(f, P, [a,b]) <

L(f,Qn,|a,b]) from 1.5 gives

20k —1)M(b—a)

L(f. P, [a,8)) < L(f, Pasla.b]) + 7

Letting n — oo gives limy, o0 L(f, Pn,[a,b]) > L(f, P,[a,b]) > L(f,[a,b]) — ¢; as € > 0 was arbitrary,
limy, o0 L(f, Pn, [aa b]) = L(f7 [CL? b])

For the upper integral apply this to the bounded function — f, then use the identities L(—f, P, [a,b]) =
—U(f, P,[a,b]) and L(—f,[a,b]) = =U(f, |a,b]) from Exercise 5 in this section, whose proofs use only
boundedness:

U(f[a,b]) = ~L(~f.[a,b]) = — lim L(~f, Py, [a,b]) = lim U(f, Py, [a,b]).

Problem 1A.8. Suppose f: [a,b] — R is Riemann integrable. Prove that

b _ n .
fo7 =t e 52),
j:

Solution. Squeeze the sum between the Riemann sums of the equally spaced partition. Let P, have
points z; = a + @ for j = 0,...,n, and write R, = b_Taszzl f(x;). Since z; € [xj_1, 5],

multiplying infl,,_, .1 f < f(z;) <sup, o) f by 2j —zj-1 = b_T“ > 0 and summing gives
L(f, Py, [a,b]) < R, < U(f, Py, [a,b]).

Both outer terms converge to f; f. Put M = supj,y |f| < oo (finite since f is Riemann integrable,
hence bounded), let € > 0, and use 1.7 to choose a partition P, say a = yg < -+ < yr = b, with
L(f, P,[a,b]) > L(f,[a,b]) —e. Merging P into P, adjoins at most & — 1 points to a partition of mesh
b_T“, so the refinement estimate proved in the solution to Exercise 7 in this section, together with 1.5,
gives

1)M(b—a)

L(f.lab) - & < L(£.P. [a.b]) < L(f. Py, a5 + 26 DM O =)

while L(f, Py, [a,b]) < L(f,[a,b]) by 1.7. Hence L(f,P,,[a,b]) lies within 2¢ of L(f,[a,b]) for all
large n, and € > 0 was arbitrary, so L(f, P,,a,b]) — L(f,[a,b]). Applying this to —f and using
L(—f, P, [a,b]) = =U(f, P, [a,b]) and L(—f,[a,b]) = =U(f,[a,b]) from Exercise 5 in this section gives
U(f. Pas a,H)) — U(f, a,b).

Since f is Riemann integrable, L(f,[a,b]) = U(f,[a,b]) = ff f by 1.9, so the squeeze yields R,, — f; f.

Problem 1A.9. Suppose f: [a,b] — R is Riemann integrable. Prove that if ¢,d € R and a < ¢ <
d < b, then f is Riemann integrable on [c, d|.

[To say that f is Riemann integrable on [c,d] means that f with its domain restricted to [c,d] is
Riemann integrable.]




Solution. Cut a good partition of [a,b] at ¢ and d and keep the middle piece; Exercise 3 in this section
does the rest.

Let € > 0. By Exercise 3 there is a partition P of [a,b] with U(f, P, [a,b]) — L(f, P,[a,b]) < e. Let P’,
say a = xg < --- < & = b, be obtained by adjoining ¢ and d to the list defining P; since that list is a
sublist of the new one, 1.5 gives

U(f, P’ [a,b]) = L(f, P', [a,b]) < U(f, P,la,b]) — L(f, P, [a,b]) <e.
Choose p < ¢ with z, = ¢ and z; = d, and let @ be the partition z,, zpt1,...,24 of [¢,d]. Each

subinterval [z;_1,z;] with p < j < ¢ lies inside [c,d], so restricting f to [c,d] changes none of the
suprema and infima below, and every omitted term is nonnegative:

U(.Qu[ed) = L(£.Q.[evd) = 3 (ay—wj)( sup f— inf f)

J:P—i-l [-ijl,.’tj] [mj_l,ftj}
<) (wj—xja)( sup f— inf f
Jz=:1 ’ ! ( [zj—1,2;] [zj—1,2;] )

=U(f, P, la,b])) — L(f, P',[a,b]) < e.

By Exercise 3 again, f is Riemann integrable on [c, d].

Problem 1A.10. Suppose f: [a,b] — R is a bounded function and ¢ € (a,b). Prove that f is
Riemann integrable on [a,b] if and only if f is Riemann integrable on [a,c] and f is Riemann
integrable on [c, b]. Furthermore, prove that if these conditions hold, then

/abfz/:ﬂ/;f.

Solution. Everything comes from the splitting identity. If P, say xo < --+ < x,, is a partition of [a, ]
with ¢ = x, for some 0 < p < n, let P; : zg,...,zp and P> : x,,...,x, be the induced partitions of
[a,c] and [c,b]. Each subinterval of P lies wholly in [a,c] or wholly in [e, b], so restricting f changes
none of the infima and suprema, and splitting the sums of 1.3 at j = p gives
L(f7 Pa [CL, b]) = L(fa Pla [aa C]) + L(fa P25 [C) b}))
U(f7 Pa [aa b]) = U(f7 Pla [CL, C]) + U(f7 PZa [67 b])
Conversely, any partition P; of [a,c] and P of [c,b] concatenate (at the shared endpoint ¢) to such a
P, and (*) again holds.
Lower integrals add. For >: given P, P, with concatenation P, (x) and 1.7 give L(f, P1,la,c]) +

L(f, P2, [c,b]) < L(f,]a,b]); take suprema over P; and over P, which vary independently. For <: given
any partition P of [a,b], adjoin ¢ to get P’ and apply 1.5, then (x), then 1.7,

L(f, P,la,b]) < L(f, P',[a,b]) = L(f, Pl [a,c]) + L(f, P3, [e,b]) < L(f,[a, c]) + L(f, [c,b]),
and take the supremum over P. The mirror-image argument gives the same for upper integrals, so
L(f,la,0]) = L(f,[a, c]) + L(f, [e;b]), — U(f,la,b]) = U(f; [a, c]) + U(f, [¢, b]).
Subtracting,
U, [a,8)) = L(f. [0,8]) = (U(F [a,el) = L(F [a,e])) + (U(F [e.8]) = L(f e, B) ).

where by 1.8 all three differences are nonnegative; so the left side vanishes exactly when both terms
on the right do, which by 1.9 is precisely the asserted equivalence. Granting it, 1.9 and the additivity
of the lower integral give

b c b
/ f = L(f.[a b)) = L(f. [a, ) + L(f, [e.b]) = / ft / ;.

(%)



Problem 1A.11. Suppose f: [a,b] — R is Riemann integrable. Define F': [a,b] — R by

ift=a,

/f if ¢ € (a,b)].

Prove that F' is continuous on [a, b|.

Solution. F'is Lipschitz with constant M = supy, y | f| < oo, hence uniformly continuous on [a, b].
Let a < s <t <b. By Exercise 9 in this section, f is Riemann integrable on [a,t] and on [s, ], so F' is
well defined and .
[
S

for s = a this is F(¢ f f with F(a) = 0, and for s > a it is Exercise 10 in this section applied on
[a,t] at the 1nter10r pomt s. Since —M < infj, 4 f and supf, y f < M, applying 1.13 on [s, ] gives

F(t) — F(s)| = /

i <=

Thus |F(t) — F(s )| < M|t — s| for all s,t € [a,b]. Given € >0, any s,t with [s — t| < 577 then satisfy
|F(t) — F(s)| < 15 < g, so F' is continuous on [a, b].

Problem 1A.12. Suppose f: [a,b] — R is Riemann integrable. Prove that |f| is Riemann integrable

and that
b b
f s/ 71

Solution. Taking absolute values cannot increase oscillation: for nonempty A C [a,b] and z,y € A,
@) = [fW)] < [f(z) = f(y)| = max{f(z) — fy), f(y) — f(z)} < sipf —inf f,

and taking the supremum over x and over y gives sup 4 | f| — infa |f| < sup, f — infy f. Applying this
with A = [z;_1,z;] on each subinterval of a partition P of [a,b], multiplying by x; — z;_1 > 0 and
summing gives, by 1.3,

U(|f|>P7 [avb]) - L(|f|,P, [avb]) < U(fa P7 [CL, b]) - L(fa P: [a>b])'

Given € > 0, Exercise 3 in this section supplies P making the right side less than e, hence the left side
too; by Exercise 3 again, |f| is Riemann integrable.

For the inequality, note first that Riemann integration is monotone: if ¢ < h are Riemann integrable
on [a, b], then infl,, | »19 < infly,_, ., h on every subinterval, so L(g, P, [a,b]) < L(h, P, [a, b)) for every
P, and taking suprema, by 1.7 and 1.9,

b b
/gzL(g,[a,bDswz,[a,b]):/ h

By Exercise 5 in this section —|f| is Riemann integrable with f (=If) =-— f |f|, so applying mono-
tonicity to —|f| < f and to f < |f],
b
< / £
a

_/ab|f|§/abf§/ab|f|, that is,




Problem 1A.13. Suppose f: [a,b] — R is an increasing function, meaning that c¢,d € [a,b] with
¢ < d implies f(c) < f(d). Prove that f is Riemann integrable on [a, b].

Solution. On an equally spaced partition the oscillation sum telescopes. Monotonicity gives f(a) < f <

f(b), so f is bounded. Fix n € Z* and let P, be the partition with points z; = a+ ](b a)
On [z;_1, x;] monotonicity gives f(z;j_1) < f < f(x;), and both bounds are attalned SO

,7=0,...,n.

inf f= f(z;—1) and sup f = f(zj).

[2j—1,2;] [zj—1,2;]
Hence, by 1.3 and telescoping,

. i: (f(zj) = flzj—1)) = (b—a)(f(b) - f(a))'

j=1

U(f, Pna [a7 b]) - L(f, Pm [CL, b]) =

Given € > 0, the Archimedean property supplies n making the right side less than ¢, so f is Riemann
integrable on [a,b] by Exercise 3 in this section.

Problem 1A.14. Suppose fi, fa,... is a sequence of Riemann integrable functions on [a,b] such
that f1, fa2,... converges uniformly on [a,b] to a function f: [a,b] — R. Prove that f is Riemann

integrable and
/ f= lim fn
n—oo

Solution. Put e, = supjqy) [fn — f; uniform convergence says exactly that €, — 0. Choosing N with
ey <1 and using that fx is bounded (being Riemann integrable) gives |f| <1+ supj,y |fn] < 00, so
f is bounded and every ¢, is finite.

On a nonempty A C [a,b] we have f, — e, < f < f, +epn, so supy f < supy fn + &, and infy f >
infy f, — en; subtracting and applying the result with A = [z;_1, ;] on the subintervals of a partition
P of [a,b], whose lengths total b — a, gives by 1.3

U, P, [a,b]) = LU, P [a,b) < (U(fas Py lab]) = Lfa, Pola,b])) + 206 — a)zn. (%)

Let n > 0. Choose n with ¢, < 0—a) T ) then use Exercise 3 in this section to choose a partition P with

U(fn, P, [a,b]) = L(fn, P, [a,b]) < 4; now (x) gives U(f, P,[a,b]) — L(f, P,[a,b]) <7, so f is Riemann
integrable by Exercise 3 again.
Hence Exercises 4, 5 and 12 in this section make f — f,, and |f — f,,| Riemann integrable, and

/ffn

the last step by 1.13 applied to |f — f,|. Since &, — 0, fab f=1lim, s fab fn.

fn

/|f ful < (b= a)e,

1.2 Exercises 1B

10



Problem 1B.1. Define f: [0,1] — R as follows:

0 if a is irrational,
1
f(a) =< = if a is rational and n is the smallest positive
n
integer such that a = 7 for some integer m.

Show that f is Riemann integrable and compute fol f

Solution. f is Riemann integrable with fol f=0.

Every subinterval of positive length contains an irrational, where f vanishes, and f > 0; so every lower
Riemann sum of f is 0 and L(f,[0,1]) = 0 by 1.7.

For the upper integral, note 0 < f < 1 and that for each N € Z* the set Ay = {a € [0,1] : f(a) > N}
is finite: such an a is rational, its least denominator n satisfies 2 = f(a) > %, and a = 2 € [0,1]
forces 0 < m < n, so

ANQ{%:TLG{L...,N}, me{o,l,...,n}}.

Write K for the number of its elements (K > > 1 as 0 € An); off Ay we have f <

Let € > 0. Choose N with ]{, < §, then n > 4K - K and let P, split [0, 1] into the n equal subintervals I;
of length % Each point of Ay lies in at most two of the I}, so at most 2K indices j have I; N Ax # 0;
for those sup I f <1, and for the others sup I f< % Since the lengths of the others total at most 1,

2K 1 €

Pn7 ’ ]— S - AT a

U(f,[0,1]) < e by 1.7 for every € > 0, giving U(f, [0,1]) < 0; with L(f,[0,1]) = 0 and 1.8 this forces
L(f,]0,1]) =U(f,[0,1]) = 0, so 1.9 gives the claim.

+ - =c.

£
2

Problem 1B.2. Suppose f: [a,b] — R is a bounded function. Prove that f is Riemann integrable
if and only if

L(_f7 [a> b]) = _L(f> [a> b])

Solution. Everything follows from the identity

U(f,la, b)) = =L(= 1, [a,0]). (%)

For a nonempty E C [a,b] we have supy f = —infg(—f), since « is an upper bound for the values of f
on E exactly when —« is a lower bound for the values of —f on E. Applying this on each subinterval
of a partition P of [a, b] gives, by 1.3,

U(f: P7 [G, b]) = _L<_f7 P7 [a7 b])?
and the same swap, applied now to the (nonempty, bounded) set of these numbers, turns 1.7 into

U(fa [a7 b]) = lng(fv P, [a7 b]) = _SllleL(_.ﬂ P, [a7 b]) = _L(_f7 [CL, bD7

which is (x). By 1.9, f is Riemann integrable if and only if L(f, [a,b]) = U(f, [a,b]), which by (x) reads
L(f, [a.b)) = —L(~f.[a,b]), that s, L(—f,[a,5]) = —L(f. [a,b]).

Problem 1B.3. Suppose f,g: [a,b] — R are bounded functions. Prove that

L(f,la,b]) + L(g; [a,b]) < L(f + g, [a, b])

11



and
U(f +g;[a,b]) <U(f,[a,b]) + U(g, [a, b]).

Solution. Both inequalities come from the single-partition versions plus a common refinement. For
nonempty E C [a,b], infg f + infg g is a lower bound and supy f + supy g an upper bound for the
values of f 4+ g on F, so

inf f +infg < inf(f +g),  sup(f+g) < supf +supg.
E E E E E E

Applying these with £ = [zj_1,2;] on the subintervals of a partition P of [a,b], multiplying by
x; —xj—1 > 0 and summing gives, by 1.3,

U(f + g, P [a,b]) <U(f, P,[a,b]) + Ulg, P, [a, b]). (2)

Let ¢ > 0. By 1.7 there are partitions Pi, P of [a,b] with L(f, P1,[a,b]) > L(f,[a,b]) — § and
L(g, Py, [a,b]) > L(g,[a,b]) — 5; let P merge their lists, so that 1.5 gives L(f, P, [a,b]) > L(f, Py, [a, b])
and L(g, P, [a,b]) > L(g, P, [a,b]). (The refinement is what lets the two suprema be approached along
one partition.) Then, using 1.7 and (1),

L(f + g, P,[a,b]) = L(f, P, [a,b]) + L(g, P, [a, b])
L(f, P1, [a,0]) + L(g, P2, [a,0]) > L(f,a,0]) + L(g, [a, b]) — e,

L(f +g:a,b])

v v

and € > 0 was arbitrary. The mirror-image argument, with partitions @1, @2 chosen by 1.7 so that
U(f,Q1,[a,b]) <U(f,[a,b])+ § and U(g, Q2, [a,b]) < U(g, [a,b]) + 5, their merge Q, 1.5 and (2), gives
U(f+g,la,b]) <U(f, [a,b]) + Ul(g, [a,b]).

Problem 1B.4. Give an example of bounded functions f,g: [0,1] — R such that

L(f,10,1]) + L(g, [0,1]) < L(f + g,[0,1])

and

U(f +9,(0,1]) <U(/,[0,1]) + U(g, [0,1]).

Solution. Take f to be the function of 1.14 and g =1 — f:

1 if x is rational, 0 if = is rational,
flz) = { g9(x) = {

0 if x is irrational, 1 if z is irrational.

Every [c,d] C [0,1] with ¢ < d contains a rational and an irrational, so infl. 4 f = infl. 4 g = 0 and
supeq [ = supj.q g = 1. Since the subinterval lengths of a partition of [0, 1] total 1, every lower sum
of f and of g is 0 and every upper sum is 1, so 1.7 gives

L(f,[0,1]) = L(g,[0,1]) = 0, U(/,[0,1]) = U(g,[0,1]) = 1.

But f + g is the constant function 1, so all its lower and upper sums equal 1 and L(f + ¢,[0,1]) =
U(f+g,]0,1]) = 1. Hence

L(f,10,1]) + L(g,[0,1]) = 0 < 1 = L(f + ¢, [0,1]),
U(f+9,00,1]) =1 <2 =U(f,[0,1]) + U(g, [0,1]).

12



Problem 1B.5. Give an example of a sequence of continuous real-valued functions fi, fo,... on
[0,1] and a continuous real-valued function f on [0, 1] such that

f(z) = lim fx(z)

k—o0

/Olf#klingo/olfk-

for each z € [0, 1] but

Solution. Take f = 0 and let f be the triangular spike of height 2k and area 1 on [O, E]:

4k%x ifogxgi,
fulw)={ a2 (t—a) it L <o<i,
0 if § <z <1

The formulas agree where the cases overlap, both giving 2k at x = i and 0 at x = %, so each fi is

continuous and hence Riemann integrable by 1.11, as is the constant f.

Pointwise convergence: fx(0) = 0 for every k, and for z > 0 we have fi,(z) = 0 as soon as + < x, which
happens for all large k by the Archimedean property. So fi(z) — 0 = f(z) for every = € [0, 1].

The integrals: fol f =0 by 1.13. For f, split [0,1] at % and |0, %] at i using Exercises 9 and 10
in Section 1A (for £ = 1 only the split at % is needed), and integrate the two linear pieces by the

fundamental theorem of calculus, with antiderivatives 2k2z? and —QkQ(% - x)Q:

/ol Jio = 24° (i)Q + [_%2 (% - xf]::i;](czk) +0=3+3=1

Hence fol f=0#1=lim_, fol fr-
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2.1 Exercises 2A

Problem 2A.1. Prove that if A and B are subsets of R and |B| =0, then |AU B| = |A|.

Solution. Two inequalities. Since A C AU B, order preservation (2.5) gives |A| < |AU B|. In the other
direction, countable subadditivity (2.8) applied to the sequence A, B,{),0,..., whose union is AU B,
gives

[AUB| < |A[ +[B| = |A] + 0 = |4],
using || = 0 from 2.3. Hence |A U B| = |A|.

Problem 2A.2. Suppose A C R and ¢ € R. Let tA = {ta: a € A}. Prove that |tA| = |t| |A].
[Assume that 0 - co is defined to be 0.]

Solution. (i) t = 0. Then tA is () or {0}, so [tA| = 0 by 2.3, while || |A| = 0-]A] = 0 by the stated
convention.
(ii) ¢t # 0. Dilation carries open intervals to open intervals with

() = [t £(1),

since t(a, f) is (ta,tf) or (tf,ta) according to the sign of t, of length |¢t|(S — «), while () maps to ()
and an unbounded open interval maps to an unbounded one, both sides then being oo = |t| - 00. So if
I, I, ... are open intervals with A C (Jyo Ix, then tA C |Jio tI; (as z + tx is a bijection of R), and
2.2 gives

[e.9] o
LAl < O(t) = [t (Iy).
k=1 k=1
Taking the infimum over all such covers yields |tA| < |t| |A|. Applying this inequality with % in place

of t and tA in place of A, and using 1(tA4) = A, gives |A| < ﬁ|tA\, that is, |¢t||A| < |[tA|. Hence
[tA] = [t][A].

Problem 2A.3. Prove that if A, B C R and |A| < oo, then |B\ A| > |B| — |A|.

Solution. Since B C (B '\ A) U A, order preservation (2.5) and subadditivity (2.8, applied to B\
A A D, 0,...) give
Bl < |(B\A)UA| <|B\ A+ |A].

If |[B\ A| = oo the desired inequality is trivial. Otherwise both terms on the right are finite, since
|A| < oo by hypothesis, so subtracting |A| is legitimate and gives |B| — |A| < |B\ A|.

Problem 2A.4. Suppose F' is a subset of R with the property that every open cover of F' has a
finite subcover. Prove that F' is closed and bounded.

Solution. Two open covers, chosen so that a finite subcover collapses to a single set.

(i) F is bounded. The intervals (—k, k), k € Z", are open and their union is R 2 F', so they form an open
cover of F' in the sense of 2.10. A finite subcover gives ki, ..., k, with FF C (—ki,k1)U---U(—kp, kn) =
(-K,K), where K = max{ki,...,k,}, the union collapsing because these intervals increase with k.
(An empty subcover would make F' = (), which is bounded.) So |z| < K for all z € F.

(ii) F is closed. Let b € R\ F' and put

Gk:(—oo,b—%)U(b-l-%,OO):{$ER3’x_b‘>%}’

an open set, with G; C G2 C --- and J;—; Gx = R\ {b} 2 F. So {Gj} is an open cover of F, and a
finite subcover collapses, as in (i), to F' C Gk for some K (an empty subcover again forcing F = 0,
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which is closed). Thus

Hence R\ F is open, so F' is closed.

Problem 2A.5. Suppose A is a set of closed subsets of R such that (zc4 F = 0. Prove that
if A contains at least one bounded set, then there exist n € Z* and Fy,...,F, € A such that
Fn---NE,=0.

Solution. Apply Heine—Borel to a bounded Fy € A, covered by the complements of the members of A.
If Fy = (), take n = 1 and F| = Fy. So assume Fy # 0; being a member of A it is closed, and it is
bounded by choice. Put C = {R\ F : F € A}, a collection of open sets. It covers Fy: each x € Fj fails
to lie in some F' € A, since (\pc 4 F =0, and then z e R\ F € C.
By the Heine-Borel Theorem (2.12) applied to the closed bounded set Fy, there are Fi,..., F, € A
with

FFCR\F)U---UR\Fy) =R\ (Fin---NEy)

by De Morgan (the subcover is nonempty because Fy # (). That says exactly Fo N Fy N ---NFy, =0,
so the m + 1 sets Fy, Fi,...,F,, of A are as required.

Problem 2A.6. Prove that if a,b € R and a < b, then

|(a,b)] = [[a,b)| = |(a,b]| = b —a.

Solution. Each of the three sets becomes [a, b] after adjoining a finite set, which has outer measure 0
by 2.3, so Exercise 1 in this section and |[a,b]| = b — a from 2.14 give

’ U{abH |[a,b]| = b— a,
|la,b) U{b}| = |[a,b]]| = b —a,
’ U{a}’ = |[a,b]| = b — a.

Method (2): for 0 < e < b;“ we have [a +¢,b—¢] C (a,b) C [a,b], so 2.5 and 2.14 give
b—a—2=|lat+eb—¢l| <|(a,b)| <|la,b]| =b—a,

and letting € — 0 gives |(a,b)| = b — a; then 2.5 squeezes |[a,b)| and |(a, b]| between |(a,b)| and |[a, b]|.

Problem 2A.7. Suppose a, b, c,d are real numbers with a < b and ¢ < d. Prove that

|(a,b) U (c,d)| = (b—a)+ (d—c) ifandonlyif (a,b)N(c,d)=70.

Solution. Write E = (a,b) U (¢, d); the inequality |E| < (b—a) + (d — ¢) always holds, by subadditivity
(2.8) and |(a,b)| = b—a, |(¢,d)| = d — ¢ from Exercise 6 of this section. So only the equality case is at
issue. Since z lies in both intervals exactly when v < x < v, where

u = max{a,c}, v = min{b, d},

we have (a,b) N (¢,d) = (u,v), nonempty precisely when u < v, i.e. (given a < b and ¢ < d) precisely
when ¢ < b and a < d.

(i) Disjoint case. Then b < ¢ or d < a; interchanging the two intervals changes neither E nor
(b—a)+ (d—c), so assume b < c. Splitting (a,d) at b and at ¢ gives

(a,d) C (a,b) U [b,c]U (¢c,d) = EUIb, ]

(Check!), and |[b, ¢]| = c=bby 2.14 if b < ¢, by 2.3 if b = ¢. Since a < d, Exercise 6 gives |(a,d)| = d—a,
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so 2.5 and 2.8 yield
d—a=|(a,d)| < E|+(c—b).

All terms are finite, so |E| > (b — a) + (d — ¢); with the upper bound, equality.

(ii) Owerlapping case. Put p = min{a,c} and ¢ = max{b,d}. Because the two intervals meet, their
union is the single interval E = (p,q) (Check!), so |E| = g — p by Exercise 6. As {p,u} = {a,c} and
{v,q} = {b,d} as multisets,

b—a)+(d=c)=(w+q) —@+u)=(g—p)+@©—u) =I|E+(v—u),

and v — u > 0 with | E| finite, so |E| < (b—a) + (d — ¢).

Problem 2A.8. Prove that if A C R and ¢ > 0, then

Al = AN (=t 1)+ AN (R\ (=t,1))].

Solution. With B = AN (—t,t) and C = A\ (—t,t), the inequality |A| < |B| + |C| is subadditivity
(2.8) applied to B,C,0, ..., so only |B|+ |C| < |A| needs proof; assume |A| < oo, fix € > 0, and by 2.2
choose open intervals Iy, Ios, ... with

AclJn  and ) uI) <Al +e
k=1 k=1

Cut each I at —t and at ¢, putting
Jy = I, 0 (—t, 1), Ky = I, N (—o0, —t), Ly = 1IN (t,0),
again open intervals. Then
0(Jg) + U(Ky) + €(Li) = €(I1) for each k :

cutting an open interval I at a single point ¢ gives ¢(I N (—oc0,c)) 4+ ¢(I N (¢,00)) = £(I) (Check! the
cases ¢ < a, a < ¢ < b, ¢ > b, and I unbounded), and applying this to I at ¢ = —t and then to
I, N (—t,00) at ¢ =t and adding gives the display.

Now B C U, Jk, so |B| < >, £(Jx) by 2.2; and a point of A outside (—t,t) lies in some I}, hence in
K}, or L; unless it is —t or £, so

Cc (O Kp) U (G Ly) U{-t.},
k=1 k=1

whence |C| < >, (0(Kg) + £(Ly)) by 2.2, 2.3 and 2.8. Adding,

1Bl +1C| <Y (I) < |A] +e,
k=1

and € > 0 was arbitrary.

Problem 2A.9. Prove that |[A| = tlim |AN(—t,t)| for all A C R.
—00

Solution. By 2.5 the function t — |A N (—t,t)| is nondecreasing on (0,0), so the limit exists in [0, o0]
and
L:= lim [AN(—t,t)| =sup|AN(—t,t)] = lim |AN(—n,n)|.
t>0 n—00

t—o00

Since AN (—t,t) C A, 2.5 gives |AN (—t,t)| < |A] for every ¢, hence L < |A].
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For the reverse, cut A into integer annuli: C; = AN (—=1,1) and C,, = AnN{z:n—1 < |z| < n} for
n > 2. Applying Exercise 8 of this section to the set AN (—n,n) with ¢t =n — 1 > 0, whose two pieces
are AN (—(n—1),n—1) and C,, (Check!), gives

AN (=n,n)| =[AN(=(n = 1),n =D +|Csl  (n=2),
so induction from [A N (—1,1)| = |Cy| yields |[AN (—n,n)| = > ;_; |Ck| and therefore L = "7, |Ckl.
Each z € A lies in Cy, for the least m with |z| < m, so A =J—, Cy and 2.8 gives

Al <> 1Ckl = L.
k=1

Problem 2A.10. Prove that |[0,1] \ Q| = 1.

Solution. Write E = [0,1] \ Q. Since E C [0, 1], the inequality |E| < |[0,1]] = 1 holds by 2.5 and
2.14. Conversely [0,1] N Q is countable, so |[0,1] N Q| = 0 by 2.4, and applying subadditivity (2.8) to
E, [0,1]1nQ, 0,..., whose union is [0, 1], gives

1=1[0,1]| < [E[+0 = |E].

Hence |[0,1]\ Q| = 1.

Problem 2A.11. Prove that if Iy, I, ... is a disjoint sequence of open intervals, then

‘fj Ik‘ - iﬁ([k).
k=1 k=1

Solution. Write A = (Jp—; I. The bound |A| < Y77 £(I) is immediate from 2.2 (disjointness unused),
so the content is the reverse bound, which comes from splitting outer measure at the endpoints of
I, ..., I,. Recorded once: |I| = ¢(I) for every open interval I, by Exercise 6 of this section when I
is bounded and nonempty, and because an unbounded I contains closed intervals of every length, so
|I| = oo by 2.5 and 2.14.

Splitting lemma. For every S C R and ¢ € R,

18] =[S N (=00, ]|+ [S N (c,00)|.

Here < is 2.8, and > follows exactly as in Exercise 8 of this section: assuming |S| < oo, take open
intervals Jy with S C |, Jix and >, ¢(Jx) < |S| + €, cut each at ¢ into J;, = J; N (—o0,c) and
Jy = Jp N (¢, 00) with £(J}) + £(J})) = €(J}) (Check!), and apply 2.2, 2.3 and 2.8 to

Sﬂ(—oo,c]g([j J,Q)U{c} and SN (e,00) C DJ,’C’.
k=1 k=1

Iterating the lemma on S N (¢1,00) and inducting on m gives, for ¢; < -+ < ¢,

m—1
S =[S N (=o0,cal[ + D[S0 (¢ cial| + [S 0 (em, 00)].
j=1

The bound |A| > >y £(Ii). Fix n. If some I, with k < n is unbounded then |A| > |I}| = oo by 2.5, so
assume Iy, ..., I, bounded and discard the empty ones (they contribute 0), leaving (a1, b1),. .., (ap, bp)
with a; < bj; the case p = 0 is trivial. Disjoint nonempty open intervals (a,b), (a’,b") satisfy b < a’ or
b’ < a, since otherwise max{a,a'} < min{b, b’} and they meet; so after relabelling

a1<b1§a2<62§-~-§ap<bp.
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Let ¢1 < -+ < ¢y list the distinct endpoints. No endpoint lies strictly between a; and b;, so a;,b; are
consecutive in that list and each (aj, b;] is one of the intervals (c;, ¢;41] above. Applying the displayed
identity with S = A and discarding the remaining terms (all nonnegative, and distinct from the kept

ones),
p P n
4] = 3 JAN (g, 05| = S (0 — ag) = S eI,
j=1 k=1

j=1
the second inequality because (aj,b;) € AN (a;,b;] has outer measure b; — a;. Letting n — oo gives
|A| > 322, €(I)), hence equality.

Problem 2A.12. Suppose r1,73,... is a sequence that contains every rational number. Let

1
F = R\U(’Fk 2k’rk+27)'

(a) Show that F is a closed subset of R.
(b) Prove that if I is an interval contained in F', then I contains at most one element.
(c) Prove that |F| =

Solution. Write G = (Jp—, (Tk — 27k o+ 2*1“), so that F =R\ G.

(a) G is a union of open sets, hence open, so its complement F' is closed.

(b) If an interval I C F contained x < y, then [x,y] C I, and by density of Q there is a rational ¢ with
r<q<y,soq¢€F. But ¢ =r; for some j, and

g=r; € (T‘j—27j, Tj+27j) ca@q,

contradicting ¢q ¢ G.
(c) By 2.2 applied to the defining intervals,

IGlszzk
k=1

Fix n € Z*. Since [-n,n] C FUG, 2.5 and 2.8 (applied to F,G,0,...) with |[-n,n]| = 2n from 2.14
give
2n <|F|+ |G| < |F| + 2,

and |G| < 2 < oo may be subtracted, so |F| > 2n — 2 for every n. Hence |F| =

Problem 2A.13. Suppose € > 0. Prove that there exists a subset F' of [0, 1] such that F' is closed,
every element of F' is an irrational number, and |F| > 1 —¢.

Solution. Take F = [0,1] \ G, where g1, g2, ... lists the countably infinite set [0,1] N Q and

£
G= U (q’f 2k+2’ Qe+ 2k+2)

Then G is open, so F' = [0, 1]N(R\ G) is an intersection of two closed sets, hence closed, and F' C [0, 1].
Every element of F' is irrational, since a rational x € [0,1] equals some g and therefore lies in G.
Finally 2.2 gives

o0

2e €
k=1
and [0,1] € FUG, so 2.5, 2.8 and [[0,1]| =1 (2.14) give

9
1§|F|+\G!§|F|+§.
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Since |G| < £/2 < oo may be subtracted, |F| >1—¢/2>1—e¢.

Problem 2A.14. Consider the following figure, which is drawn accurately to scale.

[Description of the figure. In the coordinate plane, with the horizontal axis marked at
2,5,8,11,14,17,20 and the vertical axis marked at 1,3,5,7,9, three colored pieces are drawn: a
yellow right triangle with vertices (0,0), (11,0), (11,5); a red rectangle with vertices (11,0), (20,0),
(20,5), (11,5); and a blue right triangle with vertices (11,5), (20,5), (20,9). Their upper boundary
runs from (0,0) to (11,5) to (20,9) and looks to the eye like a single straight segment, so the three
pieces together appear to fill the right triangle with vertices (0, 0), (20,0), (20,9).]

(a) Show that the right triangle whose vertices are (0,0), (20,0), and (20,9) has area 90.

[We have not defined area yet, but just use the elementary formulas for the areas of triangles and
rectangles that you learned long ago.]

b) Show that the yellow (lower) right triangle has area 27.5.

c¢) Show that the red rectangle has area 45.

d) Show that the blue (upper) right triangle has area 18.

e) Add the results of parts (b), (c), and (d), showing that the area of the colored region is 90.5.

f) Seeing the figure above, most people expect parts (a) and (e) to have the same result. Yet in (a)
we found area 90, and in (e) we found area 90.5. Explain why these results differ.

[You may be tempted to think that what we have here is a two-dimensional example similar to the
result about the nonadditivity of outer measure (2.18). However, genuine examples of nonadditivity
require much more complicated sets than in this example.]

(
(
(
(
(

Solution. (a) The triangle T has its right angle at (20,0), with legs 20 and 9, so area(T) = 1-20-9 = 90.
(b) Right angle at (11,0), legs 11 and 5: area = % - 11-5 = 27.5.

(c) Sides 20 —11 =9 and 5 — 0 = 5: area =9 -5 = 45.

(d) Right angle at (20,5), legs 20 — 11 =9 and 9 — 5 = 4: area = 5 -9-4 = 18.
(e) The three pieces meet only in the segments {11} x [0,5] and [11,20] x {5} and the point (11,5),
which contribute no area, so the colored region has area 27.5 4+ 45 + 18 = 90.5.
(f) The colored region is not the triangle 7" its upper boundary bends upward at (11,5). Indeed the
line through (0,0) and (20,9) is y = %az, of height % = 4.95 < 5 at x = 11; equivalently the three
slopes %, %, % are distinct. So the union @ of the pieces is the quadrilateral (0,0), (20,0), (20,9),
(11,5), which strictly contains 7', and @ \ T is the thin triangle with vertices (0,0), (11,5), (20,9):
base v/202 + 92 = /481 and height the distance from (11,5) to 9z — 20y = 0, namely

DO

9-11-20-5] 1
V481 V481’

hence area 1. Thus area(Q) = 90 + 0.5 = 90.5, agreeing with (e). Nonadditivity (2.18) is not at issue:
the pieces do not overlap and their areas do add to the area of their union.

2.2 Exercises 2B

Problem 2B.1. Show that & = {{J,cx(n,n+1] : K C Z} is a o-algebra on R.

Solution. Everything rests on the fact that the intervals (n,n + 1], n € Z, partition R: each z lies in
(ng,ngy + 1] where ny, = [z] —1 (Check! separately for z € Z and = ¢ Z), and in no other such interval,
since m < n in Z forces < m+1 < n for x € (m,m + 1]. Hence, writing Ex = (J,cx(n,n + 1] so
that § = {Ex : K C Z},

re By <— n, € K.

The three conditions of 2.23 follow. First, ) = Ey € S. Second,

R\EK:EZ\K7
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because ¢ Ex iff n, ¢ K iff n, € Z\ K. Third, given K1, Ko,... C Z and K =2, K,

o0
T € UEKj <= ng € K; for some j <= x € Fk,
j=1

o) Ujoil Ex, = Ex € S. Thus S is a o-algebra on R.

Problem 2B.2. Verify both bullet points in Example 2.28, which assert the following.

o (a) Suppose X is a set and A is the set of subsets of X that consist of exactly one element,
A= {{x} 1x € X}. Then the smallest o-algebra on X containing A is the set of all subsets E
of X such that E is countable or X \ E is countable.

e (b) Suppose A = {(0,1),(0,00)}. Then the smallest o-algebra on R containing A is
{0, (0,1), (0,00), (—00,0] U[1,00), (—00,0], [1,00), (—o0,1), R}.

Solution. In each part we exhibit the asserted collection T and check (i) 7 is a o-algebra, (ii) A C T,
(iii) every o-algebra containing A contains 7; by 2.27 these three facts identify 7 as the smallest
o-algebra containing A.
Part (a). Let

T ={E C X : E is countable or X \ E is countable}.

(i) 0 is countable; the defining condition is symmetric in F and X \ E, so T is closed under complemen-
tation. If B, Ey,... € T and E = (Ji_, Ek, then either every Ej, is countable, whence E is countable;
or some E,, is uncountable, whence X \ FE,, is countable and X \ F C X \ E,, is countable. Either
way E € T.
(ii) Each {z} is finite, hence countable.
(iii) Let & © A be a o-algebra and E € T. If E is countable then £ = [J,{z1} € S, a countable union
of elements of A (pad a finite list with copies of (}). If X \ E is countable, that case gives X \ E € S,
so Ees.
Part (b). Set

A1 = (0, 1), A2 = [1, OO), A3 = (—O0,0].

These are nonempty, pairwise disjoint, and partition R. For K C {1,2,3} put Ex = ;i Ai; the
eight subsets K give

Ey =10, By =(0,1),
E{Z} = [1,00), E{3} = (—o0,0],
E12) = (0,00), B3y = (-0, 1),

Ep3y = (—00,0]U[1,00), Eyi23 =R,

so T ={Ek : K C{1,2,3}} is exactly the eight-element collection displayed in the exercise (the eight
sets are distinct, since i € K <= A; C Eg).

(i) Each z lies in exactly one A;y, and z € E <= i(x) € K; exactly as in Exercise 1 of this section
this gives ) = Ey € T together with

o0
R\ Ex = Epospnk and | Bk, = Ex,uky0..
j=1

(ii) (0, 1) = E{l} and (0, OO) = E{Lg}.
(iii) If S is a o-algebra containing (0, 1) and (0, c0), then by 2.25(a) and 2.25(b)

Ay = (0,00)\ (0,1) €S, A3 =R\ (0,00) €S,

and A; = (0,1) € S; closure under finite unions (2.25(b)) puts every Ex in S.
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Problem 2B.3. Suppose S is the smallest o-algebra on R containing {(r, s] : 7, s € Q}. Prove that
S is the collection of Borel subsets of R.

Solution. Let B be the collection of Borel subsets of R, the smallest o-algebra containing the open sets
(2.29).
S C B. Every generator is Borel: (r,s] = 0 if r > s, while if r < s then

o
ﬂrs—l—

(since x < s —I—% for all k forces z < s), a countable intersection of open sets, which lies in B by 2.25(c).
So B is a g-algebra containing the generating collection and hence contains the smallest one, S.
B C S. By 2.29 it suffices that every open G C R lie in S. With P = {(r,s) e Q x Q : (r, s] C G},

G = U (r,s]:
(r,s)eP

the inclusion O is the definition of P, and for C, given = € G pick ¢ > 0 with (z — e,z 4+ ¢) C G and
then, by density of Q, rationals r € (x—¢,2) and s € (z,z+¢), so that z € (r,s] C G. Since P C QxQ
is countable, this is a countable union of elements of S (and G =0 € Sif P =0), so G € S.

Problem 2B.4. Suppose S is the smallest o-algebra on R containing {(r,n] : r € Q, n € Z}. Prove
that S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.

S C B. Every integer is rational, so each generator (r,n| is among the intervals (r,s] with r,s € Q
shown to be Borel in Exercise 3 of this section. Hence B is a o-algebra containing the generating
collection, so it contains S.

B C S. By Exercise 3, B is the smallest o-algebra containing all (r,s] with r,s € Q, so it suffices to
put those intervals in S. If r > s then (r,s] =0 € S. If r < s, choose n € Z with n > s (Archimedean
property); then

(rs] = (r,n] \ (s, 7],

since for r < x < n the failure of s < z is exactly x < s. Both sets on the right are generators of S,
and o-algebras are closed under differences by 2.25(b), so (r,s] € S.

Problem 2B.5. Suppose S is the smallest o-algebra on R containing {(r,7 + 1) : r € Q}. Prove
that S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.

S C B. Each generator (r,r + 1) is open, hence Borel, so B is a o-algebra containing the generating
collection and therefore contains S.

Short rational intervals lie in S. If p,q € Q withp<gandg—p <1,theng—1<pand ¢g<p-+1,so

(pp+1)N(qg—1,q) = (max{p, ¢ — 1}, min{p+1, ¢}) = (p,q),

and both factors are generators (p and ¢ — 1 being rational), so (p,q) € S by closure under finite
intersections (2.25(b)).
B CS. By 2.29 it suffices that every open G C R lie in S. Put

P={(p,q) eQxQ:p<q, ¢g—p<1 (pg) CG}
so that G = U, ep(p,q): the inclusion D is the definition of P, and for C, given # € G choose
€€ (0,%) with (z — e,2 4+ ¢) C G and rationals p € (z — ¢,2), ¢ € (z,z +¢), whence ¢ —p < 2e < 1
and z € (p,q) € G. As P C Q x Q is countable, the previous paragraph and closure under countable
unions give G € S (and G =0 € S if P =).
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Problem 2B.6. Suppose S is the smallest o-algebra on R containing {[r,00) : » € Q}. Prove that
S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.

S C B. Each generator [r,00) is closed, its complement (—oo,r) being open, hence Borel by the first
bullet point of 2.30; so B is a g-algebra containing the generating collection and therefore contains S.
Bounded rational open intervals lie in S. For p € Q,

(p.oo) =] [p+4, ) €S,
k=1

since x > p gives % < z — p for some k by the Archimedean property, each p + % is rational, and S is
closed under countable unions. Also (—o0,q) =R\ [g,00) € S for ¢ € Q, so

(p,q) = (p,o0) N (—00,q) €S

for all p,q € Q, by closure under finite intersections (2.25(b)).

B C S. Exactly as in Exercise 5 of this section, every open G C R is the union of the countably
many intervals (p, q) with p,q € Q, p < ¢ and (p, q) C G; by the previous paragraph and closure under
countable unions, G € S. Now 2.29 gives B C S.

Problem 2B.7. Prove that the collection of Borel subsets of R is translation invariant. More
precisely, prove that if B C R is a Borel set and t € R, then ¢t + B is a Borel set.

Solution. Fix t € R and let f: R — R be f(z) =  —t, which is continuous and hence Borel measurable
by 2.41. Since x —t € B exactly when z =t + b for some b € B,

fiBy={zeR:x—teB}=t+B,

so t + B is a Borel set for every Borel set B, by the definition 2.40 of Borel measurability.
Method (2) (avoiding 2.41). Let B be the collection of Borel subsets of R and put 7 = {A C R :
t+ AeB}. Becausex et + Aiff x —t € A,

t(R\A) =R\ (t+4), t+ GAk: G(tJrAk),
k=1 k=1

and t + () = (); since B is a o-algebra, so is 7. If G is open then t + G is open, translation being an
isometry (ly —z| < eiff [(y —t) — (z —t)] <¢e),sot+ G € Band G € T. Thus T is a o-algebra
containing every open set, and 2.29 gives B C T.

Problem 2B.8. Prove that the collection of Borel subsets of R is dilation invariant. More precisely,
prove that if B C R is a Borel set and ¢t € R, then ¢B (which is defined to be {tb: b € B}) is a Borel
set.

Solution. Suppose B C R is a Borel set and ¢ € R.

(i) t = 0. Then tB is () or {0}, both Borel ({0} is closed, hence Borel by 2.30).

(ii) ¢ # 0. The function m(z) = x/t is continuous, hence Borel measurable by 2.41, so m~(B) is a
Borel set by the definition 2.40. And m~1(B) = tB: if 2/t € B then x = t(x/t) € tB, while if z = tb
with b € B then z/t = b € B, using t # 0.

Method (2) (avoiding 2.41). Fix t # 0 and put § = {B C R : ¢tB is Borel}. Multiplication by ¢ is a
bijection of R, so

R\ B) =R\ ¢B, t(fj Bk> - fj tBy,
k=1 k=1
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and tf) = 0; hence S is a o-algebra. It contains every open G, since multiplication by ¢ is a homeomor-
phism and so tG is open, hence Borel. By 2.29, § contains every Borel set.

Problem 2B.9. Give an example of a measurable space (X, S) and a function f : X — R such that
| f| is S-measurable but f is not S-measurable.

Solution. Take X =R, § = {0, R} (a o-algebra; Check!), and

1 ifz>0,
f(x)_{—l if 2 <0,

Then |f] is constant with value 1, so |f|~}(B) is R or () according as 1 € B or not; either way it lies in
S, so | f| is S-measurable. But (0, c0) is open, hence Borel, and

f_l((oa OO)) = [07 OO) ¢ S,

so f fails the definition 2.35 of S-measurability.

Problem 2B.10. Show that the set of real numbers that have a decimal expansion with the digit 5
appearing infinitely often is a Borel set.

Solution. The set in question is A = Ay U (—Ay), where

=00 < [1om+5 10m+6
A=NUDw D= U [Fs 20,

n=1k=n m=0

and this is a Borel set. Here a decimal expansion of z > (0 means a representation x = N —1—2]9';1 €j 1077
with N € Z, N > 0 and e; € {0,1,...,9}, written © = N.ejezes. .., while a negative number carries
the expansion of its absolute value; the integer part is a finite string, so the digit 5 can recur infinitely
often only among eq,eo, .. ..

Reduction to [0,00). Since x and —z carry the same digit string, x € A iff |z| € A,s0 A= AL U(—A4)
with A4 = ANJ0,00), and — A is Borel whenever A is, by Exercise 8 of this section with t = —1.
Canonical digits. For x > 0 and k € Z* set di(z) = |10¥2| — 10[10*~'z]. Writing ¢ = [10*~'z] gives
10g < 10%z < 10¢ + 10, hence dy () € {0,1,...,9}, and the sum telescopes to

| 10"z |

—k _
lz] + ;dk(ﬂs)lo =g %

because z — 107" < [10™x]/10™ < z. So |z].di(x)da(z) ... is a decimal expansion of z, the canonical
one.

An expansion with infinitely many 5s is the canonical one. Let x = N.ejegez... with e; = 5 for
infinitely many j, and fix £ > 0. Some ¢ > k has e; = 5, so the digits beyond position k£ are not all 9
and

0<> 6107 <1077 —4-107" < 107"
>k

With M, = 10FN + Z?:l ejlok*j € 7 this reads M;, < 10Fz < My + 1, so |[10¥2]| = M, for every
k >0, whence |x| = My = N and di(x) = My — 10My_1 = ex. The converse direction is immediate,
the canonical string being itself an expansion, so

Ay ={x > 0:d(z) =5 for infinitely many k € Z}.
The sets Dy. Fix k. Then di(x) = 5 iff |[10*z] € {10m + 5 : m € Z}: forwards because |10%z| =
10]10¥~ 12| +5; backwards because [10%z] = 10m+5 gives m+ 5 < 10F"lo <m+2, s0 [10" 12| =m
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and di(x) = 5. Since x > 0 forces [10¥z| > 0, only m > 0 occurs, so {x > 0 : di(x) = 5} is exactly the
set Dy displayed at the start, a countable union of half-open intervals and hence Borel by 2.30.
Assembling. The digit occurs infinitely often exactly when for every n some k& > n has di(z) = 5,
which is the displayed formula for Ay ; it is Borel by 2.23 (countable unions) and 2.25(c) (countable
intersections), and hence so is A = AL U (—A4).

Problem 2B.11. Suppose 7 is a o-algebra on a set Y and X € T. Let S={FE €T : EC X}.
(a) Show that S={FNX:FeT}.
(b) Show that S is a o-algebra on X.

Solution. (a) If E € S then E € T and E = EN X, so E has the required form. Conversely, if F' € T
then FNX €T by 2.25(b) (using X € T)and FN X C X,s0 FNX € S.

(b) Each element of S is a subset of X, and complementation is taken in X. The three conditions
of 223 hold: § € T and ) C X; for E € S, both E and X lie in 7, so X \ E € T by 2.25(b) and
X\ E C X; and for Ey, Es,... €S, the union | J;- | Ej lies in 7 and is contained in X. Hence S is a
o-algebra on X.

Problem 2B.12. Suppose f: R — R is a function.
(a) For k € Z*, let

G = {a € R : there exists § > 0 such that |f(b) — f(c)| < % for all b,c € (a — 5,a+5)}.
Prove that G}, is an open subset of R for each k € Z™.

(b) Prove that the set of points at which f is continuous equals (2 Gy.
(c) Conclude that the set of points at which f is continuous is a Borel set.

Solution. (a) Let a € Gy, with § > 0 as in the definition. Then (a — $,a + ) C Gy: for @ in that

27
interval put &' = § — |a’ — a| > 0, so that

|y—a|S|y—a'|—|—|a/—a|<5'+|a/—a|:%<5

for y € (a/ — ¢',a’ + ¢'); hence that interval sits inside (a — &, a + &), where the oscillation bound #
already holds, and @’ € G. So G}, contains an open interval about each of its points and is open.

(b) Write C for the set of continuity points. If a € C and k € Z*, continuity at a with e = ﬁ gives
§ >0 with |f(y) — f(a)| < 3= on (a —d,a +6), so

1£(b) = f(c)] < |£(B) = f(a)] + | fla) = f(e)| < &

there, and a € Gy. Conversely, if a € (i—; Gi and € > 0, choose k with % < € and take ¢ = a in
the defining property of Gy: then |f(b) — f(a)| < + < e for all b € (a — §,a + §), so a € C. Hence
C =21 G-

(c) Each Gy, is open by (a), hence Borel by 2.29, and C' is a countable intersection of Borel sets, hence
Borel by 2.25(c).

Problem 2B.13. Suppose (X,S) is a measurable space, F1, ..., E, are disjoint subsets of X, and
ci,...,cn are distinct nonzero real numbers. Prove that cixg, + - + cuXE, is an S-measurable
function if and only if Fy,..., E, € S.

Solution. Write f = cixp, + -+ cnXE, -

(<) Suppose FEi,...,E, € S. By 2.38 each XE}(B) is one of E;, X \ Ej;, X, 0, all in S by hypothesis
together with 2.23 and 2.25(a), so each xg, is S-measurable. Constant functions are S-measurable
(inverse images are X or ), so 2.46(a) makes each c;xp; measurable and then, inducting on the
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number of summands, makes f measurable.
(=) Suppose f is S-measurable. Disjointness gives f(z) = ¢; for x € E; and f(z) =0 off E1U---UE,,
so for each 7,

F ) =B
E; C f~'({c;}) is clear, and if f(z) = ¢; then z lies in some E; (else f(z) = 0 # ¢;, the cs being
nonzero) with ¢; = ¢;, forcing i = j since the cs are distinct. As {c;} is closed, hence Borel by 2.30,
the definition 2.35 gives E; = f~1({¢;}) € S.

Problem 2B.14. (a) Suppose fi, fa,... is a sequence of functions from a set X to R. Explain why
o0 oo o0
{z € X : the sequence fi(x), fa(x),... has a limit in R} = m U m(fj - fk)_l((_%a %))
n=1j=1k=j

(b) Suppose (X, S) is a measurable space and fi, fo, ... is a sequence of S-measurable functions from
X to R. Prove that

{z € X : the sequence fi(z), fa(x),... has a limit in R}

is an S-measurable subset of X.

Solution. (a) The identity is the Cauchy criterion, written with a single anchor index. Indeed, by the
definition 2.31 of inverse image, x lies in the right side R exactly when

for every n there is j with |f;(z) — fi(z)| < % for all k > j.

If fi(z), fa(z),... converges it is Cauchy, and taking p = j in the Cauchy condition for ¢ = % puts
x € R. Conversely, let x € R and € > 0; choose n with % < € and the corresponding j, so that for all
.4 27, ,

[fp(@) = fo(2)| < [fp(@) = fi(2)] + |f5(x) = fola)| <5 <e
Thus the sequence is Cauchy, hence convergent by completeness of R.

(b) Each f; — fi is S-measurable by 2.46(a), and (—%, %) is open, hence Borel by 2.29, so the definition
2.35 gives

(=107 (-5 4) es

for all n,j, k. The set of (a) is assembled from these by a countable intersection over k, a countable
union over j, and a countable intersection over n; S is closed under the first and third by 2.25(c) and
under the second by 2.23, so that set lies in S.

Problem 2B.15. Suppose X is a set and E1, Es, ... is a disjoint sequence of subsets of X such that
U1 Ex =X. Let S = {Upex Ex : K CZ1}.

(a) Show that S is a o-algebra on X.

(b) Prove that a function from X to R is S-measurable if and only if the function is constant on Fj,
for every k € Z+.

Solution. Since the E} are disjoint with union X, every x € X lies in Ej,) for exactly one index k(x),
and x € Uy B <= k(z) € K.
(a) Taking K = ) gives ) € S. For E = J,c Ek, the equivalence above gives

X\E= |J Epes,
keZT\K
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and for A, = Upeg, Br with K = ;2 Ky,

GAn: UEkE'S-
n=1

keK

Hence S is a g-algebra on X.

(b) (<) Let f be constant on each Ej, let B be Borel, and put K = {k : E;, C f~}(B)}. Then
f7H(B) = Uex Ex € S: the inclusion D is the definition of K, and if # € f~!(B) then constancy on
Ey e gives Ej,) C f~YB), so k(x) € K.

(=) Let f be S-measurable and x,y € Ej;. The singleton {f(x)} is closed, hence Borel, so
f(l)({f(x()})) = Ujex Ej for some K C Z*; since w lies in it, k = k(z) € K, so Ej, C f~*{f(z)}) and
) = f(=z).

Problem 2B.16. Suppose S is a g-algebra on a set X and A C X. Let
Spa={FeS:ACEor ANE = 0}.

(a) Prove that S4 is a o-algebra on X.
(b) Suppose f : X — R is a function. Prove that f is measurable with respect to S4 if and only if
f is measurable with respect to S and f is constant on A.

Solution. (a) Since ) € S and AND =0, we get ) € S4. For E € Sy we have X \ E € S,and ACFE
gives AN (X \ E) = () while ANE = () gives A C X \ E}; either way X \ E € S4. For Eq,Es,... € Sa
and E = Jg—, E € S: either A C Ej, for some k, whence A C E, or AN Ej, = () for every k, whence

ANE = J(ANEy) =0.
k=1

Hence §4 is a o-algebra on X.

(b) (=) If f is Sa-measurable, then Sy C S makes f S-measurable. Assuming A # (), pick = € A; the
singleton {f(x)} is closed, hence Borel, so f~1({f(z)}) € Sa, and it meets A (at ), so the definition
of Sa forces A C f~1({f(z)}); that is, f is constant on A.

(<) Let f be S-measurable and constant on A. If A = () then S4 = S; otherwise let ¢ be the value
of f on A and B Borel. Then f~}(B) € S, with A C f~}(B)ifce Band AN fY(B)=0ifc¢ B;
either way f~1(B) € Sa.

Problem 2B.17. Suppose X is a Borel subset of R and f : X — R is a function such that
{z € X : f is not continuous at z} is a countable set. Prove f is a Borel measurable function.

Solution. By 2.39, applied with S the o-algebra of Borel sets contained in X, it suffices to show
ffl((a,oo)) is Borel for every a € R. Write D for the countable set of discontinuity points; every
countable set is Borel, being a countable union of closed singletons. Fix a and split

f_l((a,oo)):UUV, U={zeX\D: f(x)>a}, V={xeD: f(x)>a},

so V. C D is countable, hence Borel. For z € U, continuity of f at x relative to X, applied with
e = f(z) —a >0, yields §, > 0 with

fly)> f(z)— (f(z)—a) =a forally € (z— b,z +6;)NX,

points of D in that intersection included. Then G = |J,cy/( — 0,2 + 0;) is open, hence Borel, so
G N X is Borel, and
FH(a,0)) = (GNX)UV.
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Indeed C holds because a point of the left side lies in V' if it is in D and otherwise lies in U C G N X;
and D holds because V' is part of the left side while any y € GN X lies in (z — 0z, x + ) N X for some
xeU,so f(y) > a.

Problem 2B.18. Suppose f : R — R is differentiable at every element of R. Prove that f’ is a
Borel measurable function from R to R.

Solution. f' is the pointwise limit of the difference quotients

f(z+ ) — fx)
1/k

gr(z) = , kezt.

Each gy is continuous on R, since f is continuous (being differentiable everywhere) and = +— x + % is
continuous; hence each gj is Borel measurable by 2.41. Because f is differentiable at each z, the limit

o S+~ f(@)

h—0 h

= f'(z)

exists in R, so evaluating it along h = § — 0 gives gi(z) — f/(z) for every € R. Thus f’ is Borel
measurable by 2.48, applied with S the Borel o-algebra on R.

Problem 2B.19. Suppose X is a nonempty set and S is the g-algebra on X consisting of all subsets
of X that are either countable or have a countable complement in X. Give a characterization of the
S-measurable real-valued functions on X.

Solution. A function f : X — R is S-measurable if and only if f is constant outside some countable
subset of X, that is, if and only if there is ¢ € R with {x € X : f(x) # ¢} countable.

Suppose C = {r € X : f(z) # c} is countable and B C R is Borel. If ¢ € B, then X \ f~1(B) C C'is
countable; if ¢ ¢ B, then f~1(B) C C is countable. Either way f~(B) € S.

Conversely, suppose f is S-measurable. If X is countable, take ¢ = 0; so assume X is uncountable, in
which case no subset of X is both countable and cocountable. Thus each E, := f~! ((a, oo)) € Sis
countable or cocountable but not both, and

T ={a € R: E, is countable}

is closed upward, since b > a gives Ej, C E,.
o (i) T # 0: otherwise every E,, with n € Z* is cocountable, so ()2, E,, has countable complement
U,Z,(X \ E,,) and hence is nonempty as X is uncountable; but that intersection is empty because
f is real-valued.
o (ii) 7" is bounded below: X =[J7, E_, is uncountable, so E_,, is uncountable for some m € Z7,
i.e. —m ¢ T'; upward closure then forces a > —m for every a € T'.
Let ¢ = infT € R. For each n € ZT there is a € T with a < ¢ + %, SO ¢+ % € T by upward closure,
whence

{reX: flx)>c}= UECJF%
n=1

is countable. Also ¢ — % ¢ T, so E._y, is cocountable and X \ E._;/, = {f < c— %} is countable,
whence

{:UGX:f(:L’)<c}:G{xeX:f(a:)gc—}L}

n=1

is countable. Hence {z € X : f(z) # ¢} = {f > ¢} U{f < ¢} is countable.
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Problem 2B.20. Suppose (X,S) is a measurable space and f,g : X — R are S-measurable func-
tions. Prove that if f(x) > 0 for all z € X, then f9 (which is the function whose value at z € X
equals f(x)9(®)) is an S-measurable function.

Solution. Because t° = e*!"* for t > 0 and f is positive everywhere,
fI(z) = e9@) M f(@) for all x € X,

so f9 = expoh with h = g- (Inof).

Now In is continuous on the Borel set (0, 00), hence Borel measurable by 2.41, and the range of f lies in
(0,00), so Inof is S-measurable by 2.44. Hence h is S-measurable by 2.46(a). Finally exp is continuous
on R, hence Borel measurable by 2.41, and its domain R contains the range of h, so f9 = expoh is
S-measurable by 2.44.

Problem 2B.21. Prove 2.52. [2.52, condition for measurable function: Suppose (X,S) is a measur-
able space and f : X — [—00,00] is a function such that f~!((a,00]) € S for all @ € R. Then f is
an S-measurable function.|

Solution. Let
T={AC [-00,00]: f1(A) € S};

it suffices to show T contains every Borel subset of [—oo, o0].

Because inverse images commute with complementation and countable unions, T is a o-algebra on
[—00, 0] (the computation in the proof of 2.39, verbatim), hence closed also under countable intersec-
tions and set differences by 2.25. By hypothesis (a, 0] € T for all a € R, so

o0

{0} = ﬂ(n, o] €T,

n=1
[eS)

(—O0,00] = U (_n7 OO] €T,

n=1
the second giving {—oo} € T by complementation and hence
R = [—00,00] \ ({oo} U{—00}) € T.

Consequently T = {A € T : A C R} is a o-algebra on R: it is closed under countable unions because
T is, and under complementation within R because R\ A =R N ([—oo,00] \ A) € T, using R € 7. It
contains (a,00) = (a, 0] \ {oo} for every a € R, so by the second half of the proof of 2.39 it contains
every Borel subset of R.

Now let C' C [—00, o0] be Borel. By 2.50 the set B = CNR is a Borel subset of R, and C' equals one of

B, BU{c}, BU{-o0}, BU{oc0,—0o0}.

Each of these lies in T, since B € Tr C T, both {00} and {—o0o} lie in T, and 7 is closed under finite
unions. Hence f~!(C) € S for every Borel C, so f is S-measurable.

Problem 2B.22. Suppose B C R and f : B — R is an increasing function. Prove that f is
continuous at every element of B except for a countable subset of B.

Solution. The set D of points of B at which f is discontinuous carries a pairwise disjoint family of
nonempty open intervals, hence injects into Q and is countable.

For z € B put a(x) = sup{f(t) : t € B, t <z} if BN (—00,z) # 0 and a(x) = f(x) otherwise, and
dually 8(z) = inf{f(t) : t € B, t > z} if BN (z,00) # 0 and B(z) = f(x) otherwise; monotonicity
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bounds the first set above by f(z) and the second below by f(x), so a(z), f(x) € R with a(z) < f(z) <
B(x). Call z a left (right) limit point of B when BN (x — 0, z) # 0 (respectively BN (z,z + ) # 0) for
every & > 0. Continuity is relative to the domain B throughout.
Then x € D if and only if at least one of

e (i) z is a left limit point of B and a(z) < f(x);

e (ii) z is a right limit point of B and f(z) < f(x)
holds. Indeed, suppose both fail and let € > 0. If x is not a left limit point, pick §; > 0 with
BN (x—01,x) =0, so z is the only point of BN (x — 01, x]; otherwise a(x) = f(z), and choosing ty € B
with top < z and f(tg) > f(x) — € and setting d = = — to gives f(z) —e < f(to) < f(t) < f(z) for all
t € BN (z — 61, 2]. The failure of (ii) yields d2 symmetrically, and 6 = min{d;, J2} witnesses continuity
at x. Conversely, if (i) holds, take ¢ = f(z) — a(z) > 0; every § > 0 admits ¢t € BN (z — 6§, x), and
f(t) <ax) = f(x) —e, so f is discontinuous at z. The case (ii) is symmetric.
For x € D set I, = (a(x), f(x)) if (i) holds and I, = (f(x), 5(z)) otherwise (so (ii) holds); either way
I, is a nonempty bounded open interval. For x < y in D we have sup I, < inf [, in all four cases:

o I, = (a(x), f(z)) and I, = (a(y), f(y)): a(y) > f(z),as 2 € B and = < y.

« I = (a(z), f(x)) and I, = (f(y),B(y)): f(y) = f(x), as [ is increasing.
o I, =(f(z),B(x)) and I, = (f(y),B(y)): B(z) < f(y), asy € Band y > x.

= (f(z),B(x)) and I, = (a(y), f(y)): here (ii) holds for z, so x is a right limit point and some

s € B has < s < y; then B(x) < f(s) < a(y).
So the I, are pairwise disjoint, and choosing ¢, € I,NQ for each 2 € D (density of Q) gives an injection
D — Q. Hence D is countable.

Problem 2B.23. Suppose f : R — R is a strictly increasing function. Prove that the inverse
function f=!: f(R) — R is a continuous function.
[Note that this exercise does not have as a hypothesis that f is continuous.]

Solution. Write g = f~!, which is defined on f(R) because a strictly increasing function is injective,
and note that f(x) < f(u) forces z < u (otherwise z > u would give f(z) > f(u)).
Fix yo € f(R), put 29 = g(yo), and let £ > 0. Strict increase gives

f(zo —¢) < f(z0) = yo < fwo +¢),
the two outer values being defined since the domain of f is all of R, so
§ =min{yo — f(zo—¢), flwo+e)—yo} >0.
If y € f(R) with |y — yo| < J, then writing x = g(y),
fl@o—¢e) <yo—0 < f(x) <yo+d < flwo+e),

so xg—e < x < xy + ¢, that is, [g(y) — g(yo)| < €. Hence g is continuous at every point of f(R).

Problem 2B.24. Suppose f : R — R is a strictly increasing function and B C R is a Borel set.
Prove that f(B) is a Borel set.

Solution. Let g = f~1 : f(R) — R, which is defined because f is injective and is continuous by Exercise
23 of this section, and observe that

g (B)={y € f(R):g(y) € B} ={f(x):2 € B} = f(B),

since every y € f(R) equals f(z) for a unique z, and then ¢g(y) = . So by 2.41 it suffices to show that
the domain f(R) of g is a Borel set: then g is Borel measurable and f(B) = g~!(B) is Borel.
Put f(z7) = sup{f(t) : t < x} and f(zT) = inf{f(¢) : t > x}, which are real with f(z7) < f(z) <
f(z™), and

=inf{f(¢) : t € R}, M =sup{f(t): t € R},
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with the conventions (—oo, L] = () if L = —oo and [M,00) = @) if M = oo. Since every real number is
both a left and a right limit point of R, the characterization in Exercise 22 of this section (with B = R,
a=f(-7), 8= f(-1)) identifies

D={zeR: f(z7) < f(z)or f(x) < fah)}

as the discontinuity set of f, which that exercise shows is countable. We claim

R\ f(R) = (o0, L]U [M,00) U | ([£(z"), £()) U (f(x), F(a™)]).

zeD

No set on the right meets f(R). The infimum L is not attained (f(u) = L would give f(u — 1) < L)
and f(t) > L for all ¢, so (—oo, L] N f(R) = @; symmetrically for [M,c0). If f(z) < f(z) and f(u) €
(f(z), f(zT)], then u > z (as u < x gives f(u) < f(x)), so f(u) > f(z") and hence f(u) = f(z) —
impossible, since f(u) = f(z1) with v > x would give f(t) < f(z) = inf{f(s) : s > z} for z < t < u.
So (f(x), f(z*)] N f(R) = 0, and symmetrically [f(z7), f(z)) N f(R) = 0.

Conversely, let y ¢ f(R) with L < y < M (otherwise y lies in one of the first two sets). Then
T ={teR: f(t) <y} is nonempty because y > L, and bounded above by any s with f(s) > y (such
s exists as y < M, and t > s would give f(t) > f(s) > y),so x =supT € R. For t < x some t' € T
has t <t <z, s0 f(t) < f(t') < y and hence f(z7) < y; for t > x we have t ¢ T, so f(t) > y, indeed
f(t) >yasy¢ f(R), giving f(zT) > y. Also f(z) #y.

o (i) f(z) > y: theny € [f(z7), f(z)) and f(z™) < f(x), so x € D.

o (ii) f(z) < y: then y € (f(x), f(z")] and f(z) < f(zT), so z € D.

The right side is a countable union of intervals, hence Borel, so f(R) is Borel.

Problem 2B.25. Suppose B C R and f: B — R is an increasing function. Prove that there exists
a sequence fi, fo,... of strictly increasing functions from B to R such that

f@) = lm fi(z)

for every = € B.

Solution. Take fr : B — R defined by
fela) = f(z) + % for k € 7.
If x,y € B with <y, then f(z) < f(y) because f is increasing and x/k < y/k because k > 0, so

file) = fl@) + 5 < F@) + L = fuly):

thus each fj is strictly increasing. For fixed x € B we have x/k — 0, so fi(z) = f(x).

Problem 2B.26. Suppose B C R and f : B — R is a bounded increasing function. Prove that
there exists an increasing function g : R — R such that g(x) = f(z) for all z € B.

Solution. Take g = 0 if B = (), and otherwise

m if BN (—o0,x] =0,
g\xr) =
sup{ f(t):t€ B, t<ax} if BN (—o0,z] # 0,
where m = inf f(B) and M = sup f(B) are real because f is bounded and B # (). In the second case
the set is a nonempty subset of f(B), so its supremum lies in [m, M] C R.

g is increasing: let z < y. If BN (—oo,z] = 0, then g(z) = m < g(y), since g(y) is either m or a
supremum of a subset of f(B), every element of which is at least m. Otherwise B N (—oo,y| # 0 as
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well and
{f@):teB, t<z}C{f(t):teB, t<y},

so g(z) < g(y).
g extends f: for x € B the second case applies, and f(x) both belongs to {f(¢t) : t € B, t < z} and
bounds it above (as f is increasing), so g(z) = f(z).

Problem 2B.27. Prove or give a counterexample: If (X, S) is a measurable space and
f:X — [—o0,]

is a function such that f~1 ((a, oo)) € S for every a € R, then f is an S-measurable function.

Solution. False. Take X = {1,2}, S = {0, X}, and [ : X — [—00, 0] given by

Neither value lies in R, so f~!((a,00)) = 0 € S for every a € R. But {co} is a Borel subset of [—c0, o]
by 2.50, since {oo} NR = () is Borel in R, while

FH({oc}) = {1} ¢ 8.

So f is not S-measurable in the sense of 2.51.

Problem 2B.28. Suppose f: B — R is a Borel measurable function. Define g : R — R by

{f(x) itze B,

9@ =10 ifz € R\ B.

Prove that g is a Borel measurable function.

Solution. Because g = f on B and g = 0 off B, every Borel set A C R satisfies

oo JFMAU®NB) ifoe A,
g (A)_{fl(A) if0¢ A,

noting f~!(A) C B since B is the domain of f. Here f~!(A) is Borel because f is Borel measurable,
and R\ B is Borel because B = f~1(R) is Borel (as observed after 2.40) and the Borel sets form a
o-algebra. So g~!(A) is Borel in both cases, and hence g is Borel measurable.

Problem 2B.29. Give an example of a measurable space (X,S) and a family {f;}«cr such that
each f; is an S-measurable function from X to [0, 1], but the function f : X — [0, 1] defined by

f(z) =sup{fi(z) : t € R}

is not S-measurable.
[Compare this exercise to 2.53, where the index set is ZT rather than R.]

Solution. Take X = R with
S={ECR:FEorR\FE is countable},
a o-algebra by the first bullet point of 2.28, and for ¢ € R take

ft:X{t} lftE[O,l}, ft:O 1ft¢[0,1],
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each mapping R into {0,1} C [0,1]. Each f; is S-measurable, since f; *(B) is one of §, {t}, R\ {t}, R,
all of which are countable or cocountable.

The pointwise supremum is f = x[oq]: for x € [0,1] the index t = x gives f,(x) = 1, the largest value
available, while for = ¢ [0, 1] every fi(z) = 0 (either fy =0 or ¢t € [0, 1], so t # x). But

f_l((%,oo)) =[0,1] ¢ S,

since [0, 1] is uncountable and so is its complement, which contains (1,2). Hence f is not S-measurable.

Problem 2B.30. Show that

Ik i i 2k
Jim (i (costit o)™

1 if z is rational,
0 if z is irrational

for every z € R.
[This example is due to Henri Lebesgue.]

Solution. Fix z € R and j € Z*, and set ¢ = cos(j! 7z) € [~1,1], so that ¢?* = (¢?)* with ¢? € [0, 1].
Since 1% =1 for all k while 0 < r < 1 forces 7* — 0, the inner limit

g9;()

. , % 1 ife? =1,
= lim (cos(j!mx =
Jim_ (cos(j!ne)) {0 ife2 <1

exists for every j and z. Because |cosf| = 1 exactly when 6 is an integer multiple of r,
|cos(jlmz)| =1 < jlmz e {mm:meZ} < jlx €Z,
so gj = xa; with A; = {m/j!:m € Z}. Now take j — oco.
e (i) @ irrational: jlz € Z would make z = (j!x)/;! rational, so g;(x) = 0 for every j and the outer
limit is 0.

o (ii) x =p/q with p e Z, q € Z*: for j > q the integer ¢ is a factor of j!, so jlz = p-(j!/q) € Z and
gj(z) = 1; the outer limit is 1.

2.3 Exercises 2C

Problem 2C.1. Explain why there does not exist a measure space (X, S, p) with the property that
(u(E): B € 8} = [0,1).

Solution. The set {u(E) : E € S} always contains its own upper bound p(X), whereas [0,1) has no
largest element.

Explicitly, if {u(E) : E € S} =[0,1), then u(X) < 1 since X € S, so there is ¢ with u(X) < ¢ < 1, and
t = u(F) for some E € S. But E C X so 2.57(a) gives

t=u(E) < pX) <t

a contradiction.

Problem 2C.2. Let 22" denote the o-algebra on Z™T consisting of all subsets of ZT.

Suppose 4 is a measure on (Z*,2%"). Prove that there is a sequence wy, wo, . . . in [0, 0] such that
u(E) = Z Wk
keE

for every set £ C Z™.
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Solution. Take
wi = p({k}) € [0, 0] for k € ZT.

As in 2.55, ), . p wi denotes the supremum of the subsums ;- wy, over finite D C E. Fix E C 7.
o (i) E finite, say E = {ki, ..., kyp}: finite additivity (from countable additivity by appending 0, ), . . .,
as noted after 2.54) applied to the disjoint singletons gives u(FE) = 2?21 wg;, and the supremum
over finite D C F is attained at D = E since the wy are nonnegative. (For E = () both sides are 0.)
o (ii) F infinite, listed increasingly as k1 < ko < ---: countable additivity applied to E = U(;il{kj}
gives u(E) = > 222, wy; = sup,, )7 wy;, the partial sums being increasing in [0, 00]. That supre-
mum equals the supremum over all finite D C E: each {k1,...,k,} is one such D, and conversely
each finite D C F lies inside some {ki,...,k,}, whose subsum is then at least that of D.
Hence w(E) = Y wi for every E C ZT.

Problem 2C.3. Give an example of a measure p on (Z*,2%") such that

{w(E): ECZT}=10,1].

Solution. Take
w(E) = Z 2~k for E C 7T,
keE
a measure by the third bullet point of 2.55.
One inclusion: 0 < p(E) < p(Z*) =332, 27% =1, using 2.57(a).
For the other, let ¢ € [0,1]; take E = ZT if t = 1, so assume 0 < ¢ < 1. Define by € {0, 1} recursively
by b = 1if sp_1 + 2% <t and by = 0 otherwise, where sj, = Z?Zl bj2*j and sg = 0. Then

sp<t<sp+27F for every k > 0,

by induction: at k& = 0 this reads 0 < ¢ < 1; granting it at k — 1, if by = 1 then s = sp_1 + 2% < ¢
and t < sp_1+ o (k=1) — sk + 2% while if by, = 0 then s = sp_1 <t < sp_1 +2° % = s, +27%. Hence
0<t—sp<2F sos, —t.
Now put E = {k € Z" : b, = 1}, so sy, is the subsum of >_, ., 27% over the finite set EN{1,...,k}; thus
s < p(E), while every finite D C E satisfies D C EN{1,...,k} for large k and hence ;. 277 < sp.
Therefore

w(E) =sup sk = lim s =t,

k k—ro00

the suprema and limits agreeing because s; < s9 < ---.

Problem 2C.4. Give an example of a measure space (X, S, p) such that

{W(E):E € S} = {oo} U G [3k, 3k + 1.
k=0

Solution. Take X = ZT x {1,2} with S all subsets of X and u(E) =3, . w(z), where
w(k,1) =27F, w(k,2) =3  for k€ ZT;

this is a measure by the third bullet point of 2.55 (the sums being suprema of finite subsums).
Writing Fy = {k: (k,1) € E} and Ey = {k : (k,2) € E}, finite additivity applied to the disjoint pieces
Ey x {1} and E» x {2} gives

w(E)=s+0b, SZZQ_k, b:ZS,
keE, keE>

where b = 3n if F5 has exactly n elements and b = oo if E5 is infinite, the finite subsums 3, 6,9, ... being
unbounded. By Exercise 3 of this section, s ranges over exactly [0, 1] as E; ranges over the subsets of
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Z*; so b ranges over exactly {0,3,6,...} U{oco}, and the two choices are independent because every
pair (F1, Es) arises from F = (Eq x {1}) U (F2 x {2}). Since 3k + s sweeps [3k, 3k + 1] as s sweeps
[0, 1], while b = oo forces pu(E) = oo,

oo

{w(B): E € 8} = {oo} U | J[3k, 3k +1].
k=0

Problem 2C.5. Suppose (X, S, i) is a measure space such that u(X) < oo. Prove that if A is a set
of disjoint sets in S such that p(A) > 0 for every A € A, then A is a countable set.

Solution. Write A = JoX | Ap, where A, = {4 € A : p(A) > 1}; this is an equality because every
A € Ahas p(A) > 0 and hence pu(A) > 1 for some n by the Archimedean property.

Each A, is finite: if Ay,..., A, are distinct elements of A,,, they are pairwise disjoint sets in S, so
finite additivity (from countable additivity, as noted after 2.54) together with A; U---U A, C X and
2.57(a) gives

<Y u(Ay) = (A1 U U Ay) < (X)) < o0,
j=1

so m < nu(X); were A, infinite it would supply m distinct elements with m > n u(X). Hence A is a
countable union of finite sets, so countable.

Problem 2C.6. Find all ¢ € [3,00) such that there exists a measure space (X, S, p) with

{W(E):EeS}t=10,1U][3,.

Solution. Only ¢ = 4.

Necessity. Suppose R := {u(F): E € 8§} =1[0,1]U[3,¢]. Since ¢ € R, say ¢ = u(FEy), and Ey C X gives
¢ < p(X) by 2.57(a), while u(X) € R gives u(X) < ¢, we get u(X) =c < oo. So for any t = u(E) € R
we have u(E) < ¢ < 0o, and 2.57(b) applied to E C X yields

p(X\ E) = p(X) — p(E) = c—1t,

giving the reflection property t € R =— c¢—t € R.

e i)t=1:c—1€R,andc—1>2>1putsitin [3,¢, soc>4.

o (ii) ¢ > 5 is impossible: then ¢ — 2 € [3,¢] C R, so reflection gives 2 € R, false.

e (lli)t=3:c—3€R,and 4 <c<5gives 1 <c—3 <2, whose only element in R is 1. So ¢ = 4.
Sufficiency. Take X = {0,1,2,...} with S all subsets of X and u(E) = ) .pw(z), where w(0) = 3
and w(k) = 27F for k € Z*; this is a measure by the third bullet point of 2.55. Splitting £ into EN{0}
and B/ = ENZ", finite additivity gives pu(E) = > e 2 ¥ if 0 ¢ E and p(E) =3+ Y, 27" if
0 € E. By Exercise 3 of this section that sum ranges over exactly [0,1], independently of whether
0e F, so

{w(E): E €S} =[0,1]U (3+10,1]) =[0,1] U [3,4].

Problem 2C.7. Give an example of a measure space (X, S, u) such that

{u(E): E € S}=[0,1]U 3, 00].

Solution. Take X =77 x {1,2} with S all subsets of X and u(FE) =3, . w(z), where
w(k,1) =27F, w(k,2) =k +2 for k € Z;

this is a measure by the third bullet point of 2.55.
With E; = {k: (k,1) € E} and Ey = {k : (k,2) € E}, finite additivity applied to the disjoint pieces
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Ey x {1} and Fy x {2} gives u(E) = s+0b, where s = > - . 27% and b = > kep, (k+2); the two choices
are independent, since every pair (F1, Eg) arises from E = (Ey x {1}) U (E2 x {2}). By Exercise 3 of
this section s ranges over exactly [0, 1], and the set B of possible values of b satisfies:
(i) B C {0} U[3,00], since Fy = () gives b = 0 while any k € Fy gives b > k + 2 > 3;

o (ii) every integer n > 3 lies in B, via Ey = {n — 2};

o (iil) co € B, via Ey = Z*, whose finite subsums »_;" | (k + 2) are unbounded.
So by (i) each u(FE) is either s € [0,1] or s 4+ b > 3, putting the range inside [0, 1] U [3, 00]. Conversely,
t € [0,1] arises from Ey = () with E} chosen by Exercise 3 so that s = t; t = oo arises from Ey = Z*
by (iii); and t € [3,00) arises from Fy = {n — 2} with n = [¢] > 3, giving b = n by (ii), together with
E4 chosen so that s =¢ —n € [0,1). Hence

{W(E): EeS}=10,1U][3,00].

Problem 2C.8. Give an example of a set X, a o-algebra S of subsets of X, a set A of subsets of X
such that the smallest o-algebra on X containing A is S, and two measures p and v on (X, S) such
that pu(A) =v(A) for all A € A and u(X) =v(X) < oo, but p # v.

Solution. Take
X ={1,2,3,4}, S={F:ECX}, A= {{1,2},{2,3}},
and let p and v be the measures on (X, S) defined by
p= 02 + 04, v =01 + 03,

where d. is the Dirac measure at ¢ (2.55), so that u and v are measures by Exercise 9 of this section.
Explicitly, for £ C X,

W(E) = #(En{2,4}), v(E) =#(EN{1,3}).

Here S is the smallest o-algebra on X containing A: any o-algebra 7 O A is closed under finite
intersections and set differences, so

{2} = {172} N {273}7 {1} = {172} \ {2}7
{3} =1{2,3}\ {2}

lie in 7, hence so does {4} = X \ ({1} U {2} U{3}); as X is finite, every subset is a finite union of
singletons and 7 = S.
Finally 1 and v agree on A and on X but differ at {1}:

p({1,2}) = v({1,2}) = u({2,3}) =v({2,3) =1,  wX)=v(X)=2,

while p({1}) =0 # 1 =v({1}).

Problem 2C.9. Suppose p and v are measures on a measurable space (X,S). Prove that u+ v is
a measure on (X,S). [Here p + v is the usual sum of two functions: if £ € S, then (u+ v)(E) =
u(E) +v(E)]

Solution. The map p + v sends S into [0, 00|, which is closed under addition with the convention
a+ oo = o0, and (u + v)(2) = 0+ 0 = 0; only countable additivity needs work.
Series in [0, oo] add termwise: for sequences (ay), (by) in [0, o],

D lar+br)=> ax+> by,
= k=1 k=1

k=1
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each series being the supremum of its increasing partial sums. Indeed, writing A,,, By, C), for the n-th
partial sums and A, B, C for their suprema, rearranging a finite sum gives C,, = A,, + B,. If A = o,
then C), > A, is unbounded, so C' = co = A + B, and symmetrically if B = co. If A, B < o0, then
Cn, < A+ B gives C < A+ B, while for ¢ > 0 a single n with A, > A —¢/2 and B, > B —¢/2
(monotonicity) gives C,, > A+ B — ¢; hence C = A+ B.

So for a disjoint sequence F1, Ea, ... in S, countable additivity of u and of v gives
oo
(n+v (UEk> ZM Ey) +ZV
- k=1 k=1
o0

Hence p + v is a measure on (X, S).

Problem 2C.10. Give an example of a measure space (X,S, ) and a decreasing sequence E;p D
Ey O --- of sets in S such that

u( ﬁ Ek) # lim p(Ey).

Solution. Take counting measure g on X = Z* with S the o-algebra of all subsets of X (a measure by
2.55), and
E,={kk+1,k+2,...} forkeZ",

a decreasing sequence in S. Each Ej, is infinite, so p(E)) = oo for every k, while ()72, Ey, = @ because
n ¢ B, for every n € ZT. Hence

u( ﬁ Ek:) =07 00 = lim u(E).

k=1

Problem 2C.11. Suppose (X, S, ) is a measure space and C, D, E € S are such that
w(CND)< oo, w(CNE) <o, w(DNE) < oo

Find and prove a formula for u(C U D U E) in terms of u(C), u(D), p(E), p(C N D), u(C N E),
uw(DNE), and u(CNDNE).

Solution. The formula is inclusion-exclusion for three sets:

uw(CUDUE) = pu(C) + pu(D) + u(E)
—u(CND)—u(CNE)—uDNE)+u(CNDNE).

Write p = u(CN D), g =pwCNE), r=pnDNE), s=uCnNDNE). The first three are finite
by hypothesis and s < p < oo by 2.57(a), so only finite quantities are subtracted above (convention
oo —t = oo for real t) and the formula is equivalent to the subtraction-free identity

w(CUDUE)+p+q+r=puC)+uD)+ uE)+s

Since p < 00, 2.61 applied to C' and D gives u(C' U D) +p = pu(C)+ p(D). Since (CNE)N(DNE) =
C' N DN E has measure s < 0o, 2.61 applied to C N E and D N E, whose union is (C' U D) N E, gives

p((CUD)NE) +s=q+r;
in particular ,u((C’ uD)N E) < g+ 1 < o00,s0 2.61 applied to CU D and E gives
p(CUDUE)+u((CUD)NE) =pu(CUD)+ u(E).
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Adding s and then p to this last identity and substituting the previous two yields
w(CUDUE)+p+q+r=pu(C)+ uD)+ u(E)+s,

every rearrangement being legitimate because addition on [0, oo] is commutative and associative. Sub-
tracting the finite quantity p + g + r gives the formula.

Problem 2C.12. Suppose X is a set and S is the o-algebra of all subsets £ of X such that E is
countable or X \ E is countable. Give a complete description of the set of all measures on (X,S).

Solution. The measures on (X, S) are exactly the functions

P, (E) = Z w(zx) + c-[F uncountable],
zckE

with w : X — [0,00] and ¢ € [0,00] arbitrary: a weighted counting measure with weights w(z) =
p({r}), plus a lump of mass c carried by every uncountable set in S. Here ) |, w(z) is the supremum
of the finite subsums, as in the third bullet of 2.55; [E uncountable] is 1 if E is uncountable and 0
otherwise; and 0 - oo = 0, so a countable E carries no lump even when ¢ = oc.

Three facts carry the proof.

(L1) Unordered sums are countably additive: if A = J;2; Ay with the Ay disjoint, then > _, w(z) =
> ko1 2onea, w(x). Indeed a finite D C A meets only finitely many Ay, say those with k < n,
and is the disjoint union of the D N Ay, so >° cpw(x) < D70 3" 4, w(®); taking the supremum
over D gives <. Conversely finite sets Dy C A for £ < n have union a finite subset of A, so
Y k=1 2owen, W(T) < 37 4 w(w); taking the n suprema one at a time (legitimate since addition on
[0, o] is order preserving and commutes with suprema of increasing families in one variable) and letting
n — 00 gives >.

(L2) If N is uncountable and w > 0 on N, then }° _yw(z) = oo: from N = J;2{z € N : w(z) >
1/n} and the countability of a countable union of countable sets, some {z € N : w(x) > 1/n} is
uncountable, hence contains finite sets D of arbitrarily many elements, with ) __,w(z) > #D/n.
(L3) If By, Es,--- € S are disjoint with union E, then F is uncountable if and only if exactly one Ej,
is. At most one can be, since an uncountable set of S has countable complement while £; N E; = &
forces E; C X \ Ej; and E is countable when all Ej, are, uncountable when some Ej, is.

Each fu, is a measure: it maps S into [0, oo] with ju, (@) = 0, and for disjoint Ey, Es, ... with union
E, (L3) gives [E uncountable] = ;2 [E} uncountable] with at most one nonzero term, so this may
be multiplied by ¢ termwise unambiguously even when ¢ = oo; combining that with (L1) and with
termwise addition of series in [0, oo (Exercise 9 of this section),

P, (E) = Z < Z w(z) + ¢ [Eg uncountable]) = Z#w,c(Ek)-
k=1

k=1 Z‘EEk

Conversely, let © be a measure, put w(z) = u({z}) (singletons are countable, hence in §) and N = {x €
X :w(x) > 0}. For countable E € S, countable additivity along the disjoint singletons {z1}, {z2}, ...
exhausting £ gives u(E) = >, w(xy), which equals > _pw(z) because the partial sums are the
subsums over {x1,...,x,} and these are cofinal among finite subsets of E. Also u(E) > u(D) =
> zep w(z) for finite D C E by 2.57(a) and finite additivity, so u(E) > > . pw(x) for every E € S.

e (i) N uncountable. If G € S is uncountable then X \ G is countable, so GNN = N\ (X \ G)
is uncountable and (L2) gives > .- w(z) = oo, whence u(G) = oo by the inequality above. So
H = Haw,0-

o (ii) N countable. Put ¢ = pu(X \ N). For uncountable G € S, the sets GN N and G \ N lie in
S (the first countable, the second with countable complement (X \ G) U N) and partition G, so
w(G) = w(GNN)+u(G\N). Here u(GNN) =3 convw(x) =D cqw(x), as w vanishes off N;
and splitting X \ N into G\ N and (X \ N) N (X \ G), the latter countable with w = 0 on it and
hence of measure 0, gives u(G \ N) =c. So pt = fiyc.
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2.4 Exercises 2D

Problem 2D.1. (a) Show that the set consisting of those numbers in (0,1) that have a decimal
expansion containing one hundred consecutive 4s is a Borel subset of R.
(b) What is the Lebesgue measure of the set in (a)?

Solution. The set E of (a) is a countable union of closed intervals intersected with (0,1), and |E| = 1.
For a digit string s = (d1,...,dn) put as = 0%, d;j1077 and I = [as,as + 10™™]. Then z € [0,1]
has a decimal expansion beginning with s if and only if = € I, since the tail ) jom @ 1077 ranges over
exactly [0,107™]. (Check!)

(a). Let F be the string of one hundred 4s and let pF denote concatenation. A hundred consecutive
4s must begin in some position n, preceded by some p € {0,...,9}""! so

E:(O,l)ﬁ[j U L

n=1 pe{o0,...,9}n~1

Only 10"~ strings p occur at each n, so this is a countable union of closed intervals; hence E is Borel.
(b). Fix N and call s € {0,...,9}%% good if none of its N blocks of length 100 is a hundred 4s;
there are (10'%° — 1)" good strings, one choice per block. If z € (0,1) \ E, the first 100N digits of any
expansion of z form a good s (else x € E), and then x € I,; so (0,1) \ E is covered by the good I,
whence by 2.5, 2.8, and |I;| = 107100V (2.14),

’(O, 1) \ E‘ S (10100 _ 1)N . 10—100N — (1 _ 10—100)]\7.

Letting N — oo gives [(0,1) \ E| = 0. Now E C [0,1] gives |E| < 1 by 2.5 and 2.14, while [0,1] =
EuU((0,1)\ E)uU{0,1} with |[{0,1}] =0 (2.4) gives 1 < |E| by 2.8. Hence |E| = 1.

Problem 2D.2. Prove that there exists a bounded set A C R such that |F| < |A| — 1 for every
closed set F' C A.

Solution. Take A = 1V, where V' C [—1,1] is the set constructed in the proof of 2.18 and ¢ = |V|.
Two facts from that proof: |V| > 0, and V contains exactly one element of each a = {t € [-1,1] :
a—t € Q}, sothat (r+ V)N (r' +V) =g for distinct r,7' € Q (if r + v1 = ' + vy then v; — v9 € Q,
placing v, v in one @, so v1 = vy and r = 7’'). Note 0 < ¢ < 2 by 2.5 and 2.14.

Every closed FF CV has |F| = 0. Let r1,r2,... be distinct rationals in [0, 1]; the sets ry + F' are then
disjoint closed, hence Borel, subsets of [—1,2]. Since outer measure is a measure on the Borel sets
(2.68) and is translation invariant (2.7), while 2.5 and 2.14 bound the union,

3=1-1.21 = |+ P)| =Y IF,
k=1 k=1

which forces |F'| = 0.
Now A = 1V C [-1, 1] is bounded, and the dilation formula [¢tB| = [t |B| of Exercise 2 in Section 2A

c)
gives |[A| = |V = 1. If F C A is closed, then cF is a closed subset of cA =V, so |cF| = 0 by the
previous paragraph and hence |F| = 1|cF| = 0. Thus

[Fl=0=]A[ -1

for every closed F' C A.

Problem 2D.3. Prove that there exists a set A C R such that |G \ A| = oo for every open set G
that contains A.
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Solution. Take A = |J;2,(n+ V), where V C (0,1) contains exactly one element of each set a = {t €
(0,1):a—t € Q}, a€(0,1). Throughout, |(a,b)| = b — a is Exercise 6 in Section 2A.

Exactly as in the proof of 2.18, (r+ V)N (r' + V) = @ for distinct r,7’ € Q. Each a € (0, 1) satisfies
a—v € Qn(—1,1) for its representative v € V, so (0,1) C U, (qx + V) with g1, ¢o,... enumerating
QnN(—1,1); then 2.8 and 2.7 give 1 < >, |V, forcing |V| > 0.

V' is not Lebesgue measurable. First, every closed F' C V has |F| = 0: for distinct rationals r1,rg,... €
[0, 1] the sets r, + F are disjoint closed, hence Borel, subsets of (0,2), so by 2.68, 2.7, 2.5, and 2.14,

oo o0
2> ‘U(rHF)’ =3 1F).
k=1 k=1

Were V' measurable, then since 0 < |V| < 1, condition (b) of 2.71 with e = |V|/2 would give a closed
F CV with |V \ F| < |V|/2, whence |V| < |F|+ |V \ F| < |V|/2 by 2.8, a contradiction.
The constant. Put ¢ = |[V| + [(0,1) \ V| — 1, a real number since both terms lie in [0,1] by 2.5.
Subadditivity (2.8) gives ¢ > 0, and Exercise 12 of this section gives ¢ # 0 because V' C (0,1) is not
measurable. So ¢ > 0.
The estimate on one unit interval. Since V' C (0,1), we have AN (n,n+1) =n+ V. Let G O A be
open, fix n € ZT, and put W =GN (n,n+1) and F = (n,n+ 1)\ W, a Borel (hence measurable) set
disjoint from n + V C W. Exercise 10 of this section, applied with E as the measurable set, and 2.5
give

E|+n+V|=|EUn+ V)| <|(n,n+1)] =1,

so |E| <1—|V|by 2.7. Since (n,n+1)\ (n+V) C EU (W \ (n+V)), subadditivity (2.8) and 2.7 give

)

(O D\VIS[E[+ W\ (n+ V)| 1= [VI+[W\ (n+V)

that is, |(G\ A) N (n,n + 1)} = ‘W\(n+V)‘ > c.

Summing. Fix N € ZT and put S = (G\ A)N (1, N +1). By the Lemma in Exercise 10 of this section
there is a Borel set B D S with |B| = |S|; the sets BN (n,n+1) for 1 <n < N are disjoint Borel sets,
the n-th containing (G \ A) N (n,n + 1), so by 2.5 and 2.68,

N
|G\ A[>|S|=B| =) _|BN(n,n+1)] > Ne.

n=1

Letting N — oo gives |G\ A] = oc.

Problem 2D.4. The phrase nontrivial interval is used to denote an interval of R that contains more
than one element. Recall that an interval might be open, closed, or neither.

(a) Prove that the union of each collection of nontrivial intervals of R is the union of a countable
subset of that collection.

(b) Prove that the union of each collection of nontrivial intervals of R is a Borel set.

(c) Prove that there exists a collection of closed intervals of R whose union is not a Borel set.

Solution. (a). Let C be such a collection, U = (J;c¢ I, and W = ;¢ I°; since each I € C has at least
two points, I° is a nonempty open interval and I \ I° consists of at most the two endpoints of 1.

Let D be the countable set of rational pairs (p, q), p < ¢, with (p,q) C I° for at least one I € C, and fix
one such I, , for each. If x € W then z € I° for some I, and I° is open, so p < z < g with (p,q) C I°
for some rationals p, ¢; hence

wce |J LecU
(p,a)eD

Next, U \ W is countable. If x € U\ W, say x € I € C, then x ¢ I°, so x is an endpoint of I and I° is
a nonempty open interval with endpoint z; thus (z,z + d,) C W or (x — d,,2) C W for some d, > 0.
Write U \ W = Uy U U_ accordingly. For z € Uy pick a rational r, € (x,z + 0,); the map x — 7, is
injective on Uy, since < y and r, = 1, would give y € (x,z + d;) € W. So Uy is countable, and
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symmetrically so is U_.
Choosing J, € C with « € J, for each x € U \ W, the collection D = {I, 4} U {J,} is a countable
subcollection of C with

U=wuU\w)c |JJcU

JeD

(b). By (a), U is a countable union of intervals, and every interval J # & is Borel: with a = inf.J and
b =supJ, the set {z € R:a < x < b} is open and J differs from it by at most the points a, b, each
Borel because {a} = (’x_;(a — L, a+ L). As the Borel sets form a o-algebra, U is Borel.
(c). Part (c) drops nontrivial, so singletons are allowed. By 2.67 there is a non-Borel set S C R; the
collection C = {[x,z] : © € S} consists of closed intervals and has union S.

Problem 2D.5. Prove that if A C R is Lebesgue measurable, then there exists an increasing
sequence F; C Fy C --- of closed sets contained in A such that

AU R|-o.
k=1

Solution. Take F, = Ey1U---U E), where (as A is Lebesgue measurable, so that (a) implies (b) in 2.71
applies) Ej, C A is closed with |4\ Ej| < 1.

Each Fj is a finite union of closed subsets of A, hence is closed and contained in A; clearly Fy C F5 C ---
and |J, F, = U, Ex. Fixing n and using E, C |J,, Fj; with 2.5,

‘A\ GFk‘ <A\ E,| < L.
k=1

Letting n — oo gives |A\ U, Fi| = 0.

Problem 2D.6. Suppose A C R and |A| < co. Prove that A is Lebesgue measurable if and only if
for every € > 0 there exists a set G that is the union of finitely many disjoint bounded open intervals

such that [A\ G|+ |G\ 4| <e.

Solution. Suppose A is Lebesque measurable, and let ¢ > 0. Because (a) implies (e) in 2.71, there is
an open U 2 A with |[U \ A| < §, and then |U| < [A| +|U \ A| < oo by 2.8 and the hypothesis
|A| < co. If U = @ then A = @ and G = (0,¢/3) serves; so assume U # @ and write U = {J,, I,
with I, I, ... disjoint nonempty open intervals (the connected components, as in the proof of 2.63),
padding a finite list with copies of @. Each I,, is bounded, since an unbounded one contains closed
intervals of arbitrary length and would force |U| = oo by 2.5 and 2.14. The I,, are disjoint Borel sets,
so Y . |[In| = |U| < oo by 2.68; choose N with > || < § and put G = I; U--- U Iy. Since
G\ACU\Aand A\GCU\G=U,-n In, 2.5 and 2.8 give

[ANG|+|G\NA <> ||+ U\ Al <e.
n>N

Conversely, let € > 0 and choose such a G with [A\ G|+ |G\ A| < 5. As |A\ G| < §, the definition of
outer measure (2.1) supplies open intervals J;, with A\ G C H = J, J and >, €(Jy) < 5,50 |H| < §
by 2.8 and 2.14. Then V =G UH isopen, A= (ANG)U(A\G)CV,and V\AC (G\A)UH, so
by 2.5 and 2.8,

[VNA| <|G\NA|+|H| <5+ 5 =«

Thus A satisfies condition (e) of 2.71, and (e) implies (a) there, so A is Lebesgue measurable.
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Problem 2D.7. Prove that if A C R is Lebesgue measurable, then there exists a decreasing sequence
G1 D G O --- of open sets containing A such that

’(lﬁGk)\A‘:o.

Solution. Take Gy, = Uy N--- N Uy, where (as A is Lebesgue measurable, so that (a) implies (e) in 2.71
applies) Uy, D A is open with |Uy \ 4] < 7.

Each Gj is a finite intersection of open sets containing A, hence is open and contains A; clearly
G12G22 - and (), G =, Uk Fixing n and using (), G C U, with 2.5,

‘(ﬁak)\A\gwn\AK;.
k=1

Letting n — oo gives the stated equality.

Problem 2D.8. Prove that the collection of Lebesgue measurable subsets of R is translation invari-
ant. More precisely, prove that if A C R is Lebesgue measurable and ¢t € R, then ¢ + A is Lebesgue
measurable.

Solution. Translate the Borel witness of 2.70. Take a Borel set B C A with |A\ B| =0 (2.70). Then
t + B is Borel by the paragraph below and ¢t + B C ¢t + A; moreover (t + A) \ (t+ B) =t + (A\ B),
since x belongs to the left side exactly when x —¢ € A\ B. Hence by translation invariance of outer

measure (2.7),
[(t+A)\ (t+B)| =|t+ (A\ B)| =]A\ B| =0,

so t + A is Lebesgue measurable by 2.70.

The Borel sets are translation invariant. Fix t € R and put § = {E' C R : ¢t + E is Borel}. Since
x — t+x is a bijection of R, we have t + @ = @, t+ (R\ E) = R\ (t + E), and t+J,, Ex = U, (t + Ek),
so S is a o-algebra on R. It contains every open G, because t + G is open: if x € t + GG then
(x—t—0,x —t+9) C G for some 6 > 0, whence (z — 0,2 + ) C ¢t + G. As the Borel sets form the
smallest o-algebra containing the open sets (2.29), every Borel set lies in S.

Problem 2D.9. Prove that the collection of Lebesgue measurable subsets of R is dilation invariant.
More precisely, prove that if A C R is Lebesgue measurable and ¢ € R, then tA (which is defined to
be {ta : a € A}) is Lebesgue measurable.

Solution. Dilate the Borel witness of 2.70, exactly as in Exercise 8 of this section, using the dilation
formula [tA| = |t| |A| of Exercise 2 in Section 2A in place of 2.7.

(i) t = 0: then 0A is @ or {0}, in either case closed, hence Borel, hence Lebesgue measurable.

(ii) t # 0: take a Borel set B C A with |A\ B| =0 (2.70). Then tB is Borel by the paragraph below
and tB C tA; also tA\ tB = t(A\ B), since z belongs to the left side exactly when ¥ € A\ B. So by

Exercise 2 in Section 2A,
[tA\tB| = [t(A\ B)| = |t||A\ B| =0,

and tA is Lebesgue measurable by 2.70.

The Borel sets are dilation invariant. Fix t # 0 and put S = {E C R : tE is Borel}. Since z — tz is a
bijection of R with inverse x + %, we have t& = @, t(R\ E) = R\ tE, and t|J, Ex = U, tEk, s0 S is
a o-algebra on R. It contains every open G, because tG is open: if € tG then (% -0, %+ (5) C G for
some § > 0, so the interval of radius |¢|d centred at z lies in ¢tG. As the Borel sets form the smallest
o-algebra containing the open sets (2.29), every Borel set lies in S.
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Problem 2D.10. Prove that if A and B are disjoint subsets of R and B is Lebesgue measurable,
then |AU B| = |A| + | B].

Solution. Subadditivity (2.8) gives |A U B| < |A| + | B, so only the reverse inequality is at issue.
Lemma (Borel hull; used again in Ezxercises 3 and 12 of this section). Every S C R lies in a Borel set
E with |E| = |S|. Indeed, if |S| = oo take E = R. Otherwise, for each n € Z" the infimum defining
outer measure (2.2) supplies open intervals Iy, I, ... with S C Gy, = U, Iy and Y, ¢(I) < |S| + %,
whence |G| < [S|+ 1 by 2.8 and |I;| < ((I;). Then E = (), Gy is Borel, contains S, and by 2.5
satisfies |S| < |E| < |G| < |S|+ 2 for every n.
Now suppose A, B C R are disjoint with B Lebesgue measurable, and take a Borel set D C B with
|B\ D| =0 (2.70); then

|B| <|D|+|B\ D|=|D| <|B|

by 2.8 and 2.5, so |D| = |B|. By the Lemma take a Borel set £ O AU B with |E| = |A U B|. Since
D C B C E, the sets D and E \ D are disjoint Borel sets with union E, so |E| = |D| + |E \ D|
because outer measure is a measure on the Borel sets (2.68). Finally A C E'\ D, since A C E and
AND C AN B = {; hence |A| < |E\ D| by 2.5 and

|[AUB| = [E| = |D|+[E\ D| > |B| +|A].

Problem 2D.11. Prove that if A C R and |A| > 0, then there exists a subset of A that is not
Lebesgue measurable.

Solution. Suppose toward a contradiction that every subset of A is Lebesgue measurable.
The Vitali set. On R, the relation x ~ y when z — y € Q is an equivalence relation, and each class
T =z + Q meets [0, 1] (take a rational ¢ € [—x, —x + 1]). So the Axiom of Choice, as in 2.18, provides
V' C [0,1] containing exactly one element of each class. Two consequences: (i) R = J,cq(r +V), since
x = (x —v) + v for the representative v of & and =z — v € Q; (ii) the sets r + V, r € Q, are pairwise
disjoint, since 7 + v1 = s + v9 gives v — vo € Q, hence v1 = v9 and r = s.
Put A, =AN(r+V) for r € Q. Each A, C A is Lebesgue measurable by assumption, and by (i) and
(ii) the countable union A = J,.q 4, is disjoint, so countable additivity on the Lebesgue measurable
sets (2.72) gives

0< 1A= 3|4,

reQ

Fix r with |A;| > 0 and put W = (—r) + A,. Then W C V C [0,1], W is Lebesgue measurable by
Exercise 8 in this section, and |W| = |A,| > 0 by 2.7.
Let q1, g2, . . . enumerate QN[0, 1]. The sets gx+W are Lebesgue measurable (Exercise 8) with |gx+W| =
|W| (2.7), are pairwise disjoint by (ii) since g + W C g + V, and lie in [0,2]. Hence by 2.72, 2.5, and
2.14,

> W= ‘U(Qk +W)\ < [0,2]| = 2,
k=1 k=1

while |[W] > 0 makes the left side co — a contradiction. So some subset of A is not Lebesgue measurable.

Problem 2D.12. Suppose b < ¢ and A C (b,c). Prove that A is Lebesgue measurable if and only if
|| + |(b,¢) \ A] = ¢ — b.

Solution. Throughout, |(b,c)| = ¢ — b (Exercise 6 in Section 2A), and both |A| and |(b,c) \ A| are at
most ¢ — b by 2.5, hence finite, so the arithmetic below is legitimate.

Suppose A is Lebesgue measurable. Exercise 10 of this section, applied to the disjoint sets (b, c) \ A and
A with A in the role of the measurable set, gives

Al +1(b,c) \ Al = [AU ((b,0) \ A)| = |(b,¢)| = ¢ = b,

43



the middle union being (b, ¢) because A C (b, c).

Conversely, suppose |A|+|(b,c) \ A| = ¢ —b. By the Lemma in Exercise 10 of this section there is a
Borel set Ey O (b,c)\ A with |Ey| = |(b, )\ A|; replacing Ey by E = EyN (b, c) keeps both the inclusion
and, by 2.5, the outer measure. Put B = (b,¢) \ E, a Borel set contained in A (if z € B then x € (b, ¢)
and = ¢ (b,c) \ A). The disjoint Borel sets B and E have union (b,c), so |B| + |E| = ¢ — b by 2.68;
subtracting the finite |E| = |(b,c) \ A| and invoking the hypothesis gives |B| = |A|. Now Exercise 10
again, applied to the disjoint sets A \ B and the Borel set B, gives

Al = [(A\ B)U B| = |A\ B| + |B| = |A\ B| + |A],

so cancelling the finite |A| yields |A\ B| = 0. By 2.70, A is Lebesgue measurable.

Problem 2D.13. Suppose A C R. Prove that A is Lebesgue measurable if and only if

|(=n,n) N Al + |(=n,n) \ A] = 2n

for every n € Z*.

Solution. Put A,, = (—n,n) N A C (—n,n). Since (—n,n) \ A, = (—n,n) \ A, the displayed condition
says exactly that
[An| +(=n,n) \ An| = n — (—n),

which by Exercise 12 of this section (with b = —n, ¢ = n) holds if and only if A,, is Lebesgue measurable.
So the exercise reduces to: A is Lebesgue measurable if and only if every A, is.

(i) If A is Lebesgue measurable, then each (—n,n) is open, hence Borel, hence Lebesgue measurable,
and the Lebesgue measurable sets form a o-algebra (2.72), which is closed under intersection (2.25);
so each A, is Lebesgue measurable.

(ii) Conversely, every real lies in (—n,n) for all large n, so A = |J;2 | A,; that o-algebra is closed under
countable unions, so A is Lebesgue measurable.

Problem 2D.14. Show that i and 1% are both in the Cantor set.

Solution. Both numbers have a base 3 representation using only Os and 2s, namely % = 0.023 and
1% = 0.2003, so both lie in the Cantor set C by 2.75. (The repeating blocks come from the greedy digit
algorithm, whose remainders return to i after two steps and to % after three.)

Summing the geometric series confirms the two representations:

i 2 _, 19 1
2k 11/ 1
3 1-1/9 4

o0

> 2 2 1 18 9
L gttt 3 1-1/27 260 13

Problem 2D.15. Show that % is not in the Cantor set.

Solution. The unique base 3 representation of % is 0.2021.. .3, whose fourth digit is 1, so % ¢ C by
2.75.
Step 1: % has only one base 3 representation. Suppose = € [0, 1] has two different base 3 representa-

tions, say
00 ap 00 bk
SN -]
k=1 k=1
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with all ag, by, € {0, 1,2}, and let n be the smallest index with a,, # by; say a, < b,. Then

o oo
bk—ak bn—an 2 bn—an 1
k=n k=n+1
because b,, — a, > 1. Hence equality holds throughout, which forces b, — a, = 1 and by — a = —2 for

all k > n, i.e. bp =0 and a; = 2 for all k¥ > n. In particular

b n
T = g —kzﬂn where m = E b3V ke Z.
k=1 k=1

Thus a number with two base 3 representations must be of the form m/3"™. But % = & would give

3n
17 ] 13 - 3™, impossible since the prime 17 divides neither 13 nor 3.
Step 2: that representation contains a 1. The digit algorithm xy = %, ar = [3zk_1], vk = 3xp_1 — ag
gives

13 _ 39 _ 5 _
3-F=r=2+1, a1 =2,
5 _ 15 _ 15 _
3ﬁ—ﬁ—0+ﬁ, (12—0,
15 _ 45 11 _
3ﬁ_ﬁ_2+ﬁ’ 03—2,
11 _ 33 16 _
Sﬁ—ﬁ—l-f—ﬁ, a4 =
Every xy, lies in [0, 1), so these digits do represent %; explicitly

13 61 1 16

2o D heck!
17 g1 T3 gy (Checkd)

By Step 1 this representation is the only one, and its fourth digit is 1; so no base 3 representation of
13

17 consists only of Os and 2s.

Problem 2D.16. List the eight open intervals whose union is G4 in the definition of the Cantor set
(2.74).

Ga = (51 51) Y (s 51) U (51 81) Y (3 &)
UE B UE B UE D@D,
Indeed, [0,1] \ (G1 UG2) = [O, %] U [%, %] U [%, %] U [g, 1] by 2.74, and deleting from each of these
3j 3j+3

its middle third (the corresponding interval of G3) leaves the eight closed intervals [g, 8—1} with

j€{0,2,6,8,18,20,24,26}. By 2.74, G4 is the union of their middle thirds (% %) and 3j + 1

runs over the eight values of k listed above.

Problem 2D.17. Let C denote the Cantor set. Prove that {1z + Iy :z,y € C} =0,1].

Solution. Split the base 3 digits of ¢t between two {0, 2}-strings. Write S = {%:L’ + %y TR C’}.
Since C' C [0,1] (2.74) and [0,1] is convex, S C [0,1]. Conversely let ¢ € [0,1]. If ¢ = 1, take
r=y=1=0.222...3 € C (2.75). Otherwise fix a base 3 representation t = >_, #,37* and put

(ak,br) =< (0,2) ifty =1,
(2,2) ifty =2,

so ak, by, € {0,2} and ay+ by, = 2t;, in every case. The series z =), ap3 Fandy = >k bp37* converge,
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being dominated by >, 2 - 37% = 1, and exhibit base 3 representations of & and y using only Os and
2s, so x,y € C by 2.75. Adding the two absolutely convergent series termwise,

L ai+b ¢
1 1. k k k

sot € S. Hence S =[0,1].

Problem 2D.18. Prove that every open interval of R contains either infinitely many or no elements
in the Cantor set.

Solution. It suffices to show that the Cantor set C' has no isolated points: if an open interval I contains
some x € C, then (x —e,x 4+ ¢€) C I for some € > 0, so I N C is infinite.
Fix z € C and € > 0, and by 2.75 write z = Y, ax3~* with every aj, € {0,2}. Flip the n-th digit:

n ar 2 —ap
o =Yy 2o
k#n

Since 2 — a,, € {0,2}, this display is a base 3 representation of (™ using only Os and 2s, so ™ e C
by 2.75. The two strings differ only in position n, so

lan, — (2 — ay)| 2

‘x — x(”)‘ = = —

3n 3n
whence M), 2@ ... are pairwise distinct and all differ from z. Choosing N with N < g, the points
W) WN+D - are infinitely many elements of C'N (r—e,x+¢).

Problem 2D.19. Evaluate fol A, where A is the Cantor function.

Solution. fo , forced by the symmetry A(1 —z) =1— A(x) on [0, 1].

By 2.79 the Cantor function A is continuous on [0, 1], hence Riemann integrable there; being bounded
and continuous it is Lebesgue measurable with the same integral, so the value below settles either
reading.

(i) x € C. By 2.75 write z = >, a;37* with every ay € {0,2}; this {0,2}-representation is unique,
since by Step 1 of Exercise 15 two representations of one number differ by 1 at their first disagreement,
whereas two digits from {0,2} differ by 0 or 2. As >, 2-37F =1,

again a {0, 2}-representation, so 1 — x € C; with e = ax/2 € {0,1}, 2.77 gives

Al —1) = Zl_e’“ 72 (@),
k=1

(it) x € [0,1] \ C. Then z € G,, for some n, since [0,1] \ C' = J,, G» (2.74).
Subclaim. For every m > 1, the set [0,1] \ (G1 U--- U Gy,) is the union of the 2" closed intervals
[c,c+ o] with ¢ = >, d;37" and d; € {0,2}, while G, is the union of the 2"~ open intervals
(a,a+ 5) with a = Y",_,, d;37" + 37" and d; € {0,2}. This is induction on n from 2.74: the middle
third of [c,c + 3*(”*1)] is (c+ 37", ¢+ 2-37"), which is the interval attached to (di,...,d,—1), and
removing it leaves the two intervals attached to (dy,...,dp—1,0) and (di,...,dn—1,2). (Check!)
Let (a,b) be the interval of G,, containing z, with a as in the subclaim, b = a + 37", and ¢; = d;/2.
Using 3™ =3,.,2-37%,

a:O.dl...dn_10222...3, bZOdldn_120003,
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so a,b € C and, by 2.77,

n—1 n—1
A(a):z;;+;21k=z;;+;:z&(b)‘
1= >n 1=

Moreover every base 3 representation of x begins 0.d; .. .d,—11: the numbers admitting a representation
with a given prefix c; . .. ¢, form exactly the interval [3%, kgtl] , where k =5, ¢;3" "%, because the tails
D kon cx37F fill [0,37"]; distinct prefixes give distinct k, the prefix dy ...d,_11 gives exactly [a, b], and
 lies in the interior of [a, b], hence in no other prefix interval. So 2.77 gives A(z) =>_,_, ;27" +27",
which is A(a) = A(b).

Now 11—z € (1—0b,1—a)with1l—a,1—be C,soby (i) and monotonicity of A (2.79),

z<n

1—A(a)=A1-b) <Al —2)<A(l—a)=1-A(a),

whence A(1 —z) =1—-A(a) =1— A(z).
Substituting © = 1 — x in the integral now gives

/OlA(a:)dx:/Ol(l—A(u))du:1—/01A(u)du,
SO folA:f

Problem 2D.20. Evaluate each of the following;:
9).

(a’) A(Tg)7

(b) A(0.93).

Solution. (a) A(%) = 2. (b) A(0.93) = 2.

(a). By Exercise 14, 1% = 0.2003 € C, so 2.77 replaces each 2 by 1 and reads the result in base 2:

[e.9]

9 - 1 1/2 4
A —_— = .]_ = n == = —.
<13> 0.1009 ]Z:% 93j+1 1-1/8 7

(b). Here 0.93 = {5, whose base 3 digits start

93 _ 279 79 o
3160 = 100 = 2+ 100, disit 2,
79 _ 237 37 : o
"100 = 100 — 2t 1000 digit 2,
37 _ 111 11 -
"100 = 100 — !t 1000 digit L,
so 1—00 = 0.221...3. This representation is unique by Step 1 of Exercise 15 Since 197(5)0 = m/3* would

force 100 | 93 - 3’“, impossible as ged(93 - 3¥,100) = 1; it contains a 1, so m ¢ C by 2.75. By 2.77,
truncate after that first 1 and replace each earlier 2 by 1:
11 1 7

A(O. =01llg==-4+-4+-=-.
(0.93) =0 2 2+4+8 3

Problem 2D.21. Find each of the following sets:
(@) A~ ({4)):
(b) A7 ({35})-

: —1(f1) _ f1 —1(f5) — [19 20
Solution. A ({g}) = {Z} and A ({E}) = [ﬁ,ﬁ}.
Fact 1 (points of C). By 2.75 and the uniqueness of the {0, 2}-representation noted in Exercise 19,
the map x — (eg), ex = ax/2, is a bijection from C' onto the set of binary digit strings, and 2.77 says
A(z) = >, ex27%. So for y € [0,1] the preimages of y lying in C' correspond exactly to the base 2
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representations of y.

Fact 2 (points off C). By the subclaim in case (ii) of Exercise 19, together with [0,1] \ C = |J,, G»
(2.74) and the disjointness of G, Ga, . .. noted in the proof of 2.76, the set [0, 1]\ C is the disjoint union,
over n > 1and (dy,...,d, 1) € {0,2}"71, of the intervals (a,a+37") witha =>_,_ d;37+37"; and
on such an interval A is constantly

<n

n—1
€; 1 2m +1 , .
24— = + e = %, m = E e; 2" 11,

26 2n 2n
=1 i<n

As (di,...,d,_ 1) ranges over {0,2}"~!, the integer m ranges bijectively over 0,1,...,2" 1 — 1. So the
values of A off C are exactly the dyadic rationals in (0,1), and such a value determines n, then m,
then the interval.

Fact 8 (base 2 representations). Step 1 of Exercise 15, run with 3 replaced by 2 and the digit bound
2 by 1, shows that a number with two base 2 representations is dyadic. Conversely, if y = m/2" €
(0,1) with m odd then y = 0.by...5,000...o with b, = 1, and also y = 0.by...b,—10111.. .9 since
Y kon 27% = 27" So a dyadic rational in (0,1) has exactly two base 2 representations, every other
number in [0, 1] exactly one.

(a). % is not dyadic, since % = g% would give 3 | 2"; so by Fact 2 no point off C' maps to it, and by Fact
3 it has the single base 2 representation 0.015 (indeed i1 477 = %) By Fact 1 its only preimage is
the point of C' with {0, 2}-representation 0.023, namely

SN
£29i  1-1/9 4
7j=1

(b). & is dyadic, so both cases contribute.

off C: % = 27;3'1 forces n = 4 and m = 2, so ejezez = 010 and (dy, da,d3) = (0,2,0); by Fact 2 the
interval is (a,a + g7) with a = 2 + & = 2, one of the eight intervals of G4 found in Exercise 16.

On C: by Fact 3 the two base 2 representations of 1% are 0.0101000.. .5 and 0.0100111.. .9, so by Fact

1 the two Cantor set preimages are

0.0202000. . 5 = 2 4 2 = 20
' T 981 8

18 1 19
0200222 .53 = — 4 — = .
0.0200 3= T 5 = a1

Combining the two cases,

_ 19 20
AHEED = @B - (551

Problem 2D.22. (a) Suppose z is a rational number in [0, 1]. Explain why A(z) is rational.
(b) Suppose z € C' is such that A(x) is rational. Explain why z is rational.

Solution. Both parts reduce to one fact: a base b representation of ¢t € [0, 1] — digits d; € {0,...,b—1}
with ¢t =) i>1 djb*j — has eventually periodic digit string exactly when t is rational.

Lemma 1 (near-uniqueness). The argument of Step 1 in Exercise 15, run in base b, gives: if (¢;) # (¢})
are base b representations of the same number, n is the first index where they differ, and ¢, > ¢}, then
cn =0, +1and¢; =0, cg = b — 1 for every j > n. In particular each string is eventually constant.
Lemma 2. Let (d;) be a base b representation of ¢t € [0,1]. Then ¢ is rational if and only if (d;) is
eventually periodic.

Suppose djir = d;j for all j > N, and put z = 3 ., dn4ib™% so that t = ng]\f dib=7 + b Nz,
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PeI‘iOdiCity of (dN—l—i)iZl gives

00 k
bkz:ZdNku_i =m+ z, m:ZdN_H;bk_i €7,
=1 =1

S0 z = m/(bk — 1) and hence t is rational. Conversely let ¢t = p/q with p, g integers, ¢ > 1, and put

Sn= s =0t bt
i=1 j=1

Then s, € [0, 1] and g¢s,, is an integer, hence ¢s,, € {0, 1,...,q}; by the pigeonhole principle s,, = s,, for

some n < m. Now (dn+i)i>1 and (dpy+4)i>1 are base b representations of that one number: if they are

equal then d; () = d; for every j > n, and if not then Lemma 1 makes each eventually constant,

so (dj) is eventually constant. Either way (d;) is eventually periodic.

(a). Let x € [0,1] be rational; the two bullet points of 2.77 give two cases.

(i) z ¢ C: by 2.75 every base 3 representation of x contains a digit 1, and 2.77 truncates after the first

such 1, so A(x) = >0, ;277 is a finite sum of rationals.

(ii) x € C: let (d;) be the base 3 representation of x using only Os and 2s, which is the one used in

2.77. Lemma 2 with b = 3 makes (d;) eventually periodic, hence so is (d;/2), which by 2.77 is a base

2 representation of A(z); Lemma 2 with b = 2 then makes A(z) rational.

(b). Let = € C with A(x) rational, and let (d;) be its base 3 representation using only Os and 2s; this one

is unique, since by Lemma 1 two representations of one number differ by 1 at their first disagreement

whereas digits in {0, 2} differ by 0 or 2. By 2.77 the string (d;/2), with terms in {0,1}, is a base 2

representation of A(z), so Lemma 2 with b = 2 makes it eventually periodic; then (d;) is eventually

periodic and Lemma 2 with b = 3 makes z =}, d;377 rational.

Problem 2D.23. Show that there exists a function f : R — R such that the image under f of every
nonempty open interval is R.

Solution. Take f = h o ¢, where ¢ reads off the limit superior of the decimal digit averages of the
fractional part and h maps [0, 9] onto R:

@(z) = lim sup di(z) +dao(x) + - - - + dn(2)

n—00 n

€ [0,9],

h(t) = tan <7r (; - ;)) for t € (0,9),  h(0) = h(9) = 0.

Here dj(x) is the j-th digit of the decimal representation of (x) = z — |z] € [0, 1) that is not eventually
9; it exists by the greedy algorithm d; = [107(z) | —10[10?~(z) | (Check!), and it is unique because by
Lemma 1 of Exercise 22 with b = 10, of two representations of one number one is eventually 0 and the
other eventually 9. As ¢ runs over (0,9), 7(t/9 — 1/2) runs over (—%,%), on which tan is a bijection
onto R; so A([0,9]) = R, and it suffices to prove ¢(I) = [0, 9] for every nonempty open interval I.
Step 1: I contains a full decimal cylinder. Shrink I to an interval strictly between consecutive integers:
choose m € Z and u < v with m < u <v <m+1 and (u,v) C I, so that (z) = z—m on (u,v). Choose
k € Z* with 107% < (v—wu)/2 and put M = |(u—m)10*] +1, so that (u—m)10¥ < M < (u—m)10F+1
and hence

M+1 2
u—m<1—0k and Wﬁ(u—m)—i—l—ok<v—m.

The second inequality gives (M + 1)107% < 1,50 1 < M < 10*; let ¢ ... ¢, be the k-digit form of M,
leading zeros allowed. For any digit string (e;) that is not eventually 9, put

M 1 > €;
LS RS TP
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Then (z) lies in [M107%, (M +1)107*] C (u — m,v — m) by the two displayed inequalities, so = €
(u,v) C I; and the string c1,...,ck,e1,e2,... is a decimal representation of (x) that is not eventually
9, hence is the canonical one.
A fixed prefix does not move the limit superior: with K = ¢y +--- + ¢, and S; = e + --- + ¢, the
average of the first j + k digits of (z) is (K +5;)/(j + k), and

K+ Sj Sj B K ij

itk § gtk jG+E)

whose absolute value is at most (K +9k)/(j+k) — 0 because 0 < S; < 95. Hence ¢(z) = limsup; S;/j.
Step 2: every t € [0,9] is such a limit superior.

(i) t = 9: take e; = 0 when ¢ is a power of 2 and e; = 9 otherwise. At most 1 + logy n powers of 2 lie
in {1,...,n},809>S,/n>9—9(1+logyn)/n — 9. The string has infinitely many 0Os, so it is not
eventually 9.

(ii) t € [0,9): define (e;) greedily by e, = 9 if (S,—1 +9)/n < t and e, = 0 otherwise, and put
A, = Sp/n. Then A, < t for every n: if e, = 9 this is the defining rule, and if e, = 0 then
Ap = Sp—1/n < Sp—1/(n—1) = A1 < t for n > 2, while Ay =0 < ¢. So limsup,, A, < t. Also
en = 0 for infinitely many n, since e, = 9 from some point on would force A,, — 9 > ¢; and each such
n satisfies A, = S,—1/n >t — %, so limsup,, A,, > t. Finally (e,) is not eventually 9.

Given I and t € [0,9], Step 2 supplies a legal tail (e;) and Step 1 converts it into x € I with p(z) = t.
Thus ¢(I) = [0,9] and f(I) = h([0,9]) = R.

Problem 2D.24. For A C R, the quantity
sup{|F| : F is a closed bounded subset of R and F' C A}

is called the inner measure of A.

(a) Show that if A is a Lebesgue measurable subset of R, then the inner measure of A equals the
outer measure of A.

(b) Show that inner measure is not a measure on the o-algebra of all subsets of R.

Solution. Write p.(A) for the inner measure and |A| for the outer measure. The empty set is an
admissible F' for every A, so p.(A) € [0, 00] is always defined; and every closed set is Borel, so each |F|
occurring is a Lebesgue measure.

(a). The inequality p«(A) < |A| holds for every A: each closed bounded F C A has |F| < |A| by
2.5. For the reverse, let ¢ > 0 and, A being Lebesgue measurable, use 2.71 ((a) implies (b)) to get
a closed FF C A with |A\ F| < e. The truncations F,, = F'N [—n,n| are closed, bounded, contained
in A, and increase to F, so lim, |F,| = |F| by 2.59 applied to Lebesgue measure (a measure on the
Lebesgue measurable sets by 2.72); as |F,| < u.(A) for every n, this gives ps(A) > |F|. Meanwhile
A=FU(A\F) and 2.8 give |A| < |F|+e. If |A| = oo this forces |F| = oo, hence p,(A) = oo = |A];
otherwise p.(A) > |F| > |A| — ¢ for every € > 0, so u«(A) > |A].

(b). For r € [0,1) and S C [0, 1) write

Sor=(Sn0,1-r)+r)u((SN[1—r1)+r—-1)C]0,1),

so that  — x @ r is a bijection of [0,1) onto itself. If S is Lebesgue measurable then so is S @ r,
and since the two pieces are disjoint, additivity of Lebesgue measure (2.72) with translation invariance
(2.7) gives |S @ r| = |5].

By the axiom of choice let V' C [0,1) contain exactly one element of each class of the relation z ~ y
when x —y € Q on [0, 1), let r1,79,... enumerate Q N [0,1), and put Vi, =V & ry.

The Vi, are disjoint with union [0,1). If x € V; NV}, say x = v @ rj = w @ r, with v,w € V, then
x—(v+r;) and  — (w +ry) lie in {0, =1}, so v —w € Q, forcing v = w and then r; = ry by injectivity
of r — v@r. Conversely, given = € [0, 1) with representative v € V, the number r =z —v (or z —v+1
ifx <v)liesin QN[0,1) and z=v & r.

Each p. (V) = 0. Since x @ r ~ x for rational r; and @ ry is injective, Vj meets each class exactly
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once, so it suffices to show p.(S) = 0 whenever S C [0, 1) meets each class at most once. Let F' C S be
closed and bounded, hence Borel and Lebesgue measurable. The sets F @ r, r € QN [0, 1), are disjoint:
x®r=y®r with z,y € F and r # 1’ forces x —y € Q and x # y, two distinct points of S in one
class. Each F'@r is a measurable subset of [0, 1) with |F & r| = |F|, so countable additivity (2.72) and
2.5 give

> iF=| U Fen[<io=1.

reQn[o0,1) reQnl[o,1)

a sum of countably infinitely many copies of |F|; hence |F| = 0 and p.(S) = 0.
So Vi, Va,. .. are disjoint subsets of R with ), u«(Vj) = 0, whereas by (a)

(U Vi) = e (10,1)) = [10,1)] = 1.

k=1

Thus ps is not countably additive on the o-algebra of all subsets of R.

2.5 Exercises 2E

Problem 2E.1. Suppose X is a finite set. Explain why a sequence of functions from X to R that
converges pointwise on X also converges uniformly on X.

Solution. Take n = max{ny,...,ny}: a finite set of thresholds has a largest element, which is again in
VAN
The case X = () is vacuous, so let X = {z1,...,zny} with N € ZT, suppose fi, fa,... converges

pointwise on X to f, and let £ > 0. By pointwise convergence (2.82) there is for each j an n; € Z*
with
|fr(z;) — f(z;)] <e for all integers k > n;.

With n = max{ni,...,ny}, every k > n and every z € X satisfy = z; for some j and k > n;, so
|fx(z) — f(z)| < e. This single n works for all € X at once, so the convergence is uniform by 2.82.

Problem 2E.2. Give an example of a sequence of functions from Z* to R that converges pointwise
on Z* but does not converge uniformly on Z*.

Solution. Take fr = x(x}-

For fixed m € Z* we have f(m) = 0 whenever k > m, so fx — f = 0 pointwise. A uniform limit must
agree with the pointwise limit, so uniform convergence would have to be to f; but for ¢ = % and any
n € ZT, the index k = n and the point m = n give

[fa(n) = f(n)] = 1> 3,

so the condition in 2.82 fails. Hence the convergence is not uniform.

Problem 2E.3. Give an example of a sequence of continuous functions fi, fo,... from [0,1] to R
that converges pointwise to a function f : [0,1] — R that is not a bounded function.

Solution. Take
if £ =0,

fr(@) = fz) =

k2x if0§x§%,
1 1
- ifi<a<i, - if0<z <L
€T T

0
Each fy is continuous on [0, 1] and on [4,1] (where z > + > 0), and the two formulas agree at

because k? - % = k; hence f, is continuous on [0, 1].

Pointwise convergence: fi(0) = 0 = f(0) for every k, while for 0 < x < 1 any k > 1/x gives % <z
1

and so fy(x) = ; = f(z), an eventually constant sequence. Finally f (%) = k for every k, so f is

=
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unbounded.

Problem 2E.4. Prove or give a counterexample: If A C R and fi, fo, ... is a sequence of uniformly
continuous functions from A to R that converges uniformly to a function f : A — R, then f is
uniformly continuous on A.

Solution. The statement is true: f is uniformly continuous, by the £/3 argument of 2.84 with the § for
fn now independent of the point.
Suppose € > 0. Because f1, fo, ... converges uniformly on A to f, there exists n € ZT such that

|fn(z) — f(2)] < % for all z € A.
Because f, is uniformly continuous on A, there exists § > 0 such that
|falz) = fu(y)| < % for all z,y € A with |z — y| <.

Now suppose z,y € A and |z — y| < 6. Then

[f (@) = FW < f (@) = (@) + [fn(2) = Fu(W)] + [ fu(y) = F(y)]

cEL gL ¢
3 3 3

= ¢&.

The é works for all pairs of points of A at once, so f is uniformly continuous on A.

Problem 2E.5. Give an example to show that Egorov’s Theorem can fail without the hypothesis
that pu(X) < oo.

Solution. Take Lebesgue measure p on the Borel subsets of X = R (so u(X) = o0) and fr = X[k, k+1),
with e = 1.

Each z € R has fi(z) = 0 for every k > x, so fr — f = 0 pointwise. Now let F be any Borel set with
u(R\ E) < 1. For each k € Z*, monotonicity applied to [k,k+ 1]\ E C R\ E gives

Ik, k+ 1]\ E| < R\ B| < 1=|[k,k+1]],

so [k, k+ 1] N E # (; choose xj there. Then for % and any n, the index k¥ = n and the point =, € F
give | fo(zn) — f(zn)| =1 > 3. Hence the convergence is uniform on no such E, and the conclusion of
Egorov’s Theorem (2.85) fails for e = 1 although all its other hypotheses hold.

Problem 2E.6. Suppose (X,S, ) is a measure space with pu(X) < oco. Suppose fi, fa,... is a
sequence of S-measurable functions from X to R such that limy . fr(z) = oo for each z € X.
Prove that for every & > 0, there exists a set £ € S such that u(X \ E) < ¢ and fi, f2,... converges
uniformly to co on E (meaning that for every ¢ > 0, there exists n € Z" such that fi(x) > t for all
integers k > n and all z € E).

[The exercise above is an Egorov-type theorem for sequences of functions that converge pointwise to
00.]

Solution. Run the proof of Egorov’s Theorem (2.85) with {z : |fy(z) — f(z)| < 1} replaced by {z :

Suppose € > 0 and fix n € Z*. For m € Z* put

A = ﬁ{xeX:fk(w)>n}€S.
k=m
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Then Ay, C Az, C ---, and |, Amn = X because limy_,o fr(z) = oo gives, for each € X, an
m with fi(xz) > n for all k£ > m. Hence limy, o0 pt(Amn) = p(X) by 2.59, and since p(X) < oo we
may choose my,, with u(X) — u(Am,n) < €/2"; as M(Amn,n) w(X) < oo, 2.57(b) turns this into
P(X N\ Apyn) < e/27.

Let E =", Am,n €S. By countable subadditivity (2.58),

X N\E) <D (X \ Apyn)

n=1
PIEE

Given t > 0, choose n > t; then E C A,,, , gives fi(z) >n >t for all k > m,, and all x € E, which is
uniform convergence to oo on E.

Problem 2E.7. Suppose F' is a closed bounded subset of R and g¢i,¢go,... is an increasing se-
quence of continuous real-valued functions on F' (thus gi(x) < ga(x) < --- for all z € F') such that
sup{g1(z), g2(z), ...} < oo for each = € F. Define a real-valued function g on F' by

g(z) = klggo gk ().

Prove that ¢ is continuous on F' if and only if g1, g2, ... converges uniformly on F to g.
[The result above is called Dini’s Theorem.]

Solution. Each increasing bounded-above sequence gi(z) < go(x) < --- converges to g(z) =
supy, gx(z) € R, so g < g on F for every k.

(i) If g1, g2, . .. converges uniformly to g on F, then g is continuous at each point of F' by 2.84, since
each gy, is.

(ii) Conversely, suppose g is continuous on F' and set hy = g — g, a continuous real-valued function
on F with hy > 0, hy > hy > -+, and hg(xz) — 0 for each z € F. Uniform convergence means: for
each € > 0 there is n with hy < € on F for all £ > n; by monotonicity in k it suffices to find one n with
h, <eon F.

If this fails for some € > 0, pick z, € F with hy,(x,) > € for every n. As F' is bounded, Bolzano-
Weierstrass gives a subsequence x,,; — x, and z € F since F is closed. Fix m; for all j with n; > m,
monotonicity in the index gives hp(75,) 2> hn;(7n;) > €, so continuity of hy, at = yields

hp(z) = lim Ay (zn;) > €.

J—00

This holds for every m, contradicting h,,(x) — 0. Hence the convergence is uniform.

Problem 2E.8. Suppose 4 is the measure on (Z7, ZZ+) defined by

wE) =Y o

nek

Prove that for every € > 0, there exists a set E C ZT with u(Z" \ E) < e such that fi, fo,...
converges uniformly on E for every sequence of functions fi, f2,... from Z* to R that converges
pointwise on ZT.

[This result does not follow from Egorov’s Theorem because here we are asking for E to depend only
on . In Egorov’s Theorem, E depends on € and on the sequence f1, fo, .. ..]

Solution. Given € > 0, choose N with 2%\, < ¢ and take F = {1,..., N}, a set depending only on .

93



Summing the geometric series,

o0

WZI\E) = > o = N <&
n=N+1

Pointwise convergence on the finite set E is automatically uniform: if f;, — f pointwise on Z* and
d > 0, pick M, for each n € E with |fx(n)— f(n)| < 0 for all k > M,,, and set M = max{M,..., My},
a maximum over finitely many indices. Then sup,cg |fx(n) — f(n)| < 6 for all k > M.

Problem 2E.9. Suppose Fi, ..., F, are disjoint closed subsets of R. Prove that if
g:FHuU---UF, - R

is a function such that g|r, is a continuous function for each k € {1,...,n}, then g is a continuous
function.

Solution. Near any x € F' = Fy U --- U F,, the other pieces are a positive distance away, so continuity
of g at = reduces to continuity of the single restriction g| F; With x € Fj.

Fix z € F' and € > 0, and pick j with 2 € F};. The set C' = Uk# F}, is closed (a finite union of closed
sets) and misses z (disjointness), so R\ C' is open about x and there is d; > 0 with

(x—d1,z+0)NC=2.

Continuity of g|r, at z gives d2 > 0 with [g(y) — g(x)| < € for all y € Fj satisfying |y — x| < d2. Put
6 = min{dy,d2}. f y € F and |y — x| < 0, then y ¢ C, so y € F}, and hence |g(y) — g(x)| < e. Thus g
is continuous at .

Problem 2E.10. Suppose F' C R is such that every continuous function from F' to R can be extended
to a continuous function from R to R. Prove that F' is a closed subset of R.

Solution. If F is not closed, then g(x) = ﬁ is a continuous function on F' with no continuous extension
to R; this contrapositive gives the result.

Not being closed, F' omits some limit point b ¢ F of itself, so there are z; € F with ; — b and x; # b.
Since b ¢ F' we have F' C R\ {b}, so ¢ is the restriction to F' of a function continuous on R\ {b}, hence
continuous. If h : R — R were continuous with h|p = g, then h(z;) — h(b) € R, so h(z1), h(x2),...

would be bounded; but
1
|h(zy)| = lg(z)| = 7 =
’ ! |zj — b

because 0 < |z; — b| — 0, a contradiction.

Problem 2E.11. Prove or give a counterexample: If F' C R is such that every bounded continuous
function from F' to R can be extended to a continuous function from R to R, then F' is a closed
subset of R.

Solution. The statement is true: the unbounded witness of Exercise 10 can be replaced by a bounded
function oscillating between 0 and 1 along a sequence tending to the missing limit point.

We again prove the contrapositive, so let b ¢ F be a limit point of F. Then F meets (b,b + ) for
every 6 > 0 or meets (b — d,b) for every 6 > 0 (otherwise the smaller of the two failing radii would
isolate b from F, using b ¢ F); replacing F,b by —F, —b if necessary — the reflection z — —z is a
homeomorphism of R, and transports a non-extendable bounded continuous function back — we may
assume the first.

Recursively choose 21 € F'N (b,b+ 1) and z;41 € F N (b, b+ mj;b), nonempty at each stage. Then
Ty > T > >bwith0<xj—b§21_j, so z; —+ b. Let aj =1 for j odd and a; = 0 for j even, and
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define ¢ : R\ {b} — [0, 1] to be 0 on (—o0,b), equal to 1 on [z1,00), and affine on each [z;41, ;] with
¢(x;) =a; forevery j € ZT.

These intervals together with [z, 00) cover (b, 00), since x; — b < x makes {i : < x;} finite for each
x > b, and consecutive pieces agree at the shared endpoints; so ¢ is well defined. It is constant on the
open set (—oo,b), and each z > b has a neighborhood (x;,00) on which ¢ is pasted from the finitely
many closed affine pieces [z, z;_1],...,[x1,00), continuous by Exercise 9. Hence ¢ is continuous on
R\ {b} D F.

Set g = ¢|F, a continuous function on F with 0 < g < 1. A continuous h : R — R with h|p = g would
force

h(b) = lim h(z;) = lim aj,
j—>00 ]-)OO

but 1,0,1,0,... does not converge. So g has no continuous extension, and F must be closed.

Problem 2E.12. Give an example of a Borel measurable function f from R to R such that there
does not exist a set B C R such that |[R\ B| =0 and f|p is a continuous function on B.

Solution. Take f = x4 for a Borel set A with |[ANI| > 0 and |I\ A| > 0 for every nonempty open
interval I; we build such an A from nowhere dense sets of positive measure. (Note f = xq fails, since
B =R\ Q works for it.)

(i) Every nonempty bounded open interval J = (¢,d) contains a closed set K with empty interior
and |K| > 0. Put [¢,d] C J with &' — ¢ = %, let e = d/gcl, enumerate Q as q1,¢2,..., and let
U=U,;(g — e27971 q; +e27771), s0 |U| < € by subadditivity (2.8) and 2.14. Then K = [/, d'] \ U is
closed, contains no rational and so has empty interior, and [¢/,d'] C K UU gives

d —¢ <|K|+|U| < K|+ %5¢,

whence |K| > % > 0.

(ii) A finite union of closed sets with empty interior is closed with empty interior: for two such sets
E,G and a nonempty open V C EF' UG, the open set V' \ F is nonempty (else V' C E) and lies in G, a
contradiction; induct.

(iii) Enumerate the open intervals with rational endpoints as I, I, .. ., and choose recursively disjoint
closed sets K,,, L, of positive measure and empty interior with K, U L, C I,: given C = K1 U Ly U
-++U Lp_1, which is closed with empty interior by (ii), the open set I,, \ C' is nonempty, so it contains
(y — 7,y +r) for some y,r, and (i) supplies K, C (y — 5,y) and L, C (y,y + 5). Set A =J, Ky, a
Borel set disjoint from every L,, and f = xa.

Each nonempty open interval I contains some I, so |[ANI| > |K,| > 0 and |I \ A| > |L,| > 0 by
monotonicity. Now let [R\ B] = 0. From A C (AN B)U (R\ B) and |A4| > |K1| > 0, subadditivity
gives |[AN B| > 0; pick x € AN B, so f(z) = 1. If f|p were continuous at x, then taking ¢ = % and
using that f is {0, 1}-valued, there is 6 > 0 with BNI C A for I = (x — §,x + ¢); hence

INACI\(BNI)CR\B,

forcing |I \ A| =0, contrary to [I\ A| > 0.

Problem 2E.13. Prove or give a counterexample: If f; : R — R is a Borel measurable function for
eacht € Rand f: R — (—00,00] is defined by

f(z) = sup{fi(z) : t € R},

then f is a Borel measurable function.
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Solution. The statement is false: take a non-Borel set A C R (2.67) and set f; = xqn if t € A, fy = 0 if
t ¢ A. The countable analogue 2.53 holds only because o-algebras are closed under countable unions.
Each f; is Borel measurable, being constant or the characteristic function of the closed set {t}. For
x € A the choice t = x gives fy(x) =1, and all f; are {0, 1}-valued, so f(z) =1;forx ¢ Aeveryt e A
satisfies t # = and so fi(z) =0, giving f(z) = 0. Thus f = x4 and

f_l((%aoo]) = A,
1

which is not Borel; since (5, 00] is a Borel subset of [-00, 0o] by 2.50, the definition 2.51 shows f is not
Borel measurable.

Problem 2E.14. Suppose by, bo, . .. is a sequence of real numbers. Define f : R — [0, o0] by

(o)

1
—— ifa ¢ {by,bo,. .},
f($)= ;4k|l’—bk| ¢{ 1,02 }
0 ifx € {bl,bg,...}.

Prove that |[{x e R: f(x) < 1}| = o0.
[This exercise is a variation of a problem originally considered by Borel. If by, bo, ... contains all the
rational numbers, then it is not even obvious that {x € R: f(z) < oo} # @]

Solution. The set N = {z : f(z) > 1} is covered by the intervals A;, = [by — 2'7% by, + 217F], of total
length 4, and a set whose complement has finite outer measure has infinite outer measure.

If 2 ¢ U, Ak, then |z — bg| > 2'7% > 0 for every k, so o ¢ {b1,ba,...} and f(x) is given by the series,
with

o o0

1 1
fl@)=)" Pz — by = > 9% 91—k
=1 k=1
= 11
- =1
k=1

Hence N C J,, Ak, and countable subadditivity (2.8) with 2.14 gives

INES N 22247;:4-
k=1 k

Writing £ = {z : f(x) <1} =R\ N, for each n € Z* the inclusion [-n,n] C (E N [-n,n]) UN and
subadditivity give
2n = [[=n,n]| <[EN[=n,n]| + [N| <[E] + 4.

Letting n — oo yields |E| = oc.

Problem 2E.15. Suppose B is a Borel set and f : B — R is a Lebesgue measurable function. Show
that there exists a Borel measurable function g : B — R such that

{z € B:g(x) # f(z)}] = 0.

Solution. Extend f by 0, apply 2.95 to the extension, and restrict the resulting Borel function back to
B.
Deﬁnef:]R—HRby

fz) =

< flx) ifzeB,
0 ifzecR\B.
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Then f is Lebesgue measurable: for a Borel set A C R,

i1 A if0¢ A,
! 1(A)_{f1(A)U(R\B) if0c A,

a union of Lebesgue measurable sets, since f is Lebesgue measurable and the Borel set R\ B is Lebesgue
measurable.
By 2.95 there is a Borel measurable § : R — R with [{z € R : §(z) # f(z)}| = 0. Put g = §|p. For
Borel A we have g~ '(A) = BN g '(A), Borel because B is; so g is Borel measurable. Finally f = f on
B gives 3

{reB:g(x)# f(x)} C{z e R: g(z) # f(2)},

so [{x € B:g(x) # f(x)}| = 0 by monotonicity of outer measure (2.5).
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3.1 Exercises 3A

Problem 3A.1. Suppose (X,S,u) is a measure space and f : X — [0,00] is an S-measurable
function such that [ fdp < co. Explain why

1%ff:()

for each set £ € S with u(F) = oo.

Solution. A positive lower bound on a set of infinite measure would already make one lower Lebesgue
sum infinite.

Suppose p(E) = oo and ¢ = infg f > 0 (note E # @, since p(@) = 0). Taking the S-partition P of X
given by E, X \ E, the definition 3.2 and nonnegativity of the discarded term give

L(f,P) ZM(E)i%ff:oo-c:oo.

Hence [ fdp = oo by 3.3, contradicting [ fdu < co. As infg f > 0 always, infg f = 0.

Problem 3A.2. Suppose X is a set, S is a g-algebra on X, and ¢ € X. Define the Dirac measure
dc on (X,S) by
1 ifceFE,
0c.(F) = .
0 ifc¢E.

Prove that if f: X — [0,00] is S-measurable, then [ fdd. = f(c).
[Careful: {c} may not be in S.]

Solution. Every lower Lebesgue sum for J. collapses to inf4 f over the one partition piece A containing
¢, and the level sets { f > t} supply pieces on which that infimum is nearly f(c).

(i) [fdé. < f(c). If Ay,..., Ay, is an S-partition of X, then ¢ lies in exactly one piece Ajj, so
dc(Ajy) =1 and the other terms vanish (with 0- oo = 0):

m

L(f,P) = Zéc(Aj)iAnjff =ipff < S,

=1

Take the supremum over P and use 3.3.
(ii) [ fddé. > f(c). Assume f(c) > 0 and take any t € [0, f(c)). Since (¢,00] is a Borel subset of
[—00,00] by 2.50 and f is S-measurable, the set A = {x € X : f(z) > t} lies in S by 2.51, and ¢ € A;
this replaces the partition by {c}, X \ {c}, which is unavailable since {c} need not lie in S. For the
partition A, X \ A,

L(f,P)=0.(A) igff = igff > t.

Letting t 1 f(c) gives the inequality, also when f(c) = cc.

Problem 3A.3. Suppose (X,S,u) is a measure space and f : X — [0,00] is an S-measurable
function. Prove that

/fd,u>0 if and only if p({z € X : f(z) >0}) > 0.

Solution. Let E = {f > 0} and Ej, = {f > £}, all in S by 2.50 and 2.51.
(i) If u(E) > 0: the sets Ej increase to E (any z with f(z) > 0 has f(z) > 7 for some k), so
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w(Ey) — p(E) > 0 by 2.59 and p(Ey) > 0 for some k. Since %XE;C < f pointwise, 3.8 and 3.7 give

[ tan= [ b du=tuten >0

(ii) If u(E) = 0: every term pu(A;)infs; f of a lower Lebesgue sum vanishes. Either A; C F, whence
1(A;) = 0by 2.57(a), or A; contains a point outside E, whence infs; f = 0; in both cases the convention
0- oo =0 gives the term 0. So [ fdp =0 by 3.3.

Problem 3A.4. Give an example of a Borel measurable function f : [0,1] — (0,00) such that
L(f,[0,1]) = 0.

[Recall that L(f,[0,1]) denotes the lower Riemann integral, which was defined in Section 1A. If A
is Lebesgue measure on [0, 1], then the previous exercise states that [ fd\ > 0 for this function f,
which is what we expect of a positive function. Thus even though both L(f,[0,1]) and [ fd\ are
defined by taking the supremum of approximations from below, Lebesgue measure captures the right
behavior for this function f and the lower Riemann integral does not.]

Solution. List QN [0, 1] bijectively as 71,72, ... and take

L ifx=r

7 =Tk,
fla)=3Fk

1

if x is irrational,

whose values lie in (0, 1]. It is Borel measurable, since for Borel B the set f~!(B) is the union of the
countable set {ry, : + € B} with either [0,1]\ Q or @.

Every nondegenerate subinterval [x;_1, z;] contains rj, for infinitely many k, so inffy, ;2,1 f =0. Hence
every lower Riemann sum (1.3) of a partition P of [0,1] is

n

L(f,P,[0,1]) = Z(mj - xjfl) -0=0,

=1

and taking the supremum over P gives L(f,[0,1]) =0 by 1.7.

Problem 3A.5. Verify the assertion that integration with respect to counting measure is summation
(Example 3.6).

Solution. The assertion is that [ bdu =Y p- by for counting measure pon Z* (2.55) and b(k) = by, > 0;
both inequalities come from 3.2 and 3.3, with >~77; by = sup{>_,cp bi : F finite}.
(i) [bdp > >"p2, bk Fix n and take the S-partition P, of Z* given by

{1}, {2},....{n}, {n+1,n+2,...}.

Since p({k}) =1 and the final term is nonnegative,

n n
L(b,Py) = b+ u({n+1,n+2,...}) inf by > b,
(b P0) = Db ulf Djntne=d 0
so [bdu > >} _, by for every n; let n — oco.
(ii) [bdu < > 52 bg. For an S-partition Ay,..., A, and ¢; = infa, b we claim p(A;)c; < Zk’eA]‘ by:
for A; = @ both sides are 0; for A; finite with n; elements each by > ¢; gives njc; < ZkeAj by; for A;
infinite with ¢; > 0, finite subsets of any size N give ZkeAj bi > Nc¢j, so the right side is oo (and if
¢; = 0 the left side is 0o - 0 = 0). Hence

LOPY<SY D <D by,
Jj=1keA; k=1



the last step because approximating each ), - A, by, from below by a finite F; C A; and using disjoint-
ness makes Fy U --- U F}, a finite subset of Z*. Now apply 3.3.

Method (2): with b = 77 | brygsy we have 0 < b1 < b2 < .. with b (k) = by, once n > k, so
the Monotone Convergence Theorem 3.11 and 3.7 give

[ v = i 3 ountioh) = 3

Problem 3A.6. Suppose (X,S,u) is a measure space, f : X — [0,00] is S-measurable, and P
and P’ are S-partitions of X such that each set in P’ is contained in some set in P. Prove that

L(f,P) < L(f,P").

Solution. Group the pieces of P’ by the piece of P containing them; refining only raises the infima.
Write P = Ay,..., Ay, and P’ = By, ..., By, and fix for each k an index j(k) with By C Ajy. Then

for each j,
4= |J B
{kj(k)=5}
a disjoint union: 2 is clear, and if x € Aj; then the unique By containing = satisfies = € A; N A,
forcing j(k) = j by disjointness of P. Finite additivity of u therefore gives pu(A;) = > . ;00=i ,u(Bk)
Grouping the terms of L(f,P’) by j,

The third line uses infp, f > infs, f for By C A; (multiplication by u(By) € [0, o] preserving it, with
0- oo = 0); the fourth uses the distributive law >, ct; = ¢>_,t; in [0,00] (Check!), and the fifth the
additivity above.

Problem 3A.7. Suppose X is a set, S is the o-algebra of all subsets of X, and w: X — [0,00] is a
function. Define a measure p on (X,S) by

el
for £ C X. Prove that if f: X — [0, 00] is a function, then

[ fan- > v (@)

where the infinite sums above are defined as the supremum of all sums over finite subsets of E (first
sum) or X (second sum).
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Solution. Write S = ) _ w(x)f(z), each such sum being the supremum of its finite subsums, and
0-00=00-0=0; note u({zr}) = w(x).

Two facts are used. (a) If Ay,..., Ay C A are disjoint and g : X — [0,00], then 37,3 4 g() <
Y zca 9(x): choosing finite F; C A; with Za:eFj g close to (or, if infinite, large below) ZmEA]- g makes
Fy U---UF,, a finite subset of A, and taking suprema over such choices gives the claim. (b) If
g(z) > cw(x) on A for some ¢ € [0,00], then > __, g(x) > c¢> .4 w(z), by the distributive law on
finite subsums and supp(ctr) = csupp tr (Check! in the cases ¢ = 0, 00).

(i) [ fdu > S. For afinite F = {x1,...,2,} C X take the S-partition {z1},...,{zp}, X \ F; discarding
the last nonnegative term,

L(FP) =) wl@)f(@)+p(X\F) inf f > ) w(@)f(@).

i=1 zeF

Take suprema over F' and apply 3.3.
(ii) [ fdp < S. For an S-partition Ay, ..., Ay, and ¢; = infy; f, we have w(z) f(z) > cjw(z) on Aj, so
(b) gives

> wl@)f@) = ¢ 3 wla) = plAy) int 1.

(IJGA]' ZL‘GAJ'

Summing over j and applying (a) with A = X gives L(f,P) < S; now use 3.3.

Problem 3A.8. Suppose A denotes Lebesgue measure on R. Give an example of a sequence f1, fa, ...
of simple Borel measurable functions from R to [0,00) such that limy_,~ fx(x) = 0 for every z € R
but limy_,. ffk d\=1.

Solution. Take fr. = X[k, k+1], @ simple Borel measurable function.
Each z € R has fx(x) = 0 for every k > z, so fr — 0 pointwise, while 3.4 gives

/fde:A([k;,kH}) =1

for every k.

Problem 3A.9. Suppose p is a measure on a measurable space (X,S) and f : X — [0,00] is an
S-measurable function. Define v : S — [0, oo] by

v(A) = /XAfdu

for A € S. Prove that v is a measure on (X, S).

Solution. Countable additivity of v is the Monotone Convergence Theorem 3.11 applied to the partial
sSums XA,u--uA, f; the rest is immediate.
Since xgf is identically 0, v(0) = 0. Let A, Aa,--- € S be disjoint with union A, and put

n
gn =Y Xaf = Xau-va,
k=1

the second equality by disjointness. Each g, is S-measurable, 0 < g1 < go < ---, and ¢, — xaf
pointwise (each x € A lies in exactly one Ay, so g,(z) = f(z) for n > k; off A both sides are 0). Hence
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3.11 and additivity 3.16 give

n—oo —r
k=1
oo
=> v(Ap)
k=1
So v is a measure by 2.54.
Problem 3A.10. Suppose (X, S, 1) is a measure space and fi, fa, ... is a sequence of nonnegative

S-measurable functions. Define f : X — [0, 00] by f(z) = re fx(x). Prove that

/fdu=§/fkdu-

Solution. Apply the Monotone Convergence Theorem 3.11 to the partial sums g, = Y ,_; fx-
Each g, is S-measurable, since for a > 0 the sum of two measurable u,v : X — [0, co] satisfies

(u+ v)_l((a, oo]) = U <u_1((q, oo]) N v_l((a —q, oo])),

q€Q

a countable union in S (for O add the inequalities; for C take rational ¢ between a — v(z) and u(z), or
q > aifu(z) = ocoand ¢ < 0ifv(x) = 00), so 2.52 applies; induct. Nonnegativity gives0 < g3 < go < ---
with g,(x) — f(z) for every z, so f is S-measurable by 2.53, and 3.11 together with additivity 3.16

gives
n
/fduznlggo/gnduznlggokz_l/fkd#
o
=3 [ edn
k=1
Problem 3A.11. Suppose (X,S,u) is a measure space and fi, fo,... are S-measurable functions

from X to R such that Y 7o, [ |fx|dp < oo. Prove that there exists E € S such that u(X \ E) =0
and limy_, o fr(z) = 0 for every z € E.

Solution. Take E = {x € X : g(z) < oo}, where g(z) = > 72, | fu(x)].

Each |fx| is S-measurable, since for a > 0 we have |f,|~*((a,o0]) = f; ' ((a,00)) U f, ' ((—00, —a)) € S,
so 2.52 applies; hence g is S-measurable as the pointwise supremum (2.53) of its partial sums, and
E € S. By Exercise 3A.10 applied to |fi],|f2],- - -,

/gduzi/lfkldﬂ<00-

For each t € (0,00) we have g > tx x\ g pointwise (the left side is co on X \ E), so 3.8 with 3.4 gives

tp(X\E) < /gdu< 00;

letting t — oo yields (X \ E) = 0. Finally, for € E the series ), | fr(x)| converges in R, so its terms
tend to 0 and limg_,~ fr(z) = 0.
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Problem 3A.12. Show that there exists a Borel measurable function f : R — (0,00) such that
[ x1fdX\ = oo for every nonempty open interval I C R, where A denotes Lebesgue measure on R.

Solution. Take an enumeration 71,79, ... of Q, put hx(x) = 1/|x — rg| with hg(ry) = oo, and set
o
9=> 8",  S=g'({x}), [f=gxms+xs
k=1

Each hy, is Borel measurable (each h; !((a, oc]) is an open interval or R), so g is Borel measurable as the
supremum of its partial sums (2.53) and g > 0 everywhere; hence f : R — (0, 00) is Borel measurable
by 2.52.

A(S) = 0: with B = (N, Up>p(rk — 475, 7 + 47F), monotonicity and countable subadditivity (2.57,
2.58) give A(B) < Y 4, 2-47% = 847" for every n, so A(B) = 0; and if z ¢ BUQ, choosing N with
|z — 7| > 47% for all k > N gives 8 *hy(x) < 27% for k > N while the finitely many earlier terms are
finite, so g(x) < co. Thus S € BUQ and A\(S) = 0.

Fix a nonempty open interval I; by density of Q choose j with ; € I, and 6 > 0 with (r; —d,7;+9) C
I. The disjoint sets Ay, = (rj + 02772 r; + 627" 1 lie in I, have A(A,,) = §27™ 72, and carry
hj > 2mt1/§ so 3.9 gives

for every M, whence [xrhjd\ = oco. Since x19 = >, 8 Fxrhy pointwise, 3A.10 and 3.20 give
[ x1gdx > 8_jijhj d\ = oo. Also [xinsgdA = 0: any >, cixa;, < xinsg with the A; disjoint
Borel sets and ¢; > 0 forces A; C S and hence A\(A4;) = 0, so every lower Lebesgue sum vanishes (3.3).
Therefore additivity 3.16 gives

ooz/xlgdAzw/xI\sgdA,

and x7f > xp\s ¢ pointwise, so [ x1fd\= o0 by 3.8.

Problem 3A.13. Give an example to show that the Monotone Convergence Theorem (3.11) can
fail if the hypothesis that fi, fo, ... are nonnegative functions is dropped.

Solution. Take fi = —X(r,00) on R with Lebesgue measure A and the Borel o-algebra.

Each fy is a Borel measurable simple function, and f; < fo < --- because [k+ 1,00) C [k, c0); only the
hypothesis f; > 0 fails. Given z, we have fi(z) =0 for all k > z, so f;, — 0 pointwise and [ fd\ = 0.
But fk+ =0and f” = X[g,00)» SO | frdX is defined by 3.18 and 3.4 gives

/fkd)\ =0—A([k,00)) = —00

for every k. Hence limy_,o [ frdX = —0c0 £ 0= [ fdA.

Problem 3A.14. Give an example to show that the Monotone Convergence Theorem can fail if the
hypothesis of an increasing sequence of functions is replaced by a hypothesis of a decreasing sequence
of functions.

[This exercise shows that the Monotone Convergence Theorem should be called the Increasing Con-
vergence Theorem. However, see Exercise 20.]
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Solution. Take fr = X[k,00) o0 R with Lebesgue measure A and the Borel o-algebra.

Each fi is a nonnegative Borel measurable simple function, so every hypothesis of 3.11 holds except
that [k+1,00) C [k, c0) makes the sequence decreasing: f; > fo > --- > 0. Given z, we have fi(x) =0
for all & > z, so f, — 0 pointwise and [ fd\ = 0. But 3.4 gives [ f d\ = A([k,0)) = oo for every k,
SO

klin;o/fde:m¢oz/fdA.

Problem 3A.15. Suppose A is Lebesgue measure on R and f : R — [—o00, 00] is a Borel measurable
function such that [ fd\ is defined.

(a) For t € R, define f; : R — [—00,00] by fi(z) = f(z—t). Prove that [ fyd\ = [ fd\forallt € R.
(b) For ¢t € R, define f; : R — [—00,00] by fi(z) = f(txz). Prove that [ fid\ = ﬁffd)\ for all
te R\ {0}

Solution. Both parts follow from the fact that A— ¢+ A and A — %A permute the Borel partitions of
R, multiplying lower Lebesgue sums by 1 and by ﬁ respectively.

Write B for the Borel o-algebra. Since x — = — t and (for ¢ # 0) x — tx are continuous, hence Borel
measurable (2.41), the maps A — ¢t 4+ A and A — %A send B into B; each is a bijection of B onto
B (inverses A — —t + A and A — tA) preserving disjointness and unions, so each carries the Borel
partitions of R bijectively onto themselves. Moreover A(t + A) = A(A) by 2.7, and A\(FA) = i LA(A) by
Exercise 2 in Section 2A together with 2.68. Since f,'(B) =t+ f~(B) in (a) and f; '(B) = +f~1(B)
in (b), the function f; is Borel measurable in both cases.

(a) Assume first f > 0. For a Borel partition P = Aj,..., A, put P = t+ Ay,...,t + Ap. As
r €t+ Ajif and only if x —t € Aj, we get infy 4, fr = infa; f, so

L(fi,P) =Y At+4)) jnf fi= Z)\ mff L(f,P).
j=1 !

Because P — P, is a bijection of the Borel partitions, the two sets of lower Lebesgue sums coincide,
and 3.3 gives [ frd\= [ fd\.

For general f note (f;)* = (f*); pointwise, so the nonnegative case gives [( fo)ytd) = S fEdX; one of
the latter is finite because [ fdA is deﬁned hence [ f;d) is defined and 3.18 gives [ frd\ = [ fdA.
(b) Identically, with P®) = 14,,...,14,, and inf, 14, fo = infa, f,

0t
ft; (t) Z ‘t‘ ll'lff ’ ’L(fa P))

so the lower Lebesgue sums for f; are exactly ﬁ times those for f; multiplication by the positive

constant 7 commutes with suprema in [0, 00|, so 3.3 gives [ fyd\ = ﬁ J fdX for f > 0. The passage

m
to general f via (f;)* = (f*); is as in (a), the final subtraction being legitimate because at most one

of the two terms is infinite.

Problem 3A.16. Suppose S and T are o-algebras on a set X and S C 7. Suppose pup is a measure
on (X,S), g is a measure on (X, 7), and pi(E) = po(E) for all E € S. Prove that if f : X — [0, o0]
is S-measurable, then [ fdu = [ fdus.

Solution. Both integrals are the limit of the same sequence of simple-function integrals.

Every S-measurable function is 7-measurable, since its preimages lie in S C T; in particular [ fduso
makes sense. By 2.89 applied to (X, S) there are simple S-measurable uy, ug, ... with |ug| < |ugr1| < |f]
pointwise and up — f pointwise; put fr = max{uf, ce ,u;} Each fi takes finitely many values and
fkfl((a, x]) = Ujgk(u;r)_l((a, x]) € S, so fi is a nonnegative simple S-measurable function (2.52);
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moreover 0 < f1 < fo < --- < f because uj' <lujl < |fl = f,and fr > uf — fr=f,s0 fr > f
pointwise.

If h =73, ckXE, is the standard representation of a nonnegative simple S-measurable function, then
Eq, ..., FE, are disjoint sets lying in S C T, so 3.7 applies in each of the two measure spaces and gives

/hdm = ZCkm(Ek) = ZCkNQ(Ek) = /hdum
=1 =1

the middle equality because each Ej € S. Applying this to each fr and the Monotone Convergence
Theorem 3.11 in (X, S, 1) and in (X, T, u2),

/fdm: lim /fkdm: lim /fkduzz/fduz.
k—oo k—oo

Problem 3A.17. Suppose that (X, S, i) is a measure space and fi, fa, ... is a sequence of nonneg-
ative S-measurable functions on X. Define a function f : X — [0, 00] by

f(x) = liminf fi(x).

k—o0

(a) Show that f is an S-measurable function.

(b) Prove that
/fd,u < liminf/fk du.
k—o0

(c) Give an example showing that the inequality in (b) can be a strict inequality even when p(X) < oo
and the family of functions { fi}rez+ is uniformly bounded.

[The result in (b) is called Fatou’s Lemma. Some textbooks prove Fatou’s Lemma and then use it to
prove the Monotone Convergence Theorem. Here we are taking the reverse approach—you should
be able to use the Monotone Convergence Theorem to give a clean proof of Fatou’s Lemma.|

Solution. Put g, = inf{f; : j > k}, so that f = limj_ o0 gk-

(a) Each gi is S-measurable by 2.53, and g; < ga < --- because the infimum is taken over a smaller
set as k grows; hence f = liminfy, fi = sup;, gx is S-measurable, again by 2.53.

(b) By (a), 0 < g1 < g2 < --- are S-measurable with g — f pointwise, so 3.11 gives [ fdu =
limy, [ g dp. For every j > k we have g < f;, so 3.8 gives [ g dp < infj>, [ f; dp; letting k — oo,

/fdu = lim /gkd,u < liminf/fkdu.
k—o0 k—o0

(c) On X = [0,1] with Borel sets and Lebesgue measure (so u(X) = 1), take f = xo,1/9] for k odd
and fr = Xx(1/2,1) for k even; then 0 < fi, <1, so the family is uniformly bounded. Each x € [0, 1] has
fx(z) = 0 for infinitely many k, so g = 0 for every k and f = 0, giving [ fdX\ = 0; while 3.4 gives
[ fredX\ = % for every k. Thus

o_/fdA<hminf/fde_;.
k—o0

Problem 3A.18. Give an example of a sequence x1, o, ... of real numbers such that

n
lim E xp exists in R,

but [z dp is not defined, where y is counting measure on Z* and z is the function from Z* to R
defined by z(k) = .
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—1)k
Solution. Take xj = (=1) .

The sequence 1, %, %, ... decreases to 0, so by the alternating series test limy, o0 > p_; 25 exists in R

(its value is —In2). But integration with respect to counting measure on Z* is summation (Example
3.6), and every subset of ZT is measurable, so

o o0

/m+duzz21n:oo, /:L“_d,uzz2m1_1:oo,

m=1 m=1

both by divergence of the harmonic series. Since neither is finite, 3.18 assigns no value to [ z du.

Problem 3A.19. Show that if (X, S, u) is a measure space and f : X — [0,00) is S-measurable,
then

pX)inf f < /fdu < u(X)Sg{pf-

Solution. The one-set partition gives the left inequality, and f < (supy f)xx gives the right.

Assume X # @ (otherwise pu(X) = 0 = [ fdu and both inequalities are trivial), and recall the
convention 0 - 0o = oo - 0 = 0 stated with 3.2. The single set A; = X is an S-partition P of X, so by
3.2 and the definition 3.3 of the integral as a supremum of lower Lebesgue sums,

W(X)inf f = L(f, P) < / fdp.

For the other inequality put ¢ = supy f € [0,00], so f < cxx pointwise; then 3.8 and 3.15 (with n = 1,
E, =X, ¢ =c) give

[ n< [exsdn=eutx) = u(x)sup £

Problem 3A.20. Suppose (X, S, 1) is a measure space and f1, fa, ... is a monotone (meaning either
increasing or decreasing) sequence of S-measurable functions. Define f : X — [—00, 00| by

f(z) = lim fi(@).

k—00

klgrolo/fkdu=/fdu-

Prove that if [ |f1]|dp < oo, then

Solution. The increasing case is 3.11 applied to f; — f1; the decreasing case follows by passing to — f.
Monotonicity makes f(z) = limy fi(x) exist in [—oo, 00] for each z, and f is S-measurable by 2.53,
being the pointwise supremum of the f; in the increasing case and their pointwise infimum in the
decreasing case.

Increasing case: assume f; < fo < ---. Then f < fi < |fi] and likewise f~ < f;7, so 3.8 gives
J fedp < [|fildp < oo and [ f~dp < oo; hence every [ frdp and [ fdp is defined, with values in
(—o0, 00].

Reduction to f; real valued. Let N = f; ' ({—00,00}) € Sand M = X\ N. Since | f1| > nyy pointwise
for every n, 3.8 and 3.15 give nu(N) < [ |fi|du < oo, so u(N) = 0. For nonnegative S-measurable h
we then have f hxn du = 0, because any S-partition piece on which hy y has positive infimum lies in N
and so has measure 0, making every lower Lebesgue sum vanish (3.3). Hence for S-measurable g with
[ gdp defined, gxas is S-measurable (its set (gxar) "1 ((a,oc]) is g71((a,00]) N M for a > 0 and that
set union N for a < 0; apply 2.52), and (gxa)T = g7 xar with g = gFxar + 97 xw, so additivity 3.16
gives f(g)(M)jE du = fgi dp and therefore [ gxar dp = [ gdp. Replacing each fi by fixa and f by
fxnm thus changes no integral while preserving monotonicity, the pointwise limit, and [ |f1|dp < oo;
so assume fi is real valued.
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Now gi := fr — f1 and g := f — f1 are well defined with values in [0, 00|, and they are S-measurable
by 2.52, since for a € R

g ((a,d)) = U (£ (o)) 0 7 (00,7 = 0))
reQ

(a rational r separates a + f1(z) < r < fi(z) exactly when gi(x) > a). As 0 < g1 < g < --- with
gr — g pointwise, 3.11 gives [ gy du — [ gdu.
Next, if h: X — (—00, 00| is S-measurable with A > fi, then

[ru= - sydu+ [ fian

Indeed h— f; is S-measurable by the display above with h in place of f;,, and substituting h— f; = h™ —
h™— ff“ +f1 (legitimate pointwise, since f; is real valued and at most one of h¥*(z) is nonzero; both sides
are oo where h = 0o) gives the identity between [0, co]-valued functions h™ + f; = (h— f1)+ fif +h~,
which integrates by 3.16 to

[wtaus [ srdn= [ foyaus [ s [nd

Here [ fifdu < [|fi]dp < oo, and h > f; forces h~ < fi so [ h™du < oo; subtracting these two finite
numbers and applying 3.18 yields the claim.
Taking h = fi and h = f there, and using that adding the real number [ fi dp commutes with limits

in (—o0,00],
klir&/fkdu=/gdu+/f1du=/fdu-

Decreasing case: assume f; > fo > ---. Each —fi is S-measurable (2.52), —f] < —fy < --- has
pointwise limit —f, and [ | — fi|dp < oo; also f;7 < fiF < |fi| and fT < fi, so [ fydp and [ fdu
are defined and 3.20 with ¢ = —1 applies. The increasing case gives [(—f)dp — [(—f)dp, that is

— [ fedp — — [ f du, which is the assertion.

Problem 3A.21. Henri Lebesgue wrote the following about his method of integration:

I have to pay a certain sum, which I have collected in my pocket. I take the bills and coins out of
my pocket and give them to the creditor in the order I find them until I have reached the total sum.
This is the Riemann integral. But I can proceed differently. After I have taken all the money out of
my pocket I order the bills and coins according to identical values and then I pay the several heaps
one after the other to the creditor. This is my integral.

Use 3.15 to explain what Lebesgue meant and to explain why integration of a function with respect
to a measure can be thought of as partitioning the range of the function, in contrast to Riemann
integration, which depends on partitioning the domain of the function.

[The quote above is taken from page 796 of The Princeton Companion to Mathematics, edited by
Timothy Gowers.]

Solution. Lebesgue’s heaps are the sets Ex = v™({c,}) of 3.15, and his total is Y, cxp(Eg): a sum
over the finitely many values in the range, not over the many items in the domain.

Model the pocket by the finite set X of bills and coins, § all subsets of X, u counting measure, and
v : X — [0,00) the face value. The sum owed is [vdu = > .y v(x) (Example 3.6). Riemann’s
method is “in the order I find them”: fix an enumeration of the domain and accumulate one item at
a time. Lebesgue’s method is 3.15 read from left to right: let ¢y, ..., ¢, be the distinct denominations
present and Ej = v~!({cx}) the heap of items of value ¢y, so that v = >"}_, cxxg, and

n

/v dup = Z ek p(Ey) = Z(denomination) X (size of heap).
k=1 k=1
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That this is a statement about the range is visible in what 3.15 asks of Fjy,..., E,: only that they
lie in S, so that p(E)) makes sense. They need not be intervals, nor even disjoint. The ¢, are values
of the function; the Fj are whatever sets those values cut out. The same reading computes any S-
measurable f : X — [0,00): chopping the range gives E;; = f~1([k277, (k + 1)277)) for 0 < k < j27
and Ej o = f1([j,00)), all in S precisely because f is S-measurable, and the simple functions

3§29 -1
si= > k27xm,, + ixe,
k=0

satisfy s; = min{277|27 f], 4}, hence increase to f pointwise; 3.15 evaluates each | sjdp as a sum over
the range, and 3.11 delivers [ f du.

A Riemann sum, by contrast, starts from a partition a = tg < --- < t, = b of the domain and forms
Zj(inf[tj_htj] f)(t; —tj—1) (1.3); its accuracy is governed by the oscillation of f on each subinterval,
and nothing about the range enters the choice of partition. So f = xgnjo1) has L(f,[0,1]) =0 # 1 =
U(f,[0,1]), while sorting by value produces just two heaps and 3.15 gives at once

The price is that the heaps must be measurable, which is why a theory of measure precedes the

integral, and why the partitions in 3.3 range over arbitrary sets of S rather than intervals: once they
do, a domain partition can follow the level sets of f, and 3.3 becomes the range-partition picture above.

3.2 Exercises 3B

Problem 3B.1. Give an example of a sequence f1, fa, ... of functions from Z™ to [0, 00) such that

k—o0

for every m € Z* but limy_, f frdp = 1, where p is counting measure on Z™.

Solution. Take fr = x(x}-
Every function on Z* is measurable here. For fixed m we have fx(m) = 0 whenever k& > m, so

limy 00 fr(m) = 0; and 3.4 gives [ frdu = p({k}) =1 for every k, so limp_yoo [ frdp = 1.

Problem 3B.2. Give an example of a sequence f1, fa,... of continuous functions from R to [0, 1]
such that

lim fr(z) =0

k—oo

for every z € R but limy_, [ fr d\ = 0o, where X is Lebesgue measure on R.

Solution. Take the tent functions fj(z) = max{0, 1 — %}

Each fi is continuous with values in [0,1] (a maximum of two continuous functions), hence Borel
measurable by 2.41, and it vanishes outside [k? — k, k? + k]. Given x, we have k? — k > |z| for all
large k, so fr(z) = 0 eventually and f; — 0 pointwise. Being continuous, f; is Riemann integrable on
[k? — k, k% + K], so 3.34 identifies its integral with the area of a triangle of base 2k and height 1:

/fde:/ fodh=1%-2k-1=k,
[k2—k, k24K

whence limy_, f fr d\ = o0.
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Problem 3B.3. Suppose A is Lebesgue measure on R and f : R — R is a Borel measurable function
such that [ |f|d\ < co. Define g : R — R by

Prove that ¢ is uniformly continuous on R.

Solution. Uniform continuity comes straight from 3.28: integrals of |f| over sets of small measure are
small.

Each g(z) is a real number: by 3.24 it is fx(,oovx)f d\, and |X(—ooq) f| < [f| with 3.8 makes both
(X(_C,o’:,;)f)i have finite integral, so 3.18 applies.

Let ¢ > 0. Since |f| is nonnegative Borel measurable with [ |f|d\ < oo, 3.28 supplies § > 0 such
that [5|f|dA < e for every Borel set B with A(B) < 6. Suppose x < y with y — 2 < 6. Then
X(=oo) ] = X(=o0,2)f + X[z,y) [+ Poth summands having integrable absolute value, so 3.21 and then 3.23
and 3.8 give

o) ol =|[ sar[< [ nan<e

since A([z,y)) =y —x < 0. As ¢ depends only on ¢, g is uniformly continuous on R.

Problem 3B.4. (a) Suppose (X,S, i) is a measure space with u(X) < oo. Suppose that f: X —
[0,00) is a bounded S-measurable function. Prove that

/fd,u = inf{z pu(Aj)sup f @ Ai,..., Ap is an S-partition of X}.
. A,
J=1 /

(b) Show that the conclusion of (a) can fail if the hypothesis that f is bounded is replaced by the
hypothesis that [ fdu < oo.

(¢) Show that the conclusion of (a) can fail if the condition that u(X) < oo is deleted.

[Part (a) of this exercise shows that if we had defined an upper Lebesgue sum, then it could be
used to define [ fdp when f is bounded and p(X) < co. However, parts (b) and (c) show that the
hypotheses that f is bounded and that pu(X) < oo are needed if defining the integral via the equation
above. The definition of the integral via the lower Lebesgue sum does not require these hypotheses,
showing the advantage of using the lower Lebesgue sum.]

Solution. Write U(f,P) = Zj p(Aj) supy, f for an S-partition P = Ai,. ... A, and U(f) =
infp U(f, P); part (a) asserts [ fdu = U(f).
(a) Assume X # & (otherwise both sides are 0), and discard the empty sets from every partition:
their terms carry the factor p(2&) = 0, hence vanish by the convention 0 - 0o = oo - 0 = 0 stated before
3.2. All infima and suprema below are then real numbers, because f is bounded; fix ¢ € [0, 00) with
0 < f <, so that every L(f, P) and U(f, P) lies in [0, cu(X)] C R.
Refinement. Given S-partitions P = Ay,..., Ay, and P/ = By, ..., By, let Q consist of the nonempty
sets A; N Bj, again an S-partition of X. Finite additivity of p gives pu(A4;) = Zj p(A; N Bj), and
infy, f < ian,ﬂBj f, so
n

(A inf f < ; wAiNBy) inf f;
summing over ¢ gives L(f, P) < L(f,Q), and the same computation with B; in place of A; and suprema
in place of infima gives U(f,Q) < U(f, P’). Since L(f,Q) < U(f,Q),

L(f,P) < L(f,Q) <U(f,Q) <U(f, P,

so taking the supremum over P (3.3) and then the infimum over P’ yields [ fdu < U(f).
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Conversely let € > 0; we may assume ¢ > 0, since ¢ = 0 makes both quantities 0. Choose n with
C

“p(X) < e (possible as p(X) < oo) and let P be the nonempty sets among

wer () pem a ([

which lie in S, are disjoint, and cover X because f(X) C [0,c]. On each of them f varies by at most
¢/n, so

U(f,P) = L(f.P) < = 3 ulAj) = “p(X) < e
J

(the subtraction legitimate as all terms are finite), whence U(f) < U(f,P) < L(f,P)+e < [ fdu+e
by 3.3. Let ¢ — 0.

(b) Take X = ZT, S all subsets, u(A) = >,.42"" (countably additive, since nonnegative series
may be summed in any order; u(X) =1 < 00), and f(n) = n, which is measurable and unbounded.

Applying 3.11 to fv = > oy nX{ny T f and 3.7,

N
. n

N—oo
n=1

But any S-partition of the infinite set X has an infinite member Ay, for which sup,, f = oo and
w(Ag) > 27" > 0 for any ng € Ag; so U(f, P) = oo for every P and U(f) = oo # 2.

(c) Same X and S, now with p counting measure (so p(X) = 00) and f(n) = 27", which is measurable
and bounded. As in (b), 3.11 and 3.7 give

/fdu:;rnzl.

Again every S-partition has an infinite member Ay, now with u(Ax) = oo and supy, f > f(no) > 0
for any ng € Ag, so U(f) = oo # 1.

Problem 3B.5. Let A denote Lebesgue measure on R. Suppose f : R — R is a Borel measurable
function such that [ |f|d\ < co. Prove that

lim fd)\:/fd)\.

k—00 [—k, k]

Solution. Apply the Dominated Convergence Theorem 3.31 to f = x[_, ) f, with dominating function

|fl.
Each fj, is Borel measurable (2.46), | fi| < |f| pointwise with [ |f|d\ < oo by hypothesis, and for each

x we have fip(z) = f(z) once k > |z|, so fr — f pointwise. Hence 3.31 and the definition 3.24 of
integration over a subset give

lim fdx= lim /fkd)\:/fd)\.
k—o0 [—k, k] k—o0

Problem 3B.6. Let A denote Lebesgue measure on R. Give an example of a continuous function
f:]0,00) — R such that lim;_, f[o 1 f d\ exists (in R) but f[o 00) fdX\ is not defined.

Solution. Take f =Y >° | g, with g,(z) = (_1ZLH+1<,0(:L‘ —n), where ¢(s) = max{0,1 — |2s — 1|} is the

tent function supported on (0,1) with fol = %
The supports (n,n + 1) are disjoint, so at most one term is nonzero at each = and f is real valued;
moreover [ = Zﬁle gn on [0, N + 1), a finite sum of continuous functions, and these sets cover [0, c0),
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so f is continuous, hence Borel measurable (2.41). Since g, is continuous and vanishes off [n,n + 1],

3.34 gives
-1 n+1 1 -1 n+1 1
/gnd)\:( ) / 4,027( ) , /|gn]d)\:.
n 0 2n 2n

The limit exists. On [0, N] we have f = "' g, s0 3.21 (legitimate since each [ |g,|d\ < o0) gives

n=1

f[o N] fdx= ZNfl (_l)nﬂ, which converges to IHTQ by the alternating series test. For real t > 1 put

n=1 2n

N = |t]; then (N,t] C (N, N + 1], where |f| < 4, so 3.21 and 3.25 give

\/M far= /[O,N] F | < AV, 1) sup 1f] <

(N, 1]
and N — oo as t — 00, 80 limy_y00 f[07t] fdl= lnTQ eR.

The integral is not defined. The g, have disjoint supports, with g, > 0 for n odd and g, < 0 for n
even, so fT =35 g,and f7 =—=3 . ., 9n; hence 3.8 and 3.16 give, for every K € Z*,

. | _ |
/f dngwk_l), /f dAz;%

Both sums diverge as K — co (comparison with the harmonic series), so [ fTdA = [ f~d\ = oo and
3.18 assigns no value to f[o ooy £ AN

Problem 3B.7. Let A denote Lebesgue measure on R. Give an example of a continuous function
f:(0,1) = R such that lim,_ f(l 0 [ dX exists (in R) but f(o 0 f dX is not defined.

Solution. Take f =37 hy with hy(2) = (=1)"T 2(n+1) (n(n+ 1)z —n), where ¢(s) = max{0,1—
|2s — 1|} is the tent function supported on (0, 1).
1

Since ¢(n(n + 1)x —n) # 0 exactly when < & < L, the function h,, is continuous on (0,1) and

11
n+l'n e
2(n + 1); as hy, is continuous on I, 3.34 gives

n—+1

), and the graph of |hy| over I,, is a triangle of base A(I,,) = n(n1+1) and height

vanishes off I,, = (

n+1l 1 1 (_1)n+1 1
hy dX = (71) "2 n(n+l) 2(n+1) = T’ |hn|d)‘zﬁ

The I, are disjoint, so at most one term is nonzero at each x and f is real valued; moreover f = Zﬁf:l hn,
on (ﬁ, 1), a finite sum of continuous functions, and these sets cover (0, 1), so f is continuous, hence
Borel measurable (2.41).

The limit exists. For n > 2 we have f = ZZ;% hi, on (1,1), and I, C (%,1) for k < n — 1, so
f(; 1y e dA = | by dX; since each [ |hg|dX\ < oo, additivity 3.21 gives

/ ’f (—1)k+1
=S m2eR
(21) el

by the alternating series test.
The integral is not defined. The hj have disjoint supports, with hi > 0 for £ odd and hy < 0 for k

even, so fT =3, qqhk and f~ = =3, o Pk; hence 3.8 and 3.16 give, for every K € ZT,
o |
frdx> ; JTdA > o7
o 251 oy 2 3

Both sums diverge as K — 0o, so neither integral is finite and 3.18 assigns no value to |, 0,1) fdA.
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Problem 3B.8. Verify the assertion in 3.38.

Solution. Both inclusions follow from the single formula g,,(z) = inf;, ) f, hn(z) = sup, () f, where
Jn(x) is the union of the one or two intervals of P, that contain z.
In the proof of 3.34, P, cuts [a,b] into 2" closed intervals of length 0, = (b — a)27™"; g, and h,, are
the corresponding lower and upper step functions, modified at the finitely many shared endpoints to
take the infimum, respectively supremum, of f over the union of the two intervals meeting there; and
fr =1lim, g,, fu = lim, h,, these limits existing since f is bounded and g1 < go < ---, hy > hy > - -.
With that modification the displayed formula holds at every x, and J,(x) is a closed interval containing
x of length §,, or 20,,. Hence g,(z) < f(x) < hy(x), so fr < f < fy, and monotonicity of the two
sequences gives

0< fU(x) - fL(x) < hn(z) — gn(x) = sup f— inf f

Jn(x) In(z)

for every n € Z7.
(i) Continuity at = gives fr(x) = fu(z). Let € > 0; choose n > 0 with |f(y) — f(z)| < e for all y € [a, b]
with |y — x| < n, then n with 26,, < n. Every y € J,(x) satisfies |y — x| < 7, so the display gives
fu(z) — fr(z) <2 let e — 0.
(ii) fr(x) = fu(x) gives continuity at x. Then fr(x) = f(x) = fu(z), so for e > 0 there is n with
hn(z) — gn(z) < e. Write J,(z) = [¢,d]. If ¢ > a then ¢ is a partition point of P, interior to [a,b],
hence lies in two of its intervals, so z = ¢ would put the interval left of ¢ inside J,,(z), contradicting
min Jy,(z) = ¢; thus ¢ > a forces x > ¢, and symmetrically d < b forces © < d. So x is interior to [c, d]
relative to [a,b], and there is n > 0 with {y € [a,b] : |y — x| < n} C J,(x). For such y both f(y) and
f(@) lie in [gn(2), hn(2)], 50 [f(y) = f(2)] < hn(z) — gn(z) <e.

Problem 3B.9. Verify the assertion in Example 3.41.

Solution. Both directions run through the identity £ = f~'({as}) and 3.7.
Put f =a1xg, + -+ anXxE,. Disjointness makes f = a; on E; and f =0 off £y U---U E,; since the
aj, are distinct and nonzero, this says exactly that

Ep=f"{ax}) (1<k<n), |f] = lailxe, + -+ |an|xE, -

(Note the Ej are not assumed measurable; that is part of what is proved.)
If every Ej, € § with pu(Ey) < oo, then f is S-measurable by 2.46, and 3.7 applied to |f|, whose sets
E}. are disjoint and in S, gives

1l = / Fldp = laai(Er) + -+ anlu(En) < oo,

so f € L'(u) with the asserted norm.

Conversely if f € L'(u), then by 3.40 f is S-measurable with ||f]1 < oo, so B = f~({ax}) € S
by 2.35, the singleton {a} being Borel. The same application of 3.7 gives the displayed formula for
|| fll1; every term on the left lies in [0, 0o] and their sum is finite, so |ag|u(Fx) < 0o, and ay # 0 forces
1(Eg) < oo.

Problem 3B.10. (a) Suppose (X,S, i) is a measure space such that p(X) < oo. Suppose p,r are
positive numbers with p < r. Prove that if f : X — [0,00) is an S-measurable function such that
[ f"dp < oo, then [ fPdu < oco.

(b) Give an example to show that the result in (a) can be false without the hypothesis that p(X) < oo.

Solution. (a) The pointwise bound fP <1+ f" does it; (b) take f(x) = 1/z on (1, 00).
(a) Both fP and f are S-measurable, being compositions of f with the continuous map s — s* on
[0,00) (2.41 and 2.44). If f(z) < 1 then f(z)? < 1;if f(z) > 1 then f(z)" P > 1, so f(z)P < f(z)".
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FEither way fP <1+ f" pointwise, so 3.8, additivity 3.16, and 3.4 applied to xx give

[rans [as man=uco+ [ ran<o.

(b) On X = (1,00) with the Borel sets and Lebesgue measure, so u(X) = oo, take p =1, r = 2, and
f(z) = 1/z, which is continuous hence Borel measurable. The functions f2x(17k) and fx (1) increase
pointwise to f2 and f, so 3.11 together with 3.34 gives

k—00

1
2 : — i =
/ f*du = lim (1 k) 1 < oo, fdu khm Ink = oo.

Problem 3B.11. Suppose (X, S, i) is a measure space and f € L'(u). Prove that the set {r € X :
f(x) # 0} is the countable union of sets with finite p-measure.

Solution. Take Ay = {z € X : |f(z)| > £}; then {z : f(z) # 0} = Up; Ak, with every pu(Ay) < oc.
Each Ay, = [f|7!((,00)) € S, since | f| is S-measurable by 2.45. If f(z) # 0 then |f(z)| > 7 for some
k, so © € Ayg; conversely x € Ay forces |f(x)| > 0. This is the displayed union. Finally %XAI@ < |f]
pointwise, so 3.8 and then 3.7 give

bt = [ badn < [1rldn= 1511

and ||f|j1 < oo because f € L'(u); hence u(Ag) < k|| f|l1 < co.

Problem 3B.12. Suppose

Prove that limy_,, fol fr=0.

Solution. Dominate by g(z) = 1/y/z and apply the Dominated Convergence Theorem 3.31 on (0, 1).
Each fy is continuous on (0, 1), hence Borel measurable (2.41). For z € (0,1) we have 0 < (1 —x)F <1
and |cos 2| < 1, so | fi| < g for every k; and (1 — 2)¥ — 0 for each fixed =, so fi, — 0 pointwise. The
functions gx(1/n,1) increase pointwise to g, and g is continuous on [1/m,1], so 3.11 with 3.34 gives

L de 2
gdi = lim — =lim (2—- —=) =2 < .
/(071) n—00 1/n \/E n%oo( \/ﬁ)

Hence 3.31 applies, and with 3.39,

1
lim/ fr = lim frdA=0.
k—o0 0 k—o0 (071)

Problem 3B.13. Give an example of a sequence of nonnegative Borel measurable functions fi, fo, ...
on [0, 1] such that both the following conditions hold.
. 1
o limg o0 f() fk = 0;
* SUDPg>,, fr(x) = oo for every m € Z* and every z € [0, 1].

Solution. Take the typewriter sequence: writing (k :) @ +j withn € Z* and j € {1,...,n}, a
n—1)n
2

fr=Vn Xz 4y

n

decomposition that exists and is unique because is strictly increasing to oo in n, set

Each f is a nonnegative multiple of the characteristic function of a closed interval, hence a nonnegative
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Borel measurable function on [0, 1], and 3.7 gives

1 1 1
/Ofk_\/ﬁ'n_\/ﬁ‘

Only the n indices k € {w +1,..., %} carry a given n, so n — oo as k — 0o, and the first
condition holds. ‘ ‘
For the second, fix z € [0,1] and m € Z*, and let n € Z* be arbitrary. The intervals [Z=2, 1] for

i
n n
1 < j < n cover [0,1], so some j has z € [&=L, L], and then k, = (n=l)n 1) + j satisfies fy, () = /n.

n’n
Since k,, > @ — 00, we have k,, > m for all large n, so supg>,, fk( ) > /n for all large n, that is
SUDg>m, fr(z) = 0.

Problem 3B.14. Let A denote Lebesgue measure on R.

(a) Let f(x) = 1/y/z. Prove that f[O,l] fdx=2.

(b) Let f(z) =1/(1+ 2?). Prove that [ fd\ = .

(c) Let f(z) = (sinz)/xz. Show that the integral f(om) fdX is not defined but lim;_, f(o,t) fdx
exists in R.

Solution. The values are 2 in (a) and 7 in (b); in (c) both [ f*d\ = oo, while integration by parts
makes the truncated integrals converge.

(a) Set f(0) = oo, which is immaterial since A({0}) = 0 and makes the approximation below converge
everywhere. Then f is Borel measurable by 2.52, since f~1((a,o0c]) is [0,1] for a < 1 and [0,a~2) for
a > 1. The functions g, = min{f,n} are continuous on [0, 1] (the two formulas n on [0,n 2] and /2
on [n~2,1] agree at n2), increase, and converge pointwise to f; as each is Riemann integrable, 3.34
gives

1 Vde 1 2 1
/[0’1] g " n2 + 1/n?2 \/.E n + ( 7’L> n

so 3.11 gives f[o yfdr=2.
(b) Here f is continuous hence Borel measurable (2.41), and g, = JX[-n,n) increases pointwise to f,
with [ gndX = [" 1+ = 2arctann by 3.34. Hence 3.11 gives

fdA = lim 2arctann = 7.
R n—oo
(c) The function f(z) = (sinx)/z is continuous on (0,00), so f and hence f* are Borel measurable
(2.41, 2.44).
The integral is not defined. On Ay = (2km, (2k + 1)m) we have sinz > 0, so ft = f > (zi}if there;

and 3.34 with the fundamental theorem of calculus gives [ xa, sinz d\ = [— cos az]éi’jjl) = 2, the two

endpoints forming a A-null set on which the integrand is bounded. Hence [ f*xa, d\ > (%%)W, and
since the Ay are disjoint, 3.8 and 3.16 give

n—1
/f*d)\ > Z(%im (nezZ"),

k=0

whose right side diverges by comparison with the harmonic series; so [ fT dX = oo. The same argument
on Bk = ((2k + 1), (2k + 2)7), where f~ = —f > =55 and fXBk —sinz) d\ = 2, gives [ f~d\ >

S (k+1 for every n, so [ f~ d\ = oo too, and 3.18 assigns no value to fo ooy f AN

The limit exists. Extend f continuously to [0,00) by f(0) = 1. For t > 0 the function f is bounded on
[0,¢] and {0,t} is A-null, so by 3.8, 3.7 and the last assertion of 3.34

_ t
fdx= fdr= /
(0,1) [O,t] 0
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For t > 1, integration by parts for Riemann integrals gives

t o t
sinx cost cosx
/ dxr =cos1l — T / dx.
1 1

x 2

Now h(x) = (cosx)/xz? is continuous with |h| < 272, and 3.11 with 3.34 gives f(1 00) r72d\ =1 < o,
so h € L'((1,00)). For any sequence ¢, — oo in (1, 00) we have hx(,,) — h pointwise with |hx (1 4,)| <
272, s0 3.31 (with 3.34 identifying [ hx(1,)d\ = flt" h) gives that

t

L= lim Cosxd:p—/ hdA
t—oo Jq ,fL‘ (1,00)

exists in R. Since |cost/t| < 1/t — 0, letting ¢ — oo in the two displays above gives

t—o00

1 ..
lim fdA:/ ST Jx +cosl— L € R.
(0,1) o T

Problem 3B.15. Prove or give a counterexample: If G is an open subset of (0,1), then x¢ is
Riemann integrable on [0, 1].

Solution. False: with r1,79, ... an enumeration of QN (0, 1), take
o
N U (rk — 2_k_2, TE + 2_k_2).
k=1

Then G is open, and it contains every 7, hence is dense in (0, 1); being open it is Borel, so A(G) = |G|
(2.68, 2.69) and countable subadditivity of outer measure (2.8) with |I| < ¢(I) (2.2) gives

o0
SZ22k2
k=1

Put f = x@ on [0, 1]; it is bounded, so L(f, [0,1]) and U(f, [0, 1]) of 1.7 make sense. Let P : 0 = o <
- < &, = 1 be any partition of [0, 1].

(i) Each (zj_1,2;)N(0, 1) is a nonempty open subset of (0, 1), so density gives y € G withz;_1 < y < z;;

hence SUP[z; )] f=1and, by 1.3,

n

U(f, P,[0,1]) = (2 —aj1) = L.

j=1

(ii) Since f takes only the values 0 and 1, infj,,_, . f =1 exactly when [2;_1,2;] C G. Those intervals
have pairwise disjoint interiors, so with J = {j : [x;—1, ;] C G}, finite additivity and monotonicity of
A (the overlaps being finitely many null points) give

L(f, P, [0, 1]) = Z(:UJ — l’jfl) = A(U[l'jflal‘j]) S )\(G) S

JjeJ Jje€J

N[

As P was arbitrary, L(f,[0,1]) < 1 <1 =U(f,[0,1]), so x¢ is not Riemann integrable on [0, 1] by 1.9.

Problem 3B.16. Suppose f € L1(R).
e (a) For t € R, define f;: R — R by fi(z) = f(z —t). Prove that
%E%Hf — fillh =0.

e (b) For t > 0, define f;: R — R by fi(x) = f(tz). Prove that
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timl|f — fulls = 0.

Solution. Both parts are the £/3 argument over the dense class supplied by 3.48, once we record how
the £'-norm transforms.
Change of variables. If h € L}(R), t € R and ¢ > 0, then = — h(z —t) and x + h(cx) lie in L1(R),
with

IaC =)l =Rl [la(e) = £lhlh

Indeed the o-algebra S in question (Borel or Lebesgue, 3.45) is stable under A — ¢t 4+ A and A +— cA,
since open sets are and null sets are, by 2.7 and 2.70; and A(t + A) = A(A) by 2.7 while A\(cA) = cA(A)
because scaling every interval of a cover in 2.2 by ¢ scales its length by c¢. So {A4,} — {t+ A;} and
{A;} — {LA;} are bijections of the set of S-partitions of R (3.1) onto itself under which each lower
Lebesgue sum (3.2) of |h| is reproduced exactly, respectively multiplied by %; take suprema (3.3).
Part (a). Let € > 0. By 3.48 choose g continuous and vanishing outside [—M, M] with || f —g[l1 < §;
such a g is bounded and uniformly continuous on R, being uniformly continuous on the compact interval
[-M — 1, M + 1] and zero outside [—M, M]. Put g(x) = g(x —t). For |t| < 1 both g and g; vanish
outside [-M — 1, M + 1], so 3.8 and 3.4 give

lg = gelly < (2M + 2)sup |g(x) — g(z —t)].
z€R

Uniform continuity supplies ¢ € (0, 1] with that supremum at most m whenever |t| < §, whence
lg—g:¢ll1 < 5. Since f;—g; is the translate of f—g, the change of variables gives || fi—g:[[1 = || f—gll1 < 5.

Thus for [¢t| < § the triangle inequality (3.43) gives

If = fellh < MIf =gl +1lg — gellr + [lge — fellr < e.

Part (b). Let € > 0 and choose g as above with |[f — g[[1 < §, and put g;(z) = g(tz). By the change
of variables, ||fi — gill1 = +||f — gl < 2|f —glli < § for every t > . For £ <t <2 and |z| > 2M
we have |x| > M and |tz| > M, so g — g vanishes outside [-2M, 2M], where |z — tx| < 2M|t — 1].
Uniform continuity supplies > 0 with |g(u) — g(v)| < &7 Whenever [u —v| < 7; set p = min{}, 51;}.
If [t — 1] < p then |g — g¢| < 1557 X(—20m,20), 80 |9 — gelli < § by 3.8 and 3.4. Hence | f — fi|l1 < e for
It — 1| < p by 3.43.
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4.1 Exercises 4A

Problem 4A.1. Suppose (X, S, i) is a measure space and h : X — R is an S-measurable function.
Prove that

u(fw € X s |h@)| = o) < 5 [ 1P

for all positive numbers ¢ and p.

Solution. Everything comes from the pointwise inequality ¢?xg < |h/P on X, where F = {z € X :
|h(z)| > c}: off E the left side is 0, while on E we have |h(z)[P > P because t — tP is increasing on
[0,00). Both sides are nonnegative and S-measurable, so 3.8 and 3.15 give

P p({z e X :|h(z)] >c}) = /CPXEd,u < /|h|pd,u.

Divide by ¢? > 0.

Problem 4A.2. Suppose (X, S, i) is a measure space with u(X) =1 and h € £!(u). Prove that

plsxe X :|h(x)— [ hdu| >c §i2 h% dp — hdu 2
(frex o= fra o) < (fran (o) )
for all ¢ > 0.

[The result above is called Chebyshev’s inequality; it plays an important role in probability theory.
Pafnuty Chebyshev (1821-1894) was Markov’s thesis advisor.]

Solution. Write m = [ hdpu, a real number because h € LY(u). Applying Exercise 1 in this section to
the S-measurable function h — m with p = 2 gives

1
p({z € X i |h(z) —m| > c}) < C2/(hm)2du,
so it suffices to show [(h —m)*du = [h?du — m?2. If [h*du = oo the desired right side is oo and
there is nothing to prove, so assume h? € £!(x). Then the constant function m is in £1() too, since

JIm|dp = |m|p(X) = |m| < oo, and so is —2mh; hence additivity and homogeneity of integration
(3.21, 3.20) applied to the pointwise identity (h — m)? = h? — 2mh + m? yield

/(h—m)2du:/thu—Zm/hdu+m2u(X)

:/th,u—m2,

using u(X) = 1 again.

Problem 4A.3. Suppose (X,S, 1) is a measure space. Suppose h € L£1(u) and ||h|; > 0. Prove
that there is at most one number ¢ € (0, 00) such that

pl{z € X : |(@)| = c}) = = Al

Solution. Call ¢ € (0,00) an equality point if u(E.) = ||h||1, where E. = {x € X : |h(z)| > c}. The
whole point is that an equality point pins down |h| on E.: we show 0 < p(FE.) < oo and |h| = ¢ almost
everywhere on F..

Since |h| = xg,|h| + xx\E.|h| pointwise and xg,|h| > cxE,, additivity for nonnegative functions (3.16)
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and 3.8 give
|| dp,

c

Hhh:/ Ihdu+/ \hldMZCu(Ec)+/
E. X\E. X\E.

whose first term is ||h||1; as ||h]|1 < co we may cancel it, leaving

/ W dp = e p(Ee) = R € (0,00),

Ec

so 0 < pu(E.) < oco. Applying 3.16 to xg,|h| = xE.(|h] — ¢) + cxE. and subtracting the finite number
cu(E) gives [ xg.(|h| — ¢)dp = 0. A nonnegative S-measurable g with [ gdp = 0 vanishes almost
everywhere, since Exercise 1 in this section with p = 1 gives u({g > %}) = 0 for every n € Z* and
{9 >0} =U,{g > 2} is then null by 2.58. Hence |h| = ¢ almost everywhere on E..
Now suppose ¢; < ¢z were both equality points. Then E., C E.,, and no = can have |h(x)| equal to
both ¢ and ¢s, so

Fuy C {2 € Foy + [h(@)| # c1} U & € oy : [h(2)] £ 2},

a union of two sets of measure 0; thus u(E.,) = 0 by 2.58, contradicting p(E.,) = ||h||1/c2 > 0.

Problem 4A.4. Show that the constant 3 in the Vitali Covering Lemma (4.4) cannot be replaced
by a smaller positive constant.

Solution. Given «a € (0,3), choose £ with 0 < ¢ < min{2,3 — a} and take the two intervals
11:(0,2), 12:(2—6,4—6),

writing o * I for the open interval with the same center as I and « times its length (4.2 is the case
a = 3). Since [; NI = (2 —¢,2) # 0, the only disjoint sublists are the empty one and the two
singletons, and I; U I = (0,4 — €). The empty sublist fails because I1 U Iy # (). For the singletons,

axli =(1—a, 14+ a), axlhb=8—-e—a,3—¢c+a),

so [1Uls C ax I would force 4 —e < 1+« and I1 Uls C ax Iy would force 3 —e — a < 0, each saying
a > 3 —¢, contrary to € < 3 —a. Hence no disjoint sublist has the covering property, so the conclusion
of 4.4 fails with « in place of 3.

Problem 4A.5. Prove the assertion left as an exercise in the last sentence of the proof of the Vitali
Covering Lemma (4.4).

[The last sentence of that proof asserts: if I and J are bounded nonempty open intervals of R with
INJ#0and |I| > |J|, then J C 3« 1. In the notation of the proof, I = I, and J = I; ]

Solution. Write I = (a —r,a+r) and J = (b — s,b+ s) with r, s > 0, so that the hypothesis |I| > |J]
reads s < r, and 3xI = (a—3r, a+3r) by 4.2. Choosing x € INJ gives [a—b| < |[a—z|+|z—b] < r+s,
so every y € J satisfies

ly—a| <|ly—bl+|b—a|<s+(r+s)=r+2s<3r

Thus J C 3% 1.

Problem 4A.6. Verify the formula in Example 4.7 for the Hardy-Littlewood maximal function of
X[0,1]-
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[Example 4.7 asserts that, with x[o ] the characteristic function of the interval [0, 1],

if b <
ai—p 10=0
1
— ifb>1.
% if b >

as you should verify.]

Solution. Write h = x[g,1) and, following 4.6,

h*(b) :sup¢b(t), T/)b(t): HO, 1]ﬂ[b—t, b_|_tH,

t>0 2t

the numerator being fbb:t |h|. Since that intersection lies inside [b — ¢, b+ t], we always have 3 (t) < 1.
(i) 0 < b < 1. For 0 <t < min{b,1 — b} we have [b —¢,b+t] C [0,1], so ¢(t) = 1, and therefore
h*(b) = 1.

(ii) b < 0. Here b — t < 0 for every t > 0, so the overlap is max{0, min{b+¢,1}} and

0 if 0 <t<—b,
Gpt) =L+ L if —b<t<1-0,
> ift>1-0b.
The middle branch is nondecreasing in ¢ because b < 0, with value ﬁ at ¢ = 1 — b, while the third
branch is smaller than ﬁ throughout. Hence h*(b) = ﬁ.

(iii) b > 1. Here b+t > 1 for every t > 0, so the overlap is max{0,1 — max{b —¢,0}} and

0 ifo<t<b-1,
Yp(t) =9 S+ 52 ifb—1<t<b,
> if t > b.

The middle branch is nondecreasing because 1 — b < 0, with value % at t = b, and the third branch
stays below that. Hence h*(b) = 55.
These three values are exactly the formula in Example 4.7.

Problem 4A.7. Find a formula for the Hardy-Littlewood maximal function of the characteristic
function of [0,1] U [2, 3].
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Solution. With E'=[0,1] U [2,3] and h = xg,

— if b< —1
30 no="4
if —1<b<
°21—b) =60,
1 ifo<b<1,
2b—1
b if1<b<3,
h*(b) = { £2b
S=2 s p<
2(3—10) 2-"=7
1 if 2<b<3,
1
if3<b<4
sp—g) 1osbs4
% ifb>4
(the two formulas agree at b = —1, ;’,4) Put g(y) = |EN(—00,y]|, which is continuous, nondecreasing,

and equal to 0,y,1,y — 1,2 on (—o0,0], [0, 1], [1, 2], [2, 3], [3, 00) respectively. By additivity of Lebesgue
measure and 4.6,
gb+1t) —gb-1)

h*(b) = sup ¥p(t), p(t) = 57 <1,
>0

the bound because EN[b—t,b+1t] C[b—t,b+t].

Reduction to finitely many ¢. Let t; < --- <t be the positive numbers with b+¢ or b—t in {0, 1, 2, 3}.
Across any t-interval meeting none of them, both ¢ — g(b=+t) are affine, so 14(t) = § + 2% is monotone
there; 1 is continuous, limy g ¢ () exists in [0, 1] by monotonicity and the bound ¥y < 1, and ¢(t) — 0
as t — oo since g(b+t) — g(b—t) <2, so0 on [ty,00) the monotone v, > 0 is maximal at ¢y. Hence

h*(b) :max{lggll/}b(t% Up(t1)s s Up(tn)}-

Also y — 3 — y maps F onto E and preserves Lebesgue measure, so 13—, = ¢, and h*(3 — b) = h*(b);
it therefore suffices to treat b < %

(i) 0 <b< 1. For 0 <t <min{b,1 — b} we have [b—t,b+t] C [0, 1], so ¥»(t) =1 and h*(b) = 1.

(ii) b < 0. Then g(b—t) =0 for all ¢t > 0, the candidates are t = —b,1 —b,2 — b,3 — b, and

1 1 1
51— 1) ¢b(2—b)=2(2_b), Vp(3 —b) = 7—
1

3—0b
while limyop(t) s 0 if b < 0 and 5 = g5 if b = 0. As 5o < gap. We get h*(b) =
max{ﬁ, ﬁ}, and 2(171_19) > ﬁ exactly when b > —1. This gives the first two branches.

(iii) 1 < b < 2. The candidates are t = b—1,b,2 — b,3 — b, and since then 2b — 1 € [1,2], 2b € [2,3],
2% —2€[0,1],20—3<0,

Yp(=b) =0, (1 -0) =

1-1

b—1)= —7= =
Yp(b—1) 26-1) 0,
(20—1)—0
b)) =—"—=A4
1—(2b—2)
2-b)=——~-=B
2-0
3-0b) = =C
while limgo4,(t) is 0 for b > 1 and 3 = A at b= 1. Now A > C is equivalent to (2b — 3)(b— 1) < 0,
which holds on [1, 2]' and A =1— 7; is increasing while B = i—% is decreasing, with A = B = % at

b=1,s0 B<A. Hence h*(b) = A = 2”% .
(iv) b > % By the symmetry h*(b) = h*(3 =), cases (iii), (i), (ii) applied at 3 — b give 2?%2) on [%, 2],

then 1 on (2,3), then (b 5y on [3,4], then } for b > 4.
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Problem 4A.8. Find a formula for the Hardy—Littlewood maximal function of the function h: R —
[0, 00) defined by

fo<ax<li
ha)=4{" " O=0=0
0 otherwise.
Solution. The answer is
1
fo<i
A(1— b) ifh< sy
e 1
h*(b) = b 1f§<b<1,
—VE =1 1
b b ifb>1

2 2+ Vo 1)

(the first two branches agree at b = 1). Since |h| = h, writing F(z) = [*__ h, so that F = 0, %2, : on
(—00,0],[0,1],[1,00), Definition 4.6 reads
_F+t)-F(b—1t)

h*(b) = sup V4(t), Vp(t) = 5 )
t>0 t

(i) b < 0. Then F(b—t) = 0 for every t > 0. For 0 <t < —b, V4(t) = 0. For —b <t < 1-—,
substituting v = b+t € [0, 1],

v d / v? v(v — 2b)
Vb(t):él(v—b)’ %(v—b)z (v — b)? 20,

1

so V, increases to att=1—0b;fort>1—b, Vp(t) = 4% decreases from that same value. Hence

I(1-0)
B(0) = s
(i) 0 < b < 1. For 0 <t < min{b, 1 — b} both b+ ¢ lic in [0, 1], so Vp(t) = CHIZO=D" —p qrp < 1
then for b <t < 1—b we get V(t) = (bz)Q with derivative % > 0, so V, increases to ﬁ at

t =1 —b, beyond which V;(t) = £ decreases; since 1 — 4b(1 — b) = (2b — 1)® > 0 gives ﬁ > b, we

get h*(b) = ﬁ. If b > 1, then for 1 — b <t < b, substituting u =b—¢ € [0,2b — 1],

1—u? d /1—u? u? — 2bu + 1
D D)
V(1) 4(b — u) du\b—u (b —u)? >0
because that quadratic has discriminant 46> — 4 < 0; so V4 decreases in ¢t from its value bat t =1 — b,
while for ¢ > b we have Vj(t) = & < & < b. Hence h*(b) = b.
(iii) b > 1. Then F(b+t) = 1 for every t > 0, and Vj(t) =0 for 0 < ¢t <b—1. For b—1 <t < b,

substituting v = b — t, the function g(u) = 41(;7}; has ¢'(u) = %, whose numerator has roots

b4+ Vb2 —1 with ug = b— Vb2 -1 € (0,1] (as (b—1)2 < (b—1)(b+ 1)) and the other root at
least 1; so g increases on [0,ug) and decreases on (ug, 1], and since b — uy = Vb2 —1 and 1 — u3 =

202 —1(b— Vo2 — 1),

b— Vb2 -1
g(ug) = - 5
When b > 1 this value is attained at t = v/b2 — 1 > 0; when b = 1 we have ug = 1, i.e. the excluded
t = 0, but g increases on [0,1) with lim, HFT“ = %, again the same number. Finally ¢ > b gives
% /2
Vi(t) = £ < & < g(ug), because b — Vb2 —1 = Wﬁ > & Hence h*(b) = ==L,
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Problem 4A.9. Suppose h: R — R is Lebesgue measurable. Prove that

{beR: ") > c}

is an open subset of R for every c € R.

Solution. Fix ¢ € R and b with h*(b) > ¢; it suffices to produce 6 > 0 with h* > ¢ on (b — 6,b + §).
By 4.6 there is t > 0 with a > 2tc, where o = fb+t |h| € [0,00]. Choose t' > t with 2t'c < a: for
¢ < 0any t' >t serves (when ¢ = 0 note « > 0), while for ¢ > 0 take ¢’ = ¢+ 1 if @« = 0o and any
t' € (t, 5%) otherwise, that interval being nonempty because 5% >t. Put § =t —¢ > 0. If |b' — b| <0,
then b —t' <b—tand b+t > b+t so (b—t,b+t) C (V) —t, b +¢) and monotonicity of the integral

of |h| > 0 gives
1 b+t
h* (') > —
( )—zt//,,,_t, Ik “2t’>c

Thus every point of {h* > ¢} is an interior point.

Problem 4A.10. Prove or give a counterexample: If h: R — [0,00) is an increasing function, then
h* is an increasing function.

Solution. True: h* is increasing. Suppose b; < by and put s = by — by > 0 (note h is Borel measurable,
each {h > ¢} being an interval, so h* is defined, and |h| = h). Translation invariance of Lebesgue
measure (2.7) passes from characteristic functions through simple functions to all nonnegative Borel
functions, giving fbl?jtt h(z + s)dx = fb?_tt h for every t > 0. Since h is increasing and s > 0, we have
h(z) < h(x + s) pointwise, so monotonicity of the integral gives

1 b1+t 1 ba+t
LS RS
2t bi1—t 2t bo—t

for every t > 0. Take the supremum over ¢ > 0 on the left.

Problem 4A.11. Give an example of a Borel measurable function h: R — [0, 00) such that A*(b) <
oo for all b € R but sup{h*(b) : b € R} = 0.

Solution. Take

o0
h= 1 Xjn,ntn—3);
n=1

a tall thin spike at each positive integer. The intervals are disjoint because n +n"2 < n+1, so h
is [0, 00)-valued, and it is Borel measurable as a pointwise limit of its partial sums (2.48). By the
Monotone Convergence Theorem (3.11),

|m—2nn=2§

Finiteness of h*: fix b, put R = [b| + 1, and note Mp := sup_p pj b < [R] < 0o, only the spikes with
n < R meeting [-R, R]. If 0 <t < 1 then [b—t,b+t] C [—R, R], so the average of h over it is at most
Mp; if t > 1 that average is at most o [|All1 < §||h]l1. Hence h*(b) < max{Mpg, §||h[1} < occ.
Unboundedness: taking b =n and t = n=3 gives

3 rntn=3 3

n n n

h*(n)Z/ h>—-n-n3=_ — oo
2 ) s 2
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Problem 4A.12. Show that [{b € R : h*(b) = co}| = 0 for every h € L}(R).

Solution. Write E = {b € R : h*(b) = oco}. For every positive integer n we have E C {b € R :
h*(b) > n}, so monotonicity of outer measure (2.5) and the Hardy-Littlewood maximal inequality
(4.8), applicable since h € L!(R), give

. 3
(B < |{b e R: A" () > n}| < ~|lhlh.

As ||h|l1 < oo, the right side tends to 0, so |E| = 0. (In fact £ = (), {h* > n} is Borel, each of those

sets being open by Exercise 9 in this section.)

Problem 4A.13. Show that there exists h € £!(R) such that h*(b) = oo for every b € Q.

Solution. Superimpose translated copies of one function with a single bad point. Define g: R — [0, 00)
by

1
— f0<z <,
g(;p) = CE(]Og IE)Z 2
0 otherwise,
which is Borel measurable, being continuous on (0, 2) and zero elsewhere. Since di( @) = W
nd(O,l) and —bgw —0asz |0, we get fo “Ogﬂ for 0 < t < 3; in particular ||g||; = 10g2 < 00,
an

L /t 1 __, (t 1 0)
1 __ 1 .
2t _tg 2t | log t| ’

because t|logt| — 0; hence g*(0) = co.

Let 71,79, ... enumerate Q and put h = S, 27%g(- — ). Each summand is Borel measurable (a
translate of a Borel set is Borel), so & is Borel measurable as the supremum of the partial sums (2.53),
and 3.11 together with translation invariance (2.7) gives

oo k 1
h = E 2- = — <
/_oo pt lgllx log 2

Hence N = {h = oo} is a null set (otherwise [h > ¢|N| — oc), so h = BX]R\N is a real-valued Borel
function in £'(R) agreeing with h off N. The integral of a nonnegative function over a null set is 0, so
b+t . |h| = b+t h for all b and t > 0, giving h* = h*.

Now fix b e Q, say b= rg. Since h > 2 Fg(- — ry) pointwise, and since fi; < fo implies fi < fi, while
(M) =Af* for A > 0and (g(- —r))*(b) = g*(b—r) by 2.7 (all immediate from 4.6),

W (b) = h*(b) = 27*g*(b — i) = 27" ¢"(0) = 0.

Problem 4A.14. Suppose h € L!(R). Prove that
. 3
e R:n*0) 2 e} < 2 |l

for every ¢ > 0.

[This result slightly strengthens the Hardy—Littlewood maximal inequality (4.8) because the set on
the left side above includes those b € R such that A*(b) = ¢. A much deeper strengthening comes
from replacing the constant 3 in the Hardy—Littlewood maximal inequality with a smaller constant.
In 2003, Antonios Melas answered what had been an open question about the best constant. He
proved that the smallest constant that can replace 3 in the Hardy—Littlewood maximal inequality is
(11 +1/61)/12 ~ 1.56752; see Annals of Mathematics 157 (2003), 647-688.]
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Solution. Approach c from below. For every integer n > % the number c—% is positive and {b : h*(b) >
¢} € {b: h*(b) > c — L}, so monotonicity of outer measure (2.5) and the Hardy-Littlewood maximal
inequality (4.8), applicable because h € L1(R), give

. 3
[{beR:h*(b) > c}| < - [P
Since ||h|[1 < oo, letting n — oo gives the bound 2||Al|;.

4.2 Exercises 4B

Problem 4B.1. Suppose f € L'(R). Prove that

b+t

1
ltlﬁ)lg - |f = fio—t,p44| =0

for almost every b € R.
[The book prefixes the exercises of this section with the following notation: for f € L*(R) and I an
interval of R with 0 < |I| < oo, let fr denote the average of f on I. In other words, fr = ﬁ I £

Solution. The limit holds at every Lebesgue point of f, of which almost every b € R is one by the first
version of the Lebesgue Differentiation Theorem (4.10). So let E be the set of b with limgg o [~ bt =
f()| =0, fixbe EFandt >0, and write I = [b — ¢,b+ t]. Since f and the constant f(b) are both

integrable on I, 3.21 and 3.23 give

f-soi=y [ a-so) < [ o

so integrating the pointwise bound |f — fr| < |f — f(b)| + |f(b) — f1| over I (3.21, 3.22) and dividing
by 2t yields
1 b+t b+t

1
%), |f*f1|§2'2*t - |f — f(b )\TO

Problem 4B.2. Suppose f € L'(R). Prove that
. 1 . . .
1t1¢n(r)1 sup {m / |f — fr| : I is an interval of length ¢ containing b} =0
I

for almost every b € R.
As in the previous exercise, f; denotes the average of f over an interval I with 0 < |I| < oo.
1] JI

Solutz'on Again the limit holds at every b in the full-measure set E of 4.10, that is, where
hmtw 5 fb+t |f — f(b)] = 0. Fix such a b and ¢t > 0, and let I be any interval of length ¢ con-
taining b; then every T 6 I has |z —b] <t,sol C[b—tb+t]. Exactly the estimate of Exercise 1 in
this section, carried out on I, gives ﬁ = f1l < % J7 |f — f(b)], whence

1 2 b+t 1 b+t
7 fr=s<T [ r—roi=ag [ sol

The right side is independent of I, hence bounds the supremum over all such I, and it tends to 0 as
t ] 0 because b € F.
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Problem 4B.3. Suppose f : R — R is a Lebesgue measurable function such that f2 € L*(R). Prove
that

for almost every b € R.

Solution. Approximate f(b) by rationals, applying a localized form of 4.10 to each (f — q).
Localization. If h: R — R is Lebesgue measurable with [ |h| < oo for every n € ZT, then - [, b+t h —
h(b) as t | 0 for almost every b. Indeed hy, = hx(_, ) lies in LY(R), so 4.10 supplies a null set N off
which & fb+t n(0)| = 0;ifb ¢ N = U N, (null by 2.8) and n > |b|, then h = h,, on (b—1t,b+1t)
for 0 < t <n-— |b|, and | [P R — h(B)] < & [P b — h(B)| by 3.23.

For ¢ € Q put hy = (f —q)?, Lebesgue measurable by 2.46. Since (a— 3)? < 2a%+24% and f? € L'(R),

n o
/ |hg| < 2/ 2+ 4ng® < oo (nezZ"),
n —0o0

so localization gives a null set N, with bbtht hg — (f(b) —q)* for b ¢ N,. Let N = Uyeq Ng» null
because QQ is countable.

Fix b ¢ N and € > 0, and choose ¢ € Q with |f(b) —q| < e. Then |f(z) — f(b)|* < 2(f(x) — ¢)* +2(q —
f(b))? for every z, so averaging over (b —t,b+ t) and letting ¢ | 0 gives

. 1 (bt ) o )
hntlj)up%/bt [f = FO)FF <4(f(0) —q)” < 4e™.

As € > 0 was arbitrary and the averages are nonnegative, the limit is 0.

Problem 4B.4. Prove that the Lebesgue Differentiation Theorem (4.19) still holds if the hypothesis
that [*°_|f| < oo is weakened to the requirement that [*_|f] < oo for all z € R.

Solution. Truncate on the right and use that differentiability at b is a local property. The hypothesis
makes g(x) = [*_ f real valued, and for n € Z* the function f, = fx(_con) satisfies [*_|fn| =
It 1 < 00, SO fn € L'(R). Hence 4.19 applied to f, gives a set N, with |N,| = 0 such that
g (b) = fn(b) for b ¢ Ny, where g,(z) = [*__ fn.

For x < n we have f = f,, on (—oo x) 80 gn = g on (—oo,n). Thus if b < n, the difference quotients
of g and of g, at b coincide for all ¢ # 0 with b+t < n, so 4.16 gives ¢'(b) = g,(b) whenever the latter
exists; and f,,(b) = f(b). Therefore

b€ (—oo,n)\ Ny = ¢'(b) = fu(b) = f(b).

Now N = J;2 | Ny, is null by 2.8, and every b ¢ N satisfies b < n for some n € Z*, so ¢'(b) = f(b) for
almost every b € R.

Problem 4B.5. Suppose f : R — R is a Lebesgue measurable function. Prove that

£ ()] < f*(b)

for almost every b € R.

Solution. Split R according to local integrability of |f|: let

f:{(p,q):p,q6Q7p<q, /qlf!<00}7 L= {J 9,

P (p.a)€F
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so that F is countable.
(i) b ¢ L. Then fbbjtt | f| = oo for every t > 0: were it finite, rationals p,q withb—t <p <b< g < b+t
would give (p,q) € F and hence b € L. So f*(b) = oo > |f(b)|, with no exceptional set.

(ii) b € L. Fix (p,q) € F and put b = | f|x(p,q), Which lies in L!(R) since [ h = f}? |f| < oo. By 4.10 and

3.23 there is a null set N, 4 off which % bl)_J;t h — h(b). If b € (p,q) \ Npq and 0 < t < min{b—p, q— b},

then (b—1t,b+t) C (p,q), so h = |f| there and h(b) = | f(b)|; since every such average is at most f*(b)
by 4.6,
1 b+t
Ol =tim [ 1< 10
—t

Since F is countable, N = J,, e Np,q is null by 2.8, and every b ¢ N falls under (i) or (ii).

Problem 4B.6. Prove that if h € L*(R) and [* _h = 0 for all s € R, then h(s) = 0 for almost
every s € R.

Solution. The hypothesis says exactly that g(z) = ffoo h is the zero function, so ¢'(b) = 0 for every b €
R. The Lebesgue Differentiation Theorem in its second version (4.19), applicable because h € L!(R),
gives ¢'(b) = h(b) for almost every b. Hence h(s) = 0 for almost every s € R.

Problem 4B.7. Give an example of a Borel subset of R whose density at 0 is not defined.

Solution. Take -
F— U ([_4—21@’ _4—2k—1] U [4—%—1, 4—2k:]>,
k=0

a Borel set symmetric about 0, for which the ratio w oscillates between % and % as t J 0. Its

intervals in (0,00) are the disjoint [4=2/=1 4727], j > 0, of length %16*]', and by symmetry the ratio
|EN(0,)]

equals ———=.

(i) tm = 472™. The intervals meeting (0, ¢,,) are exactly those with j > m, the one with j = m having

right endpoint t,,; so countable additivity gives

’Eﬂ (Oatm)| = Z zlﬁ_j = % . %g 2167™ = %tm-
jzm

(i) s, = 472m~1. This is the left endpoint of the interval with j = m, so only the intervals with
j > m+ 1 meet (0,s,,), and they lie inside it; by (i) with m + 1 in place of m,

[EN(0,5m) = 247272 = L5

Both t¢,,, | 0 and s,, | 0, yet the ratios are constantly % and 1, so the limit in 4.22 does not exist.

Problem 4B.8. Give an example of a Borel subset of R whose density at 0 is %

Solution. Take E = F U (—F), where F = |J;-, Ji and

— 1 1 1
Ji = [m w1t 7314:(14:—&-1))

is the left third of [k%rl, %), since % — I%&—l = m These blocks sit on the harmonic scale rather than
a geometric one, which is what makes the limit exist. As a countable union of intervals together with
its reflection, F is Borel, and F' C (0,1), —F C (—1,0).

Because Lebesgue measure is invariant under = — —x (reflection carries a cover by open intervals to
a cover of the same total length, as in 2.7), and F'N (0,¢), (—F) N (—t,0) are disjoint Borel sets with
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union E N (—t,t),
[En(=t,t)] _ |[Fn(0,1)]
2t B t ’
so it suffices to show the right side tends to % Since Jj, C [%ﬂ, %), we have F'N (0, ) Ugsn Jks
disjoint union, so 2.68 and 2.14 give

Fr(o4)

SEG)a

=n

by telescoping. For t € (0,1] put n = |1/t], so %—i—l <t< %; then (O,n%rl) C (0,t) < (0, %] and
monotonicity of outer measure give
n <|Fﬂ(0,t)|<n+1.
3(n+1) — t - 3n

As t | 0 we have n — oo and both bounds tend to %, so the density of F at 0 is %

Problem 4B.9. Prove that if ¢ € [0, 1], then there exists a Borel set £ C R such that the density of
Eat0ist.

Solution. Write the given number as ¢ € [0, 1], to free the letter ¢ for 4.22, and run the construction of
Exercise 8 in this section with c in place of 3: let E = F U (—F), where F = |J;2; Ji and

_ 1 1
I = [m» it 71@(1511))

is the left-hand fraction ¢ of [k+1 k) of length (k+1) (empty if ¢ = 0, the whole block if ¢ = 1;

both are allowed below). As before E is Borel, the blocks are disjoint, F' C (0,1), —F C (—1,0), and
reflection invariance of Lebesgue measure gives

IEN(—s,s)] _|[Fn(0,s)]
2s N S '

Exactly as in Exercise 8, F'N(0,2) = Uksn Jr with
[e.e]

1 1 c

o] =5k

‘ Ckz_; ko k+1 n

by 2.68, 2.14 and telescoping, so taking n = [1/s] for s € (0, 1], whence %H <s< %, monotonicity of
outer measure gives

e _ |F'N(0,s)] < c(n+1).
n+17 S - n
Both bounds tend to ¢ as s | 0, so the density of F at 0 equals c.

Problem 4B.10. Suppose F is a Lebesgue measurable subset of R such that the density of E equals
1 at every element of F and equals 0 at every element of R\ E. Prove that £ = @ or E = R.

Solution. Build from E an everywhere-differentiable function with derivative exactly xg; Darboux’s
argument then forbids that derivative from taking both the values 1 and 0. Define

g(x) =|EN|0,z]| forz >0, g(x) = —|EN][z,0]] forz <O0.

Each E N [u,v] is Lebesgue measurable with |E N [u,v]| < v —u by 2.72 and 2.14, so g is real valued,
and additivity of the measure supplied by 2.72 (endpoints being null) gives

9(v) —g(u) = [ENu,v][ € [0, v —u]  (u<w),
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so g is nondecreasing and 1-Lipschitz, hence continuous.

g(b+)=g(b) _ [ENBYHY| 4 a(b)—g(b-t) _
t t t

g = xE at every point. Fix b and t > 0; the last display gives
|EN[b—t,b]]

@
(i) b € E, so E has density 1 at b. Since [b,b+t] C [b—t,b+ t], additivity and monotonicity give

CEnbb+1]
t N t - t

b,b+\E| _ |b—t.b+1\ E| :2<1_ ]Eﬂ(b—t,bth)\)’

0<1
- 2t

which tends to 0; the same bound holds with [b — ¢,b] in place of [b,b+ t]. Hence ¢'(b) = 1.
(ii) b ¢ E, so E has density 0 at b. Then

|[EN(b—tb+1)]
- t - 2t
and likewise for [b — t,b], so ¢'(b) = 0.
Now suppose p € E and ¢ € R\ E. Replacing E by —F if necessary, we may assume p < ¢: reflection
invariance of Lebesgue measure makes the density of —F at —b equal to that of F at b, so —FE satisfies

the same hypotheses and is empty (all of R) exactly when E is. Put ¢(z) = g(z) — §, continuous and
everywhere differentiable with ¢’ = yg — 3 1

— 0,

3,50 ¢'(p) = 5 >0 and ¢'(¢) = —3 < 0. The maximum of

¢ over the compact interval [p, ¢ is attained at some ¢, not at p (as ¢/(p) > 0 gives p(p+t) > ¢(p) for
some small ¢ > 0) and not at ¢ (as ¢'(¢) < 0 gives p(q+t) > ¢(q) for some small t < 0); so ¢ € (p, q),
where the one-sided difference quotients force ¢/(¢) < 0 and ¢’(c) > 0. Then ¢'(c) = 1, contradicting

29
g'(c) = xe(c) € {0,1}. Hence no such pair p, ¢ exists, that is, E = @ or E = R.
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5.1 Exercises 5A

Problem 5A.1. Suppose (X,S) and (Y, 7) are measurable spaces. Prove that if A is a nonempty
subset of X and B is a nonempty subset of Y such that Ax BeES® T, then A€ S and Be T.

Solution. A € S and B € T, because each is a cross section of A x B.
Because A and B are nonempty, pick a € Aand b€ B. As AXx BeS®T, 5.6 gives

[AxB’cS and [AxBl,eT.

By Example 5.5, [A x B]® = A (since b € B) and [A x B, = B (since a € A). Hence A€ Sand B€ T.

Problem 5A.2. Suppose (X,S) is a measurable space. Prove that if £ € S ® S, then

{reX:(x,z) e E} €S.

Solution. Write A(E) = {x € X : (z,z) € E} and let
E={ECXxX:A(E) e S};

the assertion is that S® S C &.
Every measurable rectangle lies in £, since for A, B € S,

A(AxB)=ANBES.

Moreover A(@) = @ and
A((X x X)\ E) = X \ A(E),

A(G Ek) - G A(Ey)
k=1 k=1

(Check!), so &£ is a o-algebra on X x X because S is one on X. As S ® S is the smallest o-algebra
containing the measurable rectangles, S® S C £.

Problem 5A.3. Let B denote the o-algebra of Borel subsets of R. Show that there exists a set
E C R x R such that [E], € B and [E]* € B for every a € R, but £ ¢ B® B.

Solution. Take E = {(x,x) : x € A}, where A C R is a set that is not Borel (2.67).
For a € R, the relation (a,y) € E forces y = a € A, and (z,a) € E forces © = a € A; hence

s Fai

which is closed and therefore in B. But {x € R: (z,2) € E} = A ¢ B, so E ¢ B® B by Exercise 5A.2
(applied with S = B).

Problem 5A.4. Suppose (X,S) and (Y,7) are measurable spaces. Prove that if f : X — R is
S-measurable and ¢g : Y — R is T-measurable and h : X x Y — R is defined by h(z,y) = f(z) g(y),
then h is (S ® T )-measurable.

Solution. h = FG, where F(x,y) = f(z) and G(z,y) = g(y), and both factors are (S ® T )-measurable.
Indeed, for every Borel set D C R,

F7YD)=f'(D)xY,  GTHD)=X xg (D),
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which are measurable rectangles in S® T (5.2), because f~}(D) € S and g~ ' (D) € T by the measura-
bility of f and of g. Hence F'G is (S ® T )-measurable by 2.46(a), and (FG)(z,y) = f(z)g9(y) = h(x,y).

Problem 5A.5. Verify the assertion in Example 5.11 that the collection of finite unions of intervals
of R is closed under complementation.

Solution. A subset of R is an interval exactly when it is order convex (meaning that z,z € I and
x <y < zimply y € I), and this makes the complement of an interval a union of two intervals; De
Morgan’s Laws then finish the proof.

Order convexity characterizes intervals. Each form (o, 8), [a, 8), (o, B, [, 8] (with @ = —oc0 or f = oo
allowed at an open end), together with singletons and @, is cut out by inequalities that an intermediate
point inherits. Conversely, let I # @ be order convex, a = infI, 8 = sup I. Then

(,f) €I Cla, fINR:

the right inclusion is the definition of inf and sup, and if & < y < 8 then y is neither a lower nor an
upper bound of I, so z < y < z for some z,z € I, whence y € I. So I is («, 8) with possibly its finite
endpoints adjoined, hence an interval (a single point when o = f3); and @ = (0,0) is an interval.

Let A be the collection of finite unions of intervals.

(i) A is closed under finite intersections. The intersection of two order convex sets is order convex,

(U i) (UJk) UU Nk €

]7

hence an interval, and

induction extends this to finitely many elements of A.
(ii) The complement of an interval I is a union of two intervals. Put

L={zeR:xz<yforevery y € I},

U={zxeR:x>yforevery y € I}.

Then R\ I = LUU: a point of I N L would satisfy < x, and similarly for U, while if x lies in none of
I, L, U, then some y, z € I satisfy y < x < z, forcing x € I. Also L is closed downward and U closed
upward, so both are order convex, hence intervals.

Now let E =1 U---UI, € A. By De Morgan’s Laws,

R\E=[|R\L),

Jj=1

an intersection of finitely many elements of A by (ii), hence in A by (i).

Problem 5A.6. Verify the assertion in Example 5.12 that the collection of countable unions of
intervals of R is not closed under complementation.

Solution. Q is a countable union of intervals but R \ Q is not.

Let A be the collection of countable unions of intervals. Then Q = {J,cq{q} € A, each {¢} counting
as an interval in Example 5.11.

An interval I C R\ Q has at most one point: if z,z € I with z < z, density of Q gives ¢ € Q with
T < q < z, and every interval contains the points lying between two of its points, so ¢ € I N Q, a
contradiction. So if R\ Q = [Jg—, I with each I} an interval, then R\ Q is a countable union of sets
with at most one element, hence countable, making R = Q U (R \ Q) countable. This contradiction
gives R\ Q ¢ A, so A is not closed under complementation.
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Problem 5A.7. Suppose A is a nonempty collection of subsets of a set W. Show that A is an
algebra on W if and only if A is closed under finite intersections and under complementation.

Solution. Both directions are De Morgan’s Laws.
Suppose A is an algebra on W. Closure under complementation is the second condition of 5.10, and
for B, F € A,

ENF=W\(W\E)U(W\F))eA

by closure under complementation and under unions of two elements; induction gives £1N---NE, € A.
Conversely, suppose A is nonempty and closed under finite intersections and under complementation.
Choosing any E € A (this is the only use of nonemptiness) gives

g=FEN(W\E)cA,

and for E,F € A,
EUF=W\(W\E)Nn(W\F)) € A

The three conditions of 5.10 hold, so A is an algebra on W.

Problem 5A.8. Suppose p is a measure on a measurable space (X, S). Prove that the following are
equivalent.

(a) The measure pu is o-finite.

(b) There exists an increasing sequence X; C Xy C --- of sets in S such that X = |J;2; X and
wu(Xy) < oo for every k € Z™.

(c) There exists a disjoint sequence X1, X, X3, ... of sets in § such that X = [J;—; X and p(Xy) <
oo for every k € Z™.

Solution. (a) = (b). By 5.18 there are Ej, Es,... € S with X = (J;2; E and p(Ey) < oo. Put
X, =FE1U---UE) € 8. These increase, satisfy (Jp—; Xr = Upe; Ex = X, and by finite subadditivity
(2.58 applied to E,..., F,2,9,...),

(X)) < p(Er) + -+ -+ p(Ey) < oo.

(b) = (C) Put Y7 = X; and Y. = X}, \ Xp_q1fork>2 allin S. If j < k then )/J - Xj C X}_1 while
Y, N X,_1 = @, so the sequence is disjoint. Each z € X lies in Y}, for the smallest m with z € X,,, so
X =Up2; Ye. Finally Y, C X}, gives pu(Yy) < u(Xy) < oo by 2.57(a).

(c) = (a). Such a sequence is in particular a sequence in § with union X and with every term of finite
measure, which is the definition 5.18 of o-finite.

Problem 5A.9. Suppose p and v are o-finite measures. Prove that p x v is a o-finite measure.

Solution. The sets A; x By, form a countable cover of X x Y by sets of finite ;# X v measure.

Say p is a measure on (X,S) and v on (Y, 7T); since both are o-finite, u X v is defined on S ® T by
5.25 and is a measure by 5.27. Choose 4; € § with X = [J;Z; 4; and pu(A;) < oo, and By, € T with
Y = Up; Br and v(By) < co. Each A x By, is a measurable rectangle (5.2), the index set ZT x ZT
is countable,

X xvY =] J x By,

j=1k=1

and by 5.26,
(1 % V)(A; % By) = ju(A;) v(By) < .

Thus p x v is o-finite by 5.18.

94



Problem 5A.10. Suppose (X,S,p) and (Y, 7T, v) are o-finite measure spaces. Prove that if w is a
measure on S ® 7 such that w(A x B) = u(A)v(B) for all A € S and all B € T, then w = pu X v.
[The exercise above means that p x v is the unique measure on S ® 7 that behaves as we expect on
measurable rectangles.|

Solution. The two measures agree on the algebra of finite unions of measurable rectangles, and the
Monotone Class Theorem (5.17) propagates this to S ® 7.

By Exercise 5A.8 choose increasing sequences X, € S and Y,, € 7 with X = J, X,,, Y = U, Ya,
w(Xn) < o0, v(Yy,) < oo, and set W,, = X, x Y. Then Wy € Wy C --- and |J, W, = X x Y (for
(z,y) € Xj x Y}, take n = max{j, k}), while the hypothesis on w and 5.26 give

w(Wn) = (X)) v(Yn) = (k x v)(Wy) < o0
(here p x v is defined by 5.25 and is a measure by 5.27, both spaces being o-finite). Fix n and set
M, ={FEeST :wENW,)=(uxv)(ENW,)}.

(i) M,, contains the collection A of finite unions of measurable rectangles, an algebra by 5.13(a). For
AcSand BeT,
(AxB)NnW, =(ANX,) x (BNY,),

so the hypothesis on w and 5.26 give A x B € M,; a general E € A is a disjoint union F4j U---U Ep,
of measurable rectangles by 5.13(b), and finite additivity of both measures then gives E € M,,.

(ii) M,, is a monotone class. For E T E in M,,, apply 2.59 to E, N W,, + EN W, for each measure.
For Ej, | E, we have w(Ey NW,,) < w(W,,) < oo and likewise for ;1 x v by 2.57(a), so 2.60 applies to
both and

w(ENW,) = kli_)rrolow(Ek nNw,) = kli_)rrolo(u X V)(ExyNWy) = (uxv)(ENW,).

By 5.17, M,, contains the smallest o-algebra containing A; that o-algebra is S ® T, since A contains
every measurable rectangle (5.2) and ACS®7T. As M,, CS® T, we get M,, =S ® T. Finally, for
EeS®T we have ENW,, T E, so 2.59 gives

w(E) = lim w(ENW,) = lim (uxv)(ENW,) = (uxv)(E).

n—oo n—oo

Hence w = p x v.

5.2 Exercises 5B

Problem 5B.1. (a) Let A denote Lebesgue measure on [0, 1]. Show that

z2 — 92 _
/01/[01] gy S dA(y) dX(z) =

22 — g T
d)\ d\ = =,
/01/[01] o ) ) =

(b) Explain why (a) violates neither Tonelli’s Theorem nor Fubini’s Theorem.

N

and

Solution. (a) Everything comes from the pair of antiderivatives
a2

() ) o

oy\a?+y?/ Oz \z?+y? (22 +y2)¥

valid wherever (z,y) # (0,0). Write f(x,y) = (22 — y?)/(2? + y?)? off the origin and f(0,0) = 0; note
fly,2) = =f(z,y).
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For z € (0,1] the map y ~ f(z,y) is continuous on [0, 1] (the denominator is at least * > 0), so 3.34
and the Fundamental Theorem of Calculus give

y 101
) d\y) = |—L—| = .
o f(@,y) dA(y) |::L‘2 n yQLO 22
For 2 = 0 we have f(0,-)" =0 and f(0,-)” =y~ 2x(,1], whose integral is at least f[l/kJ] y 2dy=Fk—1
for every k € Z* (3.34), hence is 0o; so by 3.18 the inner integral is 0 — co = —co. Thus the inner
integral is the function g with g(0) = —oc and g(z) = 1/(1 4 x?) for z > 0. Since g~ = 00 - x{o has
integral oo - A({0}) = 0, and g* differs from the continuous function z ~ 1/(1 + x?) only on the null
set {0}, 3.18 and 3.34 give

dzx T

1
/[071] [o,1}f(x’y) dA(y) dA(z) :/0 T2 4

Interchanging the two variables (which by f(y,z) = —f(z,y) changes the sign) gives
T
(o) AN) dAy) = 7.
[0,1] J[0,1]

(b) Tonelli’s Theorem (5.28) requires a nonnegative integrand, and f takes both signs; its other hy-
pothesis holds, since A on [0, 1] is finite, hence o-finite. Fubini’s Theorem (5.32) requires f € L(A x \),
and this fails. Here f is B ® B-measurable: the coordinate maps are B ® B-measurable because their
level sets are measurable rectangles (2.39), so each

2 _ .2
r =y
Tk (ZU, y) = 1
(3?2 + y2)2 + A
is measurable by 2.46, and f;, — f pointwise, so 2.48 applies. Applying 5.28 to |f| and using f(x,y) > 0

for0 <y <u,
y=x 1

Y —
[ el = | ] =

y=0

[z | de Ik
[0,1]2 20 ey @ 2

whence for every k € ZT

o) f[071]2 |fld(A x A\) = 0.

Problem 5B.2. (a) Give an example of a doubly indexed collection {Zy,,, : m,n € Z'} of real

numbers such that
oo oo [o.¢] o
Z men =0 and Z Z Tp,p = OQ.

m=1n=1 n=1m=1

(b) Explain why (a) violates neither Tonelli’s Theorem nor Fubini’s Theorem.

Solution. (a) Take
1 if n =m,
Tmn = —1 if n=2m,

0 otherwise.

Row m has exactly the two nonzero terms x,, ,, = 1 and 2, 2., = —1, distinct because m > 1, so every

row sums to 0 and
x x
> Y =0

m=1n=1
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Column n receives +1 from m = n and, when n is even, —1 from m = n/2 (a distinct index); so the
column sums are 1 for n odd and 0 for n even, and the partial sums of ) > 2, count the odd

integers up to n, giving
oo oo
DD T =0

n=1m=1

(b) Let u = v be counting measure on all subsets of ZT, which is o-finite since ZT = | J7= {1, ..., k},
and let f(m,n) = . Every subset of the countable set Z* x Z* is a countable union of the
measurable rectangles {m} x {n}, so f is § ® T-measurable; integration against counting measure is
summation (3.6, and 3.42 in the real-valued case), so the two sums in (a) are the two iterated integrals
of 5.28 and 5.32 (each inner function has at most two nonzero values, hence lies in £1).

Tonelli’s Theorem (5.28), and likewise its corollary 5.31 on double sums, requires a nonnegative in-
tegrand, and f takes the value —1; the o-finiteness hypothesis does hold. Fubini’s Theorem (5.32)
requires f € L£'(u x v), which fails: applying 5.28 to |f|, whose rows each have two entries of absolute

value 1,
[ Ufldexr) =
AR/

[e.e]

NS

m=1n=1 m=1

Problem 5B.3. Suppose (X,S) is a measurable space and f : X — [0,00] is a function. Let B
denote the o-algebra of Borel subsets of (0,00). Prove that Uy € S ® B if and only if f is an
S-measurable function.

Solution. Both implications come from a rectangle decomposition of Uy = {(x,t) : 0 <t < f(z)} and
from 5.6.
Suppose f is S-measurable. Then

U= |J £ (r00]) x (0,r]:

reQn(0,00)

for D, such a point satisfies 0 < t < r < f(x); for C, density of Q supplies a rational r with t < r < f(x)
(any rational r > t if f(x) = 00), and then r > 0. Each f~!((r, 00]) is in S by 2.51, since (r, oo] is Borel
(2.50), and (0,7] € B, so each term is a measurable rectangle; the union is countable, so Uy € S ® B.
Conversely, suppose Uy € S ® B. By 5.6 each cross section [Uf]* lies in S, and for t € (0,00) the
condition (z,t) € Uy says exactly f(x) > t, so

FH(t00)) ={z € X: f(x) >t} =[Us]' €.
Now let a € R. (i) If @ > 0, then f~1((a,00]) = [Uf]* € S. (ii) If a < 0, then f~!((a,¢]) = X € S, as
f takes values in [0, 00]. (iii) If @ = 0, then f(x) > 0 exactly when f(z) > 1/k for some k, so

f LJ Uf]/k€<5
k=1

Hence f is S-measurable by 2.52.

Problem 5B.4. Suppose (X, S) is a measurable space and f : X — R is a function. Let graph(f) C
X X R denote the graph of f:

graph(f) = {(z, f(z)) 1z € X }.

Let B denote the o-algebra of Borel subsets of R. Prove that graph(f) € S®B if f is an S-measurable
function.
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Solution. graph(f) = (g — h)~*({0}), where g(z,y) = f(z) and h(z,y) = y.
For every Borel set B C R,

g Y B)=fYB)xR and h}B)=X x B,

which are measurable rectangles in S ® B because f~1(B) € S by the measurability of f. So g and h
are S ® B-measurable, hence so is g — h by 2.46(a), and {0} is a Borel subset of R. Thus

graph(f) = {(z,y) : f(x) —y =0} = (g — h) ' ({0}) e S® B.

Method (2): build the graph from rectangles directly,

eraph(7) = () U (5 (1 520) = [ 28).

k=1 jeZ

Indeed if y = f(x), then for each k the integer j with j < kf(xz) < 7+ 1 puts both f(z) and y in

[%, %) conversely a point of the right side has f(z) and y in a common interval of length 1/k for every

k,so |y — f(x)| < 1/k for all k and y = f(x). Each term is a measurable rectangle, and a o-algebra is
closed under countable unions and countable intersections.

5.3 Exercises 5C

Problem 5C.1. Show that a set G C R" is open in R if and only if for each (b1,...,b,) € G, there
exists r > 0 such that

{(a1,...,an) €ER™: /(a3 —b1)2 + -+ (an — bp)2 <1} C G.

Solution. The two conditions are equivalent because ||z]|s < [|z]l2 < v/7 |2 co-

Write ||z]j2 = (22 4 --- + 22)/2 and D(b,r) = {a € R" : |la — b|| < 7} for the set displayed in the
exercise, and recall that G is open means every « € G has an open cube B(z,0) = {y : ||y — 2|00 < 0}
inside G. The first inequality holds because ||z||2, = :L'j2 < ||z||? for an index j attaining the maximum;
the second because ||z||3 < n||z|%. They say exactly that

D(b,8) C B(b,§) and B(b,r/v/n) C D(b,r)

for all b € R™ and 6,7 > 0. So if G is open and b € G, then choosing § > 0 with B(b,d) C G gives
D(b,§) C G; and conversely, if D(b,r) C G, then B(b,r/y/n) C G, so G is open.

Problem 5C.2. Show that there exists a set £ C R? (thinking of R? as equal to R x R) such that
the cross sections [E], and [E]® are open subsets of R for every a € R, but E ¢ Bs.

Solution. Take E = E4 = R?\ I'4 for a suitable A C (0,00), where I'4 is the graph of

) iffz[ € A,
Jalw) = {x if |2| ¢ A;

there are 2¢ such sets but only ¢ Borel sets, so some E4 is not Borel. (Here ¢ = 2%0.)

(i) Every Ey4 has all cross sections open, and A — Ej is injective. Since |fa(z)| = |z|, we get
fa(fa(x)) = =z, so fa is a bijection of R equal to its own inverse; hence (a,y) € I'4 exactly when
y = fa(a), and (x,a) € I'4 exactly when x = fa(a), giving

[Eala = [Ea]" =R\ {fa(a)},

an open subset of R. Injectivity holds because f4(t) = —t for t € A and fa(t) =t for t ¢ A, with
—t # ¢t when t > 0, so
A={t>0:(t,—t) €R?\ Ex}.

98



(i) |Ba| < ¢. By the proof of 5.38(a), every open subset of R? is the union of a subcollection of the
countable collection of open cubes with rational center and rational side length, so the collection g
of open sets satisfies || < 2% — ¢ For 0 < a < wy (the first uncountable ordinal) let ¥, be the
collection of countable unions J, Fj in which each Fj or its complement lies in J f<a >3, and put
Y =U, <w;, Ya- Taking all Fj equal shows Y5 C X, for 8 < o; X is closed under complementation,
and under countable unions because a countable set of countable ordinals has countable supremum.
So ¥ is a o-algebra containing the open sets, whence By C ¥. By transfinite induction |X,| < ¢ for
every a < wi: the sets available at stage o number at most Ng - ¢ = ¢, and each element of X, is the
union of a sequence of them, so

1Sa] < o= (ZNO)NO =% —

Hence |By| < [X] < Ny -¢=¢, using N; <.
By Cantor’s Theorem 2° > ¢ > [Ba|, so by (i) the sets E4 cannot all be Borel; choose A with E =
Ea ¢ Bs.

Problem 5C.3. Suppose (X,S), (Y,7T), and (Z,U) are measurable spaces. We can define S® T @U
to be the smallest o-algebra on X X Y x Z that contains

{AxBxC:AeS, BeT, Celu}.

Prove that if we make the obvious identifications of the products (X xY) x Z and X x (Y x Z) with
X XY x Z, then
SRTAU=(SRIT)RU=S (T U).

Solution. Both equalities follow from the fact that the generators of each side lie in the other, the
reverse inclusion being proved by freezing one factor.

Identify ((x,y),2) and (z, (y, 2)) with (z,y, z), so that (A x B) x C, Ax (B x (), and A x B x C are
the same set, and write P =S ® T Q U.

PC(S@T)U: for AcS,BeT,Cel,theset AxBliesinS®7T,s0 AxBxC=(AxB)xC
is a measurable rectangle in (S ® T) @ U; thus that o-algebra contains all generators of P, which is the
smallest one that does.

For the reverse inclusion, fix C € U and set

E={DCXxY:DxCeP}

Then X xY € £ (as X xY x C is a generator of P); £ is closed under countable unions because
(U Di) x C =U,(Dy, x C); and £ is closed under complementation because

(XxY)\D)xC=((XxYx2)\(DxC))N(XxY xC),

both sides consisting of the points (x,y, z) with z € C and (z,y) ¢ D. So £ is a o-algebra on X x Y
containing every measurable rectangle A x B, whence S® T C &; thatis, DxC e Pforall D e S® T
and C € U. These sets generate (SR T)Q@U,s0 (SR T)U CP.

The proof of P = S ® (T @ U) is symmetric: fix A € Sandlet F={F CY xZ: Ax F € P},
which is a o-algebra by the same three verifications (for complementation use A x (Y x Z)\ F) =
(X XY XZ)\(AX F))N(AXxY x Z)) and contains every B x C'; hence T @ U C F, so the generators
Ax Fof S® (T ®U) all lie in P.

Problem 5C.4. Show that Lebesgue measure on R" is translation invariant. More precisely, show
that if £ € B, and a € R", then a + E € B, and \,(a + E) = A\, (E), where

a+E={a+z:z€FE}
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Solution. Fix a € R™.

(i) a + E € B, for every E € B,,. The collection {E € B, : a + E € B,} contains every open set,
because a+ B(x,0) = B(a+x, ), and it is closed under complementation and countable unions because
x +— a+ z is a bijection of R™:

a+ (R"\ E)=R"\ (a + E), a—i—GEk:G(a—i—Ek).
k=1 k=1

So it is a o-algebra containing the open sets, hence equals B,,.

(ii) Translation invariance of A, forces translation invariance of the integral: if it holds in dimension
m and h : R™ — [0, 0o] is By,-measurable and b € R™, then x +— h(x —b) is B,,-measurable (its inverse
images are b+ h~1(B), measurable by (i)) and

/m h(z = b) dAp(z) = /m hdAm.

For h = xp this is A\, (b+ F) = A\ (F), since xp(z — b) = xpar(x); for nonnegative simple h it follows
by 3.16 and 3.20; for general h take simple sx T h (2.89), note si(- — b) T h(- — b), and apply the
Monotone Convergence Theorem (3.11) twice.

(iii) Induction on n. For m = 1, A1 is the restriction of outer measure to B;, and outer measure is
translation invariant by 2.7. Let n > 1 and assume the result in dimension n—1. View R” = R"~! x R,
so B, = B,_1 ® By by 5.39 and A\, = A\,_1 X A1; each A\ is o-finite, since R* is the union of the
cubes C,, centered at the origin with side m and A\ (C,,) = mF < 0o, so 5.20 and 5.25 apply. Write
a = (da’,a,). Since (x,y) € a + F exactly when (x —d',y — a,) € E,

[a + E]l‘ =an+ [E}xfa’a

so by the case n = 1 we get A\i([a + El],) = g(x — d’), where g(x) = \([E];) is B,—1-measurable by
5.20(a). Hence, by 5.25 and then (ii) with m =n — 1 and b = o/,

M(a+ E) = /Rnl M(la+ Elg) dhp—1(z)

= / g(z —a')d\,_1(x)
Rn—l

= /]Rn—l gd>\n_1 = An(E>

Problem 5C.5. Suppose f : R" — R is B,-measurable and ¢t € R\ {0}. Define f; : R” — R by
fi(z) = f(tz).

(a) Prove that f; is B,,-measurable.
(b) Prove that if [, fd\, is defined, then

1
ftd/\n—/ Fdrn,.
R" [t™ Jre

Solution. (a) f; ' (B) = 1f7Y(B) € B, for every Borel B C R, so f; is B,-measurable by 2.35.

Indeed f(tz) € B exactly when tx € f~(B), that is, when x € %ffl(B); and f~1(B) € B, by the
measurability of f, so the following lemma (applied to the nonzero number 1/t) puts % f~Y(B) in B,.
The same argument applies to [0, oo]-valued measurable functions.

Lemma. If t € R\ {0} and F € B, then tE € B, and A\, (tE) = [t|"\,(E).

For t > 0 this is 5.41, and tE = —(|t|E) for t < 0, so only x — —x needs treatment. The collection
{F € B,, : —F € B,} contains the open sets (—B(x,0) = B(—=z,d)) and is a o-algebra (z — —x is a
bijection), hence equals B,. That \,(—F) = \,(F) goes by induction on n. For n = 1, negating a
cover of F' by open intervals gives a cover of —F by open intervals of the same lengths, so | — F| = |F|.
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For n > 1, view R® = R* ! xR, so B,, = B,_1 ® By (5.39) and A\, = A\,_1 X A1, each )\, being o-finite
(]Rk is a union of cubes of finite measure), so 5.20 and 5.25 apply. The induction hypothesis gives

/ h(—:c)d/\n_l(a:):/ hdAp_1
Rn—1 Rn—1

for B,,_1-measurable h : R"1 — [0, 0], via xp(—) = x_p(), then 3.16 and 3.20 for simple functions,
then 2.89 and 3.11 in general. Since [—F], = —[F]_;, the function g(x) = A1 ([F];) (B,—1-measurable
by 5.20(a)) satisfies A\ ([—F.) = g(—x), so by 5.25

Mn(—F) = /Rn—l g(—x)dA\p_1(z) = /Rn—l gdhn—1 = M\ (F).

Finally, for ¢t < 0, A\, (tE) = M\ (|t|E) = [t|" A\ (E) by 5.41.
(b) Write h¢(z) = h(tz). For E € B, we have (xg): = X(1/1)E, S0 the Lemma gives

1
/ (XE)t dX\, = /\n(%E) = ‘t‘"/ XE dAp.

This extends to nonnegative simple functions by 3.16 and 3.20, and then to every B,-measurable
h : R™ — [0,00] by taking simple s T h (2.89), so that (sg): T h¢, and applying 3.11 twice. Since
(ft)ﬂE = (fi)t,

/ G dhe = — [ f=an.
R’Vl

" Jee
Because 0 < [t|™" < oo and fRn fdA, is defined, at least one of these is finite, so fRn frdXy, is defined
(3.18) and subtracting gives

1
Rn t[™ Jrn

Problem 5C.6. Suppose A denotes Lebesgue measure on (R, £), where L is the o-algebra of Lebesgue
measurable subsets of R. Show that there exist subsets E and F of R? such that

o FelL®Land (Ax\)(F)=0;

[The measure space (R, £, \) has the property that every subset of a measurable set with measure
0 is measurable. This exercise asks you to show that the measure space (R?, £ ® £, A x \) does not
have this property.]

Solution. Take F = {0} x R and F = {0} x V, where V' C R is not Lebesgue measurable.
Such a V exists: 2.18 gives disjoint A, B C R with |AUB| # |A|+|B|, while outer measure is a measure
on (R, £) by 2.72(b) and so is additive on disjoint sets in £; hence A and B are not both in £. Also
A is o-finite, since R = |J;2;(—k, k) with A((—k,k)) = 2k < 00, so XA x A is defined by 5.25 and is a
measure by 5.27.
Clearly E C F. Since {0} and R lie in £, the set F' is a measurable rectangle, so F' € L ® £ and, by
5.26,

AXAN)(F)=AX{0HAR)=0-00=0.

But E ¢ L ® L: otherwise 5.6 would give [E]p =V € L, contradicting the choice of V.

Problem 5C.7. Suppose m € Z™. Verify that the collection of sets &,, that appears in the proof of
5.41 is a monotone class.

Solution. &, is closed under countable increasing unions and countable decreasing intersections, which
by 5.15 is what must be checked.
In the proof of 5.41, t > 0 is fixed, (), is the open cube in R" centered at the origin with side length
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m, and

Em ={E € By : E C Cp and A\, (tE) = "\ (E)},

the condition making sense because tF € B, (first paragraph of that proof). Since x — tx is a bijection
of R™, it carries unions to unions and intersections to intersections and preserves inclusions.
(i) Increasing unions. Let Ey T E with Ey € &,. Then E € B,, E C Cy,, and tEy; 1 tE, so two
applications of 2.59 give
M(tE) = lim A\, (tEx) =t" lim A\, (Eg) = t" A\ (E).
k—o00 k—o00

(ii) Decreasing intersections. Let Ej | E with E € &,,. Then E € B,,, E C Cy,, and tE} | tE. The
finiteness needed for 2.60 holds for both sequences, since by 2.57(a)

M(BD) € Aa(Cr) =m™ < 00, A(tE1) < M(tCm) = (tm)" < 00

(here A\, (C),) = m™ by induction on n from A\, = A,,—1 X A; and 5.26, the case n = 1 being the length
of an interval; and tC), is the cube of side tm). So 2.60 gives the same chain of equalities as in (i).
In both cases E € &,,, so &, is a monotone class.

Problem 5C.8. Show that the open unit ball in R™ is an open subset of R™.

Solution. Given z in the open unit ball B, the open cube B(z,0) with 6 = (1 — ||z|[2)/v/n > 0 is
contained in B, where ||yl = (y12 4 - + yn2) /2.
Indeed [|y|l2 < /7 ||y|loc, because |y;| < ||y|loo for each j; so ||y — z|lec < I gives

ly = zll2 < Vnlly = 2lle <vnd =1~ |z

The triangle inequality for || - ||2, which follows from the Cauchy—Schwarz inequality since

n
lu+wlla? = llulle® +2 ) ujv; + [oll2® < (lull2 + [[v]l2)?,
j=1

then gives |lyll2 < [|z|l2 + [y — z[|2 < 1, so y € B,,. Hence B,, is open.

Problem 5C.9. Suppose (G is a nonempty subset of R™ and G5 is a nonempty subset of R™. Prove
that G1 x G2 is an open subset of R™ x R™ if and only if Gy is an open subset of R™ and G5 is an
open subset of R™.

[One direction of this result was already proved (see 5.36); both directions are stated here to make
the result look prettier and to be comparable to the next exercise, where neither direction has been
proved.|

Solution. If G1 and G2 are open, then G; x Gg is open by 5.36 (nonemptiness is not needed here).
Conversely, suppose G1 x G is open in R™*" and recall B(x,d) x B(y,d) = B((x,y),d), which holds
because ||(u, v)]|co = max{||t|loc, ||V]lcc}. Fix yo € Ga, possible since Gy # @. Given x € G, openness
supplies 6 > 0 with B((x,yp),0) C G1 x Gg; then for every u € B(x,4),

(u,y0) € B(x,9) x B(yo,9) = B((:c,yo),é) C G1 x Go,

so u € G1. Thus B(z,d) C G7 and Gy is open. The argument for G is symmetric, using a fixed
o € (G1.

Problem 5C.10. Suppose F} is a nonempty subset of R™ and F5 is a nonempty subset of R™. Prove
that F; x F5 is a closed subset of R™ x R” if and only if F} is a closed subset of R™ and F3 is a
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closed subset of R™.

Solution. If I and F5 are closed, then
R™\ (Fy x ) = [(Rm \ F1) x ]R"} U [Rm x (R™\ Fg)],

since (x,y) ¢ Fy x Fy exactly when x ¢ Fj or y ¢ F»; each bracket is open by 5.36, so the complement
of F1 x Fy is open and Fy x Fy is closed. (Nonemptiness is not needed here.)

Conversely, suppose F} x Fj is closed, and fix yg € Fy, possible since Fy # @. Given z € R™ \ F}, we
have (z,yp) ¢ F} x Fs, so openness of the complement supplies 6 > 0 with

B(($,y0),(5) N (Fl X FQ) = .

For u € B(x,0d), the identity B(z,0) x B(yo,d) = B((z,y0),9) puts (u,yo) outside Fy x Fy, and yo € F»
then forces u ¢ Fy. Hence B(z,0) C R™ \ Fj, so that complement is open and Fj is closed. The
argument for F» is symmetric, using a fixed xg € F}.

Problem 5C.11. Suppose E is a subset of R” x R™ and
A={zeR": (z,y) € E for some y € R"}.

(a) Prove that if E is an open subset of R™ x R™, then A is an open subset of R™.
(b) Prove or give a counterexample: If E is a closed subset of R™ x R™, then A is a closed subset of
R™.

Solution. (a) Yes. (b) False: for m = n = 1 the hyperbola E = {(z,y) € R? : zy = 1} is closed while
A =R\ {0} is not.

Throughout we identify R™ x R"™ with R™*" and use B(z,d) x B(y,d) = B((x,y), ).

(a) Let € A, so (z,y) € E for some y. Openness of E supplies § > 0 with

B((x,y),é) = B(:U,(S) X B(y,é) CE,

so every u € B(xz,d) has (u,y) € FE and hence lies in A. Thus B(z,d) C A, and A is open.
(b) The hyperbola is closed: if zgyg # 1, put € = |zoyo — 1| > 0 and choose 6 > 0 with § < 1 and
d(lzo| + [yol + 1) < &; then [[(z,y) — (z0,y0)llec < 0 gives |y <[yo| + 1 and

lzy — xoyo| < |yl | — ol + |20l [y — yo| < d(|zol + [yo| +1) <&,

so zy # 1. Every © # 0 has (z,1/x) € E, while 0-y =0 # 1, so A = R\ {0}, whose complement {0}
is not open.
For general m and n, take

_E’:{(xjy);mlylzl7 Ty ="+ =Ty =0, y2:...:yn:0}7

a finite intersection of closed sets: {(x,y) : x1y1 = 1} is closed by the estimate above (since ||(z,y) —
(2%, y%) || < & controls |z1 — 21°] and |y1 — 11°|), and each {(z,y) : z; = 0} is closed because a point
with z; # 0 has B((z,y),|z;|) in the complement, similarly for y. Then

A={z eR™:21#0, zg=--- =z, =0},

which is not closed: the origin is in R™ \ A, yet every B(0, ) contains (§/2,0,...,0) € A.

Problem 5C.12. (a) Prove that lim,,_,oo A\ (By) = 0.
(b) Find the value of n that maximizes A\, (By,).
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Solution. (a) The limit is 0; (b) the maximum is at n = 5, where A\5(Bj) = 872/15.
Both parts run on the recursion established in the proof of 5.44, valid for every integer n > 2, together
with the values 5.44 supplies:

2
)\n(Bn) = % >\n72(Bn72)a

47
M(B1) =2, Xo(B2)=m, M3(B3)= 3
2 872 3
By) =1 Bs) = 1 Bg) = .
M(Ba) = . As(Bs) 5 el 6) 5
(a) Put r =27/7,50 0 < r < 1 because m < 3.5. If n > 5 then n+2> 7, so
Nsa(Brsa) = —2— Aa(Bn) < 7 An(Bn)
n+2 n+2—n+2 n\DPn) > T An(Dn).

Iterating from n = 5 and from n = 6, and setting M = max{\5(Bs5), A\¢(Bs)}, we get for all n > 5
0 < An(Bp) < Mr®=0/2)

since n =54 2j or n =6+ 2j with j = [(n —5)/2] > (n —6)/2. As 0 < r < 1, the squeeze theorem
gives limy,_y00 Ap(By) = 0.

(b) For n > 5 we have n +2 > 7 > 27, so the recursion and A, (B,) > 0 give \y12(Bpi2) < An(Bn);
each parity chain therefore decreases strictly from its start at n = 5 and n = 6, and the supremum is
the largest of the first six values. Using 3 < m < 3.2, and abbreviating A\; = \;(B;):

>\2 s )\3 4 )\4 3 9
Z_>>1, Z="s1 =05 05)
Al 2 Ao 3 A3 8 8

As 16 A5 48 16 .

M | N | 5 16.
y 5 > 1, e 5r ~ Bn > 1 since b <

Thus \5(Bs) = 872/15 is the unique maximum.

Problem 5C.13. For readers familiar with the gamma function I': Prove that

7.‘.11/2

An(Br) = m

for every positive integer n.

Solution. Induct in steps of 2, using the recursion A\, (B,,) = %’r)\n_g(Bn_Q) for n > 2 from the proof of
5.44 and the gamma identities I'(z 4+ 1) = 2'(z), ['(1) = 1, ['(3) = /7.
The two base cases, n = 1 and n = 2, start the two parity chains that together reach every positive
integer:
1/2
P VE Ly ey Tt
rE) ivr I'(2)

1 =T = AQ(BQ)
For n > 2, the recursion, the induction hypothesis for n — 2, and I'(§ + 1) = 5I'(5) give

ot 7.‘_(n—2)/2 27Tn/2 7.‘_'n,/Q

M) = TRy Tt Tt )

completing the induction.
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Problem 5C.14. Define f : R? = R by

zy(e® —y®) .
) = T2t if (z,y) # (0,0),

0 if (z,y) = (0,0).

(a) Prove that Di(Daf) and Do(Dy f) exist everywhere on R2.
(b) Show that (D1 (Dgf))(o, 0) =£ (Dz(le))(O, 0)
(c) Explain why (b) does not violate 5.48.

Solution. (a) On the open set G = R?\ {(0,0)} the formula f(z,y) = (x3y — 2y3)/(2? + ¢y?) is a
quotient of polynomials with nonvanishing denominator, hence infinitely differentiable there; so both
mixed partials exist at every point of GG, and the quotient rule gives

m4y + 4az2y3 — y5 (Daf)(z,y) b — 4x3y2 — xy4
’ 2 €,Y) =
(22 + 2)2 (22 + 12)2

(le)(x7y) =

on G. (Check!) Since f(t,0) = f(0,¢) = 0 for all ¢, the difference quotients at the origin give
(D1£)(0,0) = (D2£)(0,0) = 0, so D1 f and Dsf exist on all of R, and the displayed formulas evaluated
on the axes yield

(Dif)(0,y) =—y (yeR),  (D2f)(2,0)=z (zeR),
the value 0 at the origin being consistent with both. Hence the two mixed partials also exist at the

origin:

(Daf)(t,0) =0 ot
(D1(D2))(0,0) = lim =222 = = lim — = 1,
(Da2(D11))(0,0) = 1§5W = }E’%_Tt =

(b) Those two limits are 1 and —1, so the mixed partials differ at the origin.

(c) Result 5.48 requires the four functions Dif, Daf, Di(Daf), D2(D1f) to be continuous on the
open set, not merely to exist there. All four are continuous on G, where f is smooth, so 5.48 does
apply on G and gives D1(Dsf) = Do(D1f) there; if both mixed partials were also continuous at (0, 0),
letting (x,y) — (0,0) within G in that identity would force equality of the two values at the origin,
contradicting (b). So the continuity hypothesis of 5.48 fails on every open set containing (0, 0).
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6.1 Exercises 6A

Problem 6A.1. Verify that each of the claimed metrics in Example 6.2 is indeed a metric.

Solution. In each of the five examples the first three conditions of 6.1 follow at once from the corre-
sponding property of | - |, coordinatewise or termwise. (Check!) What remains is finiteness of d and
the triangle inequality.

(i) Discrete metric on a nonempty set V. The values lie in {0,1}. If f = h then d(f,h) = 0 <
d(f,g) +d(g,h); if f # h then g differs from at least one of f,h, so d(f,g) +d(g,h) > 1=d(f,h).

(ii) R with d(z,y) = |x — y|.

dz,z) =|(x —y) + (y — 2)| < |z —y| + |y — 2| = d(x,y) +d(y, 2).
111 w1 e maxr metric. 1n1te, as a maximum oI n nonnegatlve reals. or eac j,
i) R™ with th tric. Fini i f i Is. F h j
"Tj - Zj‘ < ’xj _yj’ + |yj - Zj| < d(xvy) +d(yvz)7

and the right side is independent of j, so the maximum of the left side over j obeys the same bound.
(iv) C([0,1]) with the sup metric. Finite because |f — g| is continuous on the closed bounded interval
[0, 1], hence bounded. For each ¢ € [0, 1],

[f (@) = h(@O)] < [f(t) = g()| + |g(t) — h(t)] < d(f,9) + d(g, ),

so d(f,g) + d(g,h) is an upper bound for the set whose supremum is d(f, h).
(v) £*. Finite because |ay — bg| < |ax| + [bg| termwise gives d(a,b) < >, |ak| + >, [bk| < co. For every
nezr,

D lak — ekl <D lak — bl + > |bx — il < d(a,b) + d(b, ),
k=1 k=1 k=1

the last step because a nonnegative series dominates its partial sums; let n — oo to get d(a,c) <
d(a,b) + d(b,c).

Problem 6A.2. Prove that every finite subset of a metric space is closed.

Solution. For E'= {f1,..., fn} finite in a metric space (V,d) and g € V' \ E, the witness is

r = min{d(g, f1),...,d(g, fn)},

which is positive because g # f; forces d(g, f;) > 0 for each j (second bullet of 6.1, contrapositive, with
d > 0) and the minimum is over finitely many terms. If some h € B(g,r) lay in E, say h = f;, then
d(g, fj) = d(g,h) < r <d(g, fj), a contradiction; hence B(g,r) C V' \ E. So V' \ E is open by 6.4 (for
E = () take r = 1), and F is closed by 6.6.

Problem 6A.3. Prove that every closed ball in a metric space is closed.

Solution. For h outside the closed ball B(f,r) = {g : d(f,g) < r} of 6.3, the witness is s = d(f,h) —r >
0. If g € B(h, s), then the triangle inequality and the symmetry of d (6.1) give

d(fag) Zd(f7h)_d(gah) >d(f,h)—s:r,

so g ¢ B(f,r). Thus B(h,s) C V \ B(f,r), the complement is open by 6.4, and B(f,r) is closed by
6.6.
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Problem 6A.4. Suppose V is a metric space.
(a) Prove that the union of each collection of open subsets of V' is an open subset of V.
(b) Prove that the intersection of each finite collection of open subsets of V' is an open subset of V.

Solution. Both parts produce the ball required by 6.4 at an arbitrary point of the set.
(a) Let G = (J e A with each A € A open, and let f € G. Choose A € A with f € A; openness of A

gives r > 0 with
B(f,r)CACG.

Hence G is open.

(b) Let G = Gy N ---N G, with each G; open, and let f € G. Openness of G; gives r; > 0 with
B(f,rj) € Gj, and r = min{ry,...,r,} > 0 because the collection is finite. If g € B(f,r) and
je{l,...,n}, then d(f,g) <r <rj, so

B(f,r) C B(f,rj) CG; for every j,

whence B(f,r) C G and G is open.

Problem 6A.5. Suppose V is a metric space.
(a) Prove that the intersection of each collection of closed subsets of V' is a closed subset of V.
(b) Prove that the union of each finite collection of closed subsets of V' is a closed subset of V.

Solution. Both parts are Exercise 6A.4 read through complements, using 6.6 (a set is closed exactly
when its complement is open) and De Morgan’s laws.
(a) For F a collection of closed subsets of V and F' = (4.7 4,

VAF=[]J(V\4),

AeF

a union of open sets, hence open by 6A.4(a). So F is closed.
(b) For closed Fi,...,F, and F = FyU---UF,,

n

VAF=[(V\E),

j=1

an intersection of finitely many open sets, hence open by 6A.4(b). So F is closed.

Problem 6A.6. (a) Prove that if V is a metric space, f € V, and r > 0, then B(f,r) C B(f,7).
(b) Give an example of a metric space V, f € V, and r > 0 such that B(f,r) # B(f,r).

Solution. (a) The closed ball B(f,r) is a closed set containing B(f,r) (closed by 6A.3, containing it
because d(f,g) < r implies d(f,g) < r), and by 6.9(b) the closure B(f,r) is the intersection of all such
sets; hence B(f,7) C B(f,7).

Method (2): 1f g € B(f,r) and € > 0, pick h € B(g,e) N B(f,r) (6.7); then the triangle inequality and
symmetry (6.1) give

d(f.g) <d(f,h) +d(h,g) <r+e.

Letting € | 0 gives d(f,g) <.
(b) Take V' = {0, 1} with the discrete metric of 6.2, f = 0, r = 1. Then d(0,1) =1 is not less than 1

but is at most 1, so
B(0,1) = {0}, B(0,1) = {0,1}.

The finite set {0} is closed by 6A.2, hence equals its own closure by 6.9(d), so B(0,1) = {0} # B(0,1).
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Problem 6A.7. Show that each sequence in a metric space has at most one limit.

Solution. Two limits of the same sequence are at distance 0, hence equal. Suppose fr, — f and fr — ¢
in a metric space (V,d), and let € > 0. By 6.8 both d(fx, f) — 0 and d(fx,g) — 0, so some single index
n (the larger of the two the definitions supply) satisfies d(f,, f) < £/2 and d(fn, g) < €/2; the triangle
inequality with the symmetry of d (6.1) then gives

d(f,g9) < d(f, fn) +d(fn.9) <5+ 5=¢

Thus 0 < d(f,g) < € for every € > 0, forcing d(f,g) = 0 and hence f = g by the second bullet of 6.1.

Problem 6A.8. Prove 6.9.

[6.9 states: Suppose V is a metric space and E C V. Then

(a) E = {g € V : there exist fi, f2,... in E such that limy_,o fr = g};

(b) E is the intersection of all closed subsets of V that contain E;

(c) E is a closed subset of V;

(d) E is closed if and only if E = E;

(e) E is closed if and only if E' contains the limit of every convergent sequence of elements of E.|

Solution. Throughout, E = {g € V : B(g,e) N E # () for every € > 0} is the closure as defined in 6.7,
and E C E because f € B(f,e) N E for every f € E and € > 0. The parts are proved in the order (a),
(©), (b), (d), (e).

(a) If g € E, choose fr € B(g,1/k) N E for each k € Z"; then d(fx,g9) < 1/k — 0, so fr — g by
6.8. Conversely, if fi, fa,... lie in E with fi — g, then each ¢ > 0 admits a k& with d(fx,g) < €, so
fr€B(g,e)NEand g € E.

(c) Suppose g € V' \ E, and take € > 0 with B(g,e) N E = . For h € B(g,¢) put 6 =& —d(g,h) > 0;
the triangle inequality gives

d(g,u) <d(g,h) +d(h,u) <d(g,h) +d=c¢ (u € B(h,9)),

so B(h,d8) C B(g,¢) misses E and h ¢ E. Hence B(g,e) CV \ E, so V \ E is open and FE is closed by
6.6.

(b) First, (*): every closed F D E contains E. Indeed, for g € V' \ F the openness of V' \ F gives ¢ > 0
with B(g,e) CV\F CV \ E,so g ¢ E. Thus E is contained in the intersection C' of all closed sets
containing E; and FE is itself one of those sets, by (c) and E C E, so C C E. Hence C = E.

(d) If E = E, then E is closed by (c). If E is closed, then (x) with F = F gives E C E C E.

(e) If E is closed and f1, fo,... € E converge to g, then g € E = E by (a) and (d). Conversely, if E
contains every such limit, then (a) gives E C F, so E = E and E is closed by (d).

Problem 6A.9. Prove that each open subset of a metric space V is the union of some sequence of
closed subsets of V.

Solution. For G open in V, take the sets of points at distance at least 1/k from the complement:

Fo=V\ |J B(h3)={feV:d(fh)>qforallheV\G}
heV\G

for k € ZT (so Fy =V when G =V, the union being empty).

Each Fy, is closed, since each B(h,1/k) is open by 6.5, their union is open by 6A.4(a), and 6.6 applies.
Each Fy C G, since f ¢ G gives f € B(f,1/k) and hence f ¢ Fj. Conversely, if f € G, choose
r > 0 with B(f,7) € G and then k with 1/k < r: were f € B(h,1/k) for some h € V' \ G, then
d(f,h) < 1/k <r would put h € B(f,r) C G, a contradiction, so f € Fy. Hence G = ;- ; Fi.
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Problem 6A.10. Prove or give a counterexample: If V is a metric space and U, W are subsets of
V,thenUUW =UUW.

Solution. The statement is true.

Closure is order preserving: if By C Ey and g € Ej, then ) # B(g,¢) N E1 C B(g,e) N Ey for every
e>0,50 g€ Ey by 6.7. Applying thisto U CUUW and W CUUW gives UUW CUUW.

For the reverse inclusion, suppose g ¢ UUW and pick €1, 2 > 0 with B(g,1)NU = () and B(g, e2)NW =
(. With e = min{ey, e} > 0,

B(g,e)N(UUW) = (B(g,e) NU) U (B(g,e) N W) =0,

so g UUW. Hence UUW C U UW, and the two inclusions give equality.
Method (2) for the reverse inclusion: U U W is closed, being a union of two closed sets (6.9(c) and
6A.5(b)), and it contains U U W; now apply 6.9(b).

Problem 6A.11. Prove or give a counterexample: If V is a metric space and U, W are subsets of
V,then UNW =UNW.

Solution. False: in V' =R with d(z,y) = |x — y|, take
U=(0,1), W=(1,2).

Here UNW = (), and §) = 0 because no ball meets §) (6.7), so U NW = ). But 1 € UNW: given € > 0,
the points

t:max{%,l—%}eU, s:min{%,l—l—%}ew
both lie in B(1,¢), since |1 —t| < e/2 < e and |s — 1] < /2 < &. (Check!) Hence 1 € U NW while
1¢TNW.

Problem 6A.12. Suppose (U,dy), (V,dy), and (W,dy ) are metric spaces. Suppose also that
T:U—Vand S:V — W are continuous functions.

(a) Using the definition of continuity, show that SoT : U — W is continuous.

(b) Using the equivalence of 6.11(a) and 6.11(b), show that SoT : U — W is continuous.

(c) Using the equivalence of 6.11(a) and 6.11(c), show that SoT : U — W is continuous.

Solution. (a) Fix f € U and € > 0. Continuity of S at T'(f) supplies v > 0 with dw (S(T(f)),S(v)) < &
whenever dy (T'(f),v) < -, and continuity of T" at f then supplies (with ~ as the tolerance) § > 0 with
dyv(T(f),T(g)) < v whenever di(f,g) < 9. Taking v =T(g), we get for all g € U with dy(f,g) <o

dw (S o T)(f), (S0 T)(9)) = dw (S(T (1)), S(T(9))) <e,

so S o T is continuous at f by 6.10, and f was arbitrary.
(b) If fr — fin U, then 6.11(a) = (b) applied to the continuous T gives T'(fx) — T'(f) in V, and the
same implication applied to the continuous S with the convergent sequence T'(f1),T(f2),... gives

(SoT)(fi) = lim S(T(fi) = S(T()) = (SoT)(f).

lim
k—o00
So S o T satisfies 6.11(b), hence is continuous by 6.11(b) = (a).
(¢) For every G C W we have (S oT)"YG) = T~1(S7Q)), since S(T(f)) € G exactly when T(f) €
S~YG). If G is open, then 6.11(a) = (c) applied to S makes S~1(G) open in V, and the same
implication applied to 1" with that open set makes

(SoT) MG =T7"(S7HQ))

open in U. So S o T satisfies 6.11(c), hence is continuous by 6.11(c) = (a).
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Problem 6A.13. Prove the parts of 6.11 that were not proved in the text.

[6.11 states: Suppose V and W are metric spaces and T : V' — W is a function. Then the following
are equivalent.

(a) T is continuous.

(b) limg—yo0 fx = f in V implies limg oo T(fx) = T(f) in W.

(c) T~(G) is an open subset of V for every open set G C W.

(d) T7Y(F) is a closed subset of V for every closed set F' C W.

The text proves that (b) implies (d), and that (c) and (d) are equivalent.]

Solution. Since the text gives (b) = (d) and (c) < (d), only (a) = (b) and (¢) = (a) are missing;
with them the cycle (a) = (b) = (d) = (¢) = (a) makes all four equivalent. Write dy, dy for the two
metrics.

(a) = (b). Suppose T is continuous, fr — f in V, and € > 0. Continuity at f gives § > 0 with
dw(T(f),T(g)) < & whenever dy(f,g) < ¢ (6.10), and dy(fx,f) — 0 (6.8) gives n € ZT with
dy (fx, f) < ¢ for all k > n. Hence

dw (T(fx), T(f)) <e forall k> n,

SO dW(T(fk)vT(f)) — 0, that is, T(fk’) - T(f)
(¢c) = (a). Let f € V and € > 0. The ball B(T'(f),¢) is open in W by 6.5, so

G=T"YB(T(f).e))

is open in V by (c), and f € G. By 6.4 there is 6 > 0 with B(f,d) C G; then dy(f,g) < ¢ forces
T(g) € B(T(f),e), that is, dw(T(f),T(g9)) < e. So T is continuous at each f € V.

Problem 6A.14. Suppose a Cauchy sequence in a metric space has a convergent subsequence. Prove
that the Cauchy sequence converges.

Solution. The Cauchy sequence converges to the limit f of its subsequence fy,, fx,,..., where k1 <
ko < --+; note k,, > m for every m (induction: k1 > 1, and k41 > ki, > m forces k1 > m+1).
Let £ > 0. Being Cauchy (6.12) gives n € Z1 with d(f,, f) < &/2 for all p,¢ > n, and d(f,,,f) — 0
(6.8) gives M with d(f,,, f) <e/2 for all m > M. Fix an integer m > max{M,n} and put j = ky, so
that j > m > n and d(f;, f) < /2. Then for every k > n,

d(f, ) < d(fw, f3) +d(fj, [) < 5+ 5 =¢,

the first term being bounded by the Cauchy estimate since k, j > n. Hence d(fx, f) — 0, which by 6.8
says fr — f.

Problem 6A.15. Verify that all five of the metric spaces in Example 6.2 are complete metric spaces.

Solution. Each space is complete; (ii) is proved from the least-upper-bound property of R and then
drives (iii), (iv), (v).

(i) Discrete metric. Taking e = 1 in 6.12 gives n with d(f;, fr) < 1, hence d(fj, fr) = 0 and f; = fi,
for all j,k > n. The sequence is eventually constant, so fp — f, € V.

(ii) R. A Cauchy sequence x1,x2, ... is bounded: € =1 in 6.12 gives n with |zx| < |z, | + 1 for k > n,
so |zk| < M for all k, where M = max{|z1],...,|zn-1|, |zn| + 1}. Hence s, = sup{xy : k > m} exists
for each m, with s; > s9 > --- > —M, so L = infy, s, exists. Given € > 0, take n with |z, — 24| < /2
for p,q > n. Then xy < x, +¢/2 for k > n gives L < s, < x,, + €/2, while s,,, > 2, > x, — /2 for
m > n together with the monotonicity of (s,,) gives L = inf,,>p Sm > zp —€/2;5 50 |2, — L] < e/2 and

lz; — L| < |zj —2p| 4+ |2 —L| < 5§+ 5 =¢ (7 >mn).
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(iii) R™, max metric. Each coordinate sequence is Cauchy, since ];Ufj ) —xl(k)| < d(z9), z*)), so converges
to some y; by (ii). Given £ > 0, let N be the largest of the n thresholds m; beyond which |xl(k) —yi| < e
then for k > N,

(k) o) = (k) _ .
d(=z™,y) 11;1@;2%@1 yi| <e.

(iv) C([0,1]), sup metric. Since |f;(t) — fr(t)] < d(fj, fx), each fi(t), f2(t),... is Cauchy in R; put
f(t) = limy, fx(t), which exists by (ii). Given € > 0, take n with d(f;, fr) < €/3 for j,k > n; letting
Jj— oo in |fj(t) — fu(t)| < /3 gives

f@) =@ <5 (te[0,1], k=n).

Moreover f is continuous: given ¢, continuity of f,, at ¢ gives 6 > 0 with |f,,(t) — fn(s)| < €/3 whenever
|s —t| < 9, and then

[f(@) = f() < NFE) = fa®] 4 [fu(t) = fr()] + | fuls) — f(s)] <e.

So f € C([0,1]), and the previous display gives d(fx, f) <¢e/3 < e for k > n.

(v) £'. Since |a,(€j ) _ a,im)| < d(a¥ al™), each coordinate sequence is Cauchy and converges by (i) to
some by; set b = (b1, by, ...). Given € > 0, take n with d(a'¥), a(™) < £/2 for j,m > n. For m > n and
N € Z*, letting j — oo in the finite sum YN \a,(gj) - a,&m)] < /2 gives N |bp — a,gm)| < ¢/2, and
taking the supremum over N gives

d(a™.b) =3 —a"| <5< (m>n).
k=1

With m = n this puts b — a(™ in ¢!, so b € ¢! because a(™ € ¢*; the display then says a(™ — b in £1.

Problem 6A.16. Suppose (U, d) is a metric space. Let W denote the set of all Cauchy sequences
of elements of U.

(a) For (f1, f2,...) and (g1,92,...) in W, define (f1, f2,...) = (91,92, ...) to mean that
lim d(fkak) = 0.
k—o00

Show that = is an equivalence relation on W.
(b) Let V denote the set of equivalence classes of elements of W under the equivalence relation

above. For (f1, f2,...) € W, let (fl,/fg,\ .) denote the equivalence class of (f1, f2,...). Define
dy : V xV — [0,00) by

—

dy (i far--): (91592, -)) = lim d(fi ge).

Show that this definition of dy makes sense and that dy is a metric on V.
(c) Show that (V,dy ) is a complete metric space.

(d) Show that the map from U to V that takes f € U to ( f,f/,f,\.. .) preserves distances, meaning
that

e

d(f,g)=dv((f, [ fs--)(9,9,9,--))

forall f,geU.
(e) Explain why (d) shows that every metric space is a subset of some complete metric space.

Solution. Completeness of R (6.15, verified in 6A.15) is used throughout.
(a) The three properties hold termwise, from the first, third, and fourth bullets of 6.1: d(fx, fx) = 0;
d(gk, fr) = d(fx, gx); and

0 < d(fr, hi) < d(f, ) + d(g, b)) — 0
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when (fi) = (gx) = (hi).
(b) Everything follows from the quadrilateral inequality, which two applications of the triangle inequal-
ity give for f, f',g,¢' € U:

|d(f,9) = d(f',9)| <d(f, f") +d(g,9").
Existence. Taking f = f;, ' = fx, 9 = gj, ¢ = gx and choosing n beyond which d(f;, fr) < /2
and d(gj, gx) < €/2 (both sequences being Cauchy) shows d( f1,g1),d(f2,g2), ... is Cauchy in R, hence
convergent, with limit in [0, 00).
Representatives. Taking f = fi, f' = fi, g = gr, ¢ = g;, makes the right side tend to 0 when
(fx) = (fi) and (gx) = (g,), so the two limits agree and dy is well defined.
Metric axioms. Write F,G, H for the classes of (fx), (gx), (hx). Then dy(F, F) = limy d(fx, fx) = 0;
dy (F,G) = 0 says precisely (fx) = (gx), that is, F' = G; symmetry is termwise; and since all three
limits exist, letting k — oo in d(f, h) < d(fk, gx) + d(gk, hi) gives

dv(F,H) <dy(F, G) + dv(G,H).

(c) Write ¢(f) = (f,m. ), s0 dy(u(f),e(g)) = d(f,g) by (d). Let FM) F@)  be Cauchy in V, with
representatives (fl(m), fQ(m), ...) € W. For each m pick ky, with d(fj(m), fkm)) < 1/m for all j,k > ky,
and set h,, = f,g:); since d(f,gm), hm) < 1/m for k > ky,,

dy (FU™, 1(hy)) = lim d(f™ hy) <

1
k—o0 m

Then hy, ha, ... is Cauchy in U: by (d) and the triangle inequality in V/,
d(hj, hm) = dy (u(hy), (b)) < § +dy (FO, FU) 4 L,

which is < e for j,m > n once n > ng (where dy (FU), F(™) < £/3 for j,m > ng) and n > 3/e. Put
H = (hi,ho,...). Given ¢ > 0, take ny with d(h,, hy) < /3 for m,k > nq; letting k — oo gives
dy (t(hm), H) < &/3 for m > nq, so for every integer m > ny with m > 3/e,

dy (FU™, H) < dy (F™, (b)) + dy (1), H) < 5+ 5 <e.

Hence F(™) — H, and (V,dy) is complete by 6.14.
(d) The constant sequence (f, f, f,...) is Cauchy, so ¢ is defined on all of U, and the real sequence
with k-th term d(f,g) is constant, so

dv (£, fr ). (9.9.9,--)) = lim d(f.9) = d({.g).

(e) Distance preservation makes ¢ injective (if ¢(f) = ¢(g) then d(f,g) = 0, so f = g by the second
bullet of 6.1), hence a bijection of U onto ¢(U) C V carrying d to the metric ¢(U) inherits from dy .
Identifying each f with ¢(f) exhibits U, with its own metric, as a subset of the complete space V' of

(c)-

6.2 Exercises 6B

Problem 6B.1. Show that if a,b € R with a + b # 0, then

1 a b .
= — 1.
a+bi  a2+b2 a2+ b2

Solution. Set w = ﬁ — ﬁi, which makes sense because a + bi # 0 forces a? 4+ > > 0. The
multiplication rule of 6.17 gives
a?+b>  —ab+ab .

(a+bi)w:a2+b2+ 2 1=1,
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and the multiplicative inverse of a nonzero element of the field C is unique, so 1/(a + bi) = w.
Method (2): By 6.24, 2z = |z|%; taking 2z = a + bi, so |z|? = a® + b* # 0, and dividing by z|z|? gives

1 a—+ b a b

at+bi JatbiP a2+ a2t

Problem 6B.2. Suppose z € C. Prove that

max{|Re z|, | Im z|} < |z| < V2max{|Rez/|,|Im z|}.

Solution. Both inequalities are one squared chain. Write z = a + bi with a,b € R, so |z| = Va? + b% by
6.18, and put M = max{|al,|b|}. Then

M? = max{a®, b’} < a® +b* = |2]> < 2M? = (\@M)2,

the first equality because t +— t2 is increasing on [0,00) and the last inequality because a?,b? < M?2.
All the quantities squared are nonnegative, so taking square roots preserves the order and gives M <
|z < V2 M.

Problem 6B.3. Suppose z € C. Prove that

|Re z| + | Im 2|
V2

< |z| < |Rez| + |Imz|.

Solution. Write z = a + bi with a,b € R, so |2| = Va4 b2 by 6.18. Since 2a|[b] > 0, and since
(la] — [b])? > 0 expands to 2|a| |b| < a® + b2,

2 =+ b” < (Ja| + [b])* = a® + 2|a| [b] + 0 < 2(a® + %) = (V2]2])".

All the quantities squared are nonnegative, so taking square roots gives |z| < |a| + |b| < v/2|z|, which
is the assertion.

Problem 6B.4. Suppose w, z € C. Prove that |wz| = |w| |z| and |w + 2| < |w| + |z].

Solution. Write w = a + bi and z = ¢ + di with a,b,c,d € R. By the multiplication rule 6.17 and the
formula |u + vi|? = u? + v? of 6.18,
lwz|? = (ac — bd)* + (ad + be)?
_ CL2C2 +b2d2 +a2d2 +b2C2
= (a® + %) (¢ + d%) = (|lw]]2])*,
the cross terms F2abed cancelling; both sides are nonnegative, so |wz| = |w| |z|.
For the triangle inequality, 6.24 supplies u@ = |u|?, u + @ = 2Reu, |a| = |u|, and the additivity and
multiplicativity of conjugation, so
lw+ 2|2 = (w+2)(0+ 2) = |wf* + |2]* + wz + wz
= |w|* + |2|*> + 2Re(w?)
< Jwl? + 20wz| + |2* = (jw] + |2])?,

using wz = wz, then Reu < |Rewu| < |u| (6B.2), then |wz| = |w||z| = |w||z| by the first part. Taking
square roots of nonnegative quantities gives |w + z| < |w| + |z|.
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Problem 6B.5. Suppose (X,S) is a measurable space and f: X — C is a complex-valued function.
For conditions (b) and (c) below, identify C with R?. Prove that the following are equivalent.

(a) f is S-measurable.

(b) f~1(G) € S for every open set G in R.

(c) f~1(B) € S for every Borel set B € Bs.

Solution. Write u = Re f and v = Im f, so that f(z) = (u(x),v(z)) under the identification and, by
6.19, condition (a) says exactly that u and v are S-measurable. We prove (a) = (c) = (b) = (a).

(a) = (c). The collection T = {B C R?: f~1(B) € 8} is a o-algebra on R?, since f~1(@) = @ and
inverse images commute with complements and countable unions (2.33). It contains every open cube
C = I x Iz (two bounded open intervals of equal length), because

FTHO) =u ) no (L) e S

the intervals are Borel sets, so the two inverse images lie in § by 2.35, and S is closed under finite
intersections (2.25(b)). Since Bs is the smallest o-algebra containing the open cubes (5.38(b)), B2 C T.
(c) = (b). Every open subset of R? lies in By by 5.37.

(b) = (a). For each a € R the sets (a,00) x R and R x (a,00) are open in R?, and

u_l((a, o)) = f! ((a,00) x R), vl ((a,00)) = f_l(]R x (a,00)),

both in § by (b). Hence u and v are S-measurable by 2.39, and f is S-measurable by 6.19.

Problem 6B.6. Suppose (X,S) is a measurable space and f,g: X — C are S-measurable. Prove
that

(a) f+g, f—g, and fg are S-measurable functions;

(b) if g(x) # 0 for all x € X, then 5 is an S-measurable function.

Solution. Write f = wuy + iv; and g = wug + fvo with real and imaginary parts as named; by 6.19
the hypothesis says ui,v1,u2,ve are S-measurable, and the same result reduces each claim to the
measurability of two real-valued functions. Sums, differences, products, and quotients with nowhere-
vanishing denominators of such functions are S-measurable by 2.46.

(a) The definitions of addition and multiplication in C (6.17) give, pointwise on X,

Re(f £g) = u; £ ug, Im(f +g) =v; £ vy,

Re(fg) = uiua — viva, Im(fg) = uiva + viug,

and every right side is S-measurable by 2.46(a).
(b) Put h = |g|*> = uf + v, which is S-measurable by 2.45 and 2.46(a) and never 0, since h(z) = 0
would force ug(z) = ve(x) = 0 and hence g(x) = 0. By 6.24 we have gg = h, so f/g = fg/h pointwise,
and g = ug —ive (6.23) with the rule 6.17 gives fg = (ujug +v1v2) + (viug — ujve)i. Dividing a complex
number by the nonzero real h divides both parts by h, so

[ uwiug +vivg [ viug —ujvg

Re= = ———5—, Im==——5-,
g u22+v22 g “22+1’22

both S-measurable by 2.46(a) for the numerators and 2.46(b) for the quotients.

Problem 6B.7. Suppose (X, S) is a measurable space and f, fa, ... is a sequence of S-measurable
functions from X to C. Suppose limy_,~ fr(z) exists for each z € X. Define f: X — C by

f(x) = Jim fi(2).
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Prove that f is an S-measurable function.

Solution. Split into real and imaginary parts: each Re f; and Im fj;, is S-measurable by 6.19. Fix z € X
and put z; = fx(x), L = f(z), so |z — L| — 0 by 6.18. Since Re and Im are additive, Exercise 6B.2
gives

‘Rezk - ReL‘ < |z —L| and |Imzk - ImL‘ < |z — LI,

so (Re fr)(z) — (Re f)(z) and (Im f;)(z) — (Im f)(z) for every x € X. Thus Re f and Im f are
everywhere-existing pointwise limits of S-measurable real-valued functions, hence S-measurable by
2.48. Therefore f is S-measurable by 6.19.

Problem 6B.8. Suppose (X,S, i) is a measure space and f : X — C is an S-measurable function
such that [ |f|dp < co. Prove that if a € C, then

/afdu:a/fd,u.

Solution. Both sides equal (al, — bl,) + i(al, + bl,), where f = u + iv and « = a + bi with u = Re f,
v =Im f S-measurable by 6.19, and I, = [udy, I, = [vdp.

Because |u| < |f] and |v| < |f| pointwise, 3.8 gives [ |u|du < oo and [ |v|du < oo, so I, and I, are
real numbers and [ fdp = I, + I, by 6.21. Multiplying out with 6.17,

Re(af) =au—bv and Im(af)=av+ bu,

while |af| = |af|f| (Exercise 6B.4) and 3.20 give [ |af|du = |af [|f]du < oo, so [ af du is defined.
Each of au, bu, av, bu has absolute value with finite integral by 3.20, so additivity 3.21 and homogeneity
3.20 apply termwise:

/ozfdu: /(au—bv)du+i/(av+bu)du
= (al, — bl,) +i(al, + bly),
the first equality by 6.21. Expanding with 6.17,

a/fdu = (a + bi)(I, +il,) = (al, — bL,) + i(al, + bI,).

Problem 6B.9. Suppose V is a vector space. Show that the intersection of every collection of
subspaces of V' is a subspace of V.

Solution. The intersection inherits each of the three conditions of 6.31 memberwise. Let A be a
collection of subspaces of V' and set
uv= (U,

U'cA

so U C V (with the convention that the empty intersection inside V is V itself). Every U’ € A contains
0by 6.31,s00€ U. If f,g € U and a € F, then f,g € U’ for each U’ € A, whence f + ¢ € U’ and
af € U' by 6.31; as U’ was arbitrary, f + g € U and af € U. Hence U is a subspace of V by 6.31.

Problem 6B.10. Suppose V and W are vector spaces. Define V' x W by
VxW={(f,g): feVand g e W}

Define addition and scalar multiplication on V' x W by

(flvgl) + (f2792) = (fl + f27 g1 +92) and Oz(f,g) = (afv ag)
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Prove that V' x W is a vector space with these operations.

Solution. Every axiom of 6.27 holds coordinatewise, inherited from V' and W (vector spaces over the
same F), because two ordered pairs are equal exactly when both pairs of coordinates are.
The operations land in V x W since fi+ fa € V, g1 +g2 € W, af € V, ag € W. A typical axiom

check reads
a((f1,91) + (f2,92)) = (a(fi + f2), (g1 + g2))
= (af1 + afs, agr + ags)
= aff1,91) + a(f2, 92),

the middle equality being distributivity in V' and in W; commutativity, associativity of addition,

(aB)(f,9) = a(B(f,9), 1(f,9) = (f,9), and (a + B)(f.9) = a(f,g) + B(f,g) go identically. (Check!)
The additive identity is (Oy,Ow ), and (f, g) has additive inverse (f’,¢’), where f + f' = 0y in V and

g+¢ =0w in W. Hence V x W is a vector space over F.

6.3 Exercises 6C

Problem 6C.1. Show that the map f +— | f|| from a normed vector space V to F is continuous
(where the norm on F is the usual absolute value).

Solution. The map N(f) = ||f]| is Lipschitz with constant 1, hence continuous. Indeed, the triangle
inequality of 6.33 gives

A< (1 =gl + gl and gl < llg = FII + 1111,

while homogeneity (6.3, with a = —1) gives |lg — /]| = ||/ — g]l; since ||f]| — lgl| is one of |17 - gl
llgll = IIf]l, the two inequalities yield

INCH) =N = [ = llgll| < Il =gl

forall f,g € V. Given f € V and £ > 0, take 0 = ¢ in 6.10 (the metrics being ||f — g|| on V and |s — ¢|
on F, by 6.36): ||g — f|| < forces |[N(g) — N(f)| <e.

Problem 6C.2. Prove that if V' is a normed vector space, f € V, and r > 0, then

B(f,r) = B(f,7).

Solution. Both inclusions follow from the sequential description 6.9(a) of the closure, taken in the
metric d(g,h) = ||g — h|| of 6.36.
(i) B(f,7) € B(f,r). If gr € B(f,r) and g — g, then for each k

If =gl <IIf — gkl + llgx — gll <7+ llgx — glI,

and letting k — oo gives ||f — g|| < r.
(ii) B(f,r) € B(f,r). Given || f —g|| < r, put g = f+ (1 — 1) (g — f). Homogeneity of the norm gives

lge — fll=1=P)llg—FI< A=<,
g — gl = %llg — fIl < %,

so each g € B(f,r) and g — g.

Problem 6C.3. Show that the functions defined in the last two bullet points of Example 6.35 are
not norms.
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Solution. One-point vectors in F™ break a condition of 6.33 in each case.
(i) For |[(a1,...,an)| = |a1|? + - - - + |an|'/?, homogeneity fails: with f = (1,0,...,0) and a = 4,

lef | = 11(4,0,.... 0)|| = [4]"/* =2 # 4 = |af | -

i) For |[(a1,...,an)|li/2 = (\a1|1/2 R |an|1/2)2, the triangle inequality fails whenever n > 1 (for
1 this is the absolute value): with f = (1,0,...,0) and g = (0,1,0,...,0), so that f +¢g =

4
(1.1,0,....0),

1f +gllje = (112 +[1]2) = 4
> 2= fll2 + lglla:

Problem 6C.4. Prove that each Cauchy sequence in a normed vector space is bounded (meaning
that there is a real number that is greater than the norm of every element in the Cauchy sequence).

Solution. Take M = max{| fill,..., || fa-1ll, 1 + [|fnll} + 1, where n € Z™ is supplied by the Cauchy
condition 6.12 with ¢ = 1, so that ||f; — fi]| < 1 for all j,k > n. (The maximum is over a finite
nonempty set of reals, so M € R.)

If k > n, then the triangle inequality gives

1fell = N(fe = fo) + full < Wfi = fall + 1 full <14 [ full < M -1,

and if k£ < n, then || fx|]| < M — 1 by the definition of M. Hence ||f| < M for every k € Z*.

Problem 6C.5. Show that if n € Z™, then F" is a Banach space with both the norms used in the
first bullet point of Example 6.34.

Solution. Both || - ||; and || - || reduce convergence in F™ to convergence of each coordinate in the
complete space F, so F" is a Banach space for each.
Each is a norm: positive definiteness and homogeneity follow from |aa,,| = |af|an|, and |ay, + by | <

|am| + |bm| gives the triangle inequality on summing over m, respectively on maximizing over m.
(Check!) They are comparable: for a = (aq,...,a,) € F" and each m,

|am| < lallee < lally < nllaf|oo,

since the maximum is one of the n summands of ||a||1, each of which is at most ||al|cc.
Now let || - || be either norm and let f = (ak1,...,ary,) be Cauchy for || - ||. Fix m; the comparison
gives

|@jm = arm| < fj = frlloo < I = fil

(the last step an equality when || - || = || - ||oc), SO @1,m, @2,m, - .. is Cauchy in F and hence converges to
some by, € F by completeness of F. Put b = (b1,...,by,). Given ¢ > 0, pick Ny, with |ag ,, —bm| < e/n
for all k > N,,, and set N = max{Ny,..., N,}; then for every k > N,

1 = Blloo < [1fx = bllt = D lanm — bl <e.

m=1

Hence fr — b in (F",|| - ||) for both choices of || - ||, so each is a Banach space by 6.37.

Problem 6C.6. Suppose X is a nonempty set and b(X) is the vector space of bounded functions
from X to F. Prove that if || - || is defined on b(X) by || f|| = supy | f], then b(X) is a Banach space.

Solution. The limit of a || - ||-Cauchy sequence is its pointwise limit, which exists because F is complete
and is bounded because Cauchy sequences are bounded.
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That || - || is @ norm on b(X) is the third bullet point of 6.34: || f|| = 0 forces |f(z)| < 0 hence f = 0;
laf[l = supx [af [f] = [al || f[l; and [(f + g) ()| < [If]] + |lgl| for each z € X gives [|f + g[| < [[f]| + 4]l
on taking the supremum. (Check!)
Let fi, fa,... be Cauchy in b(X). For each x € X we have |f;(z)— fi(z)| < || f; — fxll, so fi(z), fa(z), ...
is Cauchy in F; set f(z) = limg_oo fx(x), which exists by completeness of F. By 6C.4 there is M € R
with || fx|| < M for every k, so |f(z)| = limg—0o | fr(x)] < M for each x € X and hence f € b(X).
Given € > 0, pick n with || f; — fi|| < e/2 for all j,k > n. Fixing £ > n and x € X and letting j — oo
in |£,() — ful@) <&/

£0) = fulw)] = T 1f5(2) = fuo)] <

so the supremum over z € X gives ||f — fx|| < e/2 < e for all K > n. Thus fr — f in b(X), which is
therefore a Banach space by 6.37.

DO | ™

Problem 6C.7. Show that ¢! with the norm defined by ||(ay,as,...)|lcc = Supgez+ |ax| is not a
Banach space.

Solution. The truncated harmonic sequences

fk = (17

form a || - ||so-Cauchy sequence with no limit in ¢1. (Each fj has finitely many nonzero coordinates, so
lies in £'; write h(m) for the m*™ coordinate of h.)

Cauchy: for j > k the coordinates of f; — fi vanish except in positions k + 1,...,j, where they are
k%q, e %, so || fj — frlloo = k%rl; hence || fj — filloo < %4-1 < ¢ for all j,k > n once n > 1/ (the cases
j =k and j < k being trivial and symmetric).

No limit: suppose |[fx — gllco — O for some g = (b1, bs,...) € £1. Fix m; for every k > m we have

fk(m) = %7 S0

vees 3,0,0,...) € 0!

W=

i

N[

L bu| = fe(m) = bl < ||fe = gllsc — 0,

and the left side is independent of k, forcing b,, = % for every m. Then > o7 |bm| = > po % = o0,
so g ¢ /', a contradiction. Hence (£}, | - ||oo) is not complete.

Problem 6C.8. Show that ¢! with the norm defined by ||(a1,az,...)|[1 = Y ey |ak| is a Banach
space.

Solution. The coordinatewise limit of an || - ||;-Cauchy sequence lies in ¢! and is its limit there.
First, | - |1 is a norm: )2, |ag| = 0 forces every ay = 0, homogeneity is Y, |aag| = |a| > |ak|, and
for a = (a1, as,...), b= (by,ba,...) € £* and each n € Z+,

n n n
D lar bkl <D larl+ > lbwl < llall + [Ib]1,
k=1 k=1 k=1

so n — oo gives |la+ bl < |lalls + ||b]l1 (and a + b € £1).

Now let f™ = (af,a},...) be Cauchy in ¢'. For fixed k we have |a} —a"| < || f™— f™|1, so a}, a2, ... is
Cauchy in the complete space F and converges to some ag; put f = (a1, as9,...). Given € > 0, choose
N with || f™ — f™||1 < & for all m,n > N. Fix n > N and M € Z™; the finite sum Zg/le lap —ap'| <
| f™ — f™||1 < € may be passed to the limit m — oo term by term, giving 22/‘;1 la} —ay| < €, and the
partial sums increase in M, so

oo
Z|a2—ak| <e foralln>N.
k=1

Hence fN — f €', so f = fN — (fN — f) € £}, and the display reads || f® — f|j1 < e for all n > N.
Thus f* — f in ¢!, which is therefore a Banach space by 6.37.
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Problem 6C.9. Show that the vector space C([0,1]) of continuous functions from [0, 1] to F with
the norm defined by || f|| = fol |f| is not a Banach space.

Solution. The ramps f € C([0,1]), k > 3, defined by

0 if0<z<i,
fr(@) = k(e —3) if3<z<5+7,
1 if 5+ <z<l,

are Cauchy for ||f|| = fol |f| but have no limit in C([0,1]). (The formulas agree at both junctions, so
each fi is continuous, and 0 < f < 1.)

Used twice below: if g is continuous on [a,b] with a < b and f; lg| = 0, then ¢ = 0 on [a,b], since
otherwise continuity puts |g| > ¢/2 on an interval of positive length ¢ about a point where |g| = ¢ > 0,
forcing f: lg| > cd/2 > 0.

Cauchy: for j, k > 3 with m = min{j, k}, both f; and fj vanish on [0, ] and both equal 1 on 5+ 1, 1],
so f; — fx vanishes off an interval of length % on which |f; — fi| < 1; hence

1fi = el <

1
—_— for all j,k > 1/e.
min(j. k] <e forall jk>n>1/e

No limit: suppose f € C([0,1]) with || f; — f|| — 0. Since f, =0 on [0, 3],

1/2 1/2
L/ v:/ =l < e = Fl — 0,
0 0

and the left side is independent of k, so f = 0 on [0, 5. Fixing § € (0, ) and using f;, =1 on [1 +6,1]
for k> 1/4,

1 1
/‘ uuz/ = fl < e = £l — 0,
1 1/246

/246

so f =1 on [+ 6,1] and hence, § being arbitrary, on (3,1]. Then limg, 0 f(z) =1 # 0 = (),
contradicting continuity at %

Problem 6C.10. Suppose U is a subspace of a normed vector space V such that some open ball of
V' is contained in U. Prove that U = V.

Solution. Shrink each f € V into the ball, then scale back. Suppose B(h,r) ={g €V :|lg—h| <r} C
U. If ||g|| < r, then h + g and h both lie in B(h,r) C U, so g = (h+g) —h € U; thus B(0,r) C U.
Now let f € V with f # 0 (the case f = 0 holding since U is a subspace), so ||f|| > 0 by positive
definiteness, and set a = r/(2||f]|) > 0. Homogeneity gives ||af|| =7/2 <, so af € B(0,r) C U and
therefore

1
f=—(af) elU.
«
Hence V CU,and U = V.

Problem 6C.11. Prove that the only subsets of a normed vector space V' that are both open and
closed are () and V.

Solution. The segment joining a point of E to a point outside E cannot leave E. Both () and V are
open, and each is the complement of the other, so both are also closed.
Suppose E C V is open and closed with f € Fand g € V\ E,so |[[g— f| > 0. Put v(¢t) = f+t(g— f)
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for t € [0, 1], so homogeneity of the norm gives

[v(s) =@ = [I(s =) (g = DIl = |s =t llg = I,

and let ¢ = sup A, where A = {t € [0,1] : 7(t) € E'} contains 0 and is bounded above by 1.
Then ¢ € A: choosing t;, € A with t;, — ¢, the display gives v(tx) — v(¢), and y(c) € E by 6.9(e) since
E is closed. Also ¢ < 1, because v(1) = g ¢ E. But E is open, so B(v(c),e) C E for some € > 0, and

any
te (c min{l c-l—L})
’ ’ lg = Il

(a nonempty interval, as ¢ < 1) satisfies ||v(t) —y(c)|| = (t —c¢)|lg — f|| < e, sov(t) € E and t € A with
t > sup A, a contradiction.

Problem 6C.12. Suppose V is a normed vector space. Prove that the closure of each subspace of
V' is a subspace of V.

Solution. Limits of sums are sums of limits. Let U be a subspace of V; by 6.9(a), U is exactly the set
of limits of sequences in U, and 0 € U C U.

Suppose f,g € U and a € F; choose fi, — f and g — g with all fi, g1 € U, so fr + g € U and
afi € U. The triangle inequality and homogeneity give

1(fe +96) = (F+ 9 <Nk = Fll + llgr — gl = 0 and  [lfie — afll = [ef [[fe — fIl =0,

so f+g€Uand af € U by 6.9(a). Hence U is a subspace of V by 6.31.

Problem 6C.13. Suppose U is a normed vector space. Let d be the metric on U defined by
d(f,g) = ||f — ¢g|| for f,g € U. Let V be the complete metric space constructed in Exercise 16 in
Section 6A.

(a) Show that the set V' is a vector space under natural operations of addition and scalar multipli-
cation.

(b) Show that there is a natural way to make V' into a normed vector space and that with this norm,
V' is a Banach space.

(c) Explain why (b) shows that every normed vector space is a subspace of some Banach space.

Solution. Everything is defined termwise on Cauchy sequences:

() + (g)" = (f + g1)", o fi)" = (afi)”,

G |y = i [l

where (f;)" denotes the class of the Cauchy sequence (f1, f2,...) in the construction of 6A.16, equiv-
alence meaning limy_, o d(fx, gx) = 0 with d(f,g) = ||f — 4|
(a) The two operations produce Cauchy sequences and respect equivalence, by

1(f5 +95) = e+ 9l < If5 = fell + llgs — el llafs —afill = lalllfi = fell,

read first for large j, k, then with (f;), (g;,) equivalent to (fz), (gx) in place of the second entries. Each
axiom of 6.27 then holds because it holds at every index in U; the zero is (0,0,...)" and (fx)" has
additive inverse (—fx)". (Check!)

(b) The limit defining | - ||y exists because ||| f;]| — || f&ll| < [If; — f&|| makes || f1]|, || f2]], .. Cauchy in
the complete space R, and the same inequality applied to equivalent sequences shows it depends only
on the class. It is a norm: limy, || fx|| = 0 says exactly that (fx) = (0,0,...), i.e. (fx)" is the zero of V,
while homogeneity and the triangle inequality pass to the limit from U. Moreover

1) = )My = | (Fe —90) |y = Jm 1 fi = gxl
=dy ((fe)", (gr)"),
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so the metric that 6.36 attaches to || - ||y is dy, which is complete by 6A.16(c). Hence V is a Banach
space by 6.37.

(¢) The map ¢(f) = (f,f,f,...)" is linear by the definitions in (a) and norm preserving, since
lo(f)llv = limg—oo | fIl = || f|l; in particular ¢ is injective, and ¢(U) is a subspace of V. Thus U
is isometrically isomorphic to a subspace of the Banach space V.

Problem 6C.14. Suppose U is a subspace of a normed vector space V. Suppose also that W is a
Banach space and S : U — W is a bounded linear map.

(a) Prove that there exists a unique continuous function 7' : U — W such that T|y = S.

(b) Prove that the function T in (a) is a bounded linear map from U to W and ||T|| = ||S].

(c) Give an example to show that (a) can fail if the assumption that W is a Banach space is replaced
by the assumption that W is a normed vector space.

Solution. The extension is T'f = limy_,oo Sf for any f, € U with fi, — f € U. Throughout, U is a
subspace of V by 6C.12, and ||Sh| < [|S]| ||| for h € U by 6C.16(c), with ||S|| < oo as S is bounded.
(a) Uniqueness: if 71,75 are continuous on U with T;|y = S, pick fi € U with fr, — f (6.9(a)); then
6.11 gives

k—o00

Existence: such a sequence is Cauchy (6.13), and

15F; = STl = IS5 = F)l < IISII1S5 = Fxl

makes S f1, S fa,... Cauchy in the Banach space W, hence convergent. The limit does not depend on
the sequence: for another g — f in U,

1S fr = Sgrll < ISI(Ife = I+ 11f — gxll) — 0.

Constant sequences give T|y = S. Finally, for f,g € U with f — f and g — ¢ in U we have
Sfr — Sgrx — Tf — Tg (triangle inequality), so letting & — oo in ||Sfr — Sgkll < |IS|| || fx — gx|| and
using continuity of the norm (6C.1),

ITf =Tyl <ISIIIf — gl;

thus T is Lipschitz, hence continuous.
(b) Linearity: frx+gr — f+gand afy — af in U (as in 6C.12), so evaluating T" along these sequences
and using linearity of S,

T(f +9) (Sfr+Sgr) =Tf+Tg, T(af) = kh_>HC}O aSfr =aTf.

= lim
k—o0
Putting ¢ = 0 in the Lipschitz estimate (with T0 = S0 = 0) gives |Tf]| < ||S||||f]| on U, so ||T| <
|S]| < oo; conversely ||S]| = sup{||Tf|l : f € U, ||fl] <1} < ||T]|, the supremum for ||T'|| being over
the larger set U. Hence ||T|| = ||S]|.
(c) Take V = ¢! with || - ||1, let U be the subspace of sequences with only finitely many nonzero
coordinates, let W = U with the inherited norm, and let S : U — W be the identity, so ||S| = 1.
Truncations a(™ = (ay,...,ay,0,0,...) € U satisfy

0
la—a™ =Y lax| =0,
k=n+1

so U = (! by 6.9(a), while f = (1/2,1/4,1/8,...) € £\ U. If T : ! — W were continuous with
T|y = S, then 6.11 applied to the truncations f; — f would give T'f = limj_,o0 f5 in W, hence in ¢!
since the norm of W is the restriction of || - ||1, so T'f = f by uniqueness of limits. That is impossible:
TfeW=Ubut fé¢U.
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Problem 6C.15. For readers familiar with the quotient of a vector space and a subspace: Suppose
V' is a normed vector space and U is a subspace of V. Define || - || on V /U by

If +Ull = nf{||f + gl : g € U}

(a) Prove that || - || is @ norm on V /U if and only if U is a closed subspace of V.

(b) Prove that if V' is a Banach space and U is a closed subspace of V, then V' /U (with the norm
defined above) is a Banach space.

(c) Prove that if U is a Banach space (with the norm it inherits from V') and V' /U is a Banach space
(with the norm defined above), then V' is a Banach space.

Solution. The quotient norm is the distance to U: replacing g by —g in the infimum gives ||f + U|| =
dist(f,U), which depends only on the coset and satisfies 0 < || f + U|| < || f]| (take g = 0).

(a) Homogeneity and the triangle inequality hold for any subspace U, so positive definiteness carries
the whole statement. For o # 0 the map g — ag is a bijection of U, so

U)|| = inf hl| = U
la(f + Ul = jnf [laf +ahll = ol || f + Ul

while [|0(f + U)|| = ||0+ Ul|| = 0; and for f,h €V, g1,92 € U,

I(F+h) +UN<(f+h)+ (g1 +g2)ll < I+ gull + 2 + g2l

whose infimum over g; and then gy is the triangle inequality. Since ||0 + U|| = 0 always, || - || is a
norm exactly when dist(f,U) = 0 forces f € U; and dist(f,U) = 0 says precisely that f is a limit of a
sequence in U, i.e. f € U. So |- || is a norm if and only if U C U, i.e. if and only if U is closed.

(b) By (a), V /U is a normed vector space; apply the series criterion 6.41. Suppose > 72, || fx +U| < oo
and choose g, € U with || fi + grll < ||fe + Ul +27%, so Y22, || fx + gkll < oo. Since V is a Banach
space, 6.41 gives f € V with > 7, (fk +gr) — f; as Y_p_; gx € U, the cosets agree and |h+U|| < ||h]|
yields

IS+ 0 -+ 0 < [ S+ a0 - £ — o
k=1 k=1

Thus every absolutely convergent series in V' /U converges, so V' /U is a Banach space by 6.41.

(c) First U is closed: if gr € U and gy — f in V, then (gx) is Cauchy by 6.13, so completeness of U
gives gx — g € U, and f = g € U by uniqueness of limits; hence || - || is a norm on V' /U by (a). Now
let f1, fa,... be Cauchy in V. Since

15 +U) = (Fe + O = I1(f5 = fo) + Ul < (15 = Sills

the cosets are Cauchy in V' /U and so converge to some f + U, that is, ||(fx — f) + U|| — 0. Choose
hi, € U with |[f — f + he|l < |(fe = f) + Ul + £ and put ug = fx + hy, so up — f in V. Then
hy = uy — fi obeys ||h; — hi| < ||luj — ugl| + || f; — fxl|, and both sequences on the right are Cauchy
(6.13 for uy), so (hy) is Cauchy in U and converges to some h € U. Therefore

e = (f =PIl = l(ur — he) = (f = D) < llug = fIl + ([ — bl — 0,

so fr = f—hin V, and V is a Banach space.

Problem 6C.16. Suppose V and W are normed vector spaces with V' # {0} and T': V — W is a
linear map.

(a) Show that ||T'|| = sup{||T'f]| : f € V and || f] < 1}.

(b) Show that | T|| = sup{||Tf||: f € V and || f|| = 1}.

(c) Show that ||T'|| = inf{c € [0,00) : [|Tf|| < ¢| f]|| for all f € V}.
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(d) Show that
_ ITf] .

Solution. Rescaling moves each defining set onto the closed unit ball. Write A = ||T'|| = sup{||T'f| :
IfIl <1} (6.43) and let B,C, D, E be the quantities on the right in (a), (b), (c), (d); no boundedness
is assumed, so all lie in [0, 00|, with inf() = oo. Used throughout: 70 = 0 and ||T(«f)| = || |Tf]l,
and V # {0} makes the sets for C' and E nonempty.

(a) B < Asince {||f|| <1} C{]|f]| < 1}. Conversely, if ||f|| <1 and ¢t € (0,1), then |[tf]| <t <1, so
t|Tf|| = |IT(tf)|| < B; this gives ||T'f|| < B trivially when B = oo, and when B < oo by letting ¢ 11
in ||Tf|| < B/t. Hence A < B.

(b) C < A since {||f|| = 1} C {||f|| < 1}. Conversely, let ||f|| < 1; then [|[Tf|| =0 < Cif f =0, and
otherwise u = f/| f|| has ||u|| =1 and

ITf1 = (|71 )| = IANTwll < | Tull < C.

Hence A < C.

(c) Put S = {c € [0,00) : |[Tf]| < ¢||f|lforall f € V}, so D =infS. If c € S and ||f|| < 1, then
ITfl <ecllfl| <e s0A<cand S C[A,00). Also ||[Tf|| < Al f| for every f € V, both sides vanishing
at f = 0 and otherwise

ITF1 = AT/ IDI < AL

So if A < oo, then A € S and D = infS = A; and if A = oo, then S C [00,00) is empty, so
D =inf() = oo = A.

(d) The two sets {|Tf[|/|| f]| : f # 0} and {[|T'u[| : [[ul| = 1} are equal: [ju|| = 1 gives [[Tu| = |Tul|/|[u],
and f # 0 gives u = f/||f]| of norm 1 with ||Tu|| = ||Tf]|/||f]|. Hence E = C' = A by (b).

Problem 6C.17. Suppose U, V, and W are normed vector spacesand T : U — V and S: V — W
are linear. Prove that [|SoT| < ||S|| ||

Solution. Apply ||[Rf]| < ||R|||f]l (6C.16(c)) twice, to S at T'f and to T" at f. The composition S oT
is linear, so [|S o T'|| is defined by 6.43.

(i) |S]| # 0 and ||T'|| # 0. If either is oo, then ||S]||||7|| = oo and there is nothing to prove; so let
IS][, |7l € (0,00) and f € U with || f|] < 1. Then

1S o D) FI = IS@TAHI < ISTINTA < ST < ISTIT,

and the supremum over such f gives ||S o T| < IS ||T]-

(ii) |IS|| = 0 or ||T'|| = 0, where the convention 0- oo = 0 makes the claim ||SoT|| = 0. If || T|| = 0, the
cited inequality forces T'f = 0 for every f € U, so (SoT)f = S0 = 0; if ||S|| = 0, it forces Sg = 0 for
every g € V, so again (SoT)f = 0. Either way ||[SoT| =0 < ||S||T].

Problem 6C.18. Suppose V and W are normed vector spaces and 1" : V — W is a linear map.
Prove that the following are equivalent.

(a) T is bounded.

(b) There exists f € V such that T is continuous at f.

(¢) T is uniformly continuous (which means that for every ¢ > 0, there exists 6 > 0 such that
|Tf—Tg| <eforall f,g eV with ||f — g < ).

(d) T-'(B(0,r)) is an open subset of V' for some r > 0.

Solution. We run (a) = (¢) = (b) = (a) and (a) = (d) = (a), with V and W metrized by 6.36 and
T-Y(B(0,r)) = {f € V : |Tf|| <r}. The engine for both returns to (a): if |Th| < M < oo for all
[R]l < &, then | T|| < 2M /4, since | f|| <1 gives [[(6/2)f[| < & and hence (6/2)|IT || = IT((6/2)f)I <
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M.
(8) = (c). By 6C.16(c), ||ThI| < ||| 4]} given = > 0, set § = /(1 + ||T]) > 0. If [|f — g|| < 6, then

17
L+ [T

ITf=Tgll =IT(f =l <ITWNF =gl <[IT]6 = e<e

(the second < rather than < because ||T'|| may be 0).
(¢) = (b). Uniform continuity gives, for each € > 0, a ¢ > 0 with ||T'g — T0|| < € whenever ||g—0|| < J;
by 6.10 this is continuity at f = 0.

(b) = (a). Continuity at f with e =1 in 6.10 gives 6 > 0 with ||T'g — T'f|| < 1 whenever |g — f]| < d.
For ||h|| < 6, take g = f + h:

[Tl =1T(g = DIl = ITg =TSl <1,

so the engine with M =1 gives ||T|| < 2/6 < oc.

(a) = (d). A bounded T is continuous by 6.48, and B(0,1) is open in W by 6.5, so T~!(B(0,1)) is
open in V' by 6.11(a) < 6.11(c); thus (d) holds with r = 1.

(d) = (a). Since T0 = 0, the open set T!(B(0,r)) contains 0, so 6.4 supplies § > 0 with ||Th| < r
whenever ||h|| < 0; the engine with M = r gives ||T|| < 2r/§ < cc.

6.4 Exercises 6D

Problem 6D.1. Suppose V is a normed vector space and ¢ is a linear functional on V. Suppose
a € F\ {0}. Prove that the following are equivalent.

(a) ¢ is a bounded linear functional.

(b) ¢~ !(a) is a closed subset of V.

(e) o~ M) # V.

Solution. Write S = ¢~ 1(a), a translate of null ¢. Translation 7;,(f) = h + f is a bijection of V with
I7u(f) — 7u(9)|l = |If — gl|, hence a homeomorphism, so h + A = h + A for every A C V.

(i) ¢ identically 0. Then S = @ because a # 0, and all three statements hold: ||¢|| = 0, & is closed,
and @ =2 #V.

(ii) ¢ not identically 0, so 6.52 applies. Pick g with ¢(g) = 8 # 0 and set h = («/8)g, so p(h) =
and, since ¢(f) = a exactly when f — h € null p,

S =h+nullp.
(a) = (b): a bounded ¢ is continuous by 6.48, and {a} is closed in IF, so S = ¢~ !({a}) is closed by
6.11(d).
(b) = (c): p(0)=0#a,s00¢ S =S and hence S # V.
(c) = (a), contrapositively: if ¢ is unbounded, then statement (a) of 6.52 fails, hence so does its

equivalent statement (d), giving nullp = V" and

S=h+nullp=h+V =V

Problem 6D.2. Suppose ¢ is a linear functional on a vector space V. Prove that if U is a subspace
of V such that nullp C U, then U =nullp or U = V.

Solution. If U # null ¢, a single vector of U outside null ¢ sweeps out V. Pick u € U with 8 = ¢(u) # 0,

and let g € V. Then
sa(g - SO(B‘Q)U) =»(g) - (p(ﬂg) p(u) =0,

SO g — g)u € nullp C U, while # ely )u € U because U is a subspace containing u; adding gives g € U.
Hence VCU,so0U =V.
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Problem 6D.3. Suppose ¢ and 1 are linear functionals on the same vector space. Prove that

null ¢ C nully

if and only if there exists a € F such that ¢ = ap.

Solution. The scalar is a = 1(h) for any h with ¢(h) = 1. Let V be the common domain.
If » = ap and p(f) =0, then (f) = a-0 =0, so nullp C nully.

Conversely, suppose null ¢ C null .

(i) ¢ identically 0. Then V = null ¢ C null4), so 1 is identically 0 and ) =0 - ¢.

(i) p(g) # 0 for some g € V. Put h = g/¢(g), so p(h) =1, and set « = ¢(h). For f € V|

o(f —o(f)h) = o(f) —o(f)e(h) =0,

so f—@(f)h € nullp C nulle, and linearity of ¢ gives

0=1(f —@(N)h) =v(f) — o(f)v(h) = ¥ (f) — ap(f).

Hence ¢ = ap.

Problem 6D.4. [For this exercise and the next, F" should be endowed with the norm || - ||« as
defined in Example 6.34.]

Suppose n € Z* and V is a normed vector space. Prove that every linear map from F" to V is
continuous.

Solution. Every linear map T : F* — V is bounded, hence continuous by 6.48.
Let e, ..., e, be the standard basis of F” and put ¢ = > ";_, [|[Te|| < oo. For z = (ai,...,a,) € F”
we have . = Y, agex and |ag| < ||z]|o0, SO

n
ITz| = HZak Tes

n
T = .
< (max ) 3 ITexl = el

n
< Z |an| [[Tex|
=1

Thus ||T|| < ¢ < 00, so T is bounded and therefore continuous by 6.48.

Problem 6D.5. [For this exercise and the preceding one, F” should be endowed with the norm
|| - ||oo as defined in Example 6.34.]
Suppose n € Z*, V is a normed vector space, and T : F* — V is a linear map that is one-to-one and
onto V.
(a) Show that

inf{||Tz| : € F* and ||z||cc = 1} > 0.

(b) Prove that T—! : V — F” is a bounded linear map.

Solution. (a) Were the infimum 0, a Bolzano-Weierstrass extraction would produce a nonzero element
of null T

Write S = {z € " : ||z]|cc = 1} and ¢ = inf{||Tz|| : z € S} > 0, and suppose ¢ = 0. Choose zj, € S
with ||[Tzg| < % Every coordinate of every zj has absolute value at most 1, so applying Bolzano-
Weierstrass successively in each of the n coordinates (to real and imaginary parts when F = C) yields
a subsequence converging coordinatewise to some x € F”; coordinatewise convergence of finitely many

coordinates is convergence in || - ||oo, SO ||k, — Z||cc — 0, and the reverse triangle inequality then forces
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|z]|cc = 1. By 6D.4 the map T is continuous, so
|Tz|| = lim [Tz, | < lim = =0.
m—00 m—o0 "

Thus «x is a nonzero element of null 7', contradicting that 7" is one-to-one. Hence ¢ > 0.

(b) T~ is bounded with ||T7!| < 1/c, where ¢ > 0 is the infimum from (a).

Linearity of T~': applying T~! to T(T " 'g + aT~'h) = g + ah gives T~ (g + ah) =T 'g+aT 'h.
Next, | Tz| > c||z||c for every x € F™: this is trivial for x = 0, and for x # 0 the vector z/||z||~ lies
in S, so homogeneity gives ¢ < ||Tz||/||z||oo. Hence for g € V, taking = = T~ 1g,

1T glloo < ElITll = ¢llgll,

so T~1 is a bounded linear map with |77 < 1/c.

Problem 6D.6. Suppose n € Z*.

(a) Prove that all norms on F” have the same convergent sequences, the same open sets, and the
same closed sets.

(b) Prove that all norms on F” make F" into a Banach space.

Solution. Both parts follow from the comparison: for every norm || - || on F" there are ¢,C' € (0, 00)
with
cllz)loo < ||z]| < C|7]|ee  for all x € F™.

For the upper bound, take C' =1+ >"}_, ||ex|| with ey,. .., e, the standard basis; the computation of
6D.4, applied to the identity map I from (F", || - [|~) to (F™, || - ), gives ||z] < C||z|lco. For the lower
bound, I is linear, one-to-one, and onto the normed vector space (F™, || - ||), so 6D.5(a) gives

c:=inf{||z| : |z|lec = 1} > 0;

then c||z||oc < [|z|| for all z, trivially at © = 0 and by applying the definition of ¢ to x/||z|| otherwise.
Consequently any two norms || - ||a, || - || on F” satisfy A||z||p < [|z]le < Aljz]|p for all z, with A = Cy/cp
and A = ¢, /Ch.

(a) Because M|zr — z||p < ||z — z|la < Allxg — z||p, one side tends to 0 exactly when the other does,

so the two norms have the same convergent sequences with the same limits. For open sets, the same

bounds give
Bb(ya T/A) - Ba(yvr) and Ba(y7 )\’I”) c Bb(yﬂ"),

so a set open for one norm is open for the other. Complements then give the same closed sets.

(b) Let || - || be a norm on F”* with ¢, C' as above, and let z1, 2, ... be || - [-Cauchy. From ||z; — 2|/cc <
L||lzj — x| the sequence is |- |so-Cauchy, hence each of its n coordinate sequences (am)gez+ is Cauchy
in F and so converges to some a,,, the field F being complete. With z = (aq,...,a,),

ek — all < Cllay — 2o

=C max |agm — am| — 0.
1<m<n

Thus (F", | - ||) is a Banach space.

Problem 6D.7. Suppose V and W are normed vector spaces and V is finite-dimensional. Prove
that every linear map from V to W is continuous.

Solution. Every linear map T : V — W is bounded, hence continuous by 6.48.

Assume V' # {0} (otherwise 7' = 0), let e1,...,e, be a basis of V, and define S : F* — V by
S(ai,...,an) = arer + -+ + apey, where F” carries || - ||oo. Because ey, ..., e, spans V and is linearly
independent, S is linear, one-to-one, and onto V; hence S~! is bounded by 6D.5(b), and the linear
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map T o S is bounded by 6D.4 together with 6.48. Set M = ||S7!|| and K = ||T o S||. For f € V,
applying ||Rg|| < [|R| ||| (immediate from 6.43) twice,

1Tl = (T o S)ST A < K[S™ flloo < KMIIf]l-

Hence ||T|| < KM < o0, so T is bounded and therefore continuous by 6.48.

Problem 6D.8. Prove that every finite-dimensional normed vector space is a Banach space.

Solution. Suppose V is a finite-dimensional normed vector space; completeness transfers to V' from F"
through a coordinate map.

If V = {0} then V is trivially complete. Otherwise 6.54, after discarding from a finite spanning family
each element lying in the span of the others, supplies a basis e1,...,e, of V; define T: F™* — V by
T(ai,...,an) = aie; + -+ + apey, with F” carrying || - ||oo. Then 7T is linear, and one-to-one and onto
V because e, ..., ey, is a basis. By 6D.4 the map T is bounded; set M = ||T||. By 6D.5(b) the map
T—!is bounded; set N = | T 1.

Let f1, f2,... be Cauchy in V' and put z; = T_lf]-. Then

25 = 2hlloe < N5 = frll;

SO 1,2, ... 18 || - ||eo-Cauchy; each of its n coordinate sequences is then Cauchy in the complete field
F, so ||z; — x|[sc — O for the coordinatewise limit z. Hence

1fj = Tl = [T(x; — 2)|| < Mllzj — z[loc =0,

so fj — Tx € V and V is a Banach space.

Problem 6D.9. Prove that every finite-dimensional subspace of each normed vector space is closed.

Solution. Suppose U is a finite-dimensional subspace of a normed vector space V; with the inherited
norm, U is a Banach space by Exercise 8 in this section.

Suppose f € U. By 6.7 the ball of radius % about f meets U, so there is a sequence fi, fo,... in
U with || f; — f|| = 0. A convergent sequence is Cauchy, so completeness of U supplies g € U with
| f; — gl = 0, whence

1f =gl < If = f5ll +11f5 — gl = 0.
Thus f =g € U, so U =U and U is closed in V.

Problem 6D.10. Give a concrete example of an infinite-dimensional normed vector space and a
basis of that normed vector space.

Solution. Take
V ={(a1,a2,...) € L :a, =0 for all but finitely many k},

with the norm || - ||oo inherited from ¢°°, and let e, € V' be the sequence with 1 in slot & and 0 elsewhere;
then {eg}rez+ is a basis of V' in the sense of 6.54.

V is a subspace of £°°, since the coordinates of a + ab vanish off the union of the two finite sets where
those of a and b are nonzero, so V' is a normed vector space. The family {ex} spans V: if a € V has
ap =0 for k > n, then a = Y7, apep. It is linearly independent: if € is finite and ), . arer = 0,
reading off the j*™ coordinate gives aj = 0 for each j € Q.

Finally V is infinite-dimensional: given fi,..., fi, € V, all their coordinates past some index N vanish,
as then do those of every element of span(fi, ..., fm), whereas eyy1 € V has (N + 1) coordinate 1.
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Problem 6D.11. Show that the collection A = {kZ : k = 2,3,4,...} of subsets of Z satisfies the
hypothesis of Zorn’s Lemma (6.60).

Solution. The union of a chain C C A is its largest member mZ € A, where m is the smallest k& with
kZ € C. (Chains are understood nonempty, the only reading under which 6.60 can apply to a collection
omitting (.)

For j,k € {2,3,4,...} we have the divisibility criterion

kZ C jZ <= j divides k:

if kZ C jZ then k € jZ, so k = jm for some m € Z; conversely k = jm gives kn = j(mn) € jZ.
Now let C € A be a chain, put S = {k > 2 : kZ € C}, and let m = min .S, which exists by the
well-ordering of Z*. Then mZ C |Jgce E. Conversely let k € S; since C is a chain, either kZ C mZ,
or mZ C kZ, in which case k divides m, so k < m and minimality forces k = m. Either way kZ C mZ,
SO

U E={JkZ=mZec A4,

EeC keS

which is the hypothesis of 6.60.

Problem 6D.12. Prove that every linearly independent family in a vector space can be extended
to a basis of the vector space.

Solution. Apply Zorn’s Lemma (6.60) to the collection A of all linearly independent subsets of V'
containing A = {f; : j € A}, where {f;};en is the given linearly independent family.

Linear independence forces j — f; to be one-to-one (otherwise f; — f; = 0 is a nontrivial vanishing
combination), so, as in the convention preceding 6.57, the family may be identified with the set A; note
Ac A

Hypothesis of 6.60: let C C A be a chain (nonempty, as in Exercise 11; when A = () the empty union
0 lies in A too) and let U = (Jpe E, so A C U. Every finite subset of U lies in a single element of C:
choosing Ej, € C with up € Ej, an induction on n using the chain condition makes one of E1,..., E,
contain the others. Since linear independence involves only finitely many elements at a time, a relation
> ueq Gt = 0 over a finite Q C U takes place inside one linearly independent E € C, so every oy, = 0.
Hence U € A.

By 6.60 there is a maximal I' € A, and I" is maximal among all linearly independent subsets of V: any
linearly independent IV 2 T' contains A and so lies in A. Therefore 6.57 makes I' a basis of V, and
A C T says it extends the given family.

Problem 6D.13. Suppose V is a normed vector space, U is a subspace of V, and ¢¥: U — R is a
bounded linear functional. Prove that 1 has a unique extension to a bounded linear functional ¢ on
V with ||| = ||¢|| if and only if

sup (= [l If + 2l = 9 (f)) = inf (1l llg +All = »(9))

feu

for every h € V\ U.

Solution. The bridge is that the norm-preserving extensions of ¥ to U + Rh are exactly the ¢, with
s(h) < ¢ < t(h), so uniqueness on V is equivalent to s(h) = t(h) throughout V' \ U. Here F = R, since
1 is real-valued and over C the identity it)(f) = ¥ (if) € R would force ¢» = 0; for h € V' \ U write

s(h) =sup (= [¢llIf + 2l —¥(f)),  th)= Jnf (IlHlg + Al = 2(g))-

feu

Taking f = g = 0 and invoking 6.66 gives —||¢|| ||h]| < s(h) < t(h) < ||¥|| ||R]], so s(h) and ¢(h) are real
and the displayed condition says exactly s(h) = t(h).
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Claim. For ¢ € R, the linear functional ¢.(f + ah) = ¢(f) + ac on U + Rh (well defined since h ¢ U)
extends ¢ with ||¢c|| = ||¥| if and only if s(h) < ¢ < t(h). Indeed ¢y = ¥ gives ||pc| > ||¢]], so
lloell = ||| is exactly 6.64; as in the proof of 6.63, 6.64 is equivalent to 6.65, since 6.64 at o = 1 is
6.65 while 6.64 is trivial at a = 0 and follows for « # 0 from 6.65 applied to f/a after multiplying by
|| Finally 6.65 reads

(=l f + Bl = () <e < (IIIIf+ Al —e(f))

for all f € U, whose supremum and infimum over U are s(h) < ¢ < t(h).
(i) Suppose s(h) = t(h) for all h € V' \ U. At least one norm-preserving extension exists by the
Hahn-Banach Theorem (6.69). If o1, 2 are two of them and h € V' \ U, then ¢; = ¢;(h) satisfies

W) + el = o (f + M) < HIPIIF + 2l (F €U),

which is 6.65, so the claim’s computation gives s(h) < ¢; < t(h) and hence ¢; = ¢c2. As 1 =9 = @3
on U, we get ©1 = po.

(ii) Conversely, suppose s(h) # t(h) for some h € V \ U, so s(h) < t(h) by 6.66. By the claim, @)
and ¢y (p,) are norm-||1)|| extensions of 1 to U + Rh taking different values at h; applying 6.69 to each
yields ®1,®2 on V with [|®;|| = ||¢||, both restricting to ¢ on U, and ®1(h) = s(h) # t(h) = ®a(h).

So the extension is not unique.

Problem 6D.14. Show that there exists a linear functional ¢: £*° — F such that

|§0(a17a27 00 )’ < H(a17 az, - )HOO

for all (a1, ag,...) € £>° and

e(ai,az,...) = lim aj
k—o0

for all (a1, ag,...) € £°° such that the limit above on the right exists.

Solution. Take for ¢ a norm-preserving Hahn-Banach extension of the limit functional on the subspace
of convergent sequences.

Let U = {a € £ : limy_, a, exists} and 1(a) = limg_,o ar. Every convergent sequence is bounded
and the limit laws are exactly additivity and homogeneity, so U is a subspace of ¢ and ) is a linear
functional on it. Continuity of the absolute value gives

[Y(a)| = lim |ag| < sup |ag| = [la]|,
k—o0 keZ+
so ||| < 1, with equality because ¥(1,1,1,...) =1 and ||(1,1,1,...)]|cc = 1.
By the Hahn-Banach Theorem (6.69), applied to the bounded linear functional ¢ on the subspace U
of £>°, there is a bounded linear functional ¢ on ¢*° with ¢|y = 9 and ||¢|| = 1. Hence |p(a)| <
lloll |alloo = [|a||loo for every a € £%°, while ¢(a) = ¥(a) = limy_,~ ar whenever that limit exists.

Problem 6D.15. Suppose B is an open ball in a normed vector space V such that 0 ¢ B. Prove
that there exists ¢ € V' such that
Rep(f) >0

for all f € B.

Solution. Take ¢ € V' with ||¢|| = 1 and ¢(g) = ||g||, where g is the center of B={f € V : || f—g| <7}
and r > 0 its radius.
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Such a ¢ is supplied by 6.72, since 0 ¢ B forces ||g|| > r > 0 and in particular g # 0. For f € B,

Rep(f) =Rep(g) + Rep(f —9)
= |lg[l + Rep(f — 9)
> lgll = [o(f — g)l
> gl = [lll [[f = gll
= llgll = [f =4l

> [lglf =
>0,

using ¢(g) = ||g|l € R, then Rez > —|z|, then the definition of ||¢||, then ||f — g|]| < 7, and finally
lgll = 7.

Problem 6D.16. Show that the dual space of each infinite-dimensional normed vector space is
infinite-dimensional.

Solution. For each n € ZT the dual space V' of an infinite-dimensional V' contains a linearly independent
list of length n, which is impossible for a space spanned by fewer than n elements; hence V' is infinite-
dimensional.

First, V contains linearly independent fi,..., f,: starting from any f; # 0, if fi,..., fr is linearly
independent then span{fi,..., fx} # V (else V would be finite-dimensional by 6.54), and any fyi1
outside that span extends the list, since a vanishing combination must have ay4+1 = 0 and then all
ay; = 0.

Let W = span{fi,..., fo} carry the norm inherited from V', and let ¢; : W — F be the j*™ coordinate
functional for the basis fi,..., fn of W, so 9;(fr) = 1if j = k and 0 otherwise. Each ¢, is bounded
because W is finite-dimensional (Exercise 7 in Section 6D), so 6.69 extends it to some ¢; € V' with
@i (fr) = ¥;(fr)-

If a1p1 + -+ + appn = 0, evaluating at fi gives ap = 0 for each k. Thus ¢1,...,¢, is linearly
independent in V”.

Problem 6D.17. Suppose V is a separable normed vector space. Explain how the Hahn-Banach
Theorem (6.69) for V' can be proved without using any results (such as Zorn’s Lemma) that depend
on the Axiom of Choice.

Solution. Replace the maximal element that Zorn’s Lemma supplies in the proof of 6.69 by an explicitly
defined recursion: extend one dimension at a time along a fixed enumeration of a countable dense set,
then extend by continuity. Every step is given by a formula (a least index, a supremum, a limit), so
no choices are made.

Fix an enumeration g1, go, ... of a countable dense subset of V, indexed by all of Z* (repeat elements
if it is finite; if it is empty then V' = {0} and 6.69 is trivial). Fixing one such enumeration is a
single existential instantiation, not an application of the Axiom of Choice. Let ¥ be a bounded linear
functional on a subspace U of V.

Case (i): F = R. The Extension Lemma (6.63) becomes choice-free once c is specified: for a bounded
linear functional p on a subspace W and h € V' '\ W, put

¢ = sup (=[lpll [Lf + hll = p(£)),
few

a real number, since f = 0 bounds it below by —||p| ||k| and 6.66 bounds it above by ||p||||h||; with
this ¢, the computation in the proof of 6.63 makes py(f + ah) = p(f) 4+ ac a norm-preserving extension
of p to W + RhA.

Recursively set Uy = U, pg = v, and given (U,, py): if every gi lies in U,, keep (Upi1,¥n+1) =
(Un, ©n); otherwise let m,, be the least index with g,,, ¢ U,, put U,4+1 = U, + Rgp,,,, and let 5,41

131



be the explicit extension above with h = g,,,. Each ingredient is determined by (U,,¢,) and the
enumeration, so the recursion theorem produces the sequence, and ||¢,| = ||| throughout.

Every g lies in some U,: otherwise m,, is defined for all n and strictly increases (as gm, € Un+1),
so m, > mo+n — oo. Hence W = |J, Uy, a subspace because the U, increase, is dense in V/,
and ¢(f) = pn(f) for any n with f € U, is a well-defined linear functional on W extending v with

() < elHIAIT-
For f € V let ky(f) be the least k with |g;, — f|| < L, which exists by density. Then

1 1
_ < a4
[0(0kn5)) = PG < 101 (5 + =),
s0 @(f) = limp 00 (G, (1)) exists by completeness of R (itself choice-free, the limit being sup,, inf;>,
of the sequence). The same estimate shows ¢(h;) — @(f) for every sequence h; — f in W; applying
this along the explicit sequences h; = gi, () and h;- = Gk, (f") gives

P +af') = lim (o(hy) + ap(h))) = (/) +ad(s).

Taking h; = f for f € W shows ¢lw = ¢, so ¢ extends ¥; and |o(gr, ()l < Ul gk, (p)ll with
() = T gives [[2]| < [9[]; hence [|@]] = [[¢)]]-

Case (ii): F = C. The reduction in the proof of 6.69 uses no choice: set ¢y = Re, apply case (i) to
the real normed vector space V' (same norm, hence the same countable dense set, so separable) to get
¢1 extending ¢ with |1 = ||¢1]], and put o(f) = ¢1(f) —iei(if); the verifications in 6.69 that ¢ is
C-linear, extends 1, and has ||¢| < ||¢|| are computations.

Problem 6D.18. Suppose V is a normed vector space such that the dual space V' is a separable
Banach space. Prove that V is separable.

Solution. Take a countable dense {1, ¢2,...} in V' and vectors f, € V with ||f,]| < 1 and |¢on(fn)] >
ll¢nll (possible by the definition of |[¢, as a supremum when ¢, # 0; put f, = 0 otherwise); then
the rational span of {f,} is a countable dense subset of V.

Let W = span{f, : n € Z*} and let D consist of the finite combinations > neo Qnfn with all o, € Q
(in Q 4 ¢{Q when F = C), a countable set. Then W C D, because

HZ(O‘” = Ba)fn)| < D lom = Bul £l

ne) nes)

is arbitrarily small for suitable rational f3,; so it suffices to show W = V.

If not, take h € V' \ W. Since W is a subspace, 6.73 gives ¢ € V' with ¢y = 0 and @(h) # 0,
and dividing by [l¢|| # 0 we may take [¢| = 1. By density choose n with [|¢ — ¢n| < 1, so
lenll = llell = lle = enll > 3; in particular ¢, # 0, so f;, is as displayed above. But f, € W forces
©(fn) =0, whence

slenll < lealfa) = o(fu)l < len =@l 1fall < 3,
contradicting ||¢n|| > 3. Hence D D W =V and V is separable.

Problem 6D.19. Prove that the dual of the Banach space C([0, 1]) is not separable; here the norm
on C((0. 1)) is defined by |[£]] = supg |f].

Solution. The evaluation functionals ¢.(f) = f(t), for t € [0, 1], form an uncountable family in C(]0, 1])’
that is pairwise at distance 2, leaving no room for a countable dense subset.

Each ¢ is linear with |o:(f)| = |f ()| < |If]l, so ¢r € C([0,1]) with ||¢¢]| = 1, the constant function 1
attaining the supremum. For s # ¢t put 6 = |s — ¢| > 0 and

f(zx) :max{—l, 1-— 2|:c5— 8|},
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continuous with || f|| <1, f(s) =1, and f(¢) = —1; hence

2=1f(s) = FOI < llps — el < llpsl + [l = 2.

Suppose {1, pi2, . ..} were dense in C([0,1]), and let x(t) be the least j with ||; — ¢¢]] < 1 (such j
exists by density). If k(s) = k(t) = j then

s — @il < s — will + 15 — @il < 2,

so s = t by the previous paragraph. Thus x is a one-to-one map from the uncountable set [0, 1] into
77, which is impossible.

Problem 6D.20. Define ® : V — V" by

(@f) () = ¢(f)

for f € V and ¢ € V’'. Show that ||®f| = || f|| for every f € V.
[The map ® defined above is called the canonical isometry of V' into V"]

Solution. Each ®f is linear on V' by the definition of the vector space operations on V', and the
definition of [|¢|| gives

(@) (@)l =1e(H] < llell IfIl - for all ¢ € V7,

s f € V" with 2] < |-
For the reverse inequality, both sides vanish when f = 0; and when f # 0, 6.72 supplies ¢ € V' with
loll =1 and (f) = || f]|, whence

[Rf] = [(@F)(@)] = [e(H)] = 1.
Thus ||®f| = || f|| for every f € V.

Problem 6D.21. Suppose V is an infinite-dimensional normed vector space. Show that there is a
convex subset U of V such that U = V and such that the complement V \ U is also a convex subset
of Vwith V\U=V.

[See 8.25 for the definition of a convex set. This exercise should stretch your geometric intuition
because this behavior cannot happen in finite dimensions.]

Solution. Take U = {f € V : p(f) > 0}, where p: V — R is a discontinuous R-linear functional.
Convexity (8.25) involves only real scalars, so regard V as a real normed vector space; it is still
infinite-dimensional, since a finite real spanning list would span V over C as well. Hence 6.62 supplies
a discontinuous linear functional p : V' — R, which is unbounded by 6.48 and in particular is not
identically 0.

null p is dense in V' (this is (d) = (a) of 6.52 in contrapositive form): unboundedness gives h; with
|h;ll <1 and |p(h;)| > j, obtained by normalizing any f; with |p(f;)| > j||fj||, and then for g € V' the

vectors kj = g — %hj satisfy p(k;) = 0 and

1p(9)]
lp(h;)]

Both U and V\U = {f : p(f) < 0} are convex: for ¢t € [0, 1],
p((L=1)f +tg) = (L= t)p(f) + tp(g),

which is > 0 when p(f), p(g) > 0 (both terms are > 0 and one of ¢, 1 — ¢ is nonzero) and is < 0 when
p(f);p(g) <0.

Ik; — gl = Wﬂﬁm?hea
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Density of V'\ U is immediate from null p C V\U. For U, fix h = ho/p(ho) with p(hg) # 0, so p(h) =1
and h # 0; given g € V and € > 0, pick k € null p with ||k — g|| < /2 and set § = MW > 0 and
u =k + 0h. Then p(u) =9 > 0, so u € U, while

e €
||u—gH §||k_gH+5||h”<§+§:€
Hence U =V =V \ U.

6.5 Exercises 6E

Problem 6E.1. Suppose U is a subset of a metric space V. Show that U is dense in V if and only
if every nonempty open subset of V' contains at least one element of U.

Solution. Both directions are 6.7, which says U consists of the g € V with B(g,e) NU # () for every
e > 0.

(i) Suppose U = V and let G be a nonempty open subset of V. Pick f € G and, by 6.4, an 7 > 0 with
B(f,7) CG. Then f € U gives B(f,r) NU # (), and any of its elements lies in G N U.

(ii) Conversely, let f € V and € > 0. The ball B(f,¢) is open (6.5) and contains f, so by hypothesis it
meets U; as € was arbitrary, 6.7 gives f € U. Hence U = V.

Problem 6E.2. Suppose U is a subset of a metric space V. Show that U has an empty interior if
and only if V'\ U is dense in V.

Solution. Both directions run through Exercise 1: V' \ U is dense exactly when every nonempty open
subset of V' meets V' \ U, that is, when no nonempty open set is contained in U.

(i) Suppose int U = ) and some nonempty open G satisfies G C U. Any f € G then has B(f,r) C G C
U for some r > 0 by 6.4, so f € int U by 6.74, a contradiction. Hence every nonempty open set meets
V' \ U, and Exercise 1 gives density.

(ii) Conversely, suppose V' \ U is dense and f € int U, so B(f,r) C U for some r > 0. The ball B(f,)
is nonempty and open (6.5), so by Exercise 1 it contains an element of V' \ U, a contradiction. Hence

intU = 0.

Problem 6E.3. Prove or give a counterexample: If V' is a metric space and U, W are subsets of V,
then (int U) U (int W) = int(U U W).

Solution. False: in V = R take U = Q and W = R\ Q. Each is dense in R and is the complement of
the other, so Exercise 2 gives int U = int W = (), whereas

int(UUW) =intR=R # (0 = (int U) U (int W).

Only the inclusion C holds in general: if f € intU then B(f,r) C U C U UW for some r > 0, so
feint(UUW) by 6.74, and symmetrically with W in place of U.

Problem 6E.4. Prove or give a counterexample: If V' is a metric space and U, W are subsets of V,
then (intU) N (int W) = int(U N W).

Solution. True; by 6.74, f € int E means f € E and B(f,r) C E for some r > 0.

(i) If f € (intU) N (int W), choose ri,ry > 0 with B(f,r1) C U and B(f,r2) C W; then f e UNW
and B(f,min{r;,r}) CUNW,so f € int(UNW).

(ii) If f € int(U NW), choose r > 0 with B(f,r) C U NW; since U N W is contained in each of U and
W, this gives f € intU and f € int W.
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Problem 6E.5. Suppose
X ={yulJ{z}
k=1

and d(z,y) = |z — y| for z,y € X.

(a) Show that (X, d) is a complete metric space.

(b) Each set of the form {z} for x € X is a closed subset of R that has an empty interior as a subset
of R. Clearly X is a countable union of such sets. Explain why this does not violate the statement
of Baire’s Theorem that a complete metric space is not the countable union of closed subsets with
empty interior.

Solution. (a) X is a closed subset of the complete metric space R, hence complete.
Closedness: since X C [0,1] and every = € (0,1) not of the form 1/k satisfies 17 < = <  for exactly

k+1
one k € ZT,

oo
R\ X = (~o0,0)U(L,o0)U | (&1:4) -

k=1
a union of open sets, so X is closed by 6.6. A Cauchy sequence in X is Cauchy in R, hence converges
to some x € R, and x € X by 6.9(e); as d is the restriction of the metric of R, this is convergence in
(X, d).
(b) Baire’s Theorem [6.76(a)] concerns empty interior in the complete space at hand, here X rather
than R, and each singleton {%} has nonempty interior in X.

1 1 1

Indeed, with r = 77+ the only element of X within 7 of 1 is ¢ itself: |+ — 0| = + > r, while

%—%]2%—ﬁ:rf0rj>kand]%—%\Zﬁ—%>rforj<k. So B(%,7) = {1}, which by
6.74 gives int{$} = {2} in X. (Only {0} has empty interior in X, since every B(0,r) contains some
% # 0.) Thus the displayed decomposition is not a union of closed sets with empty interior in X, and

6.76(a) is not contradicted.

Problem 6E.6. Give an example of a metric space that is the countable union of closed subsets
with empty interior.
[This exercise shows that the completeness hypothesis in Baire’s Theorem cannot be dropped.]

Solution. Take Q with d(x,y) = |z — y| and an enumeration r1, 79, ... of its elements, so that

oo
Q= J{r}-
j=1
Each {r;} is closed in Q by 6.6, since B(z, |x—r;|) € Q\{r;} for every rational z # r;. Each has empty
interior in Q: given r > 0, density of Q in R puts a rational ¢ # r; in (rj,r; + ), so B(rj,r) € {r;}
and 6.74 applies.

Problem 6E.7. (a) Define f : R — R as follows:

if a is irrational,

if a is rational and n is the smallest

S|= O

fla) =

positive integer such that a = 7 for some integer m.

At which numbers in R is f continuous?

(b) Show that there does not exist a countable collection of open subsets of R whose intersection
equals Q.

(c) Show that there does not exist a function f : R — R such that f is continuous at each element
of @ and discontinuous at each element of R \ Q.
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Solution. (a) f is continuous exactly at the irrational numbers. Write n(a) for the least positive integer
with a = m/n(a) for some m € Z, so f(a) = 1/n(a) > 0 for rational a and f = 0 on the irrationals.
Discontinuity at rational a: take ¢ = f(a) > 0. Every interval (a — d,a + §) contains an irrational x,
by density of R\ Q, and then |f(z) — f(a)| = f(a) = ¢, so no ¢ works in 6.10.

Continuity at irrational a: here f(a) = 0. Given € > 0, choose N € Z* with % < ¢ and let

S={re(a—1a+1): f(x) >¢e}.

Each x € S has f(x) > 0, hence is rational with % >e> %, so n(x) < N; and for each fixed n < N

the condition * € (a — 1,a + 1) confines m to an interval of length 2n < 2N, so at most 2N + 1
integers. Hence S is finite, and a ¢ S because a is irrational. Put

d=min({1}U{|a—s|:s€ S}) >0.

If |t —al <dthenz € (a—1,a+1)\ S, so|f(z)— fla)] = f(x) <e.

(b) Suppose G1,Go, ... are open with (), G, = Q. Each G, contains Q, hence is dense. Enumerating
Q = {r1,r2,...}, each H; = R\ {r;} is open, and dense because every nonempty open subset of R
is infinite (Exercise 1). But then Gi, H1,Gg, Ha,... are countably many dense open subsets of the
complete metric space R with

(N6)n(N#)=en@ o =0

contradicting Baire’s Theorem [6.76(b)].

(c) The set of continuity points of any f : R — R is a countable intersection of open sets, so by (b) it
is never Q.

For a € R and § > 0 let w(a,d) = sup{|f(z) — f(¥)| : z,y € (a — d,a+ )} € [0,00] and w(a) =
infs~ow(a,d). Then f is continuous at a if and only if w(a) = 0: continuity gives § with | f(z) — f(a)| <
e/3 on (a —6,a+6), so w(a) < w(a,d) < 2¢/3 < ¢ for every € > 0; conversely w(a,d) < € gives
|f(z) — f(a)| < w(a,d) < e for |z — a| < 4, taking y = a in the supremum.

Each G, = {a : w(a) < 1} is open: choosing § with w(a,d) < 1, any b with |[b — a| < §/2 has
(b—5,b64+3) C (a—6,a+6) and hence w(b) < w(b,8/2) < w(a,d) < 1, s0 B(a,§/2) C G, (6.4). The
set of continuity points is therefore ()7 ; G, which by (b) cannot equal Q.

Problem 6E.8. Suppose (X,d) is a complete metric space and G1,Ga, ... is a sequence of dense
open subsets of X. Prove that ()72, Gy is a dense subset of X.

Solution. By Exercise 1 in Section 6E, density of (17—, Gx amounts to: every nonempty open U C X
meets it. So fix such a U, pick f € U, and use the fact proved just before 6.76 to get » > 0 with

B(f,r) CY :=B(f,r) CU.

Then Y is nonempty and closed in X, so (Y, d) is a complete metric space by 6.16(b).

Set Hp = Gy NY, open in Y because Gy is open in X. Each Hy is dense in Y: given y € Y and
e > 0, the point y lies in the closure of B(f,r), so there is x € B(f,r) with d(x,y) < £/2; the set
B(f,r) N B(x,e/2) is open and nonempty, so density of Gy supplies a point z of it lying in Gj, and
then z € G, N B(f,r) € Hy with

d(z,y) < d(z,) +d(x,y) <5+ 5 =

Baire’s Theorem [6.76(b)], applied to the dense open subsets Hi, Ha, ... of the complete metric space
Y, produces

o0 o0 o0
g€ mHkZYﬂmGngﬁmGk,
k=1 k=1 k=1
as required.
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Problem 6E.9. Prove that there does not exist an infinite-dimensional Banach space with a count-
able basis.

[This exercise implies, for example, that there is not a norm that makes the vector space of polyno-
mials with coefficients in F into a Banach space.]

Solution. Suppose V is an infinite-dimensional Banach space with a countable basis in the sense of
6.54. The basis cannot be finite (else V' would be finite-dimensional), so relabel it as e1, e, ... and put
V., = span{ey,...,en}.

(i) V = U2, Va, because every f € V is a finite linear combination Zjeﬂ aje;, so f €V, for
n = max €.

(ii) Each V,, is closed in V' by Exercise 9 in Section 6D.

(iii) Each V,, has empty interior. Otherwise B(g, p) C V,, for some g € V,, and p > 0; then for f € V
with f # 0,

|0+ st s) ~ol| =5 <»

SO g—l—m f € V., and subtracting g € V,, and rescaling gives f € V,,. Thus V =V, is finite-dimensional,
a contradiction.

Because V' is a Banach space, (V,d) with d(f, g) = || f—g|| is a complete metric space, so (i)—(iii) exhibit
V' as a countable union of closed sets with empty interior, contradicting Baire’s Theorem [6.76(a)].

Problem 6E.10. Give an example of a Banach space V', a normed vector space W, a bounded linear
map 7T of V onto W, and an open subset G of V such that T'(G) is not an open subset of W.

[This exercise shows that the hypothesis in the Open Mapping Theorem that W is a Banach space
cannot be relaxed to the hypothesis that W is a normed vector space.]

Solution. Take V = ¢* with |lally = 372, |ax|, take W = ¢! with ||a|cc = supy, |ax|, let T : V — W be
the identity map, and let G = {a € ¢! : ||a/|l1 < 1} be the open unit ball of V.

Then V is a Banach space (second bullet of Example 6.38) and W is a normed vector space (second
bullet of Example 6.39). The map T is linear and onto W, being the identity on the common underlying
vector space, and |ag| < >, |a;| for each k gives

1Talloo < flall1,

so T is bounded with ||T|| < 1.
But T(G) = G contains no || - ||«-ball about 0: given ¢ > 0, choose n > 2/¢ and let a have n entries
equal to /2 followed by zeros. Then

(LN )

| ™
| ™

€
lafoo =5 <& lafi=n-

so a ¢ T(G). Hence T(G) is not an open subset of .

Problem 6E.11. Show that there exists a normed vector space V', a Banach space W, a bounded
linear map 7" of V' onto W, and an open subset G of V' such that T'(G) is not an open subset of W.
[This exercise shows that the hypothesis in the Open Mapping Theorem that V' is a Banach space
cannot be relaxed to the hypothesis that V' is a normed vector space.]

Solution. Take W = ¢! with || f|l1 = > re; |fx|, a Banach space by the second bullet of Example 6.38
and infinite-dimensional (the coordinate vectors e, es, ... form an infinite linearly independent family,
so no finite list spans £!). By 6.62 there is a discontinuous linear functional ¢ : W — F, which by 6.48
means: no c € (0, 00) satisfies |o(f)| < ¢||f||1 for all f € W. Now take

V=0 with | fllv = [[flls + [e(F)]
(a norm, by linearity of ¢ and because || ||y = 0 forces || f||1 = 0), let T': V' — W be the identity map,
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and let G={feV:|fllv <1}

Then T is linear and onto W, and bounded with ||T|| < 1 since | Tf|l1 < | fllv.

Suppose T(G) = {f € 01 : ||f]l1 + |o(f)] < 1} were open in W. Since 0 € T(G), there would be ¢ > 0
with ||f|li <e = |p(f)| < 1. Applying this to g = QHEWf for f # 0, which has ||g][1 =¢/2 < ¢, and
using homogeneity of ¢ gives

(P < ZNflh forall f W

(the case f = 0 being trivial), contradicting the unboundedness of ¢. Hence T'(G) is not open in W.

Problem 6E.12. Suppose T : V — W is a bounded linear map from a Banach space V to a Banach
space W. Prove that T is bounded below if and only if 7" is injective and the range of T is a closed
subspace of W.

Solution. Write R = T'(V'), a subspace of W by linearity of T'.
(i) Suppose || f|| < || Tf|| for all f € V, where ¢ € (0,00). Then T'f = 0 forces f = 0, so T is injective.
For closedness of R, let gy = T fr — g in W. The sequence g1, g2, ... is Cauchy (6.13), and

1f5 = fell < ellT(f5 = fu)ll = cllgs — gl

makes f1, fo,... Cauchy in the Banach space V', say fr — f. Since T is bounded it is continuous (6.48),
so g =limy Tf, = Tf € R; thus R is closed by 6.9(e).

(ii) Conversely, suppose T is injective with R closed. Being a closed subset of the Banach space W, R
is complete [6.16(b)], hence itself a Banach space under the inherited norm. Viewed as a map V' — R,
T is a bounded linear bijection between Banach spaces, so the Bounded Inverse Theorem (6.83) gives
b € [0,00) with [T~ tg|| < b||g|| for all g € R. Taking g = T'f yields

LA <BITFI < el TFll,  e:=max{b, 1} € (0,00),

so T' is bounded below.

Problem 6E.13. Give an example of a Banach space V', a normed vector space W, and a one-to-one
bounded linear map T of V onto W such that 7! is not a bounded linear map of W onto V.
[This exercise shows that the hypothesis in the Bounded Inverse Theorem (6.83) that W is a Banach
space cannot be relaxed to the hypothesis that W is a normed vector space.]

Solution. Take the example of Exercise 10: V = ¢! with |jall; = Y_32, |ak|, a Banach space by the
second bullet of Example 6.38; W = ¢! with ||a|lc = supy |ax|, a normed vector space by the second
bullet of Example 6.39; and T : V' — W the identity map, which is linear, one-to-one, onto, and
bounded with ||T|| < 1 since ||Tal|oo < |lal|1-
Its inverse T~ : W — V is again the identity, and it is unbounded: for a™ = (1,...,1,0,0,...) with
n ones,

Je o =1, Ty =,

so [T g1 < ¢||glloo for all g € W would force n < ¢ for every n.

Problem 6E.14. Show that there exists a normed space V', a Banach space W, and a one-to-one
bounded linear map 7" of V onto W such that 7~ is not a bounded linear map of W onto V.
[This exercise shows that the hypothesis in the Bounded Inverse Theorem (6.83) that V' is a Banach
space cannot be relaxed to the hypothesis that V' is a normed vector space.]

Solution. Take the construction of Exercise 11: W = ¢! with ||-||1, a Banach space by the second bullet
of Example 6.38 and infinite-dimensional, so 6.62 and 6.48 supply an unbounded linear functional
¢ : W — F; V = /! with the norm || f|lv = || f]l1 + |¢(f)]; and T : V' — W the identity map, which is
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linear, one-to-one, onto, and bounded with ||T|| < 1 since | Tf|l1 < ||f|lv-
Its inverse 7! : W — V is again the identity, and it is unbounded: were |7 'g|ly < ¢||g||1 for all
g € W, then

(O < Nl + LNl = [1fllv < el fllx
for all f € ¢!, making ¢ bounded.

Problem 6E.15. Prove 6.84.

Solution. Give V' x W the coordinatewise operations and ||(f, ¢)|| = max{||f||, |||}
Norm. Here ||(f,9)]] = 0 forces |||l = llgll = 0, and |A(f, )] = |A| max{[|fl,lgl[} because multiplica-
tion by |A\| > 0 commutes with maxima. For the triangle inequality,

11+ fall < WA+ A2l < 1Cfs g0l + [1(F2: g2);

and the same bound holds for |[g1 + g2/, hence for their maximum.
Coordinatewise convergence. Because (fx,gx) — (f,9) = (fx — f, 9t — 9),

(k> 9x) — (f5 9)Il = max{|[fx — flI, llgx — gll},

and a,b < max{a,b} < a+ b for a,b > 0 shows this tends to 0 precisely when ||fr — f|| — 0 and
lge — gll 0.

Completeness. If (f1,91), (f2,92), ... is Cauchy in V' x W, the same display makes fi, f2,... Cauchy in
V and g1, g2, . .. Cauchy in W; as V and W are Banach spaces, fr — f and g — g, so (fx,g9x) — (f,9)
by the previous paragraph.

Problem 6E.16. Suppose V is a Banach space with norm || - || and that ¢ : V' — F is a linear
functional. Define another norm || - ||, on V' by

1£lle = I1F T+ 1o (F)l-
Prove that if V' is a Banach space with the norm || - ||, then ¢ is a continuous linear functional on
V' (with the original norm).

Solution. Write V,, for V' with the norm || - ||, a Banach space by hypothesis, and let I : V, = V be
the identity map. It is a one-to-one linear map onto V', bounded with ||I]] < 1 because

A= A< AT+ T (AT = 1 flle-

Both V,, and V are Banach spaces, so the Bounded Inverse Theorem (6.83) makes I~! bounded; with
c = |[I7!| < oo this says || f|l, < ¢||f]| for all f € V. Hence

(NI <A+ Te(HT = 117Dl < ell £

so @ is bounded on (V,| - ||) with [|¢|| < ¢, and therefore continuous by 6.48.

Remark. The converse is also true and easy: if ¢ is continuous on V' with ||¢|| = ¢, then || f|| < || fll, <
(14 )| f|l, so the two norms are equivalent and V, is complete. Thus V, is a Banach space if and
only if ¢ is continuous.

Problem 6E.17. Suppose V is a Banach space, W is a normed vector space, and 17,75,... is a
sequence of bounded linear maps from V to W such that limy_,., T} f exists for each f € V. Define
T:V — W by

Tf= lim Tif
k—o0

for f € V. Prove that T is a bounded linear map from V to W.
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[This result states that the pointwise limit of a sequence of bounded linear maps on a Banach space
is a bounded linear map.]

Solution. T is linear because limits in a normed vector space respect sums and scalar multiples (the
triangle inequality and homogeneity of the norm): Ti(f + h) = Tipf + Txh — Tf + Th and Tp(\f) =
M. f — ATf, while these same sequences converge to T'(f + h) and T(Af), and limits in a metric
space are unique.

For boundedness, fix f € V. The convergent sequence T3 f,T5f,... is bounded: choosing n with
|Tif —Tf|| <1 for k> n gives

Sup | Tk fIl < max ({|7;f]] - j < n} U{ITf] +1}) < oo,

a maximum over a finite set. So {T} : k € ZT} is a pointwise bounded family of bounded linear
maps from the Banach space V' to W, and the Principle of Uniform Boundedness (6.86) gives M :=
supy, || Tk|| < oo. Since || T f]| < M| f|| for each k and ‘ WTefIl — 1T fll ‘ <|Txpf —=Tf] — 0,

ITf = lim | Tefll < M1,
—00

so T is bounded with ||T|| < supy, ||T%|-

Problem 6E.18. Suppose that V' is a normed vector space and B is a subset of V such that
supsep |0(f)| < oo for every ¢ € V'. Prove that supscp || f|| < oo.

Solution. Run the Principle of Uniform Boundedness on V' rather than on V: by 6.71 and 6.47,
V' =B(V,F)is a Banach space because F is complete, whereas V' is only normed.

For f € V define f : V! — F by f(¢) = ¢(f), which is linear because the operations on V' are
pointwise. Then |F(¢)| = lp(f)] < llIf]l puts 7 € (V') with |IF] < | fll; conversely [IF] > £l
trivially for f = 0 and otherwise by taking the ¢ € V' that 6.72 supplies with [|¢[| = 1 and ¢(f) = [/ f]|.
Hence || = /]| R

The hypothesis says exactly that the family {f : f € B} of bounded linear maps from V' to F is

pointwise bounded, since

~

sup [ f(¢)| = sup |p(f)] < o0
feB feB

for each ¢ € V'. So 6.86 gives supscp If]| < oo, that is, supsep || f]| < oo.

Problem 6E.19. Suppose T': V — W is a linear map from a Banach space V' to a Banach space
W such that
poT eV' forall pe W'

Prove that T' is a bounded linear map.

Solution. Apply the Closed Graph Theorem (6.85): V and W are Banach spaces, and graph(T) =
{(f,Tf): f eV} isasubspace of V x W by 6.68(a), so it suffices to show the graph is closed in the

norm [[(f, g)|| = max{[| f[], lg[|} of 6.84.
Suppose (fx, T fr) — (f,g), which by the convergence criterion of 6.84 means fy — finVand T'fy — ¢

in W. Fix ¢ € W’. Being bounded, ¢ is continuous (6.48), so ¢(Tfr) — ¢(g); and poT € V' is
likewise continuous, so (T fr) — @(Tf). Uniqueness of limits in F gives

o(g—Tf)=0  forevery p € W'

Were g — T'f # 0, then 6.72 would supply ¢ € W’ with p(g —T'f) = |lg — Tf|| > 0. Hence g =T'f, so
(f,g) € graph(T') and the graph is closed by 6.9(e); 6.85 now makes 7' bounded.

140



7 LP Spaces
Contents

7.1 Exercises TA
7.2 Exercises 7B

141



7.1 Exercises TA

Problem 7A.1. Suppose p is a measure. Prove that

If + glloc < Iflloc + gl and  [laflloc = laf || flloo

for all f,g € L*°(u) and all & € F. Conclude that with the usual operations of addition and scalar
multiplication of functions, L (u) is a vector space.

Solution. Everything follows from the fact that the infimum in 7.1 is attained. Indeed, put ¢ = || f||loo <
oo; for each n there is t, < ¢+ L with u({|f| > ta}) = 0, whence u({|f| > ¢+ 1}) =0, and countable
subadditivity (2.58) applied to

{1f1>c=UJfI >+ 1}
n=1

gives u({|f] > I fllec}) = 0; that is, | f| < || f|lco almost everywhere.
Triangle inequality. For f, g € L*(u) the set

E={lfI > £} U{lgl > llglloc}

has p(F) = 0 by the above and subadditivity, and off E we have |f +g| < [f]+ |g] < || fllco + [|glco- SO
every t > || f|loo + [|9]loc has {|f + g| > t} C E and hence measure 0; taking the infimum over such ¢,

1+ glloo < 1flloc + llglloc < 00

Since f + g is S-measurable (2.46, applied to real and imaginary parts when F = C), f 4+ g € L (u).
Homogeneity. For a = 0 both sides are 0. For o # 0 and every ¢t > 0 we have {|af| >t} = {|f]| > t/|a|},
sowriting Ay = {t > 0: p({|f| > t}) = 0} we get An¢ = || Af, and multiplication by |«| > 0 commutes
with infima:

o f oo = inf Any = |a] inf Ay = | | flls

(both sides being co when Ay = @). With o f measurable (2.46), af € L*(u).
As 0 € L>(u), these two closure properties make L>(u) a subspace of FX| hence a vector space.

Problem 7A.2. Suppose a > 0, b > 0, and 1 < p < co. Prove that

if and only if a? = ¥ [compare to Young’s inequality (7.8)].

Solution. By 7.6, p' = p%l, SO % =p —-1= Zﬁ.
(i) b= 0. The equation reads 0 = % and the condition reads a? = 0; both say a = 0.
(ii) b > 0. As in the proof of Young’s inequality (7.8), set
» /

fla) =%+ 2 —ab,
so the equation in question says f(a) = 0. Here f’(a) = a?~! — b, and since a + aP~! is strictly
increasing on (0, 00) this is negative for 0 < a < a¢ and positive for a > ag, where ay = pt/ (=1 > .
Hence f(a) > f(ao) for all @ > 0 with a # ag. Because af = b”/*~1) = 5" and agb = prTtl = W,

fla) =t (1 4+ ) =¥ =0,

50 f(a) = 0 if and only if a = ag. Flna,uy a = bl/(p—l) giVeS aP = bp/(p—l) — bpl’ and COHVerse]_y
a? = b > 0 gives a = bP'/P = p1/(P—1),
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Problem 7A.3. Suppose a1, ..., a, are nonnegative numbers. Prove that

(a1 + - +an)® <n'(af + - +al).

Solution. Apply Holder’s inequality (7.9) with p = 5 and p’ = 5/4 (by 7.6) on X = {1,...,n} with
counting measure, where every function is measurable and integration is summation (3.6 and 3.7).

Take f(k) = ar and h(k) = 1, so that

n

& /
1fhl =Y e alsa =l = ()
k=1

k=1
all finite. Holder’s inequality then gives

zn: ap < /3 (Z": a;?) 1/5?
k=1

k=1

and raising both nonnegative sides to the fifth power yields the claim.
Method (2): t ~— t° is convex on [0, 00) (its second derivative 20¢> is nonnegative), so the finite form
of Jensen’s inequality with equal weights % gives

(a1+--'+an>5< af’+---+a;’{‘

n n

multiply by n’.

Problem 7A.4. Prove Holder’s inequality (7.9) in the cases p = 1 and p = oo.

Solution. By 7.7 we have 1’ = oo and oo’ = 1, and |fh| = |hf|, so the case p = oo is the case
p = 1 with f and h interchanged. Thus it suffices to prove ||fh|1 < || fll1]|h]lcc- Two facts recur:
w(E) = 0 forces [udp = 0 for any u > 0 vanishing off E, because u < oo - xg and 3.8 with 3.7 give
Judp < oo pu(E) =0; and p({|h| > ||h|lx}) = 0 whenever |k < oo, by Exercise 1 in this section.
(i) [If]x = 0. With E,, = {|f| > 1}, the bound Lxg, <|f|and 3.8, 3.7 give L u(E,) <0, so u(E,) = 0;
as {f # 0} = U,, En, countable subadditivity (2.58) makes pu({f # 0}) = 0. Since |fh| vanishes off
that set, ||fh|1 = 0.

(ii) ||h|loo = 0. Then p({|h| > 0}) =0, and | fh| vanishes off that set, so || fh|1 = 0.

(iii) [|f]l1 > 0, [|h]|cc > 0, and one of them is co. Then the right side is oco.

(iv) 0 < || f]1 < 00 and 0 < ||Al|ec < 00. Put E = {|h| > ||h||ec}, SO n(E) = 0. Pointwise

[fh] < lhllcol f 400 - X

(on E the right side is oo; off £ we have |h| < ||h]|x), so 3.8, additivity 3.16, homogeneity 3.20, and
3.7 give
1fRlle < Allollflln + 00 - u(E) = [| Il ]|oo-

Problem 7A.5. Suppose that (X, S, 1) is a measure space, 1 < p < oo, f € LP(u), and h € Lp/(,u).
Prove that Holder’s inequality (7.9) is an equality if and only if there exist nonnegative numbers a
and b, not both 0, such that )

al f(z)|P = blh(z)[”

for almost every x € X.

Solution. Both | f||, and ||h||,s are finite, and three facts from Chapter 3 are used throughout.
(F1) If u > 0 is measurable with [udp = 0, then u = 0 almost everywhere: with E, = {u > 1}, the
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bound 1yp, <wand 3.8, 3.7 give u(E,) =0, and {u > 0} = |J,, By, is null by 2.58.

(F2) Nonnegative measurable functions agreeing outside a null set E have equal integrals, since u <
v+ 00 xg with 3.8, 3.16, 3.7 gives [udu < [vdp, and symmetrically.

(F3) Hence || f||, = 0 if and only if f = 0 almost everywhere.

(i) Suppose a|f[P = bh|P" almost everywhere, with a,b > 0 not both 0. If b = 0 then a > 0, so
f = 0 almost everywhere and both sides of Holder’s inequality vanish by (F2) and (F3); the case
a = 0 is symmetric. So let a,b > 0 and ¢ = b/a, giving |f|? = c|h|P" almost everywhere and hence
NIy = cHhHg,, by (F2). If ||h]l,y = 0 both sides vanish again, so assume ||hl|,y > 0; then || f||, > 0 too.

Put F = |f|/||fll, and H = ||/||h||,, so that [ FPdu = [ H” du =1 and, almost everywhere,

p_ AP el

= = = HP .
171l ey

By Exercise 2 in this section, Young’s inequality is therefore an equality almost everywhere, and

integrating
Fr  HY
FH="— 4=
p p
via (F2), 3.16, and 3.20 gives [ FH du = % + 1% = 1. Since |fh| = || f|lp||h|ly F'H, homogeneity yields

LRl = [ f 172l
(ii) Conversely, suppose || fAl1 = [I£ 1Al I [fll, = 0 take a = 1,b = 0, and if [}a]l, = 0 take
a = 0,b=1; in each case (F3) makes both sides vanish almost everywhere. Otherwise both norms lie
in (0,00); with F, H as above, [ FPdu = [ HY dp = 1 and homogeneity turns the assumed equality
into [ FH du = 1. The function

P P

g= ol + H—, - '
p p

is nonnegative by Young’s inequality (7.8), and g + FFH = % + fg with 3.16 and 3.20 gives [ gdu +
JFHdu = % + z% = 1; subtracting the finite quantity [ FH dpu =1 leaves [ gdu =0, so g = 0 almost

everywhere by (F1). By Exercise 2 this forces FP? = HP' almost everywhere, that is,

alf|? = b|h|”"  almost everywhere, where a = HhHI’;,/ >0, b=|f[|} >0.

Problem 7A.6. Suppose (X,S,u) is a measure space, f € L'(u), and h € L>®(u). Prove that
[fRlle = If1[1[[7l[os if and only if
|h(@)] = [|llo

for almost every = € X such that f(x) # 0.

Solution. Write M = ||h||oc < 00 and N = ||f|l1 < oo, and use facts (F1) and (F2) from Exercise 5 in
this section.

Reduction. The set Ey = {|h| > M} is null by Exercise 1 in this section, so replacing h by hx x\E,
changes neither ||h||s (the essential supremum is unaffected by modification on a null set; see the
discussion following 7.1), nor ||fh||; (by (F2)), nor the measure of {f # 0 and |h| # M}. So assume
|h| < M everywhere.

Then u := (M — |h|)|f] is nonnegative and measurable with u + |fh| = M| f| pointwise, so additivity
(3.16) and homogeneity (3.20) give

/udu+ /Ay = MI|fl; = MN.

Holder’s inequality (7.9) for p = 1, proved in Exercise 4 of this section, makes ||fh|; < MN < oo, so
that term may be subtracted:

/ wdp = || Fl11Bllso — | F1l1-
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Hence || fh|l1 = ||f]l1]|h]ls if and only if [wdp = 0, which by (F1) holds if and only if © = 0 almost
everywhere. Because |h| < M,

{u>0} ={f#0and [h] <M} ={f #0and |n| # M},

so that condition says exactly that |h(x)| = ||h]| for almost every x € X with f(z) # 0.

Problem 7A.7. Suppose (X,S, u) is a measure space and f,h : X — F are S-measurable. Prove
that

LRl < A1fllp lI72llg

for all positive numbers p, g, 7 such that }D + é = %

Solution. Apply Holder’s inequality (7.9) to |f|" and |h|" with exponent P = p/r. Here 1 < P < oo,
1

since = }D + % > % forces r < p, and @ := ¢/r is the dual exponent of P because
1 + 1 (1 + 1) 1
_— — =17l — _ = 5
P Q P g

s0 @ = P' by 7.6. As |f|" and |h|" are measurable by 6.20, 7.9 gives
AR |y < LA TR (-

By 7.1 the left side is [|fh|" du = || fh|;, while 7P = p gives

17 s = ([ 107a) ™ = 1115,

and likewise || |h|" ||, = [|2[|; from r@Q = q. Hence

lo
1FRIE < (I1f 11 I17lq)"

(using the convention 0-co = 0 under which 7.9 is stated), and taking r-th roots, which preserves order
on [0, 00, completes the proof.

Problem 7A.8. Suppose (X, S, i) is a measure space and n € Z*. Prove that

1o fulle < [ fillpull f2llps - - ([ fnllpn

for all positive numbers py, ..., p, such that p% + p% Lt Fln — 1 and all S-measurable functions
flaf?;"'afn:X%F.

Solution. Induct on n, with Exercise 7 in this section as the two-factor step. The statement to prove

is: if p1,...,pn,r are positive numbers with » ; ﬁ = %, then

Ifrfo- fulle < Lfallp I f2llpe - 1fnllp.-
For n =1 we have r = p; and the two sides agree. Assume the statement for n, and let p1,...,ppt1,7
be positive with EZI% é =1 Definesby =37, ﬁ, a positive finite number, so that %—l—ﬁ =1

The induction hypothesis bounds || fi - - - fnlls, and Exercise 7 applied to fi--- f, and f,41 gives

n+1

Hfl"‘fnfn—kl”r < Hfl fn”s an+1Hpn+1 < H kaHpka

k=1

the second inequality because multiplication by a fixed element of [0, 00| preserves order under the
convention 0 - oo = 0 used in 7.9. Taking r = 1 yields the exercise.
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Problem 7A.9. Show that the formula in 7.12 holds for p = oo if i is a o-finite measure.

Solution. With p = oo and p’ =1 (7.6 and 7.7), the formula in 7.12 reads

Il = sup{ [ e b £10) anc il < 1}

For any admissible h, Holder’s inequality (7.9) with p = oo, p’ = 1 gives

/ fhdu < / PRl dp = | Fhll < 1l Il < 1 oo,

so the supremum is at most || f|loc; as h = 0 is admissible the supremum is also at least 0, settling the
case || fllco = 0. Assume now ||f||oc > 0 and fix t € (0, || f|loc)-

Then E = {|f| >t} € S has p(E) > 0, since t lies below the infimum in 7.1. Writing X = (J}Z, X;
with each p1(X;) < oo by o-finiteness, countable subadditivity (2.58) rules out p(£ N X;) = 0 for every
J,so A:= E N Xj satisfies 0 < u(A) < oo for some j. Put

n(AY ]

which is defined because |f| > ¢ > 0 on A. Then |h| = ﬁXA’ so ||h]l1 = 1 by 3.15 and h is admissible;

moreover fh = J(LJ;)XA > ﬁXA pointwise, so 3.8 and 3.15 give

/fhdu > )

Hence the supremum is at least ¢ for every ¢ < || f|loo, and the two bounds give equality.

B =

Problem 7A.10. Suppose 0 < p < g < o0.
(a) Prove that ¢ C ¢9.
(b) Prove that |[(a1,a2,...)|lp > ||(a1,as2,...)|q for every sequence aq,as, ... of elements of F.

Solution. Here i is counting measure on ZT, so by 7.2 and 7.4 we have |||, = (3, |ax[P)*/? for p < oo,
lalloo = supy |ax|, and £ = {a : [|al|, < cc}.

(a) Immediate from (b): if a € P then ||all; < ||lal|, < oo, so a € 1.

(b) If |jal|, = oo there is nothing to prove, and if ||la||, = 0 then every a; = 0 and both sides vanish.
So assume 0 < ||al|, < oo and put b = a/||al|p, which has [|b||, = 1 by homogeneity (7.5(b)); thus
Y peq |bk|P =1, and in particular |bgy| < 1 for every k.

(i) ¢ = co. Then ||b]|oc = supy, |bg| < 1.

(ii) ¢ < co. Then 0 < |bg| <1 and g > p give |bg|? < |bk|?, so

B8 = "Il <> bl =1.
k=1 k=1

Either way [|b||; < 1, so homogeneity of the g-norm (7.5(b), or Exercise 1 in this section when ¢ = c0)
gives

lallq = [| lallp 0], = llally [2l4 < llallp-
Problem 7A.11. Show that
(& #¢".
p>1
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Solution. Take a = (a1, az,...) with a; = . Since ¢! C (P for every p > 1 by Exercise 10(a) in this
section, it suffices to show a lies in every P with p > 1 but not in ¢
Not in £'. The block {2™,...,2™+1 — 1} has 2™ terms, each at least 2~ ("1 5o it contributes at least

2, summing the blocks m = O M —1,

M
> —.
-2
The partial sums are unbounded, so ||al|; = co.
In P for p > 1. For p = oo this is clear, as supy, % = 1. For 1 < p < oo the same block has 2" terms,

each at most 277, so it contributes at most (2'7P)™; since 0 < 2'7P < 1, summing the geometric
series bounds the partial sums of the nonnegative series:

[eS) 1 ) 1
lp

Zk 22 1_21p<oo'

k=1 m=0

Problem 7A.12. Show that
M £7([0,1]) # £([0,1))-

p<oo

Solution. Take f = Yo% nxa, on [0,1] (with f(0) = 0), where A, = (27",27"*1] are disjoint Borel
sets with A(A,) = 27™; here f is Borel measurable because f~!((¢,00)) is the union of those A, with
n > t, together with {0} when ¢ < 0.

The containment. If g € £>(]0,1]) and 0 < p < oo, then N = {|g| > ||g||cc} is null by Exercise 1 in
this section, so [g[P < [|g]|&x[0,1) + 00 - Xv pointwise and 3.8, 3.16, 3.15 give

/\g\pdA < [lgll&AC[0,1]) + 00 - AN) = [|g[|& < oo

Thus £([0,1]) € N« £7([0,1]), and it suffices to place f in the right side but not the left.

f ¢ £2(]0,1]). Given ¢t > 0, any integer n > t gives A({|f| > t}) > A(A,) > 0, so the set whose
infimum defines || f||oo in 7.1 is empty and || f||cc = o0.

f € L£P([0,1]) for 0 < p < co. Disjointness gives |f|P = > nPxa,, whose increasing partial sums are
simple with integrals )" _, nP27" by 3.15, so the Monotone Convergence Theorem (3.11) gives

/\f|pd)\ Z—<oo

the series converging because ¢, = nP2™" satisfies c’;% = %(1 + %)p — %, hence ¢,11 < %cn for large
n, which dominates the tail by a geometric series.

Problem 7A.13. Show that
UJ £7(0,1]) # £([0,1)).

p>1

Solution. Take f = Y 7, i—z xa, on [0,1], with A, = (27",27""1] as in Exercise 12 in this section:
disjoint Borel sets with A\(4,,) = 27", and f(0) = 0; as there, f is Borel measurable because f~1((t, o))
is a union of A,’s together with {0} when t < 0.

The containment (J,.; £P([0,1]) C £1([0,1]) holds by 7.10 when 1 < p < oo, since Ajo,) is a finite
measure, and by the first paragraph of Exercise 12 when p = co. So it suffices that f lie in £1(]0, 1])
but in no £P([0,1]) with p > 1. Exactly as in Exercise 12 (disjointness, 3.15, and the Monotone
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Convergence Theorem 3.11), for 0 < p < oo,

on(p—1)

[urar=3 (2 a0 =220
n=1

n=1

for n > 2 bounds the partial sums by 2. Hence

(i) p=1. The sum is ), -5 < 00, since = < 15 — 1

f e L£([o,1)).
(i) 1 < p < co. Choose an integer m > 2p; then et > t™/m! with t = n(p — 1) In 2 gives

220D ((p—1) )"

5 > nmTP s o,
n2p m!

so the terms of the series do not tend to 0 and [ |f|P d\ = oc.
(iii) p = oo. The same device with m = 3 and t = nln2 gives 2" > (In2)3n3/6, so 2"/n? — oo and
every t > 0 admits n with A\({|f| > t}) > A(Ay) > 0; hence || f||oc = 0.

Problem 7A.14. Suppose p, q € (0,00], with p # ¢. Prove that neither of the sets £LP(R) and L(R)
is a subset of the other.

Solution. By symmetry assume p < ¢, so p € (0,00); put 7 = q if ¢ < oo and r = p+ 1 if ¢ = oo, and
take

—-1/p

F=2"""Y01, 9=2"""X(100)

Fach is continuous and nonnegative on the interval carrying it, so its Lebesgue integrals are the
improper Riemann integrals

1 [ee)
/\f|5d)\:/ %" dx, /|g|SdA:/ %P dx,
0 1

the first finite exactly when s < r, the second exactly when s > p.

(i) f € LP(R) \ L9(R). Since p < 7, ||f]l, < co. If ¢ < oo, then r = g and [ |f|7d\ = fol dr/z = oo.
If ¢ = oo, then for every ¢ > 0 the set {|f| > t} contains an interval (0,¢) of positive measure, so
1]l = c0.

(ii) g € LYR) \ LP(R). Here [|g[Pd)\ = [[*dz/z = co. If ¢ < oo, then ¢ > p gives [|g|l; < oo; if
q = 00, then |g| < 1.

Thus LP(R) € L4(R) and L9(R) € LP(R).

Problem 7A.15. Show that there exists f € £2(R) such that f ¢ £LP(R) for all p € (0,00] \ {2}.

Solution. Take f(z) = 1/(y/z[Inz|) for z € (0,3) U (2,00) and f(z) = 0 otherwise; on each of those
intervals f is continuous and nonnegative, so its Lebesgue integrals are the improper Riemann integrals
below.

(i) p = 2. The substitution v = Inz, du = dz/z, gives

9 12 iy * dx —InZ gy, > du 2
R e -t -
o xz(lnx) 5 z(lnx) oo U o U In2
so f € L2(R).

(i) 0 < p < 2; put ¢ = p/2 € (0,1). On (2,00) we have |f|? = 2~ (Inz)~?, and (Inz)? < z(1=9/2 for
all x > M, some M > 2, whence
—(1 2 1+
[f@)fP > 2002 @ > ), HL<,

so [|f|PdX = oc.
(iii) 2 < p < oo; put ¢ = p/2 > 1 and fix r € (1,9). On (O, %) we have |f|P = 27 ?|lnz|7P, and
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29 "|InzP — 0 as z | 0 (a positive power of z beats any power of |Inz|), so [Inz|? < z~(¢~") on some
(0,6); there | f(z)[P > 27" with r > 1, so [|f|P d\ = co.

(iv) p = oo. Since /z|lnz| — 0 as z | 0, each set {|f| > t} contains an interval (0,d;) of positive
measure, so the infimum in 7.1 is over the empty set and || f|loc = 0.

Problem 7A.16. Suppose (X, S, i) is a finite measure space. Prove that

Tim [1£llp = /oo

for every S-measurable function f: X — F.

Solution. The two bounds || f|ly < ||flleopt(X)YP and || f||, > t u({|f| > t})/? give the limit, since both
measure factors tend to 1. In detail: if ;4(X) = 0, then every set is null, so || f||, = 0 = || f|loc for all p;
assume henceforth 0 < pu(X) < oo.

(i) limsup, o0 [|fllp < [[fllco- Only [[f]lcc < oo needs proof. Then [f| < ||f]l almost everywhere,
because

[e.e]
(A > 1fllee} = UL > 1o + 5
n=1
and each set on the right is null by the definition of the infimum in 7.1; countable subadditivity finishes
it. Hence [|f7 dyu < [[f|1% u(X), 50 1/ lp < || flloots(X) /7, and u(X)1/7 = 1 because 0 < u(X) < oo.

(ii) liminf, oo || fllp = | flloo- Only ||f|lec > 0 needs proof. Fix t € (0, || f||); then ¢ fails the defining
condition in 7.1, so ¢ := p({|f| > t}) satisfies 0 < ¢ < pu(X) < oo, and

/\f|p du > tPe for every p € (0, 00).

Thus || f|l, > tc'/P — t, giving liminf, o0 || f]|, > t; now let ¢ 1 || f|loo-

Problem 7A.17. Suppose p is a measure, 0 < p < oo, and f € LP(u). Prove that for every & > 0,
there exists a simple function g € £P(u) such that ||f — g, < e.
[This exercise extends 3.44.]

Solution. Take g from the simple approximations supplied by 2.89, applied to Re f and Im f. Precisely,
2.89(b) and (c) give simple S-measurable uy — Re f and vy, — Im f pointwise on X with |ug| < |Re f|
and |vg| < |Im f|; then g := ug + v is simple and S-measurable, with

el <IRef|+[mf|<2f| and gy f pointwise,

50 |lgkllp < 2||f|lp < oo and g € LP(p) for every p € (0, oo].

(i) 0 < p < co. Then |f — giP < 3P|f|P, which is integrable because f € LP(u), and |f — gk|P — 0
pointwise, so the Dominated Convergence Theorem 3.31 gives || f — gkll, — 0; take g = g for k large.
(ii) p = 0. Put M = |[|fllc < 00, E = {|f| < M}, and f = fxg; as in TA.16(1), u(X \ E) = 0,
so|lf—f oo = 0. Since Re f and Im f are bounded, 2. 89(d) supplies simple S-measurable a,b with
supy|Re f —a| < £/4 and supy|Im f — b| < /4. Then g = a + ib is simple with |g| < M +¢/2, so
g € L>®(u), and by the triangle inequality of 7TA.1,

ry Py g
1 = lloe < IF = Flloo + 11 = glloe <0+ 5 <.

Problem 7A.18. Suppose 0 < p < oo and f € LP(R). Prove that for every £ > 0, there exists a
step function g € £P(R) such that ||f — g||, < e.
[This exercise extends 3.47.]
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Solution. Approximate f first by a simple function using 7A.17, then replace each of its level sets by
a finite union of intervals; with ¢ = min{p, 1}, the errors add through the g-triangle inequality

m q m
¥ =D AT
k=1 T k=1

That inequality is Minkowski 7.14 with induction on m when p > 1 (so ¢ = 1); when 0 < p < 1 it is
g = p and follows by integrating (3°,|fx|)” < .| fx|P, which iterates (a + b)P < a? + b for a,b > 0
(divide by (a + b)? and use s > s for s € [0, 1]).

Interval approzimation. If A C R is Lebesgue measurable with |A| < co and 6 > 0, there is a union
E of finitely many disjoint bounded open intervals with ||xa — x|y = |A\ E| + |E \ A] < 4. Indeed,
2.71(e) gives an open G 2 A with |G'\ A| < §/2, so |G| < oo; writing G = (J;Z, J; with the J; disjoint
open intervals (bounded, as |G| < 00), choose N with . y[J;| < /2 and set 2= J;U---UJy; then

ANEC |JJ; and ENACG\A
>N
Now let € > 0. By 7A.17 there is a simple function h € £P(R) with
€q
7= hlg < 5

If h =0, take g = 0. Otherwise write h = ajxa, + -+ + anXxa, in the standard representation
following 2.88, the aj distinct and nonzero and the A disjoint and measurable; disjointness gives

|7 = > klarlP|Ax| < oo, so each |Ay| < co. Choose & > 0 with ]aquég/p < €7/(2n) and then Ej as
above with || xa, — xg.|lp < 0k, and set

g =0a1XE, + "+ anXE,-

Expanding each x g, over its finitely many bounded intervals exhibits g as a step function; it is bounded
with bounded support, so g € LP(R). By the ¢-triangle inequality and the homogeneity 7.5(b),

n n
Eq
I =gl <> lawl Iva, = xalf < lal6{” < 5
k=1 k=1

Therefore

e? ef
If =gl <If =Rl + 1R =gllf < 5 + 5 =27,

which gives || f — g, < e.

Problem 7A.19. Suppose 0 < p < oo and f € LP(R). Prove that for every ¢ > 0, there exists a
continuous function g: R — F such that || f — g||, < ¢ and the set {x € R : g(x) # 0} is bounded.
[This exercise extends 3.48.]

Solution. Round off the corners of the step function supplied by 7A.18: replace each x by a continuous
trapezoid. Throughout, ¢ = min{p, 1} and errors add through the g-triangle inequality || >, fxllf <
>k 1fkll4 proved in 7A.18.

Let € > 0. By 7A.18 there is a step function h € £P(R) with

e4

17 =l < 5

If h =0, take g = 0. Otherwise write h = a1x1, + - - -+ anXx71, With the a; nonzero and the I}, intervals,
which may be taken disjoint: the finitely many endpoints cut R into finitely many pieces on each
of which A is constant, and we discard the pieces where h = 0 and relabel. Disjointness then gives
|h]lF = > larP|Ix] < oo, so each I is bounded, say with endpoints by < c.
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Trapezoids. For a bounded interval I with endpoints b < ¢ and for § > 0, let o = 0 if ¢ — b < 2,
and otherwise let ¢ be the continuous piecewise-linear function that equals 1 on [b + 4, ¢ — d], equals 0
off (b, c), and is linear on [b,b + §] and on [c — d,c|. In the first case || x; — @[/} = ¢ — b < 2§; in the
second, x7 — ¢ is bounded by 1 and vanishes off [b,b+ d] U [c — 0, c], a set of measure 2§. Either way ¢
is continuous, vanishes off [b, ¢], and

Ixr = elly < 26.
Choose § > 0 small enough that

q
@l (207 < = fork=1,....n,
n

possible since (25)‘1/” — 0 as 6 | 0; let g be the trapezoid for I and this §, and set

g=a1p1+ -+ anpn.
Then g is continuous and vanishes outside the bounded set [by, c1]U- - - U [by, ¢,], hence is bounded and
lies in £P(R). By the g-triangle inequality and 7.5(b),
1= gllg <> larllIxn, — el < D laxl*(28)77 < 5
k=1 k=1

so Ilf —glly <IIf = hllg + [ —glly <e.

Problem 7A.20. Suppose (X, S, i) is a measure space, 1 < p < oo, and f,g € LP(u). Prove that
Minkowski’s inequality (7.14) is an equality if and only if there exist nonnegative numbers a and b,
not both 0, such that

for almost every z € X.

Solution. Normalize and use strict convexity of ¢ — tP. Two pointwise facts do the work.
Fact 1. For z,w € F, |z + w| = |z| + |w]| if and only if 2w € [0, 00): comparing

|z +wl? = [z + 2Re(z@) + [wl?, (2] + |[w])® = |2 + 2|zw] + [w?,

equality holds exactly when Re(zw) = |zw]|, that is, when 2w > 0.

Fact 2. For p > 1, s € (0,1), and o, > 0 we have (sa +(1- s)ﬁ)p < saf + (1 — s)pP, with equality
if and only if o = 3; indeed t ~ tP has second derivative p(p — 1)t*=2 > 0 on (0, c0), hence is strictly
convex there, while for a = 0 < 3 the left side is (1 — )PP < (1 — s)/P.

(<) Suppose af = bg almost everywhere with a,b > 0 not both 0. If b = 0, then a > 0, s0 f =0
almost everywhere and ||f + gll, = |lgllp = || fllp + ll9llp- If b > 0, then g = ¢f almost everywhere with
c=afb>0, 50 7.5(b) gives |+ gllp = 1+ )7 lp = | Fll + 9]

(=) Suppose |1 + glly = £y + lglly- 1€ 1 £ll, = 0, take (a,b) = (1,0); if lgll, = O, take (a,b) = (0,1).
Otherwise A := || f||, and B := ||g]|, lie in (0,00); put u = f/A, v=g/B, and s = A/(A+ B) € (0,1),
so that |lull, = |jv]l, = 1 by 7.5(b) and f + g = (A+ B)(su+ (1 — s)v). The hypothesis becomes
|su+ (1 — s)v||, = 1, while pointwise

‘su +(1- s)v‘p < (slul 4+ (1 = s)[])? < slul? + (1 — s)[v[?

by the triangle inequality in F and Fact 2. Integrating turns this chain into 1 <1 < 1, so each of the
two differences is a nonnegative function of integral 0 (all three terms are integrable, being dominated
by the right-hand side) and hence vanishes almost everywhere by the second bullet point of 3.43. Thus
for almost every z € X:

(1) [su(z) + (1= s)v(x)| = slu(@)] + (1 - s)[v(@)],
(i) (slu(@)]+ (1= s)p@)])" = slu(@)|” + (1 = s)|v()[".
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where (i) uses the injectivity of ¢ — t” on [0,00). At such an z, Fact 2 turns (ii) into |u(z)| = |v(x)|,
and Fact 1 (with z = su(z), w = (1 — s)v(x)) turns (i) into u(x)v(z) > 0. If u(x) = 0, then v(x) = 0;
otherwise

u(@)o(@) = |u(2)| jo(@)] = |u(@)]* = u(@)u(),

and dividing by u(x) gives v(x

= u(z). Hence u = v almost everywhere, that is, Bf = Ag almost
everywhere; take a = B and b = A.

Problem 7A.21. Suppose (X,S, 1) is a measure space and f,g € £!(u). Prove that

If +glls = Ifllx + llgll1

if and only if f(x)g(x) > 0 for almost every x € X.

Solution. The two sides differ by the integral of the nonnegative function

Y =fl+1gl —|f +gl,

so the equality holds if and only if ¢ = 0 almost everywhere. Indeed 1 > 0 by the triangle inequality
in F, and |f], |g|, |f + g| all have finite integral (as f,g € £(11)), so additivity of the integral gives

/wdu— V£l + gl = 11 + gl

and a nonnegative function has integral 0 exactly when it vanishes almost everywhere, by the second
bullet point of 3.43.

Finally ¢ (z) = 0 says |f(x) + g(x)| = |f(2)| + |g(z)|, which holds if and only if f(z)g(x) > 0 by the
equality case of the triangle inequality in F' established as Fact 1 in 7A.20.

Problem 7A.22. Suppose (X, S, 1) and (Y, 7T, v) are o-finite measure spaces and 0 < p < oco. Prove
that if f € LP(u x v), then

[f]z € LP(v) for almost every x € X

and
[f]Y € LP(u) for almost every y € Y,

where [f], and [f]Y are the cross sections of f as defined in 5.7.

Solution. Apply Tonelli’s Theorem 5.28 to |f|P. That function is nonnegative and S ® T-measurable,
and directly from the definition 5.7 of cross sections,

A7), = |Ifle[" and  [IfP]" = |IF1Y]".

Both measure spaces are o-finite, so 5.28 says that
h: X — [0, 00], h(z) = / |[f]x‘pdl/
Y

is S-measurable with [\ hdp = [y, [fPd(u x v) = ||f|p < oo. Writing E = {h = oo} € S, the
bound cxg < h gives

cu(E) < / hdp = || fI[5 for every ¢ > 0,
b's
so p(E) = 0. Thus for every = ¢ E the cross section [f], is T-measurable (5.9) with [} |[f].|? dv < oo,

that is, [f]» € L£P(v) for almost every x € X. Part (b) of 5.28 gives [f]¥ € L£P(u) for almost every y € Y
by the same argument.
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Problem 7A.23. Suppose 1 < p < oo and f € LP(R).

(a) For t € R, define f;: R — R by fi(z) = f(x —t). Prove that the function t — ||f — fi||p is
bounded and uniformly continuous on R.

(b) For ¢ > 0, define f;: R — R by fi(z) = f(tx). Prove that

li — fill, = 0.
lim [/~ fll, = 0

Solution. Both parts reduce, via the density result 7A.19, to a continuous function vanishing off a
bounded set; the reduction runs on the two invariance identities

/_:h(x—t)dx:/_Zh, /_Zh(tm)dmzi/_ih

for measurable h > 0, with ¢ € R in the first and ¢ > 0 in the second. Both hold for h = yg because
|t + E| = |E| by 2.7 and [t 'E| = t~!|E| by the definition 2.2 of outer measure applied to dilated
covers (translates and dilates of measurable sets are measurable, by 2.70 in the Lebesgue case), hence
for simple h by 3.7, hence for all measurable h > 0 by 2.89 and the Monotone Convergence Theorem
3.11. Taking h = |f|P gives f; € LP(R) with

fells = 11flp 10 (@), el =PI flp in (D).

Also, for each € > 0, 7A.19 supplies a continuous g vanishing outside some [—M, M] with || f —g||, < &;
such a g is uniformly continuous on R, being uniformly continuous on the compact set [—M — 2, M + 2]
and zero on a neighbourhood of the complement. (Check!)
(a) Put o(t) = || f — ftl|p- Minkowski 7.14 and translation invariance give ¢(t) < || fllp + || fellp = 21/ flps
so ¢ is bounded. Since (fq)p = fotb, we have fi — fo = (f — fs—t)t, whence ||fr — fs|lp = ¢(s —t), and
7.14 applied twice gives

9(8) = p(3)] < i — folly = 95— ).

So uniform continuity follows once ¢(u) — 0 asu — 0. Given e > 0, take g as above with || f—g||, < &/3;
then [|fu — gullp = |f — gllp, so 7.14 gives p(u) < %‘5 + |lg — gullp- For |u| < 1 the function g — g
vanishes outside [-M — 1, M + 1], so

lg = gully < (20 +2) (suplg (@) — g — w)] ),
TzeR

and the supremum tends to 0 as v — 0 by uniform continuity of g. Hence p(u) < ¢ for all small |u].
(b) Given ¢ > 0, take g as above with || f — g||, < e. For t € [%,2], dilation invariance gives || f; — g¢||, =
t=1/P||f —g|l, < 2'/Pe < 2¢ (here p > 1), so by 7.14

1 = Jello < 1 = gllo + g = 9tllp + lg: = fillp < 3¢+ llg = gellp-

For such t, if |x| > 2M then |z| > M and |tz| > |z|/2 > M, so g — g; vanishes outside [—2M, 2M] and

p
lg—gully <40 ( sup |g(x) — g(ta)])"
| <2M

Since |tz — x| < 2M |t — 1] for |x| < 2M, uniform continuity of g sends that supremum to 0 as ¢t — 1.
Hence limsup,_,q || f — fi||p < 3¢ for every ¢ > 0.

Problem 7A.24. Suppose 1 < p < oo and f € LP(R). Prove that

b
im [ 1 so)P =0

for almost every b € R.
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Solution. Apply the Lebesgue Differentiation Theorem 4.10 to the countably many localized functions
hr,n: |f*T|pX(—n,n)a reb, n€Z+a

where D is a countable dense subset of F (take Q or Q 4 iQ), and then let » — f(b). Convexity of
s+ sP on [0,00) (here p > 1) gives

fut o < (jul + [o])” <27 (jufP + [ol?)  (wv € F),

0 [ hypn < 2P7H([|f|I5 + 2n|r|P) < oo and h,, € L£'(R). Hence 4.10 supplies null sets N, off which
the averages of |h,, — hyn(b)| over (b—t,b+t) tend to 0; put N =, ,, Nyn, which is null by 2.8.
Fix b ¢ N and r € D, and choose n > |b| + 1. For 0 <t < 1 we have (b—t,b+1t) C (—n,n), so
hyn = |f — r|P there and h,,,(b) = |f(b) — r|P, whence

b+t
1/ =P — 17 () — PP

1 b+t
5 <1 / B — B (B)] — 0.

T2t Sy

Now let € > 0 and pick r € D with |f(b) — r| < e. The displayed inequality with v = f(z) — r and
v=r— f(b), integrated over (b —t,b+t), gives

1 b+t L 1 b+t

il _f(p)P <o = _ P _ £(b)IP

i | r=sor sz (G [ sor)),
so by the previous paragraph

limsup —

b+t
- P <P _ P < OPD
t10 2t/ If = f(O)]P < 2P| f(b) — r|P < 2PeP.

b—t

As e > 0 was arbitrary and the averages are nonnegative, the limit is 0 for every b ¢ N.

7.2 Exercises 7B

Problem 7B.1. Suppose n > 1 and 0 < p < 1. Prove that if || - || is defined on F" by

1
lat,- . san)ll = (Jaal? + - + lanf?) 7,

then || - || is not a norm on F™.

Solution. The triangle inequality fails. Take a = (1,0,...,0) and b = (0,1,0,...,0), available because
n > 1. Then |la|| = ||b]] = 1, while 1/p > 1 gives

la= bl = (17 +17)17 = 217 > 2 = a] + 1]

Problem 7B.2. (a) Suppose 1 < p < co. Prove that there is a countable subset of /7 whose closure
equals /P.
(b) Prove that there does not exist a countable subset of /> whose closure equals £*°.

Solution. (a) Yes: the sequences with finitely many nonzero terms, all of them in I, where D = Q
or Q4 iQ is a countable dense subset of F. Call this set D; it is countable, being J;” Dy, with D,
(vanishing after coordinate n) in bijection with D™, and D C ¢P. Given a € ¢P and € > 0, convergence
of > |ax|? gives n with Y, |axP < €P/2; choosing by, € D with |a — by|P < €P/(2n) for k < n and
setting b = (b1,...,b,,0,0,...) € D gives

n
la =l =">"lar — bplP + > lal’ < &P
k=1 k>n
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(b) No: the set S of sequences with entries in {0, 1} lies in ¢°°, is uncountable (it is in bijection with
the subsets of Z1), and any two distinct members are at distance exactly 1. If C' C ¢*° has closure £,
choose for each a € S some c(a) € C with |la — c(a)||sc < 3. This map is injective, since c(a) = ¢(b)
would give

la = blleo < fla = c(a)]loo + lle(b) = blloe <1,

forcing @ = b. So C' is uncountable.

Problem 7B.3. (a) Suppose 1 < p < co. Prove that there is a countable subset of LP(R) whose
closure equals LP(R).
(b) Prove that there does not exist a countable subset of L°°(R) whose closure equals L (R).

Solution. (a) Yes: with D = Q or Q + iQ (countable and dense in F), take
D= {27:1 CiX(ajb;) P M ELT, ¢; €D, a; <b; rational}.

For each m these sums form the image of the countable set (D x Q x @)™, so D is countable, and each
of its elements is bounded with bounded support, so D C LP(R).

Let f € £P(R) and € > 0. By 7A.18 there is a step function h with ||f — k|, < ¢/2, and as in TA.19
we may write h = Z;n:l ajxr; with the I; disjoint bounded intervals. Given ¢ € (0,1), enlarge each
I; to an interval J; with rational endpoints within ¢ of those of I, so that A(J; \ I;) < 26 and hence
Ix1; = xu;llp < (26)'/7, and pick ¢; € D with |a; — ¢;| < 6. Then u = > j=14jxJ; € D, and Minkowski
7.14 gives

7 =l < (28)2 gl + 6 A,
j=1 j=1

which is less than €/2 once § is small (the A(J;) < A(I;) + 2 stay bounded). Hence | f — ul|, < €, so
the closure of D is LP(R).

(b) No: for t € (0,1) put g = x(0) € L(R). If 0 < s <t < 1, then gt — gs = X[s,), Whose every
level set {| - | > r} with » € (0,1) has measure t —s > 0, s0 ||g¢ — gs|loc = 1 by 7.1. Thus {g;} is an
uncountable family at pairwise distance 1. If C' C L*°(R) had closure L>°(R), choosing ¢; € C' with
gt — ctlls < 3 would give an injection ¢ — ¢; of (0,1) into C, since ¢s = ¢; forces

l9s — gtlloo < llgs — Cslloo + llet — gtlloo < 1,

hence s = t. So C is uncountable.

Problem 7B.4. Suppose (X,S,u) is a o-finite measure space and 1 < p < oco. Prove that if
f: X — F is an S-measurable function such that fh € £!(u) for every h € L (1), then f € LP(u).

Solution. If f ¢ LP(u), a single h € £ (1) built from a o-finite exhaustion violates the hypothesis. Fix
X1 € X C---in S with u(X,) < oo and |J,, X, = X, and recall %+Z% =1 (7.6). We use once and for
all that [uxx dp = 0 for measurable v > 0 and pu(N) = 0, so that [udu = [uxx\n dp (Check!); this
converts a nonnegative function that is finite almost everywhere into an F-valued one with the same
norm.

(i) p=1, so p’ = co. The constant function 1 lies in £>(u), so f = f -1 € L' (u) by hypothesis.

(ii) p = 00, so p' = 1. Suppose ||f|lco = 00. By 7.1 each Ay = {|f| > 4¥} has u(Ax) > 0, so continuity
from below supplies ny, with By = AN X, satisfying 0 < u(By) < co. Put h = 332, 27 %u(Bk) 1x5,;
the Monotone Convergence Theorem 3.11 applied to the partial sums gives [hdu =1, so h < oo almost
everywhere and h = hxx\n, with N = {h = oo}, lies in L (y). But for every k,

. 9—k
/Ifhlduz/!flhduz / |fldp > 2754k = 2%,
w(B) Jg,
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contradicting fh € £ (). Hence f € £(u).
(i) 1 < p < oo. Put B, ={z € X,, : |f(z)] < n} and g, = |f|xE,. The E, increase with union X, so
3.11 gives [lgall? — [ |17 du, while gn < nxx, gives lgull5 < nPji(Xa) < 00. Suppose [ |f|P du = oo

Choose n1 < ng < --- with ¢, == ||gn,[lp > 4k write G = Gn,,, and set hy = G,f_l/c,f_l. Since
(p—1)p" =p,
P 1 p le k
Hthp/ :g Gk d,uzl and Gkhkd,u: cp_l :Ck24 .
k

Put h = Y72, 27Fh;. Minkowski 7.14 bounds the p’-norm of each partial sum by >, 27% =1, s0 3.11
gives [|h]lyy < 1; hence h < oo almost everywhere and h = hxx\y lies in LP (). But |f| > G and
h > 27 hyxx\n give

/ |fhldp > 2—k/Gkhk dp > 27k4k = ok

for every k, a contradiction. Hence [ |f|P du < oc.

Problem 7B.5. (a) Prove that if x4 is a measure, 1 < p < oo, and f,g € LP(p) are such that

)

p

171 = sl = | 5

then f =g.
(b) Give an example to show that (a) can fail if p = 1.
(c) Give an example to show that (a) can fail if p = co.

Solution. (a) Everything follows from the strict convexity inequality

p p p p
< (HLMY P

a+b
2

in which equality forces a = b. The first step is the triangle inequality in F with ¢ — P increasing; the
second is convexity of ¢ — P on [0,00), strict because ¢'(u) = puP~! is strictly increasing there (this
is where p > 1 enters). So overall equality forces |a| = |b| =: r from the second step and |a + b| = 2r
from the first; if » > 0, then expanding |a + b|?> = 272 + 2Re(ab) = 472 gives Re(ab) = r? = |ab], so
ab=1? and a = r2b/|b|> = b; and if r = 0, then a = b = 0.

Now let ¢ = || f]l, = |lgll, = | %Hp < oo and put

p
> 0.

uo Pl | f+g
2 2

Additivity 3.16 gives [udp + ? = P, and ¢® < oo permits the subtraction, so [udu = 0. By the
second bullet point of 3.43, u = 0 almost everywhere, and by the equality case above this says f = ¢
almost everywhere, that is, f = g in LP(u).

(b) Counting measure on {1, 2}, with f = (1,0) and g = (0, 1): here ||f]|; = ||g][1 = 1 and % =(3.3)
also has 1-norm 1, yet f # g.

(c) The same space with f = (1,1) and g = (1,0): here ||f|looc = 9]l = 1 and % = (1,1) has
oo-norm 1, yet f # g.

Problem 7B.6. Suppose (X, S, 1) is a measure space and 0 < p < 1. Show that

1 +gllp < 1LF15 + lgllp

for all S-measurable functions f,g: X — F.
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Solution. Integrate the pointwise inequality |f + g|P < |f|? + |g|P. For that, it suffices that
(@ +0b)P <aP +0° (a,b>0),

since |f + g| <|f| + |g| and t — ¢ is increasing. To prove it, assume a + b > 0 and put s = a/(a + b),
t =b/(a+b); then s,t € [0,1] with s +¢ =1, and u? > u for u € [0,1] (as uP~! > 1 there, p < 1), so

aP + bP

=sP+ P> t=1.
(@t D)y st +tr > s+

Integrating the pointwise bound, 3.8 and additivity 3.16 give

If +glp = / 4 gPdu< / P du+ / 9Py = | £+ llglE.

an inequality in [0, 0o].

Problem 7B.7. Prove that LP(u), with addition and scalar multiplication as defined in 7.16 and
norm defined as in 7.17, is a normed vector space. In other words, prove 7.18.

Solution. Everything rests on two facts: Z(u) is a subspace of £P(u), and || - ||, is constant on its cosets.
Then LP(u) is the quotient £P(u)/Z (1) with the operations of 7.16.

(i) LP(p) is a vector space: this is 7.5 for p < oo, and for p = oo it follows from the triangle inequality
and homogeneity of || - || proved in 7A.1. Its subset Z(u) of functions vanishing almost everywhere
is a subspace, the union of two null sets being null, and Z(u) € LP(u) because such functions have
-1, =o.

(ii) f = F if and only if f — F € Z(y), that is, f = F almost ‘everywhere: one direction uses that Z ()
is closed under addition and negation, the other that f € f (Check!) Consequently, if f F and
g= G, then

(f+9)-(F+G)=(f-F)+@-G)eZ(p), af-aF=a(f-F)eZ),

so the operations of 7.16 do not depend on the representatives. Each vector space axiom for LP(p)
then transfers from the corresponding axiom in £P () through f + f, which by definition carries sums
to sums and scalar multiples to scalar multiples; the additive identity is 0 = Z(u) and —f = (—f)™.
(Check!)

(iii) || - ||, is well defined on LP(u). Suppose f = F off a set N with pu(N) = 0. If p < oo, then
|fPxx\~ = [F[Pxx\n and a null set contributes nothing to an integral of a nonnegative function, so
J1fPdp= [|F|Pdp. If p= oo, then {|f| >t} and {|F| > ¢} differ only inside NV, so one is null exactly
when the other is, and the two infima in 7.1 agree. Since f € £P(u), the common value Hﬂ|p = fllp
lies in [0, 00), as 6.33 requires.

(iv) The three conditions of 6.33. Homogeneity is 7.5(b) for p < oo and 7A.1 for p = oo, read on
representatives; the triangle inequality is Minkowski 7.14 likewise. For positive definiteness, ||f||, =0
forces f = 0 almost everywhere: for p < oo apply the second bullet point of 3.43 to |f|P; for p =
each set {|f| > 2} is null by 7.1, and {f # 0} is their union. Hence f = 0, and the converse is (111)
with F' = 0.

Problem 7B.8. Prove 7.20 for the case p = oc.

Solution. Take f to be the pointwise limit of fi, fa, ... off the null set where the essential suprema fail
to bound. As in 7A.16(i), p({|lg| > ||lgllec}) = 0 for every S-measurable g, so

E={J{fi— ful > I = frlloo} U U{|fk| > | felloo }

7.k

is a countable union of null sets, hence E € § with p(E) = 0. On X\ E we have | f;— fi| < || fj— f&l|oo for
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all j, k, so the Cauchy hypothesis makes fi, fo, ... uniformly Cauchy there, hence pointwise convergent
by completeness of F. Define f = limg o0 fxXx\ g, Which is S-measurable by 2.48.
Given € > 0, choose n with || f; — fillcc < € for all j,k >n. For k >nand z € X \ E,

[fe(z) = f(2)] = fim [fe(z) = fi(z)| <e,

so {|fx — f| >t} C E is null for every ¢t > ¢ and thus ||fx — f|lcc < €; hence || fx — flloc — 0. Taking
e = 1 with its n, we get |f| < |[ful +1 < ||[fallo + 1 0on X\ E, 50 [|flloc < ||fullooc +1 < oo and
feLl>p).

Problem 7B.9. Prove that 7.20 also holds for p € (0,1).

Solution. The telescoping proof of 7.20 runs unchanged with || - ||} in place of the norm, because 7B.6
gives [Ju+ o|[5 < [ullg + Ju]}5 and hence, by induction, || 7%, ugllh < S0 u

It suffices to find a convergent subsequence: if || fx,, — f|l, — 0, then given e > 0 and n with || f; — fi||h <
/2 for j,k > n, choosing ky, > n with || fs,, — fI|b < /2 gives || fx — f||h < € for all k > n. So pick
n1 < mng < - with || fj — fllb < 27™ for j,k > ny, pass to the subsequence (f,,,) without relabelling,
and set fo = 0; then

o0
D e = feetllh < oo
k=1

Let g = Y 72 | fu— fr—1| with partial sums g,,. Finite subadditivity gives [ gh dp < > 0ty | fu— fr—1llp
and gh 1 gP pointwise, so the Monotone Convergence Theorem 3.11 gives

[ dn <3 - fially < o,
k=1

Hence A = {g < oo} satisfies (X \ A) = 0, since cxx\a < g7 for every ¢ > 0. On A the series
> 1 (f — fr—1) converges absolutely with m-th partial sum f,, so f := limp, o frXxa exists pointwise
on X and is S-measurable by 2.48; and |f| < g on A gives ||f||h < [ ¢P du < oo, so f € LP(u).
Finally, let ¢ > 0 and take n with || f; — fxl|b < € for j,k > n. For k > n the functions |f; — f;|?
converge almost everywhere to |fr — f|P, so Fatou’s Lemma (3A.17) gives

Ifx — FIP < liminf || fr — f]2 < e.
J—00

Problem 7B.10. Prove that 7.23 also holds for p € (0, 1).

Solution. Choose k1 < ko < --- with [|fg,, — f|P du < 47™, possible because || f, — || — 0. Markov’s
inequality 4.1, applied to h,, = |fr, — f|P € L'(1) with constant 27™, gives

Put F' = N3=; Up>y Em-  Monotonicity 2.57 and countable subadditivity 2.58 give u(F) <
Y omsar 27 =27 for every M, so pu(F) = 0.
If ¢ F, then x ¢ E,, for all m beyond some M, so |f, (x) — f(z)| < 2™/ — 0. Hence fy, — f
pointwise on X \ F', that is, almost everywhere.

Problem 7B.11. Suppose 1 < p < co. Prove that
{(a1,a9,...) €7 :ay # 0 for every k € Z*}

is not an open subset of /P.
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Solution. Take a = (271,272,...), which lies in the set A in question: every term is nonzero, and
la|f = >, 27" < oo for p < oo while [lallsc = 3. Given & > 0, pick n with 27" < ¢ and let b agree
with a except that b, = 0. Then b€ P, b¢ A, and a — b = 2""e,, so

la =blly =27"[leall, =27" <

for every p € [1,00]. So no ball centred at a lies in A; as a € A, the set A is not open.

Problem 7B.12. Show that there exists a sequence fi, fa,... of functions in £([0,1]) such that
limy o0 ”fk”l =0 but
sup{fr(z) : k€ Z*t} = 00

for every z € [0, 1].
[This exercise shows that the conclusion of 7.23 cannot be improved to conclude that limg_, o, fx(z) =
f(z) for almost every z € X ]

Solution. Take the typewriter sequence with growing heights. For n € Z™ and j € {0,1,...,2" — 1}
put I, ; = [j27",(j + 1)27"], and index the pairs by

k:2n_1+.77 fk:nXIn,ja

which is a bijection onto ZT because the blocks {27 — 1,..., 2" — 2} partition Z*; write n(k) for the
resulting n. Then
(k)

1kl = n(R) ATy i) = S

3

so each fi, € £1([0,1]); and k > 2"*) — 1 forces n(k) — oo, whence || fx||1 — 0 because n2~" — 0.
Fix z € [0,1] and n € ZT. The intervals I, g, ..., Iy 2n_1 cover [0,1], so z € I, ; for some j, and the
corresponding k = 2" — 1 + j gives fi(z) = n. Hence sup;, fx(z) = oc.

Problem 7B.13. Suppose (X, S, 1) is a measure space, 1 < p < oo, f € LP(u), and f1, fa,... is a
sequence in £P(p) such that limy_,o || fx — f||p = 0. Show that if g : X — F is a function such that
limg_ o0 fx(z) = g(x) for almost every z € X, then f(x) = g(z) for almost every x € X.

Solution. By 7.23 some subsequence satisfies fy,, — f off a set E with u(F) = 0, while by hypothesis
fr — g off a set F with u(F)=0. For x ¢ EUF, a null set by 2.58, the full sequence fi(z) converges
to g(z), hence so does the subsequence; since limits in F are unique and fx, (v) — f(x), we get
f(x) = g(x). Thus f = g almost everywhere.

Problem 7B.14. (a) Give an example of a measure p such that 7.25 fails for p = 1.
(b) Show that if i is a o-finite measure, then 7.25 holds for p = 1.

Solution. (a) Take X = {1}, S = {0, X}, and p(X) = oo. Then [ |f|dp is 0 or oo according as f(1) =0
or not, so
LY(u) = {0} and hence (Ll(,u)), = {0},

whereas || f|lcc = |f(1)] by 7.1 and () is the only null set, so L>(u) is one-dimensional. For h with
h(1) =1 we get ||@n|l =0 # 1 = ||h]|x, and ¢}, = o with h # 0, so h — ¢}, is not one-to-one either.
(This p is not semifinite: X has infinite measure but no subset of positive finite measure.)

(b) For every measure, Holder’s inequality 7.9 with p = 1, p’ = oo gives |[fhll1 < [|f]1]|A]locs SO ©n
is a bounded linear functional on L'(u) with ||ox] < ||h|lso, and h = ¢y, is linear; only the reverse
inequality needs o-finiteness.

Assume |[|h||oo > 0 and fix t € (0, ||h]loo). Then E = {|h| > t} has u(FE) > 0, since pu(E) = 0 would give
|hloo <t by 7.1. Writing X = (J,, X, with p(X,,) < oo, countable subadditivity 2.58 supplies n with
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A = EnNX, satisfying 0 < p(A) < pu(X,) < co. Put
1 A
f= X
p(A) bl

well defined because |h| >t > 0 on A. Then |f| = xa/u(A), so ||f|l1 = 1, while fh = |h|/u(A) on A
and 0 elsewhere gives

1
@h(f)ZM(A)/A’hdM>t,

whence |[pp| > t. Letting ¢ 1 ||h]|co gives ||on]| = ||h]|lco. One-to-oneness follows: ¢p, = @p, gives
1h1 = h2lloo = l[ns—nll = 0.

Problem 7B.15. Let
co = {(ay,a9,...) € L klirn ap = 0}.
—00

Give ¢g the norm that it inherits as a subspace of £°°.
(a) Prove that ¢y is a Banach space.
(b) Prove that the dual space of ¢ can be identified with ¢!.

Solution. (a) co is a closed subspace of £*°, which is a Banach space by 7.24 (it is L>°(u) for u counting
measure on Z*, where no nonempty set is null, so the essential supremum is the supremum). It is a
subspace because limy_, o (ar + aaﬁﬂ) = 0 whenever a,a’ € ¢g. For closedness, suppose a™ ¢ co and
|a™ — a|loc — 0; given £ > 0, choose n with ||a™ — a||s < £/2 and then K with |a,(€n)] < ¢/2 for
k > K, so that

|ak|§\ak—al§n)]+|a,(€n)]<s for k > K,

giving a € ¢g. A Cauchy sequence in ¢y is Cauchy in £°°, hence converges there, and the limit lies in
the closed set cg; thus ¢y is a Banach space.
(b) The identification is b — 3 from ¢! onto (cg)’, where

ng(a) = Z akbk (CL c Co).
k=1

This map is linear, and Y = ; |axbr| < ||alloo||b||1 shows the series converges absolutely and ||¢p|| < ||b]1-
For the reverse, fix n and let a(™ have k"™ term by /|b| when k < n and by # 0, and 0 otherwise; then
a™ € ¢q (finitely many nonzero terms) with [|a(™ |, < 1, and

> 1okl = @(a™) < ol fla™lloo < el
k=1

Let n — oo: ||@p]| = ||b]|1, so b — ¢y is a linear isometry, in particular one-to-one.

For surjectivity, let ¢ € (cp)’ and set b, = @(ey,), where ey, is the k™ standard basis sequence. Since a(™
above is a linear combination of ey, . .. , e,, the same display with ¢ in place of ¢, gives ||b]]1 < ||| < oo,
so b € (1. Now ¢ and ¢y agree at each ey, hence on the finitely supported sequences, which are dense
in ¢y because ||a — (a1,...,a,,0,0,...)|]lcc =SUPy>, |ax| — 0. Both are continuous by 6.48, so ¢ = ¢.

Problem 7B.16. Suppose 1 < p < 2.
(a) Prove that if w, z € C, then

w + 2P + |w — 2|
2

w4+ z|P + |w — 2|P

P
p P
< |wlP + 2P < 51
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(b) Prove that if y is a measure and f,g € LP(u), then

If +9llp + If — gl
2

If +gllp + If = gllp

< [IA15 + llgllp < -1

Solution. (a) Put r = p/2 € (0,1], @ = |w+ 2%, B = |w — z|?; the parallelogram equality gives
a+ B = 2(|w|? + |2|?). Concavity of t — " on [0,00) for r < 1 (second derivative r(r — 1)t"=2 < 0),
applied at a, f with equal weights, together with the subadditivity (o + 7)" < ¢" + 7" for o,7 > 0,
yields

|w+ 2P +|w— 2P a4 " < (oH—ﬂ

2 2 - 2

which is the left-hand inequality. (Subadditivity: with ¢ = o/(c + 7) € [0,1] one has ¢" > ¢ and

(I1—=t)">1—t,sot"+ (1 —¢t)" > 1; multiply by (¢ +7)".) Applying this with w + z, w — z in place of
w, z, and using (w + z) + (w — z) = 2w, (w+ z) — (w — z) = 2z, gives

r
)= (P + 1212)" < [wl + |2,

_2w]P + |22fP

207 (|wlP + | 2[P) 5

< w + 2P + |w — 2P

divide by 2P~! for the right-hand inequality.
(b) Apply (a) at each = with w = f(x) and z = g(z):

[f(@) +9(@) P +1f(2) — g@)” < 2(If (@)” + lg()]")

and
(| f ()P + |g(@)P) < [f(z) + g(@)]” + | f(x) — g() [

Each of |f + g[P,|f — g, |f|?, |g|P is nonnegative, measurable, and has finite integral, since LP(u) is a
vector space by 7.18 and p < co. Integrating the two displays, using that integration is order preserving
(3.8) and additive on nonnegative measurable functions (3.16), gives

1F +gllp + 11 = allp < 2(1£15 + llgllp)

and 227 L(||£115 + llgllh) < IIf + gllb + || f — gl/b. Divide the first by 2 and the second by 2P~

Problem 7B.17. Suppose 2 < p < oo.
(a) Prove that if w, z € C, then

w + 2P + |w — 2|

w4+ 2z|P + |w — 2|P
il ‘

p
< [wl? + |+ < :

(b) Prove that if p is a measure and f,g € LP(u), then

If +9llp + 1S — gllp

If +glp +1If —gllp
op—1 ’

2

< If1I5 + llgllp <

[The inequalities in the two previous exercises are called Clarkson’s inequalities. They were discovered
by James Clarkson in 1936.]

Solution. (a) Put r = p/2 > 1, a = |w + 2|2, B = |w — z|?; the parallelogram equality gives o + 3 =
2(Jw|? + |2]?). Convexity of t — t" on [0,00) for 7 > 1 (second derivative r(r — 1)t"=2 > 0), applied at
a, B with equal weights, together with the superadditivity " + 7" < (o + 7)" for 0,7 > 0, yields

lw+2|P +|w— 2P o 4" < <a+ﬂ

T
- =52 (T57) = (P + ) =l + |2,

which is the right-hand inequality. (Superadditivity: with ¢ = /(0 + 7) € [0,1] one has t" < t and
(I1-t)"<1—t,sot"+(1—t)" <1; multiply by (¢ +7)".) Applying this with w + z,w — z in place of
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w, z, and using (w + z) + (w — z) = 2w, (w+ z) — (w — z) = 2z, gives

|2w|P + |2z|P

lw+ 2P + |w — z|P < 5

= 27 (ul? +]4l7);
divide by 2P~ for the left-hand inequality.
(b) Apply (a) at each = with w = f(x) and z = g(z):

|f(2) + g(@)P + | f(z) = g(@)P < 227 (|f ()P + |g(2)[P)

and
2(1f(@)[P + lg(@)[P) < [f(z) + g(@)P +|f(z) — g(z) .

Each of |f + g|?,|f — g/, |f|P, |g|P is nonnegative, measurable, and has finite integral, since LP(u) is a
vector space by 7.18 and p < co. Integrating the two displays, using that integration is order preserving
(3.8) and additive on nonnegative measurable functions (3.16), gives

£+ gll5 + 1Lf = gllp < 22 (1FI1B + llgll?)

and 2(|| f|I5 + llgl5) < If + gllb + || f — gllb. Divide the first by 2°~! and the second by 2.

Problem 7B.18. Suppose (X,S, u) is a measure space, 1 < p,q < oo, and h: X — F is an S-
measurable function such that hf € Li(u) for every f € LP(u). Prove that f — hf is a continuous
linear map from LP(u) to LI(p).

Solution. Apply the Closed Graph Theorem 6.85 to T'f = hf, which by hypothesis maps LP(u) into
L%(p) and is linear because h(f1 + af2) = hf1 + ah fa pointwise; both spaces are Banach by 7.24, so it
remains only to show graph(7T), a subspace by linearity, is closed.

Suppose (fi, hfi) — (f,g), that is (by 6.84) ||fx — fl[, = 0 and ||hfy — gllq — 0. By 7.23 some
subsequence has fi, — f pointwise almost everywhere, hence

h(z) fx,, (x) — h(z)f(x) for a.e. x.

Since ||hfk,, — gllq = 0 as well, 7.23 gives a further subsequence with h fknzj — ¢ almost everywhere.
Off the union of the two exceptional null sets, uniqueness of limits in F forces g = hf; thus g =T'f in
L%(p) and the graph is closed.

Hence T' is bounded by 6.85, so there is ¢ < oo with ||hf|lq < ¢||f|lp for all f € LP(u), and T is
continuous by 6.48.

Problem 7B.19. Prove that if 1 < p < oo, then P is reflexive.

[A Banach space is called reflexive if the canonical isometry of the Banach space into its double dual
space is surjective (see Exercise 20 in Section 6D for the definitions of the double dual space and the
canonical isometry).]

Solution. Let p' = p/(p — 1), so 1 < p/ < oo and (p) = p. By 7.26 the map A,b = ¢, where
op(a) = 202, agby, is a norm-preserving linear bijection from ¢ onto (£7)'; since 1 < p’ < oo, 7.26
applies equally with p’ in place of p, giving a norm-preserving linear bijection

Ay P = (Y, (Aya)(b) =) bray.
k=1

The canonical isometry ® : % — (¢P)") (®a)(p) = ¢(a), is norm preserving by Exercise 20 in Section

6D, so only surjectivity is at issue.
Given ¢ € (¢7)”, the composition ¢ o A, is linear and bounded, since |p(A,b)| < [|¥|[[|Apd]| = [|9]|[]D]ly;
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hence o A, € (7). Surjectivity of Ay gives a € (P with Ayya =1 o Ay, and evaluating at b € v,
(®a)(pp) = @p(a) = Y brar = (Aya)(b) = 1(p).
k=1

Every ¢ € (¢P)" is some ¢}, because A, is onto, so ®a = 1.

Problem 7B.20. Prove that ¢! is not reflexive.

Solution. The element ¢ = 7o A~ of (£!)" constructed below is not in the range of the canonical
isometry. Here Ab = ¢y, with ¢p(a) = >3- agb, is the norm-preserving linear bijection of £°° onto
(¢ supplied by 7.26 with p = 1, so A~! is linear with [|[A™1p|ls = |l¢]|-

Let ¢ be as in Exercise 15 and 1 = (1,1,1,...). Then ¢ is closed in ¢*° by Exercise 15(a) and 1 ¢ co,
50 6.73 (with V = (>, U = ¢g) gives 7 € (£*°)" with 7|, = 0 and 7(1) # 0. Then ¢ = 70 A~ is linear
with [1(2)] < 71l s0 & € ()" and w(gy) = 7(b) for all b e £<.

If ®a = 1) for some a € ¢!, where (®a)(p) = ¢(a), then for every b € £

> arbe = wp(a) = (®a)(ps) = b(pp) = ().
k=1

Taking b = e;, the j*" standard basis sequence, which lies in ¢, gives a; = 7(ej) = 0 for every j; so
a = 0 and hence 7 = 0, contradicting 7(1) # 0. Thus ® is not surjective.

Problem 7B.21. Show that with the natural identifications, the canonical isometry of ¢y into its
double dual space is the inclusion map of ¢y into £*° (see Exercise 15 for the definition of ¢y and an
identification of its dual space).

Solution. The claim is that (AZ) oT')(®a) = a for every a € co, where the three identifications are as
follows. By Exercise 15(b), Aib = ¢y, with ¢,(a) = D", axby is a norm-preserving linear bijection
of /1 onto (cp). By 7.26 with p = 1, Aued = g with g(b) = Y72 brdy is a norm-preserving linear
bijection of £*° onto (¢!)'. Finally

T:(co)” — (04, I'o=00A

is linear, is surjective (I'(c o AT') = &), and is norm preserving because A; carries the closed unit ball
of £! onto that of (cp)':

IT0]] = sup [6(A1b)[ = sup [0(s)] = 6]
bl <1 <1

Now fix a € ¢g C £*° and let ® be the canonical isometry, (®a)(¢)) = 1 (a). For every b € ¢!,

oo

(D(@a))(b) = (Pa) () = vp(a) = Y arby = pa(b) = (Axca)(b).

k=1

Hence T'(®a) = Axa, so @ becomes a — a from ¢g into £°°: the inclusion map.

Problem 7B.22. Suppose 1 < p < oo and V, W are Banach spaces. Show that V' x W is a Banach
space if the norm on V' x W is defined by

1 9)1 = (IF1P + ||g||p)1/p
for feVand ge W.
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Solution. The norm is squeezed between two constant multiples of the product norm |(f,¢)|ec =
max{| f|l, |lg|l} of 6.84:

(£ D)loe < I 9 < 2'71(f, 9)loos
call this (x); it follows from max{a, b}’ < a? + b’ < 2max{a,b}? and the monotonicity of ¢ — t'/P.

Here V' x W carries the componentwise operations of Exercise 10 in Section 6B.
Positivity holds because || f||P + ||g||P = 0 forces || f|| = ||¢g|| = 0, and homogeneity because

la(£,9)l = (laPIF1IP + [ llgl?) " = ol (£, 9)1]

by homogeneity of the norms on V and W.

For the triangle inequality, let v be counting measure on X = {1,2} with o-algebra 2%; integration
against v is summation (Example 3.6), so every h : X — R lies in LP(v) with ||Al, = (Jh(1)]P +
|h(2)|P)!/P. Given (f1,91), (f2,g2), define u,v : X — R by

w(l) = [lAall, u®)=lgll,  v@) =1Ll v(2)= g2l

Then || fi1 + faf < (u+v)(1) and ||g1 + ¢2]] < (u+ v)(2) by the triangle inequalities in V' and W, and
t s 1P, t — tYP are increasing, so

[(F1s90) + (2, 92) | = (If + Foll” + llgn + gall?) 7
< ((@+v))" + ((w+ v)(2))p>1/p

= [lu+ ol
< ully + v/l

= [[(f1, g0l + (2, 92)1],

the second inequality being Minkowski’s inequality 7.14 for v.
For completeness, let (fx, gx) be Cauchy in V' x W. The left half of (%) applied to the differences makes
(fx) Cauchy in V' and (gx) Cauchy in W, so fr — f € V and g — g € W; the right half of (x) then
gives

1(frs9) = (o 9l < 2P max{|| fie = £ lgr — gll} — 0.
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8.1 Exercises 8A

Problem 8A.1. Let V' denote the vector space of bounded continuous functions from R to F. Let
r1,79,... be a list of the rational numbers. For f,g € V, define

=Y f(rk;g(rk)_
k=1

Show that (-,-) is an inner product on V.

Solution. All four conditions of 8.1 hold. Writing ||h||c = supg |h|, finite since the elements of V are
bounded, the estimate

f(ri) g(ri)
ok

< Ifllollglloo

together with >, 27k = 1 makes every series below absolutely convergent, which legitimizes splitting
sums and pulling out scalars.

Positivity. (f, f) = > 32y 1f(r)|?/2* € [0, 00).

Definiteness. If (f, f) = 0, every term of that nonnegative series vanishes, so f = 0 on Q; since Q is
dense and f is continuous, f = 0. (Continuity is used only here.)

Linearity in the first slot. For f,g,h € V and a € F,

(f + 9.1 Z“’“ +Zg”“ = (f,h) + (g, ),

(af,h) Zf FOIREL) _ o1, 1.

Conjugate symmetry. Conjugation is continuous and additive, so it passes through the partial sums,

and 2% is real: . -
i (g(rk;{(m)) 3 f(nﬁg(rk) _ o)
k=1

k=1

Problem 8A.2. Prove that if u is a measure and f,g € L?(u), then

1F12lgl2 - (/. 9)] / / f (@) @) duly) du(z).

Solution. Write A = || f||?> = [|f|?du, B = ||gl|*> = [ |g|*du, and C = (f,g) = [ fgdu (8.2, 8.5); then
A,B < o0, and fg,9f € L*(u) with [ gf du = C by Cauchy—Schwarz 8. 14 and conjugate symmetry.
Both integrations below use only linearity of the integral, so Tonelli is not needed.

Fix x; expanding |w|? = ww with w = f(2)g(y) — g(z)f(y) gives, for each v,

1F(@)g(y) — 9@ FW)? = | F(@)Plaw)]* + lg(=) P £ () ?
— f@)gx) g fly) — f(@)g(x) f()a(y),

a linear combination in y, with finite scalar coefficients, of |g|?, | f|2,gf, fg € L*(x). Hence by linearity

/f(ﬂf)g(y)—g(w)f(y)IZdu(y) = |f@)PB+g@@)PA — f(z)g(x)C — fz)g(x)C

This is in turn a linear combination in z of the same four L!(x) functions, so integrating again by
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linearity,
[ [ 1#@9w) - 901 @)P duty) dutw) = AB + BA-TC - €T
= 2AB - 2|C|%.
Halving gives AB — |CP? = | f|?lgl1? — |(f, ) *.

Problem 8A.3. Suppose f and g are elements of an inner product space and

1 +gl® = 117 + llgll*.

(a) Prove that if F = R, then f and g are orthogonal.
(b) Give an example to show that if F = C, then f and g can satisfy the equation above without
being orthogonal.

Solution. The hypothesis says exactly that Re(f, g) = 0, since by 8.4, linearity in the first slot, 8.3(b),
and conjugate symmetry,
If + 9l =(f+9.f +9)

=L N+ g ) +(f,9) +(9.9)

= /1P +llgl* + {f,9) + (F. 9)

= |1 + llgll* + 2Re(f, 9),
(a) If F = R then (f, g) is real, so (f,g) = Re(f,g) = 0: orthogonal by 8.7.
(b) Take V = C with (w,z) = wz (8.2 withn = 1), f = 1, g = i. Then ||f||* = |lg]|> = 1 and
If +gl* =|1+i]? =2, so the displayed equation holds, while (f,g) =i = —i # 0.

Problem 8A.4. Find a,b € R3 such that a is a scalar multiple of (1,6, 3), b is orthogonal to (1,6, 3),
and (5,4,—-2) =a+b.

Solution. Take

1 3 9 7
a=(3313), b=(31-3)
These come from the orthogonal decomposition 8.10 applied to u = (5,4, —2) and v = (1,6,3) # 0 in
R? with its standard inner product (8.2): a = fﬁ)’ﬁ’gv and b = u — a, where (u,v) =5+24—6 = 23 and

[v]|* =1+ 36 +9 = 46, so the scalar is 35 = 4. Then (b,v) = 3 +6 — 2 =0 and a+ b= (5,4, -2).
(Check!)

Problem 8A.5. Prove that

1 1 1 1
16 <(a+b+c+d) <a+b+c+d>

for all positive numbers a, b, ¢, d, with equality if and only if a = b= c = d.

Solution. Apply Cauchy-Schwarz 8.11 in R* with its standard inner product (8.2) to the nonzero vectors
_ _ (1 1 1 1
U—(\/&7\/I;7\/E,\/g)7 v_<%7%7%7ﬁ)7

which are defined because a,b, ¢, d > 0. Since (u,v) = 4, ||u||> = a+b+c+d, and ||v|? = %—F%—i—%#—é,
squaring |(u, v)| < [|ul/[lv] gives

1 1 1 1
16<(a+b+c+d) <a+b+c+d>'

By 8.11 equality holds if and only if one of u, v is a scalar multiple of the other; as both are nonzero this
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means v = \u with A # 0, and comparing coordinates gives A = 1 = % =5 = é, that is, a = b =c = d.

Conversely a = b = ¢ = d gives (4a)(4/a) = 16. '

Problem 8A.6. Prove that the square of the average of each finite list of real numbers containing
at least two distinct real numbers is less than the average of the squares of the numbers in that list.

Solution. Apply Cauchy-Schwarz 8.11 in R" (8.2) to w = (z1,...,2,) and v = (1,...,1), where
T1,..., Ty, is the list (so n > 2). Since (u,v) = x1 + - + 2y, ||ul|> = ¥ +--- + 22, and ||v|* = n,
squaring |(u,v)| < ||ul|||v]| and dividing by n? gives

<x1+--~+xn>2<x%+--~+xi
e I

Equality would force, by 8.11 and v # 0, that u = Av, that is z; = - - - = x,,, contradicting the presence
of two distinct entries. Hence the inequality is strict.

Problem 8A.7. Suppose f and g are elements of an inner product space and || f|| < 1 and ||g|| < 1.
Prove that

VI=IIPV1=llgl? < 1—[(f,9)l-

Solution. Write s = ||f|| and ¢ = ||g||, both in [0,1] by hypothesis, so the square roots are defined.
Cauchy—Schwarz 8.11 gives |(f, g)| < st, so it suffices to prove v'1 — s2¢/1 — t? < 1 — st. Both sides are
nonnegative (1 — st > 0 since s,t < 1), so this is equivalent to the squared form, and

1-sH1-t)<(1—st)? < 25t < s> +1t? <= 0< (s—1t)2

Hence

VI=fIPVI=]gl? <1—st <1—[(f.9)l-

Problem 8A.8. Suppose a and b are nonzero elements of R?. Prove that
(a,b) = |[all |[b]| cos 0,

where 6 is the angle between a and b (thinking of a as the vector whose initial point is the origin
and whose end point is a, and similarly for b).
Hint: Draw the triangle formed by a, b, and a — b; then use the law of cosines.

Solution. Compare two evaluations of ||a — b||%2. Algebraically, by additivity in each slot and symmetry
of the standard (real) inner product on R?,

Ha—bH2: (a —b, a —b)
= (a,a) — {(a,b) — (b,a) + (b,b)
= [lal® + [Ib[* - 2(a, b).

Geometrically, when O, A = a, B = b are not collinear the triangle OAB has sides ||a|, ||0]|, |la — b]|
with angle 6 at O, so the law of cosines gives

la = blI* = [lal® + [[b][* - 2lla]l |b] cos .

Cancelling ||a||? + ||b]|? and dividing by —2 gives (a,b) = ||a|||b]| cos 6.
In the collinear case write b = ta with ¢ # 0, and use ||b|| = |t|||a]| (8.6).
(1) t>0: 0=0and (a,b) = tHaH22= lal[ 1ol = llal [[b]] cos 6.

(if) £ <0: 6 =7 and (a,b) = t[|al[* = —|la[ [[b]] = |[a[|[|b]| cos 6.
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Problem 8A.9. The angle between two vectors (thought of as arrows with initial point at the origin)
in R? or R3 can be defined geometrically. However, geometry is not as clear in R™ for n > 3. Thus
the angle between two nonzero vectors a,b € R" is defined to be
a,b
arccos u,
[lall 6]l

where the motivation for this definition comes from the previous exercise. Explain why the Cauchy—
Schwarz inequality is needed to show that this definition makes sense.

Solution. Because arccos, the inverse of the bijection cos : [0, 7] — [—1, 1], has domain [—1, 1]. So the
definition makes sense only if

(a,b)
€ [-1,1],
[lall flo]
which, since ||a||||b]| > 0 for nonzero a, b, says exactly that |(a,b)| < ||a||||b]] — the Cauchy-Schwarz

inequality 8.11 in R"™. Granted it, each pair of nonzero vectors gets a unique angle in [0, 7|.

Problem 8A.10. (a) Suppose f and g are elements of a real inner product space. Prove that f and
g have the same norm if and only if f + g is orthogonal to f — g.

(b) Use (a) to show that the diagonals of a parallelogram are perpendicular to each other if and only
if the parallelogram is a rhombus.

Solution. (a) Both conditions say | f||*> = ||g]|*>. Indeed, symmetry of the real inner product (8.1),
additivity, and 8.3(b),(c) give

=117 = {f.9) + (f.9) = llal®
= |77~ llgll*.

By 8.7, orthogonality of f+g and f—g means this vanishes, that is || f||? = ||g]|?, equivalently || f| = || g||
since norms are nonnegative.

(b) Translate the parallelogram so its vertices are 0, f, f + g, g, where f, g € R? are the nonzero non-
parallel spanning vectors (orthogonality in R? is perpendicularity, by the discussion after 8.8). Its
diagonals are the arrows f 4+ ¢g and g — f, and by 8.3(c) with a = —1,

(f+tg,9-fH=—(f+g f-9,

so the diagonals are perpendicular exactly when (f + ¢, f — ¢g) = 0, which by (a) means || f|| = ||g||.
The four side lengths are ||f||, ||gll, ]| = fIl = £, |l = gll = |lg|]| by 8.6, so they are all equal — the
parallelogram is a rhombus — under the same condition || f]| = ||g||-

Problem 8A.11. Suppose f and g are elements of an inner product space. Prove that || f|| = ||¢||

if and only if ||sf + tg|| = ||tf + sg|| for all s,t € R.

Solution. Everything follows from the identity

lsf + gl — 1t + sal> = (> =) (IFI* ~ lglP)) (.t € R).

To prove it, expand by additivity in each slot, homogeneity in the first, and 8.3(c) in the second (the
real scalars s,t are their own conjugates):

Isf +tgl® = s*(f, ) + st{f.g) +ts(g, f)+1*(g,9)

= || fII? + £2]|g]1% + st ((f, 9) + (f, 9))
= $*(| fI1> + £*]|g||* + 2st Re(f, g),
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using (g, f) = (f, g); interchanging s and ¢ leaves the cross term 2st Re(f, g) fixed, so subtracting gives
the identity.

If || fIl = |lgll, the right side vanishes for all s,t, so ||sf + tg|| = ||tf + sg||. Conversely, taking s = 1,
t = 0 in the hypothesis gives || f|| = ||g|| at once.

Problem 8A.12. Suppose f and g are elements of an inner product space and || f|| = ||g|]| = 1 and
(f,g) = 1. Prove that f = g.

Solution. || f — g|| = 0, so f = g by the definiteness requirement in 8.1. Indeed (g, f) = (f,g) = 1 by
conjugate symmetry, so expanding by additivity in each slot and 8.3(c) with a = —1,

If=gllP=(f-g f—9)
=(f, )= {f,9) =9, f) +(9,9)
=IfII> = {f.9) — (g, ) + llgll”
=1-1-1+1
=0.

Method (2): the hypotheses give |[(f,g)| = 1 = |[|f]/|lg]l, equality in Cauchy—Schwarz 8.11, so one
of f,g is a scalar multiple of the other; both being nonzero, f = ag for some scalar «, and then

1= (f.g)=elg|* =

Problem 8A.13. Suppose f and g are elements of a real inner product space. Prove that

I+l =1 =gl

(f,9) 1

Solution. Expand both squared norms. Conjugate symmetry over R reads (g, f) = (f, g), so by addi-
tivity in each slot and 8.3(b),

If+allP={(f+g f+g)
=(f, f)+{f,9) + {9, f) + (9,9
= £I” + llgl” + 2(f, 9)-

Replacing g by —¢ (and using 8.3(c) with a = —1, so that (f, —g) = —(f, g), together with || —g|| = ||¢||
from 8.6) gives

1 =gl =717 + llgll* = 2(f. 9)-
Subtracting, || f||* + [|g]|* cancels and ||f + g|* — [|f — g||* = 4(f, g); divide by 4.

Problem 8A.14. Suppose f and g are elements of a complex inner product space. Prove that

_ W +glP = IIf = gl? +1If +igl?i — |Lf —igl*i
y .

(f,9)

Solution. The four terms recover the real and imaginary parts of (f, g) = x+yi separately. Throughout,
(g, f) = (f,9) and (f,ag) = @(f,g) by 8.3(c). Expanding as in the proof of 8.15,

If+gll> = (f, )+ (f.9) + (9, ) + (9, 9)
= IfII> + llgll* + 2Re(f, 9),
If = gll? = (f: ) = (f,9) = (9, ) + (9, 9)
= IfII” + lgll* — 2Re(f, g),
since (f,9) + g, f) = 2Re(,g); subtracting gives |f +gl1? - | — gl]? = 4z.
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Applying the first identity with ig in place of g, where |jig|| = ||g|| by 8.6 and (f,ig) = i(f,g) =
—i(z + yi) has real part y, gives | f +1ig||*> = || f]|* + |lg||* + 2y; with —ig in place of g the real part is
—y, so [[f —ig|? = [[f|I + [|lgl]* — 2y. Subtracting, ||f +ig||* — || — ig||* = 4y. Hence

If+ 912 = Ilf = gll> + |If +igl?i — ||f —igl|*i = 4o + 4yi = 4(f, g).

Problem 8A.15. Suppose f, g, h are elements of an inner product space. Prove that

Ih = fIP+ 1R —gl* If -9l
2 4

Ih~3(F +a)ll* =

Solution. Apply the parallelogram equality 8.20 to v = h — f and v = h — g, for which v + v =
2(h—%(f+g)) and u —v=g— f:

allh = 5(F+ 9|7 +1If = gl* = 2llh = FI? + 2]k — gll?,

using [[2w|| = 2|w|| and ||g — f|| = ||f — gl| (8.6). Solve for the first term and divide by 4.

Problem 8A.16. Prove that a norm satisfying the parallelogram equality comes from an inner
product. In other words, show that if V' is a normed vector space whose norm || - || satisfies the
parallelogram equality, then there is an inner product (-,-) on V such that ||f|| = (f, f)'/? for all
fev.

Solution. Take the polarization formulas of 8A.13 and 8A.14 — the only candidates — and verify the
axioms 8.1; here || - || satisfies ||u + v|* + ||u — v||? = 2||u/|? + 2||v||* throughout.
(1) Real case. For F = R define

2 e 2
o= Mzl

(i) Taking g = f gives (f, f) = 1||2f||> = || f||?, which is nonnegative and vanishes only for f = 0, and
gives ||f]| = (£, f)'/*.
(ii) Symmetry: ||g — f|| = ||f — gl|, and all values are real.
(iii) Additivity in the first slot. Applying the parallelogram equality to the pairs fi+g, fo and fi1 —g, fo
gives

11+ fo+ gl> + Lfr — f2+ glI> = 2L/ + glI* + 2[| 217,

1fi+ fo = gl> + 11 = f2 = gl* = 21/ — gl + 2] 2.

Subtracting the second equation from the first and dividing by 4 gives

2 T

Since (0,g) = 0, taking fo = f1 in (%) gives (2f,g) = 2(f,g). Now (%) with f; = “T“’, fa = 5%, so
that fi1 + fo = v and f; — fo = v, gives

(fi+ fa,9) +{f1 = f2,9)

<u,g>—|—(v,g> :2<L;U7.g> = <u+v,g)

by that doubling identity: additivity.
(iv) Homogeneity in the first slot. From the definition,

_ 2 |l f_ 2 _ 2 2
<_f’g>:|! f+4l 4H f=gllF _[lf =4l 4Hf+9H — _(f.q).

With additivity and induction this gives (nf,g) = n(f,g) for n € Z, whence (applying it to .- f)
(tf,g) = t(f,g) for all rational ¢. Both ¢ — (tf,g) and t — t(f,g) are continuous on R, the first
because |||tf gl —|Isf igH’ < |t — s|||f]], so agreeing on the dense set Q they agree on R.
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By (i)-(iv) the requirements of 8.1 hold, so this is an inner product with associated norm || - ||.
(2) Complex case. Restricting scalars to R leaves the norm and the parallelogram equality intact, so
by (1)

2 g 12
<J¢79>R:||J“rg!! 4Hf gl

is a real inner product on V as a real vector space: real valued, symmetric, additive and R-homogeneous
in each slot, with (f, f)r = ||f||?>. Define

Since |jiu|| = |Jul|, we have (if,ig)r = (f,g)mr; call this ({). Replacing g by ig there and using

i(ig) = —g gives (f,ig)r = —(if, g)r, call it (}).
(i) (f,if)r = %(|1 +il2 = [1—i2)[|f]I> = 0, so (f, f) = ||f||*: nonnegative, zero only at f = 0, and

LFI = {f, )12
(ii) f — (f,g) is additive and R-homogeneous, since f — (f, g)r and f — (f,ig)r are, by (1).
(iii) By the definition, then (1), then (1),

Hence for a = s + it with s,z € R,

(af,g) = (sf,g) + (t(if),q9) = s(f,9) + ti{f,g9) = a(f, 9),

so the first slot is C-linear.
(iv) Conjugate symmetry, by symmetry of (-, -)r, then (1), the two real terms being real:

Problem 8A.17. Let A denote Lebesgue measure on [1, 00).
(a) Prove that if f: [1,00) — [0, 00) is Borel measurable, then

(/l‘x’ f(x) d)\(m)>2 > /1"0 zQ(f(fE))Qd)\(z)'

(b) Describe the set of Borel measurable functions f: [1,00) — [0, 00) such that the inequality in (a)
is an equality.

Solution. (a) This is Cauchy—Schwarz 8.14 applied to g(z) = = f(z) and h(z) = 1/z, for which gh = f,

92(3:) = x2f($)2, and
> 1 1
2 .
|h]|5 = /1 = d\(z) = nhm <1 — n) =1

by the Monotone Convergence Theorem 3.11 applied to x*2x[17n], the integral over [1,n] being the
Riemann integral there (3.34). We may assume g € L2()\), as otherwise the right side is co. Since
g:h >0, (g,h) = [ fd\>0, so

00 e 1/2
/ fdA=\<g,h>|suguznhnF(/1 x2f<as>2cu<x>> ;

square both sides.

(b) Equality holds exactly when [° f d\ = oo, or f(z) = c¢/a? for almost every  and some ¢ € [0, 00).
(i) If [° fdX\ = oo, then (a) forces both sides to be co. If f = ¢/z? a.e., both sides equal ¢?, by the
computation of [ z72dX\ =1 above.

(ii) Conversely, suppose equality holds with [ f dX\ < oo; then g3 = ([ fdA)? < o0, so g € L*(\)
and the equality reads |(g, h)| = ||g||2||h||2. By the equality condition in 8.11, and since h # 0, we get
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g = ah in L?()\), where
o = o||h||? = (ah, h) / fdx>0.

Thus zf(z) = a/z, that is f(x) = a/22, for almost every .

Problem 8A.18. Suppose y is a measure. For f,g € L?(u), define (f, g) by

9) Z/fgdu-

|f(2) g(@)] < 3(If (@)1 +1g(2)P),

verify that the integral above makes sense and the map sending f, g to (f, g) defines an inner product
on L?(u) (without using Holder’s inequality).
(b) Show that the Cauchy—Schwarz inequality implies that

1fglls < [[fll2 llgll2

(a) Using the inequality

for all f,g € L?(u) (again, without using Holder’s inequality).

Solution. (a) The integral converges absolutely, because 0 < (| f|—|g|)? gives | fg| = | f| 9] < (| f]*+|9/?)
pointwise, whence by 3.8

/Ifgldu < L(IFI3 + 1913) < oo

for f,g € L?(p); thus (f,g) € F (6.21). Now check the four requirements of 8.1. Linearity in the first
slot is homogeneity and additivity of the integral (3.20, 3.21), all three integrands being absolutely
integrable by the display:

(afi + f2,9) :a/flgdw/bgdu

= a(f1,9) + (f2. 9)-

Conjugate symmetry follows from fg = ¢gf and 6.24, and positivity from ( f, = [|f|?du = ||f]|3 > 0.
For definiteness, suppose [ |f[?dy = 0 and put E, = {|f|*> > 1/n}; then 2xp, < |f|? forces u(E,) =0
by 3.8, so {f # 0} = {J,, B, is null by 2.58 and f is the 0 element of LQ( ). Hence (-,-) is an inner
product, with associated norm (8.4) equal to || - ||2; Holder’s inequality was nowhere used.

(b) Apply Cauchy—Schwarz (8.11) to |f],|g| € L?(u), which are real valued, so (| fl,|g]) = [|f]|g| dpu:

Ifgll = / gl dp < [[1£1]l; (1911, = 1f 112 llgll2,

the first equality because |f||g| = |fg|.

Problem 8A.19. Suppose Vi,...,V,, are inner product spaces. Show that the equation

(froe s fm)s (g1, 9m)) = (fr,01) + - + (fns Gm)

defines an inner product on V3 X - X V.
[Each of the inner product spaces Vi,...,V,, may have a different inner product, even though the
same inner product notation is used on all these spaces.]

Solution. Each of the four requirements of 8.1 for V=V x --- x V,,, (a vector space over the common
field F under coordinatewise operations) reduces coordinatewise to the same requirement in Vj. Write

f: (fla"'vfm)’ g = (gla”'ugm)v h= (hla"'vhm)-
Positivity and definiteness: (f, f) = > ey {(fes fe) = Dopeq || fel> > 0, and this sum of nonnegative
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terms vanishes exactly when every || fx|| = 0, which by definiteness in Vj says fir = 0 for each k, that
is, f=0.
Linearity in the first slot, from linearity of u — (u, gx) on each Vi, and aof +h = (afi+h1, ..., afm+hm):

k::l

Conjugate symmetry, from conjugate symmetry in each Vi and additivity of conjugation (6.24):

m

k:l

Hence (-, -) is an inner product on V, with associated norm || f|| = (|| f1[* +--- + Hme2)1/2.

Problem 8A.20. Suppose V is an inner product space. Make V' x V an inner product space as in
the exercise above. Prove that the function that takes an ordered pair (f,g) € V x V to the inner
product (f,g) € F is a continuous function from V' x V to F.

Solution. Fix (f,g) € V x V and € > 0; the required 0 is

g
0= min{l, } > 0.
[T+ Tgl +1

By Exercise 19 the norm on V x V is ||(f1, f2)ll = (| f1l1> + || f2I2)Y2, so ||(u,v) — (f,g)|| < & forces
both |[u — f]| < 0 and ||v —g|| < 6. Linearity in the first slot together with 8.3(b) gives (u,v) — (f,g) =
(u— f,v) +(f,v—g), so Cauchy-Schwarz (8.11) and |[v|| < |lg]| +|lv—gl < |lg]|+1 (by 8.15 and 6 < 1)
yield

[(u,0) = (£, 9)| < lluw—Flloll + I fIHlv =gl < s(IfII+ gl +1) <e

Thus (f,g) — (f,g) is continuous at each point of V' x V.

Problem 8A.21. Suppose 1 < p < oo.
(a) Show the norm on ¢ comes from an inner product if and only if p = 2.
(b) Show the norm on LP(R) comes from an inner product if and only if p = 2.

Solution. In both parts the answer is p = 2: for p = 2 the norm is the one associated with the
standard inner product (8.2 and 8.5), and for p # 2 two disjointly supported unit vectors violate the
parallelogram equality 8.20,

lu + ol + flu = vl* = 2{|u® + 2|lv]%,

which every norm coming from an inner product satisfies.

(a) Take u=(1,0,0,...) and v = (0,1,0,...) in 7, so |jull, = ||v|, = 1.

(i) p < oo: here ||u+ |, = |lu — v||, = 21/?, so 8.20 reads 2 - 22/P = 4, that is 2'T2/P = 22; injectivity
of t — 2t forces p = 2.

(ii) p = oo: here ||u 4 v||co = ||u — v]|0o = 1, so the left side of 8.20 is 2 and the right side is 4.

(b) Take u = x(,1) and v = X(1,2), which lie in LP(R) for every p € [1, 0o] and satisfy |u||, = [v[|, = 1.
Since A({1}) =0,

u+v=Yx02 and |u—uv|=x02 almost everywhere,

so ||u+v|l, = ||u —v|, = 2//? when p < 0o and = 1 when p = cc. Cases (i) and (ii) of part (a) now
apply verbatim.
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Problem 8A.22. Use inner products to prove Apollonius’s identity:
In a triangle with sides of length a, b, and c¢, let d be the length of the line segment from the midpoint
of the side of length ¢ to the opposite vertex. Then

a? 4+ b = %02 +2d2.

Solution. The identity is the parallelogram equality 8.20 applied to the two sides emanating from the
vertex opposite the side of length c. Work in R? with the standard inner product, whose associated
norm is Euclidean distance (8.5), and label the vertices P, @, R so that

c=[P=Ql, b=I[P-Rl, a=][Q-R|

Setting f = P— R and g = Q — R gives ||f|| = b, ||g]| = a, and ||f — g|| = |P — Q|| = ¢; moreover
the midpoint M = %(P + Q) satisfies M — R = %(f + g), so homogeneity of the norm (8.6) gives
||f + gl| = 2d. Hence 8.20 reads

(2d)% + ¢ = 2% + 242,

and dividing by 2 gives a® + b? = %02 + 2d>.

8.2 Exercises 8B

Problem 8B.1. Show that each of the inner product spaces in Example 8.23 is not a Hilbert space.

Solution. Each of the two spaces in 8.23 carries a Cauchy sequence with no limit in it, so by 8.21 neither
is a Hilbert space.
(i) £* with [la]] = (3 laxl?)"*. Take a™ = (1,1,...,1,0,0,...) € £L. For m <n,

29 ')
n 00
1 1
== P s 3 o
k=m+1 k=m+1

as m — 00, so the sequence is Cauchy. If b € ! had |la™ — b|| — 0, then |a§-n) —bj| < |ja™ —b|| forces
b; =1/j for every j, contradicting Zj 1/j = o0.

(ii) C([0,1]) with || f]| = (fol |f|2)1/2. Take the continuous ramps

0 ifo<az<i,
falw)={n(@-14) h<ae<i+i,
1 ifi4+1l<a<i,

for n > 3. Since f, = f, off (%, % + %) and |fn — fm| < 1, we get || fn — fl? <
the sequence is Cauchy. Suppose f € C([0,1]) and || f,, — f|| — 0. Because f, =0
on [a,1] once 3 + L < q,

for 3<m <n, so

1
on [0, 3] and f, =1

1/2 1
/0 P < = FIP >0, /ll—fIQSIIfn—f\l2—>0,

so both integrals vanish; continuity of the nonnegative integrands then gives f = 0 on [0, %] and f =1
on [a, 1] for every a € (3,1). Continuity of f at § forces f(3) =1 as well as f(3) = 0, a contradiction.

Problem 8B.2. Prove or disprove: The inner product space in Exercise 1 in Section 8A is a Hilbert
space.
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Solution. Disproof: the ramps

0 ifz<0,
pn(r)=qne if0<z <],
1 ifz>1

form a Cauchy sequence with no limit in the space V of bounded continuous functions on R with
£ = Yp27%f(rg)|?, so || - || is not complete and 8.21 rules out a Hilbert space. Each ¢, is
continuous with 0 < ¢,, <1, hence lies in V.
Cauchy: for m < n the functions ¢, and ¢, agree outside (0, %) and differ by at most 1, so with
Ap={k:0<r, <L},
lon — omll* < Z 27F 50 asm — oo,
k€EAm

since the A, decrease with (), Ay =0 and >, 27% < o0.

No limit: if f € V had |¢, — f]| — 0, then 27972/, (;) — f(r;)| < |lpn — || forces f(r;) = lim,, p,(r;),
which is 0 for r; < 0 and 1 for r; > 0. Taking rationals —1/n 17 0 and 1/n | 0, continuity of f at 0
gives both f(0) =0 and f(0) = 1.

Problem 8B.3. Suppose V1, V3, ... are Hilbert spaces. Let
V = {(flvf%-..) eV x Vo x Z||fk||2 <OO},
k=1

Show that the equation

o0

((f1, far )5 (G120 )) = D _{Frr 98)

k=1

defines an inner product on V' that makes V' a Hilbert space.
[Each of the Hilbert spaces Vi, Va,... may have a different inner product, even though the same
notation is used for the norm and inner product on all these Hilbert spaces.]

Solution. First, V is a subspace of V; x Vo x ---: it is closed under scalar multiplication because
Sellafell? = Y, |1 fx]l?, and under addition because 8.15 gives || fx + grll®> < (|fell + llgrl)? <

2|\ fill® + 2l gr]1*.
Second, the defining series converges absolutely for f,g € V, by Cauchy—Schwarz (8.11) in V} and

st < 5(s®+1%):
D g <D0l gl < 3D (1l + llgell?) < oo.
k=1 k=1 k=1

The four requirements of 8.1 now hold termwise exactly as in Exercise 19 of Section 8A, absolutely
convergent series being added and conjugated termwise; in particular (f, f) = >, || fx |2, which vanishes

only when every f, =0, and the associated norm is || f|| = (3, kaH2)1 %,
Completeness. Let f(), () . be Cauchy in V. Since ||f,§n) - fém)H < |If™ — )| for each F,
completeness of Vi, supplies fr € Vi with f,gn) — fi. Given £ > 0, choose N with || — f(m)|| < ¢

for myn > N; for n > N and each K, letting m — oo in the finite sum Zle Hf,gn) - f,gm)|]2 < &2
(legitimate since |[[u|| — ||v||| < |lu — v||) and then K — oo gives

ZHf,i")—fk!F < e? for all n > N.
k=1

Thus fN) — f e V,so f=fN — (fV) — f) € V and the display reads || — f|| < e for n > N.
Hence V is complete, so by 8.21 it is a Hilbert space.
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Problem 8B.4. Suppose V is a real Hilbert space. The complexification of V' is the complex vector
space Vg defined by Vo =V x V| but we write a typical element of Vg as f + ig instead of (f,g).
Addition and scalar multiplication are defined on V¢ by

(fi +ig1) + (f2 +ig2) = (f1 + f2) +i(g1 + g2)

and

(a+iB)(f +ig) = (af — Bg) +i(ag + Bf)
for f1, f2, f,91,92,9 € V and «, 8 € R. Show that

(f1+1ig1, f2 + ig2) = (f1, f2) + (91, 92) + ({91, f2) — (f1,92))

defines an inner product on Vi that makes Vi into a complex Hilbert space.

Solution. Write [-,-] for the proposed form and A = (f1, fa) + (91,92), B = (g1, f2) — {f1,92), so
[f1 + ig1, f2 +ige) = A+ iB with A, B € R; here (-,-) is the inner product of V, symmetric and
R-bilinear.

Positivity and definiteness: taking fi = fo = f, g1 = g2 = g makes B = 0 by symmetry, so

[f +ig. f +ig] = |IFII* + llgl,

which is nonnegative and vanishes exactly when f =g = 0.

Additivity in the first slot is additivity of each (-, f2) and (-, g2) in its first argument, since (f1 +ig1) +
(fi +igy) = (fi+ fi) +i(g1 + g}). Complex homogeneity: for A = a + i3 we have \(f1 + ig1) =
(afi — Bg1) + i(agr + Bf1), so R-bilinearity gives

(A1 +1i91), f2+ige] = (afi — By, f2) + (g1 + Bf1, 92)
+i({agy + Bf1, f2) = (f1 = Bgr, 92))
— (@A — BB) +i(aB + BA) = N(A+iB).

Conjugate symmetry: swapping the two arguments fixes A and negates B, by symmetry of (-, ), so
[fo+iga, f1+ig1) = A—iB = [f1 + ig1, fo + ig2]. Hence [-, ] is an inner product on V¢, with associated
norm || f +igllc = (IF[1* + llg]*)*/>.

Completeness: since (f1 +ig1) — (f2 +ig2) = (f1 — f2) +i(g91 — g2), a Cauchy sequence f,, + ig, has
[frn = il llgn — gmll < [[(fa + ign) — (fm +igm)llc, so fn — f and g, — g for some f,g € V by
completeness of V', and then

1(fa +ign) = (f +ig)ll& = I fu = FI* + llgn — glI* — 0.

By 8.21, V¢ is a complex Hilbert space.

Problem 8B.5. Prove that if V is a normed vector space, f € V, and r > 0, then the open ball
B(f,r) centered at f with radius r is convex.

Solution. For g,h € B(f,r) and t € [0,1], the identity ((1—t)g+th) — f = (1—=1t)(g— f) +t(h— f)
together with the triangle inequality and homogeneity of the norm gives

(A =t)g+th) = f| < Q=g = fl+tln—fll<Q=t)r +tr=r,

the last inequality strict because ||g — f|| <7, [[h — f|| <, and ¢ cannot be both 0 and 1, so at least
one of the two terms is bounded strictly. Hence (1 —¢)g + th € B(f,r), which is convexity (8.25).
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Problem 8B.6. (a) Suppose V is an inner product space and B is the open unit ball in V' (thus
B={feV:|f] <1}). Prove that if U is a subset of V such that B C U C B, then U is convex.
(b) Give an example to show that (a) can fail if the phrase inner product space is replaced by Banach
space.

Solution. (a) Let f,g € U, let t € (0,1) (the values t = 0,1 being trivial), and set h = (1—t) f+tg. Since
B ={f:||f]| <1} (the norm is continuous, and (1 — 2)f — f from inside B), we have ||f||,|lg]| < 1,
so by 8.15

1Bl < (L =B fI +tllgll < (X =) +¢=1.

(i) [|h]| < 1: then h € BCU.

(ii) ||h|| = 1: then equality holds throughout, which forces ||f| = |lg|]| = 1 (since 1 —¢,t > 0). Put
u=(1—1t)f and v =tg, so u,v # 0 and ||lu+v|| =1 = ||u|| + ||v|. Equality in the triangle inequality
(8.18) makes one of u,v a nonnegative multiple of the other, so v = cu with ¢ > 0; taking norms gives
c=1t/(1—t), whence tg =tf and g= f,soh=f € U.

(b) Take V = R? with ||(x1, 22)|| = max{|x1], |72|}, a Banach space because convergence in this norm
is coordinatewise convergence. Then B and B are the open and closed unit squares, and

U=BU{(1,1),(1,-1)}

satisfies B C U C B but is not convex, since %(1, 1)+ %(1, —-1)=(1,0) ¢ U.

Problem 8B.7. Suppose V is a normed vector space and U is a closed subset of V. Prove that U
is convex if and only if

%GU for all f,g € U.

Solution. If U is convex, take t = % in 8.25. Conversely, suppose % € U whenever f,g € U, fix

f,9 € U, and set
D={te0,1]:(1—t)f+tgeU};

we show D = [0, 1], which is convexity.
D is closed under averaging: for s,t € D the hypothesis applied to (1 — s)f + sg and (1 —t)f + tg
s+t s+t

puts their average, namely (1 — STH)f + %579, in U, so 5% € D. Since 0,1 € D, induction on n now

gives k/2™ € D for all 0 < k < 2™: an even k is covered by the previous stage, and an odd k =25 + 1
satisfies ?L% = %(;—n + 32%1) (Check!)

D is closed in [0,1]: the map v(t) = (1 —t)f + tg satisfies ||y(t) — v(s)|| = |t — s||lg — f||, hence is
continuous, and U is closed, so D = y~}(U) is closed. Being closed and containing the dense set of
dyadic rationals, D = [0, 1].

Problem 8B.8. Prove that if U is a convex subset of a normed vector space, then U is also convex.

Solution. Given f,g € U and t € [0, 1], pick sequences fi,gr € U with fx — f and gx — g (each ball
B(f,1/k) meets U, else f would lie in the open set V \ U). Convexity of U puts hy = (1 — t) fi + tgx
in U, and the triangle inequality with homogeneity gives

(T =t)f +tg) — ha]| < (A =OIf = fell + tllg — gl — O.

Hence (1 —t)f +tg € U, so U is convex (8.25).

Problem 8B.9. Prove that if U is a convex subset of a normed vector space, then the interior of U
is also convex.
[The interior of U is the set {f € U : B(f,r) C U for some r > 0}.]
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Solution. Given f,g € int U with B(f,r) C U and B(g,s) C U, and t € [0, 1], the ball B(h, p) around
h = (1—-1t)f+tg with p = min{r, s} lies in U, so h € intU. Indeed, for k € B(h,p) put u = k — h;
then |lu|| < p places f +w in B(f,r) CU and g + w in B(g,s) C U, so convexity of U gives

QI—t)(f+u)+tlg+u)=h+(1-t)+t)u=keU.

Hence int U is convex (vacuously so if it is empty).

Problem 8B.10. Suppose V is a Hilbert space, U is a nonempty closed convex subset of V', and
g € U is the unique element of U with smallest norm (obtained by taking f = 0 in 8.28). Prove that

Re(g, h) > |lg]|*

forall h e U.

Solution. Perturb g toward h inside U. For h € U and ¢ € (0, 1], convexity (8.25) puts (1 —t)g + th =
g+ t(h—g) in U, so minimality of ||g|| and expansion of the norm give

lgll* < llg +t(h— g)|I* = llg||* + 2t Re(g, h — g) + t*||h — g||*,

the cross terms combining because (h — g,g) = (g,h — g) and z + z = 2Re z. Subtracting ||g||*> and
dividing by 2t > 0 gives 0 < Re(g,h — g) + L||h — g||* for every t € (0,1]; letting ¢t — 07 yields
Re(g,h — g) > 0. Since Re(g,h — g) = Re(g, h) — ||g||* by additivity in the second slot, the inequality
Re(g, h) > ||g||* follows.

Problem 8B.11. Suppose V is a Hilbert space. A closed half-space of V is a set of the form
{g € V :Re(g,h) > ¢}

for some h € V and some ¢ € R. Prove that every closed convex subset of V is the intersection of
all the closed half-spaces that contain it.

Solution. Let C be closed and convex and let I be the intersection of all closed half-spaces containing
C. Then C C I trivially, so only I C C needs proof: given f ¢ C, we exhibit a closed half-space
containing C' but not f.

(i) C = @: taking h = 0 and ¢ = 1 makes {g : Re(g,0) > 1} = @ itself a closed half-space containing
C,sol=o=C.

(ii) C # @: by 8.28 (V a Hilbert space, C nonempty closed convex) there is g € C with || f — g|| =
distance(f,C), and u = f — g # 0. For k € C and t € (0, 1], convexity puts g + t(k — g) in C, so
minimality gives

lul* < flu = t(k = g)lI* = [[ul® — 2t Re(u, k — g) + ][k — g%,

whence Re(u,k — g) < L[|k — g||? for all such ¢, and letting ¢ — 0™ gives the variational inequality
Re(u, k — g) <0 for every k € C. Now set

H={keV:Re(k,—u) > —Re(g,u)},

a closed half-space. It contains C, since for k € C the variational inequality and Re(k,u) = Re(u, k)
give Re(k,u) < Re(g,u). It omits f, since f = g + u gives

Re(f, —u) = = Re(g, u) — ||ul|* < —Re(g, u).

Hence f ¢ I,s0 I CC and C =1.
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Problem 8B.12. Give an example of a nonempty closed subset U of the Hilbert space ¢? and a € ¢2
such that there does not exist b € U with |ja — b|| = distance(a, U).
[By 8.28, U cannot be a convex subset of £2.]

Solution. Take a = 0 and U = {uy, : k € Z*}, where uy = (1 + %)ek and ey, € £2 is the k-th standard
basis sequence.
U is closed: distinct uj,uy are supported on disjoint coordinates, so

2 1)? 1)?
Huj—ukH = <1+E) + (1+E> > 2,
and a convergent sequence in U, being Cauchy, must therefore be eventually constant, with its limit

that constant value in U.
The distance is not attained: distance(0,U) = infy(1+ £) = 1, while [|0 —u|| = 1+ % > 1 for every k.

Problem 8B.13. In the real Banach space R? with norm defined by ||(z,y)|/cc = max{|z|, |y|}, give
an example of a closed convex set U C R? and z € R? such that there exist infinitely many choices
of w e U with ||z — w||e = distance(z, U).

Solution. Take U = {(z,y) : ® > 1} and z = (0,0); every w = (1, y) with |y| < 1 is then a closest point.
U is closed as the inverse image of [1,00) under the || - ||o-continuous map (x,y) — =z, and convex
because (1 — t)x + t2’ > 1 whenever z,2’ > 1 and t € [0,1]. For w = (z,y) € U we have ||z — w||s =
max{|z|,|y|} > x > 1, with ||z — (1,0)||cc = 1, so distance(z,U) = 1. Finally

Iz — (1,9)||co = max{1,|y|} =1 for all |y| <1,

giving infinitely many minimizers.

Problem 8B.14. Suppose f and g are elements of an inner product space. Prove that (f,g) = 0 if
and only if
1A < IIf + gl

forall o« € F.

Solution. Both directions run off the expansion

If +agl* = I£I* + 2Re(a(f, 9)) + al* 9],

which holds for all « € F by additivity in each slot, (f, ag) = @(f,g), and (ag, f) = a@(f, g).

If {f,g) = 0, the middle term vanishes and ||f + ag|* = [|f]|* + |a|?|lg]|* > |||

Conversely, suppose || f|| < ||f+agl| for all a. If g = 0 then (f, g) = 0; otherwise take a = —(f, g)/||gl/?,
for which a(f, g) = —|{f,g)1?/|lg]|? is real and |a|?||g||* = |{f, g)|?/|lg]|?, so the expansion becomes

(. 9)

As ||g||? > 0, this forces (f,g) = 0.

Problem 8B.15. Suppose U is a closed subspace of a Hilbert space V and f € V. Prove that

1P fIF < 1£1

with equality if and only if f € U.
[This exercise asks you to prove 8.37(d).]
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Solution. Since f — Py f is orthogonal to every element of U (8.37(a)) and Py f € U, the Pythagorean
Theorem (8.9) applied to f = (f — Py f) + Puf gives

1117 =1f = PufI? + |1PufI? = IIPufI1*

Equality holds exactly when ||f — Py f]| = 0, that is, when f = Py f, which happens if and only if
f € U: one direction because Py f € U, the other because f € U makes f itself the unique closest
point of U to f (8.28).

Problem 8B.16. Suppose V is a Hilbert space and P : V — V is a linear map such that P? = P
and [|Pf| < || f]l for every f € V. Prove that there exists a closed subspace U of V such that
P=Py.

Solution. Take U = range P.

U is a closed subspace: P? = P gives tange P = {f : Pf = f} = null(I — P), and || Pf| < ||f|| makes
P, hence I — P, continuous, so this null space is the inverse image of the closed set {0}.

Every h € null P is orthogonal to every g € U: linearity and Pg = g give P(g+ ah) = g for all o € F,
so the hypothesis applied to g + ah yields

lgll = [[P(g + ah)|| < [lg+ bl foralla €F,

whence (g, h) = 0 by Exercise 14 in this section.
Now let f € V. Then Pf € U, and P(f —Pf) = Pf—P?f =0puts f—Pfinnull P, so (f —Pf,g) =0
for every g € U (conjugating the previous paragraph). Hence Pf = Py f by 8.37(b).

Problem 8B.17. Suppose U is a subspace of a Hilbert space V. Suppose also that W is a Banach
space and S : U — W is a bounded linear map. Prove that there exists a bounded linear map
T :V — W such that T|y = S and ||T]| = ||S]|.

[If W = F, then this result is just the Hahn-Banach Theorem (6.69) for Hilbert spaces. The result
here is stronger because it allows W to be an arbitrary Banach space instead of requiring W to be
F. Also, the proof in this Hilbert space context does not require use of Zorn’s Lemma or the Axiom
of Choice.]

Solution. Take B
T=SoP;: VW,

where U is the closure of U, a closed subspace of V (Exercise 12 in Section 6C), and S:U — W is the
extension of S with S|y = S and ||S]| = ||.S|| supplied by Exercise 14 in Section 6C (W is a Banach
space, so the limits defining it exist).

T is linear as a composition of linear maps, Py being linear by 8.37(c). For f € U we have Py f = f,

soTf=5f=Sfand T|y = S. Finally 8.37(d) gives | Prfll < ||, so
ITFIl < ISHIPZAL< ISTA,

whence [|T'|| < ||S||; and ||T|| > ||S|| because T extends S. Thus ||T'|| = ||S]|.

Problem 8B.18. Suppose U and W are subspaces of a Hilbert space V. Prove that U = W if and
only if U+ = W+,

Solution. Each direction is one application of a numbered result. If U = W, then 8.40(d) gives

Ut = (@)= (W) =wt.
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If Ut = W+, then 8.41 (applicable since U and W are subspaces of the Hilbert space V') gives

U=(UhH"=whH' =w.

Problem 8B.19. Suppose U and W are closed subspaces of a Hilbert space. Prove that Py Py = 0
if and only if (f,g) =0 for all f € U and all g € W.

Solution. Both directions are the statement W C U~ read through 8.45(a), which gives null Py = U+
and range Pyy = W.

If (f,g) =0forall f e U and g€ W, then W C UL by 8.38, so for every h in the Hilbert space,
Pywh € W Cnull Py and hence Py Py h = 0.

Conversely, if PyPy =0 and g € W, then Pyg = g (as W is a closed subspace containing g), so

Pyg= PyPwg =0,

putting g in null Py = U™, that is, (f,g) = 0 for every f € U.

Problem 8B.20. Verify the assertions in Example 8.46. That example states: suppose U is the
closed subspace of L?(R) defined by

U={fc¢c LQ(R) : f(x) =0 for almost every z < 0}.
Then
Ut = {g € LQ(R) : g(x) = 0 for almost every = > 0},

and if h € L?(R), then
Pyh =hxpe) and Pyih = hx(_cw0)-

Thus Pyih = h(1 — X[o,00)) = (I — Py)h and hence Py = I — Py, as asserted in 8.45(c).

Solution. Write W = {g € L2(R) : g = 0 almost everywhere on [0,00)}; the whole example follows
from the splitting & = hx[0,00) + "X (=o0,0) into @ member of U and a member of W.

U is a closed subspace: it is closed under linear combinations (a union of two null sets is null), and if
fr € U with f, — f in L?, then

/( O)W%MZ/( e T

)

forcing f = 0 almost everywhere on (—o0,0), that is, f € U.
Ut =W.Ifge W and f € U, then fg = 0 almost everywhere (each factor vanishes on one half-line),
so (f,g) = 0and W C Ut. Conversely, if g € U*, then f = 9X[0,00) lies in U (and in L?, since
[f1 < 1gl), so

0={f.9)= [ gl

[0,00)

giving g = 0 almost everywhere on [0, 00), that is, g € W.
The projections. For h € L?(R), the element hX[0,00) lies in U and h — hX[g,00) = hX(—cc,0) lies in
W = U, hence is orthogonal to every element of U; so Pyh = hX[0,00) bY 8.37(b). Symmetrically

hX(—0,0) € U+ (a closed subspace by 8.40(a)) and h — hX(=5,0) = hX[0,00) € U is orthogonal to every
element of U+, so 8.37(b) applied to U+ gives Py1h = hX (~c0,0)- Consequently

PUL}Z = h(l - X[O,oo)) =h-— PUh = (I - PU)h,

confirming 8.45(c) here.
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Problem 8B.21. Show that every inner product space is a subspace of some Hilbert space.
Hint: See Exercise 13 in Section 6C.

Solution. Take B = V, the closure of V in a Banach space C that contains the normed space V
isometrically (Exercise 13 in Section 6C). Then B is a subspace of C' (Exercise 12 in Section 6C) and
is closed, hence complete; so B is a Banach space in which V is dense.

Extend the inner product of V to B by continuity. Given f,g € B, choose fr — f and g — g with
frs g € V; convergent sequences are bounded, say by M, so the Cauchy-Schwarz inequality (8.11) in
V gives

| fis gidv = (Fi950v | = [fe = fisgi)v + (596 — 95)v |
< M([lfx = £l + llgs — g4l)-

The right side tends to 0, so (fi, gx)v converges; the same estimate with f;, g} in place of f;, g; shows
the limit is independent of the approximating sequences. Hence

(f.9)= lm (fe,95)v  (f.g9 € B)
k—o00
is well defined, and constant sequences give (f, g) = (f,g)yv for f,g € V.
Linearity in the first slot and conjugate symmetry pass to the limit because addition, scalar multipli-
cation, and conjugation are continuous (Check!). For positivity, continuity of the norm gives

() = Jim 5l = 112

so (f, f) > 0 with equality only when f = 0, and the norm induced by (,-) is the norm of B. Being
complete in that norm, B is a Hilbert space (8.21) containing V' as a subspace with its original inner
product.

Problem 8B.22. Prove that if V is a Hilbert space and T": V' — V is a bounded linear map such
that the dimension of range T is 1, then there exist g, h € V' such that

Tf={fg)h
forall feV.

Solution. Take h # 0 spanning the one-dimensional subspace rangeT', and take g to be the Riesz vector
of the functional ¢ below.

For each f € V the equation T'f = ¢(f)h determines the scalar ¢(f) uniquely, because h # 0. That
uniqueness converts the linearity of 1" into linearity of ¢: applying it to

o(fi + afo)h =T(f1 + afa) = (e(f1) + ap(f2))h
gives p(f1 + afe) = o(f1) + ap(f2). Furthermore

(ORI =T A< WAL

so0 ¢ is bounded, with ||¢|| < ||T||/||k||. Because V is a Hilbert space, the Riesz Representation Theorem
(8.47) supplies g € V with o(f) = (f,g) for all f € V. Hence

Tf=w(f)h={fg)h for all f e V.

Problem 8B.23. (a) Give an example of a Banach space V' and a bounded linear functional ¢ on
V such that |o(f)| < |||l || f]| for all f e V '\ {0}.
(b) Show there does not exist an example in part (a) where V is a Hilbert space.
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Solution. (a) Take V = ¢!, a Banach space by 7.24, and

oo
@(a)zZ(l—%)ak for a = (ay,as,...) € (%,

k=1

the series converging absolutely since |(1 — 1/k)ag| < |ak|.
Here ||| = 1: the same bound gives |p(a)| < ||a|l1, while ¢p(eg) =1 —1/k and |leg|l1 = 1 for the kth
standard basis vector ey, so ||¢|| > 1 — 1/k for every k. If a # 0, choose m with a,, # 0; then

o0
s @)
(@)l < llall = 3° 5 < fally = 2% < flall = llgl all,
k=1

all quantities being finite because a € ¢

(b) On a Hilbert space every bounded linear functional attains its norm, so the strict inequality always
fails somewhere. Indeed, let V' # {0} be a Hilbert space and ¢ a bounded linear functional on V; the
Riesz Representation Theorem (8.47) gives h € V with ¢(f) = (f, h) for all f and ||¢| = |||

(i) If A # 0, then f = h is nonzero and

lo(h)] = [IR117 = llll |-

(ii) If h =0, then ¢ =0 and ||| =0, so |¢(f)| =0 = ||¢]| || f|| for any nonzero f € V.
(For V' = {0} the condition in (a) is vacuous.)

Problem 8B.24. (a) Suppose ¢ and 1 are bounded linear functionals on a Hilbert space V' such
that [|¢ + ¥|| = |||l + [|]|. Prove that one of ¢, is a scalar multiple of the other.

(b) Give an example to show that (a) can fail if the hypothesis that V' is a Hilbert space is replaced
by the hypothesis that V' is a Banach space.

Solution. (a) The hypothesis forces equality in Cauchy-Schwarz for the two Riesz vectors. By 8.47
there are g,h € V with ¢ = (-, g), ¥ = (-4}, llgll = llgll, and ||| = [hl]; since @+ = (-,g + h), the
uniqueness in 8.47 gives | + || = [lg + hl|. So [|g + Al = [|g]| + [|2[|, and squaring both sides yields

Re{g, h) = [lgll [[ ]|

As Re(g, h) < [{(g,h)| < |lg|| l|r|| by the Cauchy—-Schwarz inequality (8.11), both inequalities are equal-
ities, and the equality case of 8.11 makes one of g, h a scalar multiple of the other. If ¢ = ah, then

o(f) = (f,ah) =ay(f)  forall feV,

so p = at; symmetrically, h = ag gives ¥ = ayp.
(b) Take V = F? with ||(a1, a2)|| = max{|a1], |az|}, a Banach space because convergence in this norm
is coordinatewise convergence in the complete field F, and take

o(ar,as) = a, Y(ar,az) = as.

Then |¢]| = ||¢]| = 1, attained at (1,0) and (0,1), while |a1 + a2| < 2||(a1,az2)|| with equality at (1,1)
gives
lp + 9l =2 = [lell + |-

Yet ¢ = ¢t fails at (1,0) and ¢ = cp fails at (0, 1).

Problem 8B.25. (a) Suppose that p is a finite measure, 1 < p < 2, and ¢ is a bounded linear
functional on LP(1). Prove that there exists h € L¥ (1) such that ¢(f) = [ fhdu for every f € LP(p).
(b) Same as (a), but with the hypothesis that p is a finite measure replaced by the hypothesis that
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1 is a measure, and assume that 1 < p < 2.
[See 7.25, which along with this exercise shows that we can identify the dual of LP(u) with L¥ ()
for 1 < p < 2. See 9.42 for an extension to all p € (1,00).]

Solution. Take h = g, where g € L?(u) is the Riesz vector of the restriction of ¢ to L?(). Throughout,
(X, S, p) is the measure space, % + 1% =1, and o = h/|h| on {h # 0} and o = 0 elsewhere, so |o| < 1
and oh = |h|.

(a) Assume p(X) > 0 (otherwise h = 0 works), and note 2 < p’ < co. Holder’s inequality (7.9) applied

to |f|P and 1 with the conjugate exponents %, 23}) gives

[V

Iflly < el fle e=u(X)r™

so L2(u) C LP(p) and |o(f)| < clloll|lf]l2 there. As L2(u) is a Hilbert space (8.22), the Riesz Repre-
sentation Theorem (8.47) supplies g € L*(u) with o(f) = (f,g) = [ fgdu for f € L*(u); put h =g,
50 o(f) = [ fhdp on L2(p).

Next, h € LP (u) with ||kl < |l¢]]. Because p is finite, every bounded measurable function lies in
L?(p) N LP(p), and |h| < co almost everywhere since h € L?(u).

(i) 1<p<2s02<p <oo With E, = {|h| <n} and f, = xg,|h[” "', the function f, is bounded
by n”’~! and f,h = xg, |h|P; since (p' — 1)p = P/, the number I, = Ie, \hP'dp < P pu(X) satisfies
| fnll5 = I, and hence

€ (0,00),

I = le(f)l < llell L fullp = lloll 1.

So IV7 < Il (trivially if I, = 0), and since xg, |h|P’ increases pointwise to |h[”’, the Monotone
Convergence Theorem (3.11) gives [ [h|P du < ||¢||*'.

(ii) p =1, s0o p) = co. Given € > 0, put E = {|h| > |¢|| + ¢}; the bounded function f = ygo has
fh = xg|h| and || f|1 = w(E), whence

(el +e)u(E) < /E Al dp = o (f) < ol p(E).

As u(E) < pu(X) < oo, this forces p(E) = 0; so [|hlleo < |l¢]|-

Finally ¢(f) = [ fhdp is a bounded linear functional on LP(u) by Holder (7.9), and ¢ = 1 on L?(u).
For f € LP(u) the truncations fx{|s/<n} are bounded, hence in L?(u), and

I = s lt = / P i —0
{|f]>n}

by the Dominated Convergence Theorem (3.31) (dominant |f|P € L'(u); here p < 00). So L?(p) is
dense in LP(p) and the continuous functional ¢ — 1 vanishes identically.

(b) Now p is arbitrary and 1 < p < 2, s0 2 < p’ < oo; that finiteness is essential below.

Local representations. For E € S with u(E) < oo let up be the restriction of p to {A€S: AC E}, a
finite measure, and write f for extension by 0, a linear isometry of LP(ug) into LP(u). Then f — o(f)
is a bounded linear functional on LP(ug) of norm at most ||¢||, so part (a) gives hg € LP (ug) with

PF) = [ fhpdu forall £ € D).

Since 1 < p < 2, the map of 7.25 from Lpl(,uE) to LP(ug)’ is one-to-one and norm-preserving, so hg is
unique and [|hg|y < [l¢||; uniqueness applied to E C F with p(F) < oo gives the consistency relation
hr|g = hg almost everywhere on E.

A mazimizing o-finite set. Let

M = sup{lhglly : B €S, u(B) < 00} < gl < o0,
choose F,, of finite measure with ||th||£: > MY — 1 and set E, = F; U---UF,. Consistency gives

HhEn”ii > [p, \he, [P dp > MY — L while ||hg, |y < M is nondecreasing in n; hence ||hg, |,y — M.
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Put £ = J,, E. Discarding the null set {J,,.,,{z € Ey : hg,,(z) # hg,(x)} (a countable union of null
sets, by consistency) makes the representatives agree, so

h=hg, on E,, h=0off £

is unambiguous and measurable, being the pointwise limit of hp, Y, . Since xz, |h|P" increases to |A[F,

the Monotone Convergence Theorem (3.11) gives ||h||§; = lim, ||hg, Hz: = M"so h e LV ().
Nothing lives outside E. If u(A) < oo and AN E = &, then hg, 4 agrees with hg, on E, and with
h4 on A, so disjointness gives

P’ P’ 14 P’ P’
MP 2> ||hg, |y + [hally — MP + [[hall,-

Because M < oo and p/ < oo (this additivity of || - Hg; over disjoint pieces is exactly what fails for

p' = 00), we get hq =0, hence ¢(f) =0 for every f € LP(u4).
Conclusion. Fix f € LP(u). Then {f # 0} is o-finite, since

& ({11 >£3) < FIB < oo

Write A = {f # 0} \ E = |, Ar with A, increasing of finite measure, each disjoint from FE; then
o(fxa,) =0,and fxa, — fxain LP(u) by the Dominated Convergence Theorem (3.31), so continuity
of ¢ gives

o(fxx\e) = ¢(fxa) =0= /fXX\E hdp,

the last equality because h = 0 off E. Also

o(fxe,) = : fhEndM:/fXEnhd,ua

and ||fxe — fxe.llp = 0 (3.31) sends the left side to ¢(fxg) by continuity and the right side to
| fxehdu by Holder (7.9). Adding the two lines,

o) = elxe) + elhoas) = [ fhdn

Problem 8B.26. Prove that if V' is an infinite-dimensional Hilbert space, then the Banach space
B(V,V) is nonseparable.

Solution. The orthogonal projections Ts = Py onto the closed subspaces Us = span{e; : k € S},
indexed by the uncountably many subsets S C Z™, are pairwise at distance at least 1, and no metric
space containing such a family is separable.

Here ey, 3, ... is an orthonormal sequence in V', obtained by choosing f,, ¢ span(fi,..., fn—1) induc-
tively (possible since V is infinite-dimensional) and applying Gram-Schmidt:

n—1
.
Up = fn - g <fn76k>ek 7é 0, €n = anH
k=1 "

(Check! the e, are orthonormal and span the same subspaces as the f,).

Each Ty exists and lies in B(V, V) with ||Ts|| < 1, by 8.37(c) and 8.37(d), since V is a Hilbert space
and Uy is closed. If k € S, then e € Ug, so Tser = ey by 8.37(b). If k ¢ S, then ey, is orthogonal to
every finite combination of {e; : j € S}, so e € Us by 8.40(d), and null Py, = Ug by 8.45(a) gives
Tser = 0. Hence for distinct S, S’ picking & in their symmetric difference (say k € S\ 9’),

[Ts = Tl = [(Ts — Tsr)exl| = llexll = 1.

Now if D were a countable dense subset of B(V, V), choosing dg € D with ||Ts — dg| < % for each S
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would give an injection of the uncountable collection of subsets of Z™ into D: if dg = dg with S # 5,
the triangle inequality would give ||Ts — Ts/|| < 1.

8.3 Exercises 8C

Problem 8C.1. Verify that the family {ex}xrez as defined in the third bullet point of Example 8.51
is an orthonormal family in L? ((—7r, 7[']) The following formulas should help:

sin(x — y) + sin(x + y)

(sinz)(cosy) = 2 ;
(sin ) (siny) = cos(z — y) ; cos(z + y)’
(cos z)(cos y) = cos(z — y) —;— cos(x + y)'

Solution. Everything reduces to three product integrals, since all the e are real valued (so (f,g) =
ffﬁ fgd\) and, cos being even, the family is the constant ey = \/% together with

em(t) = ﬁ sin(mt), e_m(t) = ﬁ cos(mt) (m e Z"),

each continuous and bounded on (—, 7], hence in L*((—,7]).

Antidifferentiating gives ["_sin(nt) dt = 0 for every n € Z, and [”_cos(nt) dt = 0 for n # 0 while it is
27 for n = 0 (Check!). Hence for m,n € Z* the three displayed product formulas give

Nl

/ﬂ sin(mt) sin(nt) dt = 3 /7r cos ((m — n)t)dt — ;/W cos ((m + n)t)dt,

—T —T —T

N[ —=

/7r cos(mt) cos(nt) dt = /ﬂ cos ((m —n)t)dt + 3 /7r cos ((m + n)t)dt,

—T —T —T

/ sin(mt) cos(nt) dt = % / sin ((m —n)t)dt + 3 / sin ((m + n)t)dt.
Since m +n > 2, the first two equal m when m = n and 0 when m # n, and the third is 0. Dividing
by 7 |lexm|| = 1, while (e;, ex;) = 0 for distinct nonzero j, k.

Finally |leo]|? = [ s=dt = 1, and (em,e0) and (e_,, o) are multiples of [”_sin(mt)dt and

f:r cos(mt) dt, both 0. Every pair j, k € Z is now covered, so the family is orthonormal (8.50).

Problem 8C.2. Suppose {ay}xer is a family in R and a; > 0 for each k£ € I'. Prove the unordered
sum ), - a; converges if and only if

sup { Zaj : Q) is a finite subset of F} < 00.
JEQ

Furthermore, prove that if ), -1 ax converges then it equals the supremum above.

Solution. Both directions run off monotonicity of finite subsums: if Q C Q' are finite subsets of ', then

Djeqr 45— 2jeq @i =D jeann @ = 0. Write S € [0, 00] for the supremum in question.

i) Suppose S < oo and let € > 0. Choose a finite 2 C I" with > ._, a; > 5 — . Then for every finite
FjEQ ™)

Q' with Q C @ C T', monotonicity and the definition of S give

S—£<Zaj§2aj§5',

jEQ jeq

SO ‘S — Zjeg, aj| < g; by 8.53 the unordered sum converges, with value S.
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(ii) Suppose Y ,crar = g € R, and given £ > 0 take the finite set ). provided by 8.53. For an arbitrary
finite Q C I, the set Q U (). contains (), so

jg:cw < :E: a; < g-+e.

JjeQ JEQUQ

Hence S < g+ e: with € = 1 this makes S finite, and letting € — 0 gives S < g. In the other direction
S>> jcq. aj>g—¢foreverye>0,s085=g.

Problem 8C.3. Suppose {ej }rer is an orthonormal family in an inner product space V. Prove that
if f eV, then {kel:(f ex) # 0} is a countable set.

Solution. The set in question is | ;- ; I'y, where

= {ker:|(fenP> 1}

since (f,ex) # 0 forces |(f, ex)|? > % for some n by the Archimedean property, and conversely each I,
consists of such indices.

Each T, is finite. Bessel’s inequality (8.57), combined with Exercise 2 of this section identifying a
nonnegative unordered sum with the supremum of its finite subsums, gives

S Hf e <|IfI* for every finite Q C T
JEQ

So if  C Ty, is finite with m > 1 elements, then ™ < || f||?, that is, m < n||f||*; every finite subset of
I, is thus bounded in size by n||f||?, which forces T',, itself to be finite.
Hence the set is a countable union of finite sets, so it is countable.

Problem 8C.4. Suppose {fi}rer and {gi}rer are families in a normed vector space such that
> ker Jr and D, gx converge. Prove that ), r(fx + gx) converges and

S (r+a) =D f+ D o

kel kel kel

Solution. Write f =", 1 fr and g = >, cp gx. Given € > 0, take Q = Qy U o, where € and Q3 are
the finite sets that 8.53 supplies for these two sums at tolerance /2.

If € is finite with Q C Q' C T, then both estimates apply to €', and finite sums split, so the triangle
inequality gives

“(f+g> Z fi+ 9 H Hf Z f]” + Hg g]H
je
< §'+'§3:

By 8.53 this says exactly that ), -(fr + gx) converges to f + g.

Problem 8C.5. Suppose { fi }rer is a family in a normed vector space such that ), . f converges.
Prove that if ¢ € F, then ), --(cfx) converges and

> (ef)=¢d fr-

kel kel

Solution. Write f = >, - fr. Given € > 0, take the finite set Q that 8.53 supplies for this sum at
tolerance /(1 + |¢|).
If €0 is finite with Q C € C T, then scalar multiplication distributes over the finite sum, so homogeneity
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of the norm gives
<]

- S =il 5] < e <

By 8.53 this says exactly that ), (cfy) converges to cf.

Problem 8C.6. Suppose {ay }rer is a family in R. Prove that the unordered sum ), .- a3, converges
if and only if >, o |ax| < oo.

Solution. By Exercise 2 of this section, the condition ), [ax| < oo says precisely that

S = sup { Z laj| : © is a finite subset of F} < 0.
JEQ

(i) Suppose S < oo, and put a; = max{ay,0} and a;, = max{—ay,0}, so ay = a; —a, with ai < |a|.
Every finite subsum of the nonnegative families {a; } and {a; } is then at most S, so Exercise 2 makes
a; and a, converge; Exercise 5 (with ¢ = —1) and Exercise 4 then give convergence of

kel Ak kel Y g g g

Doker Ok = D_per (ai +(—ay)).
(ii) Suppose ), .rar = g, and apply 8.53 with € = 1 to get a finite Qo C I' with ‘g =D ey aj‘ <1
for all finite Q" with Qg C Q' CT. For finite Q C T"\ Qy, disjointness gives

Sa=( X a-9)+(s- D w).
JEQ JEQLUN JEQ
SO ‘ Z]EQ aj’ < 2. Splitting Q into QT ={j € Q:a; >0} and Q™ = Q\ QF, both again finite subsets
OfIw\f%,
Z|aj|:‘ Z (Ij’-i-’ Z aj‘<4.
JEQ jeQt JEQ™

Hence any finite 2 C I satisfies ), |a;[ < > ;cq, |aj] + 4, a fixed finite bound, so S < oo.

Problem 8C.7. Suppose {fi}rez+ is a family in a normed vector space V and f € V. Prove that
the unordered sum ), ,+ fi equals f if and only if the usual ordered sum » ;7 Ip(k) €quals f for
every injective and surjective function p : Z* — ZT.

Solution. For injective p, the ordered partial sum > ;_; Jp(k) is the finite unordered sum over ) =
{p(1),...,p(n)}, and each direction exploits this.

(i) Suppose > ;cz+ fr = f and p is a bijection. Given ¢ > 0, take the finite set 2 from 8.53 and put
N = max{p~1(j) : j € Q} (with N = 1if Q = &). For n > N we have Q C {p(1),...,p(n)}, so 8.53
applied to that set gives

|7- Zn:fp(mH <e (n=N)
k=1

Hence .2 fp) = [ in the sense of 6.40.

(ii) Conversely, suppose » ..+ fx = [ fails. Negating 8.53 produces ¢ > 0 such that every finite
A C Z* is contained in some finite Q C Z* with ||f — > jen fill = €. Starting from Qy = @ and
applying this to A,, = Q,,—1 U{1,...,m} gives finite sets 1 C Q9 C -+ with

lr=> 5z 0micon

JEQm

so U,,, @m = Z" and n,, = Q| > m tends to co. Let p list Q; in increasing order and then, for each
m > 2, the elements of Q,, \ Q,,—1 in increasing order; the blocks are disjoint with union Z*, so p is a
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bijection with {p(1),...,p(nm)} = Q. Then
S nl-l- 5 o+
k=1 JEQm

for every m, and n,, — 00, 80 Y 1o, Jp(k) does not equal f.

Problem 8C.8. Explain why 8.58 implies that if I is a finite set and {eg}xer is an orthonormal
family in a Hilbert space V', then span{ey }xer is a closed subspace of V.

Solution. For finite I" the set on the right side of 8.58(a), namely

{Zakek : {ag brer is a family in F and Z |cvk|2 < oo},
kel kel

is exactly span{ey }rer, so 8.58(a) reads span{ey }rer = span{ex }rer, and a set equal to its own closure
is closed (6.7).

Three consequences of finiteness give that identification. The constraint ), la|? < oo is vacuous,
since the sum has finitely many finite terms. The unordered sum ), - arey of 8.53 converges to the
ordinary finite sum, because taking Q = I' in 8.53 leaves ' = T" as the only option. And extending
a family on a finite Q C T" by zeros on I' \ £ changes no sum, so those finite sums are precisely the
elements of the span (6.54).

Problem 8C.9. Suppose V is an infinite-dimensional Hilbert space. Prove that there does not exist
a basis of V' that is an orthonormal family.

Solution. The witness is f =Y, %ekn, which lies in V' but in no finite span of the e.

Suppose {ex }rer is an orthonormal family that is a basis of V', so span{eg}xer = V by 6.54. Then I’
is infinite, since otherwise V would be the span of a finite list and hence finite-dimensional. Choose
distinct k1, ks, ... € T and set oy, = 1, with aj, = 0 for all other k. As >, |ax> =3, 7 < oo and
V' is complete, 8.54(a) makes f =), -1 apey converge in V.

Moreover (f,e;) = a; for every j € I': given ¢ > 0, take the finite © from 8.53 and put ' = QU{j}, so
that orthonormality gives (> .. ase;, €j) = a; and hence, by Cauchy-Schwarz (8.11) with |le;|| = 1,

|(f. &) — o] = ’<f— Zaieia €j>‘ < Hf— Zaiei
e e

<e.

In particular (f, ey, ) = 1 # 0 for every n.
But f € V = span{eg}rer, so f = Zjeﬂo Bje; for some finite Qg C I'; choosing n with &, ¢ Qo
(possible since Qg is finite and the k,, are distinct), orthonormality gives (f, e, ) = 0, a contradiction.

Problem 8C.10. (a) Show that the orthonormal family given in the first bullet point of Example
8.51 is an orthonormal basis of £2.

(b) Show that the orthonormal family given in the second bullet point of Example 8.51 is an or-
thonormal basis of £2(I").

(c) Show that the orthonormal family given in the fourth bullet point of Example 8.51 is not an
orthonormal basis of L?([0,1)).

(d) Show that the orthonormal family given in the fifth bullet point of Example 8.51 is not an
orthonormal basis of L?(R.).

Solution. Lemma. An orthonormal family {ej}rer in a Hilbert space V' is an orthonormal basis of V/
if and only if the only f € V with (f,ex) =0 for all k € T'is f = 0. Indeed, with U = span{eg }rer,
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additivity and conjugate homogeneity of the second slot give
Ut ={feV:(fe)=0foralkel}

(for the reverse inclusion take u = ey), while 8.42 says U = V if and only if U+ = {0}, and U = V s
Definition 8.61.

(a) For f = (ay,as,...) € £? the standard inner product gives (f,ex) = ag, so orthogonality to every
e, forces f = 0; apply the Lemma.

(b) Here ey = x {1y and p is counting measure on I', so feég is the simple function f(k)xy and

(fren) = /F ferdu = FR)u({k}) = F(K).

Hence orthogonality to every ey forces f = 0 (with counting measure the only null set is @); apply the
Lemma. Part (a) is the case I' = Z™T.

(c) Take f = ejes, which on the four quarter-intervals of [0,1) has values (1,—1,—1,1), because
there e = (1,1,—1,—1) and e3 = (1,—1,1,—1). Since |f| = 1 we have ||f|l2 = 1, so f # 0, yet
(f,er) = fol fer =0 for every k > 0 (all functions here are real valued):

(i) k € {0,1,2}. The products feg = (1,—1,-1,1), fe; = (1,—1,1,—1), and fey = (1,1,—1,—1) are
constant on the four quarter-intervals, of equal length %, with values summing to 0.

(ii) k > 3. Writing f = ¢;j on I; = [j272,(j + 1)272), the Fact below with m = 2 < k gives
fol fer = E?:o Cj fzj ex = 0.

Fact. For integers k >m >0 and j € {0,...,2™ — 1},

/ € = 0,
(527, (j+1)27™)

since that interval is the disjoint union of the intervals [”2—;1, 2%) for 28=™ consecutive integers n, an

even number of them, so e; takes the value 1 on exactly half of these equal-length pieces and —1 on
the other half.

Thus f # 0 is orthogonal to every e, and the Lemma applies.

(d) Take the extension by 0 of the f of (c), so [f| = x(o,1) and [|f[|2 = 1. If m # 0, then [m,m + 1) N
[0,1) = &, so férm = 0; if m = 0, then ey o agrees with e; on [0,1) and

1
<faek,0>—/0 fer=0

by (c). So f # 0 is orthogonal to the whole family, and the Lemma applies.

Problem 8C.11. Suppose p is a o-finite measure on (X,S) and v is a o-finite measure on (Y, 7).
Suppose also that {e;};eq is an orthonormal basis of L?(u) and {fi}rer is an orthonormal basis of
L?(v) for some countable set I'. For j € Q and k € T, define gik: X XY —F by

9ik(T,y) = ej(x) fr(y).

Prove that {g;1}jeq, ker is an orthonormal basis of L?(u x v).

Solution. By the Lemma of Exercise 10 it suffices to prove the family orthonormal and to show that
no nonzero h € L?(u x v) is orthogonal to every gj k- The o-finiteness of p and v is what makes p x v
a measure and licenses each use below of Tonelli (5.28) and Fubini (5.32); for F = C apply those to
real and imaginary parts (and, for Tonelli, to their positive and negative parts).

Orthonormal. Each g1 is S ® T-measurable, being the product of (z,y) — e;(x) and (z,y) — fi(y),
whose inverse images are rectangles. Tonelli (5.28) applied to |g;x|* = |e;j(z)?|fe(y)|> > 0 gives
lgixll? = llejl? Il fxll* = 1, so gjx € L*(u x v); then g;xg; % € L' (1 x v) by Cauchy-Schwarz (8.11),
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and Fubini (5.32) gives
<gj,]€) gj’,k)’> = <€j, 6j’> <fk7 fk">7
which vanishes unless (j, k) = (j/, k'), since then j # j' or k # k'
Nothing nonzero is orthogonal. Suppose (h, g;) = 0 for all j € Q, k € I'. Tonelli (5.28) makes

o) = /Y () dv(y)

an S-measurable function with [ ¢ dp = [|h|* < 00, 80 ¢ < 00 on some E € S with u(X \ E) = 0; for
x € E the cross section h,, which is T-measurable by 5.9, lies in L?(v) with ||h.||? = ¢(z). Define

Hy(z) = (hy, fr) forxz € E, Hi(x) =0 forz ¢ E.

Cauchy-Schwarz (8.11) in L?(v) gives |Hy| < ¢'/? on X, so Hy, € L*(u); and Hj, is S-measurable by
5.28 applied to the positive and negative parts of the real and imaginary parts of (z,y) — h(z,y) fr(y),
each finite on E by that bound.

Now use each basis once. Parseval’s identity 8.63(c) for {fx}rer, applied to h,, gives

pla) =Y [Hy(@)]*  (z€ E),

kel

while hg;; € L'(u x v) as above, so Fubini (5.32) gives
0= (h,gjr) = / Hyejdp = (Hi,ej)  (j € 9Q),
X

the inner integral being Hy(z) for p-almost every z. Parseval for {e;};eq then forces ||Hgl|? = 0, so
H;. = 0 almost everywhere.

Countability of I' enters here: N = [J,cp{Hy # 0} has u(N) = 0 by countable subadditivity, so ¢ = 0
on E'\ N and hence p-almost everywhere, giving

Tk =/ pdu =0,
X

Problem 8C.12. Prove the converse of Parseval’s identity. More specifically, prove that if {eg }rer
is an orthonormal family in a Hilbert space V' and

A7 =D S em)l?

kel

for every f € V, then {ej}rer is an orthonormal basis of V.

Solution. Put U = span{eg }rer. Then UL = {0}, since every f € U+ satisfies

I£12 =D [ en)|* =0

kel

by the hypothesis.

Here Ut is exactly {f € V : (f,ex) = 0for all k € T'}, because the inner product is additive and
conjugate homogeneous in its second slot, so orthogonality to each ej gives orthogonality to every
finite combination of them (and conversely, take u = ey). As V is a Hilbert space and U is a subspace,
8.42 turns U+ = {0} into U = V; with the family orthonormal by hypothesis, that is Definition 8.61.
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Problem 8C.13. (a) Show that the Hilbert space L?([0,1]) is separable.
(b) Show that the Hilbert space L?(R) is separable.
(c) Show that the Banach space ¢*° is not separable.

Solution. For (a) and (b) the countable dense set is

n
Dy = {qu X(Cj»dj)’J :neZ, ¢ eQr, ¢,dj €Q, ¢; < dj},
j=1

where Qp = Q if F =R and Qp = {r +is:r,s € Q} if F = C. Each element of D is bounded and
supported in a bounded set, hence in L?(J), and D is countable, being the image of the countable set
of finite sequences from Qp x Q x Q.

Claim 1. Simple measurable functions are dense in L?(J). Write f = wu + iv with u,v real, so
u,v € L2(J); by 2.89 there are simple measurable u; with |ug| < |u| and ux — u pointwise, whence
|u—u|* < 4u? € L(J) and the Dominated Convergence Theorem (3.31) gives ||u —ug||2 — 0; likewise
for v.

Claim 2. If |A| < oo and § > 0, some finite union W of pairwise disjoint bounded open intervals with
rational endpoints has |[AAW| < §. By 2.71(e) choose open G 2 A with |G \ A| < §/4, so |G| < oo;
write G = |J, I; as a countable disjoint union of open intervals, each bounded, and choose N with
IG\U| =>";.n 1] <d/4, where U = (J;< I;. Shrink each I; = («aj, 8;) with j < N to a rational
interval (c;,d;) C I; with [I;] — (dj — ¢;) < /(4N), and set W = |J;<y(cj, d;), still pairwise disjoint.
Then

[A\NW < [ANGI+[G\U|+[U\W| <5,  [W\A<S|G\A|<{.

Claim 8. Dy is dense in L?(J) when |J| < oo. Given f and ¢ > 0, Claim 1 supplies a simple
s =Y p_,arxA, with the a; nonzero and the Ay C J disjoint, such that | f — s||2 < /3. Choosing
a1 € Qr with |a — g| < e/(3n(1+ |J|)1/2) gives, since ||xa, |l2 = |Ax|"/? < |J|Y/2,

n
HS = akxa,
k=1

Now take § with 6/2 3", |qx| < £/3 and, by Claim 2, sets W}, with |AxAWy| < 85 as |xa, — xw,nsl <

XAy AW, on J,
n n n c
H > axa, - quka\J(L <D larl 6% <
k=1 k=1 k=1

The intervals composing each W}, are disjoint, so xw, is the sum of their characteristic functions and
>k @kXw,|s € Dy. Adding the three estimates finishes the claim.

(a) |[0,1]] < oo, so Claim 3 makes Dy j a countable dense subset of L*([0,1]) (8.64).

(b) Given f € L?(R) and ¢ > 0, the Dominated Convergence Theorem (3.31) applied to |f —
IXemm? < |f1? gives m with || f — fx[—mmll2 < €/2, and Claim 3 on [—m,m] gives g € Dj_p,
within /2 of fX[_, ) there. Intersecting each of the finitely many intervals of g with (—m,m) yields
g € Dr vanishing off [—m, m], so || fX[—mm — llr2wr) <&/2 and [|f — gllr2r) <&

(c) For S C Z* let x5 € > have kth term 1 if £ € S and 0 otherwise. Distinct S, S’ differ in some
coordinate while all coordinates of the difference are at most 1 in absolute value, so ||z — zg/|lcc = 1
and the uncountably many balls B(zg, %) are pairwise disjoint by the triangle inequality. A countable
dense C' C £*° would meet each of them, injecting an uncountable set into C.

n
< — gl |ALY? < £
2_;% Qx| | A 3

Problem 8C.14. Prove that every subspace of a separable normed vector space is separable.

Solution. Take the countable dense set {f,}ner of V given by 8.64, indexed by some I C Z™, and put

C={unp: (k)€ Py, P={(nk) €IxZ: B(fn,})NU £},
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where wu, j is a chosen element of B(f,, %) NU. Then C C U is countable, being the image of
PCZ"xZ .

C'is dense in U: given u € U and € > 0, choose k with 2 < ¢ and then n € I with |ju— f,| < £, which
puts u in B(fn, 1) NU, so (n,k) € P and

lu = wnell < llu = fall + 1fn = unill < § <e.

Since the metric of U is the restriction of the metric of V, this says the closure of C' in U is U (6.7).

Problem 8C.15. Suppose V is an infinite-dimensional Hilbert space. Prove that there does not exist
a translation invariant measure on the Borel subsets of V' that assigns positive but finite measure to
each open ball in V.

[A subset of V is called a Borel set if it is in the smallest o-algebra containing all the open subsets
of V. A measure p on the Borel subsets of V' is called translation invariant if u(f + E) = u(E)
for every f € V and every Borel set E of V]

Solution. Infinitely many disjoint balls of one fixed radius fit inside a single ball, which no such u can
tolerate. Write B(f,r) = {g € V : |lg — f|| < r}, a Borel set, and suppose p is translation invariant
with 0 < p(B) < oo for every open ball B.

By 8.75 the space V has an orthonormal basis {ey}rer, and I' is infinite: a finite I' would make
Parseval’s identity 8.63(a) write every f € V as >, p(f, ex)ex, so that V would be finite-dimensional.
Choose distinct ki, kg, ... € I and set u,, = eg,. For m # n the Pythagorean theorem (8.9) gives

[t = wnll* = lluml? + [lun]l* = 2,

V2

so with r = ¥ the balls B(u,,r) are pairwise disjoint (a common point h would give v2 < |lup, —
h|| + ||k — un|| < v2), and each lies in B(0,1 + ) because ||h| < ||h — u,|| +1 < r + 1 there.

Since B(up,r) = u, + B(0,r), translation invariance gives u(B(uy,r)) = u(B(0,7)) = ¢ > 0 for every
n, so monotonicity and countable additivity give

w(B(0,1+7)) > Zu(B(un,r)) = Zc = o0,
n=1

n=1

contradicting p(B(0,1+ 7)) < oo.

Problem 8C.16. Find the polynomial g of degree at most 4 that minimizes

! 2
/ |2° — g(z)|" da.
0

Solution. The minimizer is

5, 2,4 5, 5 1
g(w) = 52" = gt + G = oT o

Work in the real Hilbert space L2([0,1]) with (p,q) = fol pq, let f(x) = 2°, and let U be the space
of polynomials of degree at most 4, a 5-dimensional and hence closed subspace (Exercise 9 in Section
6D). The minimizer therefore exists, is unique, and equals Py f (8.34); by 8.37(a) and 8.37(b) it is the
unique g € U with f — g € U', that is,

1
/ (ac5 — g(x))wj dr =0 for j =0,1,2,3,4.
0

So x° — g is the monic polynomial of degree 5 orthogonal to U. (Complex coefficients change nothing:
S 1 1 1 .
g = g1 +1igo gives fo |25 — g|? = fo (2% — g1)® + fo gg, minimized only at g2 = 0.)
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That polynomial is ¢ = %u(5), where u(x) = (22 —x)® = 2%(x—1)°. It is monic of degree 5, since u has

leading term z'°. It is orthogonal to each z7 with j < 4 because 0 and 1 are zeros of u of multiplicity
5, so integrating by parts j + 1 times leaves

1 . J , , a1l . 1 . o
/ u® (z) 27 do = [Z(—l)lu(‘l*’) (x) (m])(l)] + (—1)5+1/ w9 () (7)) dz = 0,
0 i=0 0 0
every boundary term involving some u(®) with i < 4, and (27)U+1 = 0.
Expanding u(z) = 20 — 52° + 102® — 1027 + 52% — 2% gives

u® (z) = 302402° — 756002 + 672002 — 2520022 + 3600 — 120,

50 1
and {57 = 35375 SO

5
_ .5 Y 4
q(z) =2 = 52"+ 3 6" Tt 252

Hence g = f — ¢ is the polynomial displayed at the outset.

2 1
205 52, 5

Problem 8C.17. Prove that each orthonormal family in a Hilbert space can be extended to an
orthonormal basis of the Hilbert space. Specifically, suppose {e;};cq is an orthonormal family in a
Hilbert space V. Prove that there exists a set I' containing {2 and an orthonormal basis { fx}xer of
V such that f; = e; for every j € ).

Solution. Apply Zorn’s Lemma to the orthonormal subsets of V' containing E = {e; : j € Q}, then
index the maximal one.
The map j +— e; is injective, since (e;,e;) = 1 while (ej,e;) = 0, so E is an orthonormal subset of V/
in bijection with . Let

A={2}uU{S CV:S isorthonormal and £ C S},

the empty set included only so the empty chain’s union lies in A. If C C A is a chain with union
L # @, then some member of C contains E, so E C L; each f € L has ||f|| = 1, and distinct f,g € L
lie in a common member of the chain, hence (f,g) = 0. So L € A, and Zorn’s Lemma (6.60) gives a
maximal F' € A.

Then E C F (were F = @ with E # &, the element E € A would contradict maximality), and F' is
maximal among all orthonormal subsets of V: any orthonormal F’ 2 F contains E, hence lies in A.
So F'is an orthonormal basis of V' by 8.74.

For the indexing put A = (F \ E) x {Q}, which is disjoint from Q (else (h,Q) € Q would give the
membership cycle Q € {h,Q} € (h,2) € Q), and let ' = QU A D Q with

fi=¢; forjeq, finoy =h for (h,Q) € A

Disjointness makes this well defined, and k — f}, is a bijection of I onto EU(F'\ E) = F. Hence { fx }rer
is an orthonormal family whose set of values is F'; since the condition in Definition 8.61 depends only
on that set of values, {fi}rer is an orthonormal basis of V' with f; = e; on .

Problem 8C.18. Prove that every vector space has a basis.

Solution. Apply Zorn’s Lemma to the collection A of linearly independent subsets of V; a maximal
element is a basis.
The hypothesis of 6.60 holds. Let C C A be a chain with union L, and suppose

argr+---+apgn =0

with g¢1,...,g, distinct elements of L. Each g,, lies in some I',, € C, and one of the finitely many
'), contains all the others (induction on n, since C is a chain); linear independence of that one forces
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ap =-+-=a, =0. (For C = @ the union @ is vacuously independent.) So A has a maximal element
r.

Then span I’ = V| by the argument of 6.57: otherwise choose f ¢ spanT’, so f ¢ I', and T'U {f} is still
linearly independent, contradicting maximality. Indeed, in a relation af + a191 + - - - + ang, = 0 with
g1, -- -, gn distinct in I', the case a # 0 would give

a
f=-—g1—-— —gn €spanT,
a a

so a = 0, and then independence of I' kills the remaining coefficients. Being linearly independent and
spanning, I' is a basis of V.

Problem 8C.19. Find the polynomial g of degree at most 4 such that

f(é)—/olfg

for every polynomial f of degree at most 4.

Solution. The answer is

g(z) = 1;(1261‘4 — 25223 4 15422 — 28z + 1) = #ﬁl - 9;1—5303 + ?ﬁ - ?x + 1@5
Let U C L%(]0,1]) be the space of polynomials of degree at most 4, with (p,q) = fol pq; being finite-
dimensional it is closed, hence a Hilbert space [8.22], and ¢(f) = f(3) is a linear functional on U,
bounded because U is finite-dimensional (Exercise 7 in Section 6D). The Riesz Representation Theorem
(8.47) thus gives a unique g € U with f (%) = fol fg for every such f, and 8.77 computes it from any
orthonormal basis of U (the scalars here being real, so conjugation is invisible):

9= oler)er =) ex(3)ex.

4 4
k=0 k=0

An orthonormal basis of U. Take the shifted Legendre polynomials

1 d* .,

pk(a:):H%[(x —x)k] (k=0,...,4),

Eilf))g!, so that they form a basis of U. Writing u(z) = (2% — 2)¥,

both 0 and 1 are zeros of u of multiplicity k, so for 0 < j < k integrating by parts j + 1 times kills
g g by J

every boundary term:

of degree k with leading coefficient

1 1
/ u® (z) 29 do = (~1)7+! / w1 () (7)Y dz = 0,
0 0

whence (pg,p;) = 0 for j < k. Integrating by parts k times instead, and using the beta integral
2
01 2F(1 — 2)Fde = L)L

@E+1)1
LWk by [ 2k (k)2
/0 u\ (z) 2" dx = (—1) k./o (x* —x) d:)::k.~m,
so (py,x*) = % and, by orthogonality to lower degrees,
5 (2Kk)! o\ 1

Hence e, = v2k + 1pi for Kk =0,...,4 is an orthonormal basis of U.
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Evaluating at % As (:c2 — :c)k is unchanged by x — 1 — z, differentiating k times gives px(1 — x) =
(—1)*pg(z), s0 pi(L) = 0 for odd k, while

po=1, ps=6x>—6z+1, pg=702"—1402>+ 902% — 20z + 1
i Ly Ly — _ 1 gnd pu(2) = 3. Si Ne = 2k + 1 1
glvepO(Q)* ,PQ(Q)* 3, an p4(2)*8- mce €k(2)6k—( + )pk(g)pkv
9:p0—2p2+%7p47

which expands to the polynomial displayed at the outset.

Problem 8C.20. Suppose G is a nonempty open subset of C. The Bergman space L2(G) is
defined to be the set of analytic functions f : G — C such that

/ ’f|2d>\2 < 00,
G

where )\ is the usual Lebesgue measure on R?, which is identified with C. For f,h € L2(G), define
(f,h) tobe [4 fhd)s.

(a) Show that L2(G) is a Hilbert space.

(b) Show that if w € G, then f — f(w) is a bounded linear functional on L2(G).

Solution. Everything follows from one estimate: writing D(w,r) = {z : |z —w| < r} and || f| =
([ | f2dr2) /2, if f is analytic on G and D(w,r) C G, then

1
N

Call this the pointwise bound. Indeed, Cauchy’s integral formula on the circle |z — w| = s (contained

in G with its inside, for 0 < s < r) gives f(w) = % 027r f(w + se®) df; multiplying by 27s, integrating

over s € (0,7) and using polar coordinates (legitimate since f is bounded on the compact set D(w, 7))
yields the area mean value property

[f(w)| < £l

2 = d\
w1 f (w) /D .

and then Cauchy-Schwarz (8.11) against the constant 1 on D(w,r) gives |f(w)| < #||f||(7rr2)1/2,
which is the pointwise bound.

(a) L2(G) is a subspace of L%(\2|¢), since sums and scalar multiples of analytic functions are analytic
and |f + h|? < 2|f|? + 2|h|%; (f,h) is the L? inner product, and it is definite on L2(G) as a genuine
function space because f(w) # 0 forces | f| > 0 on a disk of positive measure. By 8.21 it remains to prove
completeness. Let f1, f2,... be Cauchy in L2(G). For compact K C G put rx = min{l, % dist(K, C\
G)} > 0 (positive as K is compact and disjoint from the closed set C\ G), so D(w,rg) C G for w € K
and the pointwise bound applied to f,, — f, gives

1

Thus f,, — f uniformly on compact subsets of GG, and f is analytic by the Weierstrass convergence
theorem. Given ¢ > 0 choose N with || f, — fm| < € for n,m > N; for n > N and compact K C G,
uniform convergence on K and A\2(K) < oo give

[fr = foml

/ |fn— fPPdX2 = lim / [fn = fml® dXo < €.
K m—r0o0 K
Taking K; = {2z : |z < j, dist(z2,C\ G) > %}, which are compact subsets of GG increasing to G, the

Monotone Convergence Theorem (3.11) upgrades this to || f, — f||? < €2. Hence f = f,, — (fn — f) €
L3(G) and f, — f in norm, so L2(G) is a Hilbert space.
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(b) Fix w € G and pick r > 0 with D(w, r) C G. Evaluation ¢(f) = f(w) is linear (operations in L2(G)
are pointwise) and the pointwise bound gives |p(f)| < \Flr is bounded with ||¢|| <

vrr!

Problem 8C.21. Let D denote the open unit disk in C; thus
D={zeC:|z| <1}

(a) Find an orthonormal basis of L2 (D).
(b) Suppose f € L2(D) has Taylor series

o
- S u
k=0

for z € D. Find a formula for ||f|| in terms of ag, ay, ag, .. ..
(c) Suppose w € D. By the previous exercise and the Riesz Representation Theorem (8.47 and 8.76),
there exists I',, € L2(D) such that

fw) = (f,Tw) for all f € LX(D).

Find an explicit formula for I',.

. ag|2\1/2
Solution. (a) {y/(k+1) /Ter}k>0, ) 1fI = vr (X2, ‘kj-ll) / i (c) Ty(z) = ﬂ(l_lwz)Q.

For j,k > 0 and 0 < s < 1, polar coordinates give

. o
/ hdrg = / / k0 rdp dt = { oo
D(0,s) if j =

k+1

Now let f € L2(D) have Taylor series f(z) = > n>0anz", convergent on D and uniformly on each

D(0,s) with s < 1. Fix £ > 0 and 0 < s < 1; uniform convergence on the finite-measure set D(0, s)
permits term-by-term integration, so

2k+2

— > — TS
f(z)zFdXg = an/ 22k dhg = aj.
/D(o,s> nz:;) D(0.5) k+1

Letting s 1 1, the integrands xp,s) fz* are dominated by |f], integrable on D by Cauchy-Schwarz
(8.11), so the Dominated Convergence Theorem (3.31) gives

k>:/fzde2: T
b K

(a) Put ex(z) = \/%zk. The first display with s = 1 gives ||2¥]|? = g1 and (27, 2F) = 0 for j # k,
so {ex}x>0 is an orthonormal subset of L2(D). It is maximal: if g € L2(D) has (g,ex) = 0 for all k,
then the coefficient formula forces every Taylor coefficient of g to vanish, so g = 0. Hence by 8.74 it is

cae (k=0,1,2,..)

an orthonormal basis.
(b) With f(2) = >, ax2", the coefficient formula gives

<f€>— k—+1 k+1 mag — T
A r  k+1 N kr1

Hence Parseval’s identity [8.63(c)] yields

172 = Z| fenP =y 1nh
k=0
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. ag?\1/2
that is, || = V(T 1)
(c) Let o(f) = f(w), bounded on L2(D) by 8C.20(b). By 8.76 and 8.77 the representing vector is

o oo
[k+1_,
= E wler) er = E T w" e
k=0 k=0

the series converging in norm, with n-th partial sum S, (z) = > 7_, %w 2F. Since [wz| < |w| < 1 on

D, the identity Zkzo(k—kl)uk = (1—u) "2 shows S, (2) — ( L pointwise on D. But ||S,,—T'w|| — 0,

m(1—wz)2

and norm convergence forces pointwise convergence by the pointwise bound of 8C.20 (take r = %M)

The two limits agree, so

Ly(z) = 77(1—11112)2 (z € D).

Problem 8C.22. Suppose G is the annulus defined by
G={zeC:1< |z <2}

(a) Find an orthonormal basis of L2(G).
(b) Suppose f € L2(G) has Laurent series

o0
=3 et
k=—0c0
for z € G. Find a formula for || f|| in terms of ... ,a_1,ap,a1,.. ..

Solution. (a) The normalized powers e, = uy/||ux||, where ug(z) = 2* for k € Z and

7T4k+1_1
) 2 (k : ) if k£ 1,
|mu=%/ dp = +
! omIn2 if k= —

a finite positive number in each case. Throughout, polar coordinates turn an integral over an annulus
{r1 < |z| < ra} into f:f 027r h(pei?)p df dp, valid for b > 0 by Tonelli (5.28) and for h € L' by Fubini
(5.32).

Orthogonality is immediate from f 2T ei(i=k)0 g9 = 0 for J # k, the product u;u; being bounded on G:

(uj, ug) // TG00 g0 dp = 0 (j #k).

So {ex}rez is orthonormal in L2(G), a Hilbert space by 8C.20.

For maximality, let f € L2(G) have Laurent series f(z) = Y., amnm2™ on G. The Laurent series
converges uniformly on each circle |z| = p, and the circle has finite measure, so term-by-term integration
against e~**? gives
2m
f(pe®y e ™ 4o = 2mayp® (I1<p<2).
0

Since fuy € L'(\s]g) by Cauchy-Schwarz (8.11), the polar formula and this identity give

2
<mm:/p“*%%wmzwmm?
1

Hence (f,er) = 0 for all k forces every a = 0, i.e. f = 0; by 8.74 the family is an orthonormal basis.
(b) The last display gives (f, er) = ag|lug|/, so Parseval [8.63(c)] yields

1/2
4k+1 -1

/7<:+1’a"‘3’2

Ifl = | 27(2) la—s]* + 7 )
k-1
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Problem 8C.23. Prove that if f € L2(D\ {0}), then f has a removable singularity at 0 (meaning
that f can be extended to a function that is analytic on D).

Solution. Square integrability kills the principal part. Let f € L2(D\ {0}) have Laurent series f(z) =
> okez apz* on the punctured disk, converging uniformly on each circle |z| = p with 0 < p < 1. As
in 8C.22, uniform convergence on the finite-measure circle and orthonormality of {e**?/v/27}rcz in
L2((0,2n)) give, via 8.54,

21 >
| 1ot as =2n 37 jaufe
0 k=—o00

(The coefficients are square summable for each fixed p because 3, |ax|p* < co makes |ay|p* bounded.)
Polar coordinates and Tonelli (5.28), applied twice to nonnegative terms, then give the identity in

[0, 0]
0 1
fI?d\y =27 akQ/ PRl dp.
/D\{O}| o= Y il [

k=—o00

The left side is finite by hypothesis. For k¥ < —1 we have 2k +1 < —1, so fol p*t1ldp = 0o and the
k-th term is oo unless ap = 0. Hence a; = 0 for all £k < —1, so

f(z) = iakzk (0 < |z] < 1),
k=0

a power series converging on all of ID. Its sum is analytic on D and agrees with f off 0, so f has a
removable singularity at 0.

Problem 8C.24. The Dirichlet space D is defined to be the set of analytic functions f: D — C such
that

/ || d)2 < .
D

For f,g € D, define (f,g) to be £(0)g(0) + Jp I g dXs.

(a) Show that D is a Hilbert space.

(b) Show that if w € D, then f — f(w) is a bounded linear functional on D.
(c) Find an orthonormal basis of D.

(d) Suppose f € D has Taylor series

f(z) = Z ap2®
k=0

for z € D. Find a formula for || f|| in terms of ag, ai,as, .. ..
(e) Suppose w € D. Find an explicit formula for T',, € D such that

f(w) = (f,Ty) forall feD.

Solution. Everything comes from one coefficient identity: for f analytic on D with f(z) = ,~, apz®,
oo
/ [fPdda =7 Klag)*  in [0,00],
D k=1
so that f € D exactly when Y, klag|*> < oo, and then
oo
IF1I1P = laol* + 7 ) klax/?,
k=1

which is the answer to (d). For the identity, fix p € (0,1): the series > ;- kagp®~ =D converges
uniformly in 6, hence in L2((0,27]), to 6 — f'(pe’), and its coefficients against the orthonormal family
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{€9/\/27} jez, are square summable (absolute convergence at p makes k|ay|p*~! a bounded summable
family), so 8.54 gives

2m
[ 170 = 273 a2
0

k=1

polar coordinates and Tonelli (5.28) on the nonnegative terms then give

o0 1 o
[1rRde =2n Y RlaP - 5 =73 Hal
D k=1 k=1

(a) D is a vector space (differentiation is linear and L?(A\z|p) is closed under sums), and (-,-) is
an inner product: finiteness is Cauchy-Schwarz (8.11), and (f, f) = 0 forces f' = 0 by continuity,
hence f constant on the connected set D, hence f = 0 since f(0) = 0. For completeness, let T'f =
(ag, /T a1, V2mas, . ..), read off the Taylor coefficients of f. The norm formula says |Tf|l = ||f],
so T is a linear isometry of D into ¢2. It is onto: given c € 0% set ag = co and a; = ck/m;
boundedness of (¢;) gives limsup |az|Y* < 1, s0 f(2) = 3 ap2" is analytic on D, and the identity gives
Jo If'1? = > k1 lcx|? < 00, so f € D with Tf = c¢. A Cauchy sequence in D is carried to a Cauchy
sequence in 62 which converges (8.22); pulling the limit back by 7! shows D is complete, hence a
Hilbert space.

(b) Fix w € D. For f € D, splitting off ag and applying Cauchy-Schwarz (8.11) to v/7k |a;| against

wl/VE, .
7(0)] < Jaol + Zk\a\) ¢ Z“”’ )"

Since D 5y t*/k = In {1, the last factor is t, = (£In— )1/2 < oo. Writing A = |ag| and B =

1—|w]?

(T k1 klai)?)Y/2, so || f]|? = A% + B2, Cauchy-Schwarz in R? gives

1 1 1/2
< < —
)l <A+ B < 1A (14 2y )

so evaluation at w is a bounded linear functional.
(c) eo(z) = 1 and ey(z) = 2F//wk for k > 1. These are polynomials, and T carries them to the
standard basis of £2, an orthonormal basis by 8C.10(a); a linear isometry onto preserves inner products,
so {eg }x>0 is an orthonormal basis of D.
(e) By 8.76 and 8.77 the representing vector for ¢(f) = f(w) is Ty = 3., ¢(ex) ex, and p(eg) = 1,
o(er) = wk /V/7k, so

Ll — (W 1 1

'y = —l—i—fLog —
pt T 1 —wz

:]

the principal branch being legitimate because 1 — wz lies in the open right half-plane for z € D. Its
coefficients b, = w" /(rk) satisfy T k> klbg|> = 1 1n ﬁ < 00, so indeed Ty, € D.

Problem 8C.25. (a) Prove that the Dirichlet space D is contained in the Bergman space L2 (D).
(b) Prove that there exists a function f € L2(D) such that f is uniformly continuous on D and f ¢ D.

Solution. Both parts read off the two coefficient criteria: for f analytic on I with f(z) = >, apz®,

feL?D Z Ml < oo, feD = Y klaul? < o0,
=0 =1

the first from 8C.21(b) and the second from 8C.24, both being identities in [0, 00] (fy || =7 > |l?i12
and fD If')P = WZkzl klay[?).

201



(a) Forkleehavek%nglgk,so
k 2 2
> < a4 Y bl < o0
k=0 k=1
whenever f € D. Hence D C L2(D).
(b) Take the lacunary series
o0 Z2k
f(z):ZW (z € D),
k=1

80 ay, = 27%/2 when n = 2 with k > 1, and a,, = 0 otherwise. Since D k>t 27k/2 < 50, the Weierstrass
M-test makes the series converge uniformly on the compact set D; so f is analytic on I, extends
continuously to D, and is therefore uniformly continuous on D and bounded, whence f € L2(D)
because A2(D) = 7 < co. But

o (o9}
JAGGCISED STNEEED SERE RS
D n=1 k=1

so f ¢ D.
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9.1 Exercises 9A

Problem 9A.1. Prove or give a counterexample: If v is a real measure on a measurable space (X, S)
and A, B € S are such that v(A) > 0 and v(B) > 0, then v(AU B) > 0.

Solution. False. Take X = {1,2,3} with S = 2% and let v be the weighted counting measure with
weights 3, —2, -2 at 1,2, 3:

v(E) =3xe(l) - 2xe(2) - 2x8(3).
This is a real measure (countable additivity is finite additivity here, since a disjoint sequence in 2%
has at most three nonempty terms). With A = {1,2} and B = {1, 3},

v(A)=v(B)=12>0, v(AUB)=v(X)=-1<0.

Problem 9A.2. Suppose v is a real measure on (X,S). Define p: S — [0, 00) by

Prove that p is a (positive) measure on (X, S) if and only if the range of v is contained in [0, c0) or
the range of v is contained in (—o0, 0].

Solution. If the range of v lies in [0,00) then p = v, and if it lies in (—o0,0] then p = —v; either
way p takes values in [0, 00), satisfies (@) = 0 by 9.3(a), and is countably additive, so u is a positive
measure.

Conversely, suppose p is a positive measure. For disjoint E, F' € S, additivity of u and of v gives
|V(E) +v(F)| = |v(E)| + |v(F)|; squaring both sides (all quantities real) leaves

v(E)v(F) = [v(E)| [v(F)] >0,

so v never takes a strictly positive and a strictly negative value on two disjoint sets. Suppose now, for
a contradiction, that v(A) > 0 and v(B) < 0 for some A, B € S. The three sets ANB, A\ B, B\ A are
pairwise disjoint, so by the previous sentence their v-values are all > 0 or all < 0. By finite additivity
(9.3(a) plus countable additivity),

v(A) = v(ANB) +v(A\ B),  v(B)=v(ANB)+v(B\ A).

(i) All three > 0: then v(B) > 0, contradiction. (ii) All three < 0: then v(A) < 0, contradiction.
Hence the range of v lies in [0, 00) or in (—o0,0].

Problem 9A.3. Suppose v is a complex measure on a measurable space (X, S). Prove that |v|(X) =
v(X) if and only if v is a (positive) measure.

Solution. Suppose first that v is a positive measure, so v(E) € [0,00) for every E € S. Taking n = 1,
E; = X in the definition 9.8 of |v| gives |v|(X) > v(X); conversely, for disjoint Ey,...,E, € S
contained in X, positivity and monotonicity give

> (ER)| =v(BE1U--- U Ey) < v(X),
k=1

and taking the supremum yields |[v|(X) < v(X). Hence |v|(X) = v(X).
Conversely, suppose |v|(X) = v(X); in particular v(X) € [0,00). For E € S, the pair F, X \ E is
admissible in 9.8, so additivity of v and Re z < |z| give

W(E)| + [v(X\ E)| < v(X) = Rev(E) + Rev(X \ E) < [v(E)| + [v(X \ E),
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where taking real parts is legitimate because the outer terms are real. Equality throughout forces it
termwise, so Rev(FE) = |v(E)|, which for a complex number means v(E) € [0,00). As E was arbitrary
and v is countably additive with v(@) = 0 by 9.3(a), v is a (finite) positive measure.

Problem 9A.4. Suppose v is a complex measure on a measurable space (X,S). Prove that if £ € S
then

oo oo
V|(E) = sup{z |V(Eg)| : Eq, Ea, ... is a disjoint sequence in S such that E = U Ek}
k=1 k=1

Solution. Write s for the supremum on the right; each sum in it converges absolutely by 9.3(b), and
the sequence F, @, &, ... shows the set is nonempty, so s € [0, co].

s < |v|(E): if Eq, Ea, ... is a disjoint sequence in S with union F, then for each n the sets E,..., E,
are disjoint with union contained in E, so > ;_, [v(Ey)| < [v|(E) by 9.8; let n — oo and take the
supremum.

|v|(F) < s: given disjoint Ey,...,E, € S with E; U---U E,, C E, pad them into a disjoint sequence
with union E by setting Fy, = Ey for k < n, F,y1 = E\ (F1U---UE,), and F, = @ for k > n+ 1.
Then

Y WE) <Y W(E) < s,

k

n o0

1 k=1
since v(&) = 0 by 9.3(a). Taking the supremum over such choices gives |v|(E) < s by 9.8.

Problem 9A.5. Suppose p is a (positive) measure on a measurable space (X,S) and h is a non-
negative function in £'(u). Let v be the (positive) measure on (X, S) defined by dv = hdu. Prove

that
/fdu:/fhdu

for all S-measurable functions f : X — [0, o0].

Solution. Both sides agree on characteristic functions and then propagate up the standard approxima-
tion ladder.
(i) f = xa with A € S: by 3.15 and the definition of v,

/XAdy:y(A):/hd,u:/XAhdu.
A

(ii) ¢ = >_}_; ckxa, simple and nonnegative, with cj the distinct values of g and Ay = g~ ({cx})
disjoint: 3.15 with respect to v, and additivity (3.16) plus homogeneity (3.20) of the p-integral, give

/gdy—chu(Ak)—ch/XAkhdu—/ghdu.
k=1 k=1

(iii) General f: by 2.89 choose simple S-measurable g with |gx| < |gry1| < |f| = f and g — f
pointwise, and set fr = |gk|, so 0 < f1 < fo < --- increases pointwise to f. Since h > 0, the products
frh increase pointwise to fh (with 0-o0o = 0 when h(z) = 0). The Monotone Convergence Theorem
(3.11), applied once for v and once for u, together with (ii), gives

/fdl/: lim /fkdl/: lim /fkhdu:/fhd,u.
k—o0 k—o0
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Problem 9A.6. Suppose (X, S, i) is a (positive) measure space. Prove that
{hdu:heL'(n)}

is a closed subspace of My(S).

Solution. Write M = {hdp : h € L' ()}, where (hdu)(E) = [, hdp is in Mg(S) by 9.4. The whole

exercise turns on the isometry

lhdp —gdpll = [[(h—g)dull = |k —glls  (h,g € L}(n)),

which is 9.10 with £ = X (equivalently the second bullet of 9.16) applied to h — g.

M is a subspace: £1(p) is a vector space (7.5 with p = 1), and linearity of integration (3.20, 3.21) with
the definition 9.13 of the vector operations on measures gives hdu + a(gdp) = (h+ ag)du € M.

M is closed: suppose v, = h,dy — v in Mp(S). A convergent sequence is Cauchy, so the isometry
makes ||h; — hll1 — 0, i.e. the corresponding classes h,, form a Cauchy sequence in L'(u) (7.17
identifies the two norms). Since L'(x) is a Banach space (7.24), h,, — h for some h € £!(1), whence
||hn, — h|l1 — 0 and, by the isometry again, ||vy, — hdu|| — 0. Limits in a normed space are unique, so
v=nhdueM.

Problem 9A.7. (a) Suppose B is the collection of Borel subsets of R. Show that the Banach space
My (B) is not separable.

(b) Give an example of a measurable space (X,S) such that the Banach space Mg (S) is infinite-
dimensional and separable.

Solution. (a) The Dirac measures {0 };cr form an uncountable 2-separated set. Each 6; (value 1ift € E,
else 0) is countably additive, since ¢ lies in at most one term of a disjoint sequence, so d; € Mg (B);
and for s # t, taking Fy = {s}, Ey = {t} in 9.8 gives

105 = 0¢ll = 1(ds = dr)({s )] + (05 — ) ({t})] = 2.

If D were a countable dense set, choosing v; € D with ||vy — 0| < 1 would give an injection ¢ — v of
R into D (two equal choices would force 2 < |05 — ;]| < 2), contradicting countability. Hence Mp(B)
is not separable.

(b) Take X = ZT with S = 2%X; then Tv = (v({1}),v({2}),...) is a linear isometry of Mg (S) onto ¢!,
which is infinite-dimensional and separable.

T maps into ¢! by 9.3(b), and is linear by 9.13. Countable additivity gives v(E) = >, pv({k}) for
every E, so T is injective; conversely each a € ¢! defines v(E) =Y ke E Ok, countably additive because
an absolutely convergent series may be grouped and rearranged freely, so T is onto. For the isometry,
disjointness of Fy, ..., E, gives

Z\V(Ej)\ <> D lal < Jal,

7j=1 kEE]’

so |lv|| < |la|li by 9.8, while the choice E; = {j} for j <n gives )
Finally ¢! is infinite-dimensional (the standard basis vectors are independent) and separable, a count-
able dense set being the finitely supported sequences with coordinates in Q (or Q 4 ¢Q): truncate a so
the tail has ¢'-norm below £/2, then approximate each of the remaining n coordinates within /(2n).
A surjective isometry transports both properties to Mg(S).

j<n 1a5] < [[¥[l; hence [lafly < v

Problem 9A.8. Suppose t > 0 and A is Lebesgue measure on the o-algebra of Borel subsets of [0, ¢].
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Suppose h : [0,t] — C is the function defined by
h(z) = cosz +isinx.

Let v be the complex measure defined by dv = hd.
(a) Show that |lv| = t.
(b) Show that if Eq, Es, ... is a sequence of disjoint Borel subsets of [0, t], then

> (B <t
k=1

[This exercise shows that the supremum in the definition of |v|([0, t]) is not attained, even if countably
many disjoint sets are allowed.]

Solution. (a) Here h(x) = €' has |h| = 1 s0 9.10 gives |[V[(E) = [ |h|d\ = A(E) for every Borel
E C[0,t]; in particular ||v] = A([0,%]) =

(b) Everything follows from the strict inequality: |v(E)| < A(E) whenever A\(E) > 0. To see it, pick «
with |a| = 1 and av(FE) = |v(E)|; since the left side is real,

AE) - [W(E)| = / (1 - Re(ae®)) dA(z),

whose integrand is nonnegative and vanishes only where ae’ = 1, i.e. on a countable (hence A-null)
set. An integral of a nonnegative function that vanishes is 0 a.e. by Markov’s inequality (4.1) applied

at each level 1/n, so the integral above is strictly positive.
Also [v(E)| < [ |h| dX = A(E) for every Borel E. Now let Ey, Ey, ... be disjoint Borel subsets of [0, ],

50 D _p A(ER) < A([0,2]) = ¢
(i) If N(Ex) = 0 for all k, then every v(Ej;) =0 and ), |[v(E;)| =0 < ¢ (using ¢t > 0).
(ii) Otherwise A(E;) > 0 for some j; putting e = A(E;) — [v(E;)| > 0,

o0 [o¢]
S B SY AME) —e<t—e<t,
k=1 k=1

the sums being finite.

Problem 9A.9. Give an example to show that 9.9 can fail if the hypothesis that v is a real measure
is replaced by the hypothesis that v is a complex measure.

Solution. Take X = {1,2,3} with S = 2%, y counting measure, w = e?™/3 and v = hdp where

h(1) =1, h(2) = w, h(3) = w?; then 9.9 fails at £ = X. Since X is finite, h € L*(u1) and v is a complex
measure by94 with v(E) = >, h(k).
By 9.10, [v|(X) = [y |h|dp = 3. But 1 +w+w? =0, so

v({1,2}) = —w?, v({1,3}) = —w, v({2,3}))=-1, v(X)=0,
and as |w| = |w?| = 1 this gives |v(E)| = 1 for every E other than @ and X, where |v(E)| = 0. Hence
sup{|v(A4)| + |v(B)| : A, B € § disjoint, AUB C X} =2 < 3= |v[(X),

the value 2 being attained at A = {1}, B = {2}.

Problem 9A.10. Suppose (X,S) is a measurable space with S # {(), X}. Prove that the total
variation norm on Mp(S) does not come from an inner product. In other words, show that there
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does not exist an inner product (-,-) on Mg(S) such that ||v]| = (v,v)"/? for all v € Mg(S), where
|| - || is the usual total variation norm on Mp(S).

Solution. Two Dirac measures at points separated by S violate the parallelogram equality. Since
S # {2, X} there is F € S with @ # F # X; pick b€ E and ¢ € X \ E, and let v = &y, n = d. be the
corresponding Dirac measures, which are finite positive measures and so lie in Mp(S).

For a finite positive measure y, the first bullet of 9.16 gives ||u|| = u(X). Hence |v]| = ||n|| = 1 and
lv 4+ || = (dp + d.)(X) = 2. For the difference, any disjoint E1, ..., E, € S satisfy

D 166 = 8e) (Er)| < 65(X) + 6e(X) = 2
k=1

by finite additivity and monotonicity, so |[v — || < 2 by 9.8; and E, X \ E give values 1 and —1, so
|lv —n|| > 2. Thus ||v —n|| =2 and
[v+nl? + v =0l =8 # 4 = 2||v||* + 2||n||*.

A norm coming from an inner product satisfies the parallelogram equality (expand (u + v, u 4+ v) and
add), so the total variation norm does not.

Problem 9A.11. For (X, S) a measurable space and b € X, define a finite (positive) measure d;, on

(X,S) by
1 ifbeFE,
op(F) = .
0 ifb¢ E
for £ € S.

(a) Show that if b,c € X, then ||dp + d.|| = 2.
(b) Give an example of a measurable space (X,S) and b,c € X with b # ¢ such that ||, — .| # 2.

Solution. (a) &, + d. is a finite positive measure, so the first bullet of 9.16 gives
105 + dc|l = (6 + 0c)(X) = Ip(X) + 6.(X) = 2.

(b) Take X = {1,2} with the trivial o-algebra S = {@, X}, and b = 1, ¢ = 2. Since b,c € X, we have
dp = 0. on S, 80 J — O, is the zero measure and ||0p — d.|| = 0 # 2.

9.2 Exercises 9B

Problem 9B.1. Suppose v is a real measure on a measurable space (X,S). Prove that the Hahn
decomposition of v is almost unique, in the sense that if A, B and A’, B’ are pairs satisfying the
Hahn Decomposition Theorem (9.23), then

WI(AN\ A) = [v|(A"\ A) = [V|(B\ B) = |[v|(B"\ B) =0.

Solution. The four sets are really two: AUB = X and ANB = @ give B = X \ A, likewise B’ = X\ A/,
S0
A\A = AnNB =B'\B, A\NA=ANB=B\DB.

If E €S with EC A\ A then E C A gives v(E) > 0 by 9.23(b) and E C B’ gives v(FE) < 0 by
9.23(c), so v(E) = 0. Every finite disjoint family inside A\ A’ therefore contributes 0 to the supremum
in 9.8, whence |v|(A\ A") = 0. Interchanging the roles of the two decompositions gives |v|(A"\ A) = 0,
and the set identities above supply the remaining two equalities.
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Problem 9B.2. Suppose y is a (positive) measure and g, h € L*(u). Prove that gdu L hdpu if and
only if g(z)h(x) = 0 for almost every z € X.

Solution. Write vy, = gdp and v, = hdp, and read almost every with respect to p. The bridge in
both directions is 9.10: |vy|(F) = [, |g| dps, and this vanishes exactly when g = 0 a.e. on F' (Markov’s
inequality (4.1) at each level 1/n, then countable subadditivity).

Suppose v, L vy, and take A, B as in 9.28: disjoint with union X, vy (E) = ve(E N A), vp(E) =
vp(E N B). Every measurable F' C B then has vy(F) = v,(@) = 0, so |v4|(B) = 0 by the third bullet
following 9.8, whence fB lgldp =0 and g = 0 a.e. on B. Symmetrically h = 0 a.e. on A. Off the union
of these two null sets, x € A gives h(z) =0 and z € B gives g(x) = 0; either way g(x)h(z) = 0.
Conversely, suppose gh = 0 a.e., and set A = {g # 0}, B = {g = 0}, disjoint sets in & with union X.
On A minus the null set {gh # 0} we have h =0, so [, hdp = 0 and therefore

Vh(E) = Vh(E N A) + Vh(E N B) = I/h(E N B),

while g = 0 on B gives v4(E) = v4(EN A), for every E € S. By 9.28, v, L v,

Problem 9B.3. Suppose v and p are complex measures on a measurable space (X,S). Show that
the following are equivalent.

(a) v L p.

(b) Iv| L |ul.

(¢) Rev L pand Imv L p.

Solution. The engine is a restatement of 9.28: for complex measures ¢ and a partition X = AU B into
disjoint measurable sets,

o(E)=c(ENA)forall E€S < |o|(B)=0.

Indeed, the left side makes o(F') = 0(@) = 0 for every measurable F' C B, which is |¢|(B) = 0 by the
third bullet following 9.8; conversely |o|(B) = 0 forces |o(E N B)| < |o|(B) = 0 (first bullet following
9.8, with |o| a positive measure by 9.11), so 0(E) = o(E N A). The same equivalence holds for a finite
positive measure o, with |o| replaced by . Hence the singularity criterion: v L p iff there are disjoint
A, BeSwith AUB=X, |[v|(B) =0, |u|(4) =0.

(a) <= (b). Since |v|,|p| are finite positive measures (9.11, 9.17), the positive form of the equivalence
says |v| L |u| iff there are disjoint A, B with union X, |v|(B) = 0 and |u|(A) = 0 — verbatim the
singularity criterion for v L pu.

(a) = (c). Taking real and imaginary parts of v(E) = v(E N A) shows the same pair A, B from 9.28
witnesses Rev L pand Imv L p.

(¢) = (a). Take pairs A;, By and Ag, By from the criterion with | Rev|(B;) = |Imv|(B2) = |u|(A1) =
|p|(A2) =0, and set A = A; U Ay, B= X\ A= B;NBy. Then |u|(A) < |p|(A1) + |p|(A2) = 0. For
|v|(B), any disjoint F1, ..., E, C B satisfy |z| < |Rez|+ |Im z| termwise, so by 9.8

> [v(Ex)| < |Rev|(B) + [Imv|(B) < |Rev|(B1) + |Imv|(B) = 0,
k=1

using B C B; N By and monotonicity of total variation measures. Hence |v|(B) = 0, and the criterion
gives v L p.

Problem 9B.4. Suppose v and p are complex measures on a measurable space (X,S). Prove that
if v L p, then |v + puf = [v] + [p] and [Jv + p|| = |[v]] + [ ul]-

Solution. Take A, B as in 9.28: disjoint with union X, v(E) = v(ENA) and u(E) = u(E N B) for
all E € §. Then every measurable ' C B has v(F) = v(@) = 0, so |v|(B) = 0 by the third bullet

209



following 9.8, and symmetrically |u|(A) = 0.

Consequently p(F') = 0 for every measurable F' C A (since |pu(F)| < |p](A) = 0), so v + p and v agree
on all measurable subsets of A; as the supremum in 9.8 defining |- |[(E'N A) ranges only over disjoint
families inside A, this gives [v 4+ p|(EN A) = [v|[(E N A). Symmetrically |v + pu|(E N B) = |p|(EN B).
Also [v|(ENB) < |v|(B) = 0 and |u|(E N A) < |u|(A) = 0. Hence, by additivity of the positive
measures |v|, |p|, |v + p| (9.11),

v+ pl(B) = v+ pl(ENA) + v+ p|(EN B)
= V(BN A) + |pl(ENB) = [v[(E) + |pl(E).

Taking £ = X and using the definition 9.15 of the norm gives ||v + | = ||v| + |||

Problem 9B.5. Suppose v and p are finite (positive) measures on a measurable space (X, S). Prove
that v L p if and only if ||v — u|| = ||| + ||x|-

Solution. Throughout, ||o|| = o(X) for a finite positive measure o (first bullet of 9.16), and 0 = v — p
is a real measure.
Suppose v L u, with A, B as in 9.28. Taking £ = B and ¥ = A in the two identities of 9.28 gives
v(B)=0and pu(A) =0, s0 v(A) = v(X) and pu(B) = p(X) by finiteness. The disjoint pair A, B in 9.8
then gives

lofl = lo ()] + [o(B)] = v(X) + u(X) = [[¥]| + [l

while for any disjoint E4,...,E, € S, two applications of 9.8 give >, |o(Ey)| < |[v|(X) + |p[(X) =
vl + el 50 1ol < 1vl] + 1l Hence v — all = ol + [l

Conversely, suppose [|[v — u|| = ||v|| + ||u||, and take a Hahn decomposition A, B of o (9.23). With
ot (E)=0(ENA)and 0~ (E) =—0c(ENB) as in 9.30, we have |o| = o™ + ¢~ by 9.31, so

o]l = o(A) = o(B) = v(A) = v(B) = u(A) + u(B),

whereas ||v|| + ||pl| = v(A) + v(B) + u(A) + u(B). Equating and cancelling the finite terms v(A), u(B)
gives 2(v(B) + pu(A)) = 0, and positivity forces

v(B) =0 and pu(A) = 0.

Monotonicity then gives v(E) = v(ENA) and p(E) = u(E N B) for every E € S, so v L u by 9.28.

Problem 9B.6. Suppose u is a complex or positive measure on a measurable space (X,S). Prove
that
{ve Mg(S) :v L u}

is a closed subspace of Mg(S).

Solution. Write V- = {v € My(S) : v L u}, and call a partition X = AU B into disjoint measurable
sets a witness for v when |v|(B) = 0 and p(F') = 0 for every measurable F' C A. Unwinding 9.28 by
additivity (and the third bullet following 9.8 for the |v| half), v L p iff v has a witness; this phrasing
avoids |u|, which need not be finite when y is a positive measure.

Subspace. The pair @, X is a witness for 0. A witness for v is a witness for av, since |av| = |a]|v|
directly from 9.8. Given witnesses Ay, By and Ag, By for v1,v9, set A = AU Ay and B =X\ A =
B; N By: a measurable F' C A splits as (FF'N A;) U (F \ A;) with the pieces inside A; and Aj, so
w(F) =0; and B C By N By with 9.8 gives, for disjoint Fy, ..., F, inside B,

D i+ ) (Ex)| < |ml(B) + |a|(B) = 0,
k=1

n

so |v1 + 12|(B) =0 and A, B is a witness for vy + vs.
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Closed. Suppose v, € V with witnesses Ay, By, and ||[v — || = 0. Put A=J, Ay and B= X\ A=
(i Br- A measurable F' C A is the disjoint union of Fi = FNAy and F, = (FNA,)\ (A1U---UA_1),
each inside Ay, so countable additivity gives pu(F') = >, u(Fi) = 0. And for each k, the subadditivity
estimate above applied to v = (v — vg) + v gives

0 < [V|[(B) < |v—wl(B) + |[v|(B) < |lv = wll =0,

using B C By. So A, B is a witness for v and v € V.

Problem 9B.7. Use the Cantor set to prove that there exists a (positive) measure v on (R, 3) such
that v L X and v(R) # 0 but v({z}) = 0 for every x € R; here \ denotes Lebesgue measure on the
o-algebra B of Borel subsets of R.

[The second bullet point in Example 9.29 does not provide an example of the desired behavior because
in that example, v({ry}) # 0 for all k € Z* with wy # 0.]

Solution. Take v(E) = A(f~1(E)), the pushforward of Lebesgue measure on [0,1] under the right
inverse

fly) =mf{z € [0,1]: A(z) >y} (y€[0,1])

of the Cantor function A (2.77), where C is the Cantor set (2.74). The infimum is over a nonempty
set since A(1) = 1.

(i) A(f(y)) = y. Continuity of A (2.79) makes S, = A~1([y,00)) closed, so f(y) € Sy and A(f(y)) > v.
If f(y) =0 then y < A(0) = 0, so both sides are 0; if f(y) > 0 then A(z) < y for all z < f(y), and
letting = 1 f(y) gives A(f(y)) <y.

(i) f is increasing, hence Borel measurable by 2.43, and injective: y < 3 gives S, C S, hence
fy) < f(¥), and f(y) = f(y) gives y =y by (i).

(iii) f(y) € C. Both 0 and 1 lie in C, since every interval removed in 2.74 is an open middle third of
some [c, d], hence inside (¢,d). So if f(y) ¢ C then 0 < f(y) < 1, and (as noted in the proof of 2.79) A
is constant, say = ¢, on an open interval (a,b) C (0,1) containing f(y). Then ¢ = A(f(y)) >y by (i),
while any = € (a, f(y)) lies outside S, giving ¢ = A(z) < y — a contradiction.

Countable additivity of v follows from that of A applied to the disjoint sets f~!(E}), so v is a positive
measure on (R, B), and f~}(R) = [0,1] gives v(R) = 1 # 0. By (iii), »(R\ C) = A\(@) = 0, while
A(C) = 0 by 2.76(b); so the disjoint Borel pair A = C, B = R\ C satisfies v(F) = v(EN A) and
AE) = M(E N B) for every E € B, i.e. v L X by 9.28. Finally f~!({z}) has at most one point by (ii),
so v({z}) =0 for every z € R.

Problem 9B.8. Suppose v is a real measure on a measurable space (X,S). Prove that
vT(E) =sup{v(D): D € S and D C E}

and
v (E)=—inf{v(D): D e Sand D C E}

for all £ € S.

Solution. Both suprema are attained, at D = EN A and D = EN B respectively, where A, B is a Hahn
decomposition of v (9.23). The proof of 9.30 gives v (E) = v(E N A) and v~ (E) = —v(E N B), and
the uniqueness in 9.30 makes these independent of the decomposition chosen.

Fix F € S and let s and ¢ be the supremum and infimum of {v(D): D € S, D C E}, a set containing
v(2) =0 by 9.3(a).

vT(E) = s: the admissible set D = EN A gives s > v(E N A) = vT(E), while any admissible D

satisfies, using v = v — v~ (9.31) and monotonicity of the positive measure v+,

v(D) = v*(D) - v (D) < v* (D) < v*(E),

so s < vt (E).
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v~ (E) = —i: the admissible set D = E N B gives i < v(EN B) = —v~ (E), while any admissible D
satisfies v(D) > —v= (D) > —v~(E), so i > —v~ (E).

Problem 9B.9. Suppose p is a (positive) finite measure on a measurable space (X,S) and h is a
nonnegative function in L'(y). Thus hdu < dp. Find a reasonable condition on h that is equivalent
to the condition du < hdpy.

Solution. The condition is p(Z) = 0, where Z = {z € X : h(z) = 0}; that is, h > 0 almost everywhere.
Write dv = hdp, so v(E) = [, hdpu.
Suppose 1(Z) = 0, and suppose E € S has v(E) = 0. With E, = {z € E : h(z) > 1} we have
LxE, < hxg, so
LB < [ hdu=o,
E
Since h > 0, the sets E,, increase to F \ Z, so 2.59 gives u(E \ Z) = limy, o0 p(E,) = 0 and hence

WE) =B\ Z)+pn(ENZ) <0+ pu(Z) =0.

Thus p < v.
Conversely, if 1 < v then v(Z) = [, hdpu = 0 forces u(Z) = 0.

Problem 9B.10. Suppose p is a (positive) measure on a measurable space (X, S) and v is a complex
measure on (X,S). Show that the following are equivalent.

(a) v<p.

(b) |v| < p.

(c) Rev < pand Imv < p.

Solution. Everything follows from the definition 9.8 of |v| and the bound |v(E)| < |v|(E) recorded just
after it. Fix E € S with p(£) = 0.
(i) (a) = (b). If Eq,...,E, € S are disjoint subsets of E, then u(FEx) < pu(E) = 0, so (a) gives
v(E})) = 0 and hence

V(B + -+ [u(En)| = 0.

The supremum of the left side over all such families is |v|(E), so |v|(E) = 0.

(ii) (b) = (a). Now |v(E)| < |v|(E) =0, so v(E) = 0.

(iii) (a) < (c). Because (Rev)(E) = Re(v(E)) and (Imv)(E) = Im(v(E)), the equation v(E) = 0
holds if and only if (Rev)(F) = (Imv)(E) = 0.

Problem 9B.11. Suppose p is a (positive) measure on a measurable space (X,S) and v is a real
measure on (X,S). Show that v < p if and only if v < p and v~ < p.

Solution. Both directions read off the Jordan decomposition 9.30, which supplies finite (positive) mea-
sures with
—v- and v =vt +v.

Fix E € § with u(F) = 0.
If v© < pand v~ < p, then v(E) = vt (E) — v~ (E) = 0; thus v < p.
Conversely, if v < u then |v| < p by Exercise 9B.10, so

vi(E)+ v (E)=|v|(E)=0.

Both summands lie in [0, 00), so both vanish; thus v < p and v~ < p.
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Problem 9B.12. Suppose p is a (positive) measure on a measurable space (X,S). Prove that
{ve Mg(S) :v < pu}

is a closed subspace of Mp(S).

Solution. Write V for the set in question and N'={FE € S : u(E) = 0}; by 9.32,

V= ﬂ {ve Mg(S) : v(E) =0},
EeN

so it suffices to show that each evaluation v — v(E) is linear and continuous.
Linearity is the definition 9.13 of the operations on Mg(S):

(1 +10)(E) = 11 (F) + 1n(E), (av)(E) = av(E).

Hence each set in the intersection is a subspace, and so is V.
For continuity, let A € Mg (S). The bound |A(E)| < [A|(E) noted after 9.8, together with monotonicity
of the (positive) measure |A| (9.11), gives

IAE)] < [AI(E) < [A[(X) = [IA]l-

So if vy € V and ||v — vk — 0, then for E € N,

<

—~

3
I

(v —v)(B)] < v —will = 0,

whence v(E) =0 and v € V. Thus each such set, and therefore V, is closed.

Problem 9B.13. Give an example to show that the Radon-Nikodym Theorem (9.36) can fail if the
o-finite hypothesis is eliminated.

Solution. Take X = [0,1] with & = Bjg 1}, let u be counting measure, and let v = A|s be Lebesgue
measure, a finite (hence complex) measure.
Here p is not o-finite: a set of finite counting measure is finite, and the uncountable set [0, 1] is not a
countable union of finite sets.
Also v < p, because pu(E) = 0 forces E = @.
But no h € L'(y) satisfies dv = hdp. Indeed, for each z € [0, 1] the function hx(,y equals the simple
function h(z)x (s, so

h(z) = h(z) pl{e}) = /{ = v({a}) =0

x

Thus A is identically 0, contradicting
1—V([0,1])—/ hdp = 0.
[0,1]

Every hypothesis of 9.36 except o-finiteness of p holds, so that hypothesis cannot be eliminated.

Problem 9B.14. Suppose u is a (positive) o-finite measure on a measurable space (X,S) and v is
a complex measure on (X,S). Show that the following are equivalent.

(a) v < p.

(b) For every € > 0, there exists § > 0 such that |[v(E)| < € for every set E € S with u(E) < 4.

(c) For every € > 0, there exists 6 > 0 such that |v|(E) < ¢ for every set E € S with u(E) < 6.
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Solution. We run the cycle (¢) = (b) = (a) = (c).

(i) (c) = (b). The same ¢ works, since |v(E)| < |v|(E) by the bound after 9.8.

(ii)) (b) = (a). If u(E) = 0 then p(E) < ¢ for every 9, so |[v(E)| < € for every ¢ > 0 and hence
v(E)=0.

(iii) (a) = (c). Here |v| < pu by Exercise 9B.10, and |v| is a finite (positive) measure by 9.11 and 9.17.
If (c) fails, then for some € > 0 and every k € Z" there is Ej, € S with

w(Ey) < 27% and |V|(Eg) > €.

Put F,, = U, Ek, a decreasing sequence, and F' = (.2, F,,. Countable subadditivity (2.58) and
monotonicity give

W(F) < p(F) < 327k =9 ()
k=n

for every n, so u(F) = 0 and hence |v|(F) = 0. But |v|(F},) > |v|(Ey) > €, and |v| is a finite (positive)
measure, so 9.7(d) applied to Fy D Fy D - - gives
|V|(F) = lim |v|(F,) >¢e >0,

n—oo

a contradiction.

Method (2) for (iii), using the o-finiteness hypothesis. The Radon-Nikodym Theorem (9.36) gives
h € L'(u) with dv = hdy, and then [v|(E) = [ |h|dp by 9.10. Given & > 0, set h, = min{|h[,n};
since hy, 1 |h| with [y |h|dp < oo, the Monotone Convergence Theorem (3.11) supplies n with [ (|h| —
hp)dp < /2. Take § = ¢/(2n); then u(E) < ¢ forces

PIE) < [ (10 = ha)d+ ()

€ e _
< 5‘%5'—-&

Problem 9B.15. Prove 9.42 [with the extra hypothesis that p is a o-finite (positive) measure] in
the case where p = 1.

Solution. For h € L>(u) put op(f) = [ fhdu; we show h — ¢y, is a one-to-one linear map of L (p)
onto (L' (1))’ with [lgn]] = 4]l

Boundedness is 7.9 with the exponent pair 1,00: |@n(f)| < ||hlloollfll1, 50 |@n|l < [|h]|oo; linearity in h
is linearity of the integral.

For the reverse inequality, let 0 < ¢ < ||hl/co. Then A = {|h| > ¢} has u(A) > 0, so o-finiteness
and countable subadditivity give B C A with 0 < u(B) < oo. Setting f = xgh/|h| (well defined, as
|h| > ¢=0on B) gives | f| = xp, [ fllh = u(B), and fh = xp|h|, so by 3.8

on(f) = /B hld > ep(B) = c| £l

Hence |[pp|| > ¢, and letting ¢ 1 [|h]leo gives |lonll = ||h]loo- Injectivity follows: ¢p, = p, forces
171 = halloo = [l¢n,—na [l = 0. /

Surjectivity, first for 4(X) < oo. Given ¢ € (L'(p))’, set v(E) = ¢(xg), legitimate since xg € L'(u).
For disjoint E1, s, ... with union F,

n
k=1

because Y, u(Ey) = p(E) < oo; continuity of ¢ then gives v(E) = > 27, v(Ey), so v is a complex
measure. If u(E) = 0 then yg = 0 in L'(u), so v(E) = 0; thus v < p, and since y is finite the
Radon-Nikodym Theorem (9.36) supplies h € L'(u) with dv = hdu. Hence ¢(f) = [ fhdu for simple
f, by linearity.

> w(Er) —0

k=n+1

1
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This extends to f € L*(u): taking simple fi — f uniformly (2.89, applied to the real and imaginary
parts of a bounded representative of f),

19 = Sl < n0suplf = il 0. | [(¢ = fohdu] < bllvsup | = £l 0,
X X

Next, ||hllc < [l¢fl. Otherwise 4, = {|h| > [l¢|| + 1} has 0 < p(A,) < p(X) < oo for some n, and
f=xa,h/|h| € L7 (p) with [[f]l1 = p(An) gives

loll 1(An) > lo(F)] = / 1h] ds

An

> (llell + %) (An),

impossible. So h € L*(u), and ¢ and ¢; are continuous functionals on L!(u) agreeing on each
fx = Fxq 1<k}, where || f — fill1 — 0 by dominated convergence (3.31). Thus ¢ = ¢y,

Now let u be o-finite, say X; C Xo C --- with union X and u(Xy) < oo. Identifying L!(ux, ) with the
functions in L' () vanishing off X}, the finite case applied to | LY (ux,) (of norm at most ||¢||) yields
hi with ||hilleo < |l and ©(f) = ka fhi dp there. For j < k both h; and hy|x, represent the same
functional, so the injectivity above (on X;) gives h; = hj, almost everywhere on Xj; patching, there is
h with h = hy, almost everywhere on X}, for each k, and |h| < ||¢|| almost everywhere, so h € L™ (u).
For f € L*(u1), dominated convergence (3.31) gives || f — fxx,[l1 — 0 and hence

k—o0

o(f) = lim [ fhydp= lim /fXthdu:/fhdu,
X5 k—o0

the last step dominated by ||h||oo|f| € L'(1). Thus ¢ = .

Problem 9B.16. Explain where the proof of 9.42 fails if p = co.

Solution. The proof fails at its first move: for p = oo the set function v(F) = ¢(xg) is only finitely
additive.

Countable additivity of v is deduced from continuity of ¢ applied to Y =, xg, = X, which requires
convergence of the partial sums in norm. For p < oo that holds, since

HXE*ZXE,C pzu( U Ek) — 0,
k=1 k

=n+1
but the L*(u)-norm of a characteristic function is 1 whenever its set has positive measure, so that
quantity equals 1 for every n in the typical case. Hence v need not be a complex measure, the Radon—
Nikodym Theorem (9.36) is unavailable, and with it dv = hdp and every later step (9.43, 9.44).
A second breakdown occurs in the reduction to sets of finite measure, where one truncates a near-
maximizer fi to Dy = {|fx| > 1/ni} and needs u(Dy) < oco. The truncation itself survives p = oo
(the discarded part has sup-norm at most 1/ny), but the bound does not: for p < oo it is Markov’s
inequality (4.1) applied to |fx[F, giving u(Dg) < n}| filp, whereas membership in L>°(y) bounds no
measure at all, as ||xx||lcc = 1 even when pu(X) = occ.
That defect also kills the closing approximation of an arbitrary element of LP(u) by functions living
on o-finite sets: for counting measure on an uncountable X, such a g vanishes off a countable set, so
Ixx = gllo = 1.
No repair is possible, since the conclusion itself is false for p = oo: a Hahn-Banach extension (6.69)
to L>(X) of f — f(0) on C([0,1]) has ¢(gn) = 1 for gn(z) = max{0,1 — nz}, while [ g,hdX — 0 for
every h € L'()\) by dominated convergence (3.31).
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Problem 9B.17. Prove that if p is a (positive) measure and 1 < p < oo, then LP(u) is reflexive.
[See the definition before Exercise 19 in Section 7B for the meaning of reflexive.]

Solution. Surjectivity of the canonical isometry ®, where (®g)(¢) = ¢(g) (Exercise 6D.20), comes from
applying 9.42 to both p and its dual exponent p’.

Since ﬁ =1- % € (0,1), we have 1 < p/ < co with dual exponent p; so 9.42 applies to each exponent
(its o-finiteness hypothesis is needed only for exponent 1) and gives linear bijections

AV ) - () () = [ s

L) (P 0)s (Co)t) = [ hgdn,

with [[AB] = 1]
Let ¥ € LP(u)”. Then W o A is linear with

[(Wo A)(R)| < [[[[[AR]] = [1[[[7]lp,

/ /

so WoA € (LP (n))', and surjectivity of I' yields g € LP(u) with W(Ah) = [ hgdpu for all h € LY ().
Given @ € (Lp(,u))/, surjectivity of A provides h with ¢ = Ah, and then

(Bg)(1) = o) = / ghdp = U(Ah) = U(p).

Thus &g = U, so P is surjective and LP(u) is reflexive.

Problem 9B.18. Prove that L!(R) is not reflexive.

Solution. The element of L'(R)” outside the range of the canonical isometry ® is ¥ = ¢ o A~!, where
1 extends evaluation at 0.
Lebesgue measure A is o-finite, so Exercise 9B.15 (that is, 9.42 with p = 1) makes

A: L®(R) > (L'(R)), (Ah)(f):/fhd)\,

a linear bijection with ||Ah|| = ||h||cc; hence A™! is a norm-preserving linear bijection as well.

On the subspace Cy(R) of L*°(R) the essential supremum is the supremum, since |h(zg)| > ¢ for
continuous h forces |h| > ¢ on an open interval, a set of positive measure. So continuous functions
agreeing almost everywhere agree everywhere, and 1g(h) = h(0) is a well-defined linear functional on
Cy(R) with |¢o(h)| < ||h|lcc- The Hahn-Banach Theorem (6.69) extends it to i € (LOO(R)),.

Then |¥(p)| < U] 1A 0o = [I%] l¢ll, so ¥ € LY(R)”. Suppose ®f = ¥ for some f € L'(R).
Taking ¢ = Ah gives

/ Fhd\ = (Df)(AR) = U(AR) = (h)  for every h € Lo(R).

Apply this to h,(z) = max{0,1 — n|z|} € Cy(R), so that ¥ (h,) = h,(0) = 1. But |fh,| < |f| € L'(R)
and h,, — 0 off the origin, so dominated convergence (3.31) gives

1= lim [ fhadr =0,
n—o0

a contradiction. Thus ® is not surjective and L!(R) is not reflexive.
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10.1 Exercises 10A

Problem 10A.1. Define T : ¢2 — (2 by T'(a1,as,...) = (0,a1,as,...). Find a formula for T*.

Solution. The answer is the left shift:
T*(b1,ba,b3,...) = (bo, b3, by, ...).

Write S for this left shift, a bounded linear map since ||Sb|| < ||b]|. Because the n*® coordinate of T'a
is 0 for n =1 and a,_1 for n > 2,

(Ta,b) = an-1by = Y arbr1
n=2 k=1

= > oS = {a.5b)

k=1

for all a,b € £2, the reindexing being legitimate because the series converge absolutely by the Cauchy—
Schwarz inequality (8.11). Since T*b is the unique element of ¢2 with (T'a,b) = {a, T*b) for all a (10.1),
we get T" = S.

Problem 10A.2. Suppose V is a Hilbert space, U is a closed subspace of V, and T : U — V is
defined by T'f = f. Describe the linear operator 7% : V — U.

Solution. T* is the orthogonal projection of V onto U: T*g = Pyg for every g € V.
By 8.43 we may write g = Pyg + (9 — Pyg) with Pyg € U and g — Pyg € UL, Hence for f € U,

(Tf,9) = (f,9) =(f,Pvg) +{f,9— Pug) = (f, Pug),

the last term vanishing by 8.37(a). Since Pyg € U and T™g is the unique element of U with (T'f, g) =
(f,T*g) for all f €U (10.1), we get T*g = Pyg.

Problem 10A.3. Suppose V and W are Hilbert spaces and g € V., h € W. Define T € B(V, W) by
Tf = (f,g)h. Find a formula for T™*.

Solution. The answer is T*u = (u, h)g for u € W.
Indeed, for f € V and v € W, using homogeneity in the first slot, conjugate symmetry, and conjugate
homogeneity in the second slot,

(Tf,u) = {f,g)(h,u) = (u,h) {f,g)
= <f7 <’LL, h>g>

Since T*u is the unique element of V' with (I'f,u) = (f,T™*u) for all f € V' (10.1), the formula follows.
As a sanity check with 10.13: if g # 0 and h # 0, then rangeT = {ah : a € F}, and indeed null 7" =
{u € W: (u,h) =0} = {h}*+ = (rangeT)*, as 10.13(a) requires. Also |T| = |T*|| = |lg|l ||»]], in
agreement with 10.11 (take f = g to see that the bound ||g|| ||| above is attained).

Problem 10A.4. Suppose V and W are Hilbert spaces and T" € B(V, W) has finite-dimensional
range. Prove that 7™ also has finite-dimensional range.

Solution. With n = dimrangeT (the case n = 0 being trivial), the range of 7™ lies in the span of
Tqg1,...,T" gy, where g1,...,gn is an orthonormal basis of rangeT" obtained by Gram—Schmidt.
Indeed, let w € W and f € V. Expanding T'f = Z?Zl(Tf, gj)9; and using the defining property 10.2
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of the adjoint together with (g;,u) = (u, g;),

n

(f, T u) = (Tf,u) =D (Tf,9;)(g),u)

=1

(.70 Tug) = (£ 3w, g) ;).

1 j=1

n n
1=

Taking f to be the difference of the two second slots shows that difference has norm 0, so

Hence dimrange T* < n < oo.

Problem 10A.5. Prove or give a counterexample: If V is a Hilbert space and T': V — V is a
bounded linear map such that dimnull T" < oo, then dimnull 7% < oo.

Solution. False. Take V = ¢? and

T(ah az,ag, . . ) = (Oa ay,0,a2,0,as, .. ')7
so that (T'a)or = ap and (T'a)ax_1 = 0. Then || Tal| = ||al|, so T € B(¢?) is an isometry and null T' = {0}.
Its adjoint is T*b = (ba, ba, b, . . .): writing Sb for that (bounded, as [|Sb|| < ||b]]),

(Ta,b) = arby = Y ar(Sb)y, = (a, Sb)
k=1 k=1

for all a,b € ¢?, the odd-indexed terms dropping out and the series converging absolutely by the
Cauchy—Schwarz inequality (8.11); uniqueness of the adjoint (10.1) gives T* = S.

Hence nullT* = {b € ¢2 : by = O for all k}, which contains the orthonormal list ey, e3,es, ..., S0
dimnull T* = cc.

Problem 10A.6. Suppose T is a bounded linear map from a Hilbert space V' to a Hilbert space W.
Prove that | T*T|| = ||T||*.
[This formula for ||T*T|| leads to the important subject of C*-algebras.]

Solution. One inequality is 10.20 (the norm of a composition) combined with ||7%|| = ||7'|| from 10.11:
IT*T| < | T 7] = 171>
For the other, let f € V with | f|] <1. Then

ITFII? = (Tf, Tf) = (f,(T*T)f) = [{f,(T*T) [)|
< AT T)fl S NT*TIAIP < (177
where the second equality is the defining property 10.2 of the adjoint, the third holds because that

number equals the nonnegative real | T f]|?, and the first inequality is Cauchy—Schwarz (8.11). Taking
the supremum over such f gives ||T'||? < || T*T|.

Problem 10A.7. Suppose V is a Hilbert space and Inv(V') is the set of invertible bounded operators
on V. Think of Inv(V') as a metric space with the metric it inherits as a subset of B(V'). Show that
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T +— T~ is a continuous function from Inv(V) to Inv(V).

Solution. Everything comes from the identity S~' — T—! = S~1(T' — S)T~! plus a bound on ||S~|
that is uniform for S near 7. (Each 77! is indeed in B(V): V is complete, so the Bounded Inverse
Theorem 6.83 applies.)

Fix T € Inv(V); we may assume V # {0}, so [|T~!|| > 0. Expanding the identity and applying 10.20
twice,

IST =T < ISTHHIT = SIHITH.
Suppose ||T — S| < m Then A=1—-T7'S =TT - 5) has ||A|| < 3,50 T7'S =T1—Ais
invertible with (7715)~1 = >"7° , A by 10.22, whence

> 1
71971 < AllF = < 2.
¢ )l kZOH l T 4]

Since S~! = (T-19)~'T1, this gives |S71|| < 2|77
So given € > 0, the choice § = min{m, W} yields, for S € Inv(V') with ||S — T <9,

ISTH =TT < 2ATTHPIT - S < e.

Hence inversion is continuous at each 7' € Inv(V').

Problem 10A.8. Suppose 7T is a bounded operator on a Hilbert space.
(a) Prove that T is left invertible if and only if 7™ is right invertible.
(b) Prove that T is invertible if and only if 7" is both left and right invertible.

Solution. (a) Each direction is one application of the adjoint rules 10.12(c), 10.12(d) and (T%)* =T
(10.11), the adjoints being bounded by 10.11. If ST = I, then

T*S*=(ST)" =1"=1,
so T™ is right invertible. If T*R = I, then
R*T =R*(T*)* = (T"R)* =1,

so T is left invertible.
(b) If T is invertible, then T~ is bounded by the Bounded Inverse Theorem (6.83), and it is both a
left and a right inverse. Conversely, if ST = I and TR = I with S, R € B(V'), then

S =S(TR) = (ST)R = R,

so ST =TS = I. Hence T is injective (T'f = 0 gives f = S(T'f) = 0) and surjective (g = T'(Sg)), that
is, invertible in the sense of 10.18.

Problem 10A.9. Suppose by, bo,... is a bounded sequence in F. Define a bounded linear map
T :0? = (2 by
T(al, as, .. ) = (albl, agbg, oo )

(a) Find a formula for 7.

(b) Show that T is injective if and only if by # 0 for every k € Z™.

(c) Show that T has dense range if and only if by # 0 for every k € Z™.
(d) Show that T has closed range if and only if

inf{|bg| : k € Z" and b # 0} > 0.
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(e) Show that T is invertible if and only if inf{|bx|: k € ZT} > 0.

Solution. Write ej, for the k™ standard basis vector, so Te, = bger, and put N = {k : by, # 0} with
complement Z. o
(a) T*(c1,ca,...) = (bic1, baca, . . .), since

(Ta,c) =Y apbscr = D arbi cx = (a, (Brer)r).
k=1 k=1

the series converging absolutely by Cauchy-Schwarz because (bicy) € £2.
(b) If by = 0 then Te, = 0 with ey # 0; conversely if every by # 0 then T'a = 0 forces agbr, = 0, hence
a=0.
(c) By 10.14, T has dense range if and only if 7* is injective; by (a), T is the multiplier operator of
(bx), so (b) applies to it and gives the criterion by # 0 for every k.
(d) Set ¢ = inf{|bg| : kK € N}, with inf@ = oo (if N = @ then T" = 0 has closed range and the
equivalence holds).
(i) ¢ > 0. Then rangeT = W := {a € ¢* : a, = 0 for k € Z}, which is closed because |a,(€n) —ag| <
|a(™ — a|| makes each coordinate map continuous. The inclusion rangeT C W is clear; conversely,
given a € W, the sequence d with dy = ax /by on N and dj, = 0 on Z satisfies ||d|| < ||a||/c < oo and
Td = a.
(ii) ¢ = 0. Choose k1 < kg < ---in N with [by;| < 1/j: having picked k;_1, the finitely many k € N
with k < k;j_1 have |by| > 6 for some 6 > 0, while ¢ = 0 supplies & € N with |b;| < min{1/j,0},
forcing k > kj_1. Let ai, = 1/j and aj = 0 otherwise, so a € £2. Its truncations to slots k1, ...,k lie
in range T (finitely supported preimages) and converge to a, so a € rangeT. But T'd = a would give
di; b, = 1/j, hence

|dk; | = j\;ﬂ > 1 for every 7,

J

contradicting d € ¢2. So range T is not closed.
(e) If ¢ = infy |bg| > 0, then S(ay,as2,...) = (a1/b1,a2/bs,...) is bounded with ||S|| < 1/c and ST =
TS = I. Conversely, if T is invertible then every by # 0 by (b), and T 'ey = e, /by, gives

1

o]~ 1T exll < 7711,

so infy [bg| > 1/ T~ > 0.

Problem 10A.10. Suppose h € L*°(R) and M, : L*(R) — L?(R) is the bounded operator defined
by Mpf = fh.

(a) Show that M)}, is injective if and only if [{z € R : h(z) = 0}| = 0.

(b) Find a necessary and sufficient condition (in terms of h) for M} to have dense range.

(c) Find a necessary and sufficient condition (in terms of h) for M} to have closed range.

(d) Find a necessary and sufficient condition (in terms of h) for M}, to be invertible.

Solution. Write Z = {x € R : h(x) = 0} and |A] for Lebesgue measure. The adjoint is (M}p,)* = M,
since

(Myf.g) = / fhgdx = / fhgdx = (f. Myg).

(a) If |Z| > 0, then Z = |J,,(ZN[—n,n]) and 2.59 give £ = ZN[—n,n] with 0 < |E| < oo; then xg # 0
in L? while My, xg = 0. If |Z] = 0 and M}, f = 0, then fh = 0 almost everywhere forces f = 0 almost
everywhere off Z, hence f = 0 in L%(R).

(b) The condition is again |Z| = 0: by 10.14 the range is dense if and only if (M},)* = M;- is injective,
and {h =0} = Z, so (a) applies.
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(¢c) The condition is that {0 < |h| < §}| = 0 for some § > 0.

(i) Such a 0 exists. Then range M}, = W = {f : f =0 a.e. on Z}, and W = null M, , is closed. The
inclusion C is clear; conversely, for f € W put g = f/h off Z and g = 0 on Z, so |g| < |f|/é almost
everywhere and Mg = f.

(ii) No such 6. With B, = {n%rl < |n| < 1}, infinitely many B, have positive measure: otherwise
countable additivity would give [{0 < |h| < 1/M}| =0 for large M. Pick ny < ng < --- with [By;[ >0
(so nj > j) and, as in (a), disjoint E; C B, with 0 < |E}j| < co. Set

[ 1 - ,
_ -
F=Y e M=) 5 <
=11 =
Each partial sum (/) lies in range M), (divide by h, which is at least minj<; ﬁ > 0 on Uj<y Ej),
and ||f = f||> — 0. But Myg = f would force, almost everywhere on Ej, where [h] < 1/n; <1/j,

_ 1

L
91= 171 > 172

S0) ij lg|? d\ > 1 for every j and ||g||2 = co. Hence the range is not closed.

(d) The condition is that [{|k| < 6}| = 0 for some & > 0, that is, 1/h € L>(R).

If it holds, then ||1/h[|oc < 1/4, so My, is bounded and M/, My, = My M, s, = I. Conversely, if M}, is
invertible, then (Mj,)~! is bounded by the Bounded Inverse Theorem (6.83); with a = ||(Mp,)~Y| > 0
we have ||f|l2 < af|Myf||2 for all f. Were {|h| < §} of positive measure for 6 = 1/(2«), choosing E
inside it with 0 < |E| < oo and f = xg would give

B2 < ol Maxpl2 < ad| BI'? = | B2,

impossible.

Problem 10A.11. (a) Prove or give a counterexample: If 7' is a bounded operator on a Hilbert
space such that 7" and T™ are both injective, then T is invertible.

(b) Prove or give a counterexample: If T" is a bounded operator on a Hilbert space such that 7" and
T* are both surjective, then T is invertible.

Solution. (a) False. Take the operator of Example 10.28,

T(ay,az,as,...) = (al, %, %, .. .),

the multiplier operator of the real sequence by = 1/k, so T* = T by Exercise 10A.9(a). It is injective,
since T'a = 0 forces every ay = 0. But infy, |bx| = 0, so T is not invertible by Exercise 10A.9(e).
(b) True. Because T is surjective, 10.13(b) gives

V =rangeT* = (null 7)),
and since null 7" is a closed subspace, 8.41 yields
nll7 = ((null 7)) = v+ = {o}.

Thus T is injective as well as surjective, hence invertible by 10.18.

Problem 10A.12. Define T : ¢?> — % by T(ay,az,as,...) = (a2, as,ay,...). Suppose a € F.
(a) Prove that T'— ol is injective if and only if |o| > 1.
(b) Prove that T' — I is invertible if and only if || > 1.
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(c) Prove that T'— o is surjective if and only if |a| # 1.
(d) Prove that T'— oI is left invertible if and only if |a| > 1.

Solution. Let S be the right shift, S(a1,as,...) = (0,a1,as,...), so that [|Ta|| < ||la]| and || Sa| = ||a|l.
Then T* = S and S* =T, since

(Sa.¢) =Y a5 = (. T¢)
j=1

and (S*)* =S by 10.11.
Also, for |a| = 1 the operator T'— «l is not bounded below: with a™ = (L,ery...,a™,0,...), every
coordinate of (T — ol )a(") vanishes except the n', which is —a”, so

_ (n)
T —aDa™) 1,

[a@] = Va

a) The equation (T — al)a = 0 says a1 = aay, that is, ar = o*la;.

i) |a| < 1: then a = (1,a,a?,...) is a nonzero element of ¢2 killed by T' — al.

ii) |af > 1: if a; # 0 then |ag| > |a1| > 0 for every k, contradicting a € £2; so a; = 0 and a = 0.

b) If |a| > 1, then | T/l < 1/]al < 1, so I — T/« is invertible by 10.22 (¢ being a Banach space),
and hence so is T'— ol = —a(l — T /a). Conversely, invertibility gives injectivity, so |a] > 1 by
(a); and |a| = 1 is impossible, since a bounded inverse (6.83) would give ||(T' — al)a| > c||a|| with
c=1/|(T — aI)~!|| > 0, contradicting the display above.

(c) (i) |a| > 1: surjective, being invertible by (b).

(ii) |a] < 1: here (T'— al)* = S — @l by 10.12, and

N N N N

IS —aD)bl| = [|Sbll — |af [[bll = (1 = |af)][bll

so 10.29(b) makes (T — al)* left invertible; then Exercise 10A.8(a) applied to it, with ((T'— al)*)" =
T — oI (10.11), makes T' — o right invertible and hence surjective by 10.31.

(iii) || = 1: injective by (a), so surjectivity would force invertibility by 10.18, contradicting (b).

(d) (i) |a] > 1: invertible by (b), and its inverse is bounded (6.83), hence a left inverse.

(ii) |a] < 1: not injective by (a), so 10.29(c) fails.

(iii) || = 1: not bounded below, by the display above, so 10.29(b) fails.

Problem 10A.13. Suppose V is a Hilbert space.
(a) Show that {T" € B(V) : T is left invertible} is an open subset of B(V').
(b) Show that {T" € B(V) : T is right invertible} is an open subset of B(V).

Solution. (a) If T is left invertible, 10.29 supplies a € (0,00) with ||f|| < «|Tf|| for all f € V.
Then the ball of radius 1/« about T' consists of left invertible operators: if |T" — R|| < 1/a and
e=1/a—||T — R|| > 0, then

IR = NT A = (T = R)fII = ‘EH — T = RN = ell £

for every f, so 10.29(b) holds for R with constant 1/e.

(b) Adjunction is an isometry of B(V): ||T* — R*|| = ||(T — R)*|| = ||T"— R|| by 10.12(a), 10.12(b), and
10.11. So if T is right invertible, then T™* is left invertible by Exercise 10A.8(a) (using (7%)* = T'), and
(a) gives r > 0 such that every A with |7 — A| < r is left invertible. Any R with |7 — R|| < r then
has R* left invertible, hence R right invertible by Exercise 10A.8(a) again.
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Problem 10A.14. Suppose T is a bounded operator on a Hilbert space V.

(a) Prove that T is invertible if and only if 7" has a unique left inverse. In other words, prove that
T is invertible if and only if there exists a unique S € B(V') such that ST = I.

(b) Prove that T is invertible if and only if 7" has a unique right inverse. In other words, prove that
T is invertible if and only if there exists a unique S € B(V') such that T'S = I.

Solution. (a) If T is invertible, then T—' € B(V) by the Bounded Inverse Theorem (6.83) is a left
inverse, and it is the only one: ST = I gives

S=8(TT ") =(ST)T ' =171
Conversely, if S is the unique left inverse, then S’ = S + (I — T'S) € B(V) satisfies
ST=8ST+(I-TS)T=I1+T-T(ST) =1,

so 8" =8, forcing T'S = I; now Exercise 10A.8(b) makes T invertible.
(b) Likewise with the factors reversed. If T is invertible and T'S = I, then S = (T-T)S = T 1.
Conversely, if S is the unique right inverse, then S’ = S + (I — ST) € B(V) satisfies

TS' =TS+T(I—ST)=I1+T— (TS)T =1,

so 8" =S, forcing ST = I, and Exercise 10A.8(b) applies.

10.2 Exercises 10B

Problem 10B.1. Verify all the assertions in Example 10.33.
Example 10.33 (eigenvalues and spectrum) asserts the following.
« Suppose by, by, ... is a bounded sequence in F. Define a bounded linear map T : £2 — ¢2 by
T(al, ag, . . ) = (albl, ang, .. )

Then the set of eigenvalues of T equals {b; : k € Z™} and the spectrum of T equals the closure of
{bk (ke Z+}.

e« Suppose h € L®(R). Define a bounded linear map Mj, : L*(R) — L*(R) by My, f = fh. Then
a € F is an eigenvalue of M}, if and only if |[{t € R : h(t) = a}| > 0. Also, a € sp(Mp,) if and
only if [{t e R: |h(t) —a| <e}| >0 for all ¢ > 0.

e Define the right shift 7 : ¢2 — ¢% and the left shift S : 2 — ¢% by

T(a1,az2,as,...) = (0,a1,as,as,...) and S(a,as,as,...)= (az,as,aq,...).

Then 7' has no eigenvalues, and sp(7) = {a € F : |a] < 1}. Also, the set of eigenvalues of S is the
open set {a € F : |a| < 1}, and the spectrum of S is the closed set {a € F : |a] < 1}.

Solution. Write ej, for the k'™ standard basis vector of 2. Each non-invertibility below is certified
the same way: an invertible R satisfies || f|| < |[R7Y| ||Rf], so unit vectors f,, with |Rf,| — 0 rule
invertibility out.

Multiplier operator on ¢2: here (T — al)a = (ax (b — @),

Eigenvalues: if o = b; then (T'— al)e; = 0, while if o # by, for every k, then ax(by, — ) = 0 forces
a = 0. So the eigenvalues are exactly {by : k € Z*}.

Spectrum: if ¢ = infy [by — a| > 0, the multiplier operator of ((bx — «)~!), is bounded by 1/c¢ and
is a two-sided inverse of 7' — al. If ¢ = 0, choose k, with |by, — | — 0; then |lex,| = 1 and
(T —ad)eg, || = |bk, —a| — 0. Since ¢ = 0 says exactly that « lies in the closure of {b}, the spectrum
is that closure.

Multiplication operator on L*(R): put g = h — «, so M, — ol = M,

Eigenvalues: by Exercise 10A.10(a) applied to g, the operator M, fails to be injective precisely when
[{g = 0}| > 0, that is, [{h = a}| > 0.

Spectrum: if [{|g| < e}| = 0 for some ¢ > 0, then ||1/g| < 1/¢ and M, inverts M. If instead
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{lg| < e}| > 0 for every & > 0, take (as in Exercise 10A.10(a)) sets F,, C {|g| < 1/n} with 0 < |F,,| < 0o
and put f, = XFn/|Fn‘1/27 50 ||an2 =1and

1 1
2 2
” gfn”2 - |Fn| /Fn |g| dA Ty

Shifts on £2: here ||Ta|| = ||a||, while ||Sa|| < ||a|| with ||Sea|| = 1, so ||T|| = ||S]| = 1.

T has no eigenvalue: Ta = aa gives 0 = aay and ap = aagy1. If @ = 0 the latter forces every ay = 0;
if o # 0 the former gives a; = 0 and then ag41 = ax/a = 0 inductively.

sp(T) = {|la] < 1}: the inclusion C is 10.34(a) with ||T'|| = 1. For |o| < 1, the nonzero vector
v=(1,a,a?,...) € {2 satisfies, for every a € (2,

[e.e]
(T — al)a,v) = —aa + Z(ak — aayy)af
k=1
= —aa; +aja =0,

the series converging absolutely by Cauchy-Schwarz (8.11). So range(T —al) C {v}*+ # ¢2, and T —al
is not surjective; since sp(7") is closed (10.36), the whole closed disk lies in it.

Eigenvalues of S: Sa = aa says ag+1 = aay, that is, ap = a*~la;. For || < 1 this gives the eigenvector
w= (1,a,0?,...) € £%; conversely a # 0 forces aj # 0, and then 3, |a1|?|a|>*~1) < oo forces |a < 1.
sp(S) = {|a| < 1}: the eigenvalues lie in sp(S), which is closed (10.36), giving DO; and 10.34(a) with
|S]| =1 gives C.

Problem 10B.2. Suppose T is a bounded operator on a Hilbert space V.

e (a) Prove that sp(S~'T'S) = sp(T) for all bounded invertible operators S on V.
o (b) Prove that sp(T™) = {a@: a € sp(T)}.

« (c) Prove that if T is invertible, then sp(7~1) = {1 : a € sp(T)}.

Solution. Each part rests on one factorization of T'— al together with the fact that ABC' is invertible
if and only if B is (for A, C invertible): if R inverts ABC then CRA inverts B. (Check!)
(a) For a € F,

S7TITS —al = S™HT — al)S,

so STITS — al is invertible exactly when T — ol is. Hence sp(S™1T'S) = sp(T).
(b) Taking adjoints in RR™! = R™'R = I and using 10.11 and 10.12(c), (d) shows R is invertible if
and only if R* is, with (R*)~! = (R~!)*. By 10.12(a), (b), (c),

T*— Bl =T* - BI* = (T — BI)",

so 3 € sp(T*) if and only if 3 € sp(T'). Because conjugation is an involution of F, this says sp(7*) =
{a:aesp(T)}.

(c) Invertibility of T and of T—! puts 0 outside both sp(7T") and sp(T1), so all reciprocals below are
defined. For o # 0,

(—éT*)(T —al)=-L(I—ar ) =T -1],
and —éT‘l is invertible, so
Lesp(T™) < aesp(T).

Reading this forward gives {1/a : a € sp(T)} C sp(T~!); reading it with o = 1/8 for 8 € sp(T~!)
(legitimate as 3 # 0) gives the reverse inclusion. Thus sp(T~!) = {1/a : a € sp(T)}.

Problem 10B.3. Suppose E is a bounded subset of F. Show that there exists a Hilbert space V'
and T € B(V) such that the set of eigenvalues of 1" equals E.
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Solution. Take V = (%(E), the space L?(u) for p counting measure on E (second bullet of Example
8.51), and let T' be multiplication by the coordinate:

(THla) =af(e)  (a€E).

(If E = @ thisis V = {0}, T' = 0, which has no eigenvalues since eigenvectors are nonzero.)
T is bounded: choosing M with |a| < M on E, which exists as F is bounded,

ITFI =D lel?If (@) < M| £]%,
aclE
so T € B(V) with ||T']| < M.
Each f € E is an eigenvalue: the indicator eg of {5} has |leg|| = 1 and T'eg = Beg, both sides vanishing
off 8. Conversely, if T'f = Sf with f # 0, then (a — ) f(a) = 0 for all @ € E, and picking o with
f(ap) # 0 gives B = ap € E. Thus the eigenvalues of T' are exactly E.

Problem 10B.4. Suppose E is a nonempty closed bounded subset of F. Show that there exists
T € B(¢2) such that sp(T) = E.

Solution. Take by, be, ... an enumeration of a countable dense subset A of E (repeating terms if A is
finite) and let T be the diagonal operator

T(al,ag, .. ) = (albl, azbg, .. )

The sequence (b) is bounded because E is, so with M = supy, |bx| we get |Tal|*> = >, |be|*|ax|* <
M?||a||? and T € B(¢?). By the first bullet of Example 10.33 (Exercise 1 of this section),

sp(T) ={by: k€ Zt} =A=F,

the last equality because A C F is dense in F and FE is closed.

It remains to produce A. Let D be Q or Q+iQ according as F = R or C, and for each (d,n) € DxZ™"
with {x € E : |x —d| < 1/n} # @ choose a point x4, of that set; let A be the set of chosen points.
Then A C F is countable, and nonempty since E # &. Given x € E and ¢ > 0, pick n with 2/n < ¢
and d € D with |z — d| < 1/n; then z4,, exists and

]:Edvn—:n|§|xd7n—d|+|d—x|<%<s.

Problem 10B.5. Give an example of a bounded operator T" on a normed vector space such that for
every a € F, the operator T' — a is not invertible.

Solution. Take V to be the (incomplete) subspace of £? of sequences with only finitely many nonzero
coordinates, with the ¢2-norm, and 7' the right shift

T(al,ag,ag, .. ) = (O, ai,az,as, . . )

Shifting preserves finite support, so T' maps V into V, and ||[Ta|| = ||a||, so T € B(V) with ||T|| = 1.
(By 10.34(b) no example on a Banach space exists, so incompleteness is forced.)
Fix a € F and let e; = (1,0,0,...). If (T — al)a = e; for some a € V, then comparing coordinates in

(T —al)a= (—aal, a1 — aas, as — Qas, )

gives —aa; =1 (so a # 0 and a1 = —1/a) and a1 = ag/a for k > 1, whence ap = —1/a* # 0 for all
k, contradicting a € V. So T' — al is not surjective, hence not invertible, for every o € F.
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Problem 10B.6. Suppose T is a bounded operator on a complex nonzero Banach space V.
o (a) Prove that the function
o> cp((T = aI)flf)

is analytic on C \ sp(T) for every f € V and every p € V.
o (b) Prove that sp(T) # @.

Solution. (a) The resolvent expands in a norm-convergent power series around each ¢ sp(T) (the
complement is open by 10.36). Put R = (T — 8I)~!, which is nonzero, and take |a — 8| < 1/||R].
Then (o — B)R[| < 1, s0 I — (a — B)R is invertible by 10.22 with inverse > ;- (o — B)FRF. Since

(T~ BD)(I — (a— B)R) = (T — BI) — (a — B)I =T — al,

the operator T' — al is invertible and

(T—al)™ ' = (I—(a—B)R) 'R = i(a — B)F Rk,
k=

o

The functional S +— ¢(Sf) on B(V) is bounded, with |o(Sf)| < ||¢|[||f]]S]], so it passes through this

IlOI'Hl—COIlV€I'geIlt sum:
00

(T —al) ™' f) = (R f) (- B)F.
k=0
The coefficient bound |p(R¥1 )| < |||l fI/| R|[¥T! gives radius of convergence at least 1/||R||. Hence
the function is analytic at each 5 € C\ sp(T).
(b) Suppose sp(T) = &, so T — al is invertible for all «, in particular T is. Pick f # 0 (possible as
V #{0}) and ¢ € V', and set g(a) = o((T — aI)~! f), entire by (a). Then

lg(@)l < llell IFI(T = al)7H| — 0

as |a] — oo, by 10.34(c); being continuous, g is bounded on the complementary closed disc, so g is a
bounded entire function. By Liouville’s theorem g is constant, and the limit forces g = 0; in particular
o(T71f) = g(0) = 0. As p € V' was arbitrary and 6.72 supplies ¢ with ¢(h) = ||| for h=T"1f #0,
we get h =0, so f =Th =0, a contradiction. Thus sp(7T) # &.

Problem 10B.7. Prove that if 7" is an operator on a Hilbert space V such that (T'f,g) = (f,Tg)
for all f,g € V, then T is a bounded operator.

Solution. Apply the Closed Graph Theorem 6.85, whose hypotheses hold because a Hilbert space is a
Banach space; so it suffices to show that

graph(T) = {(f,Tf): f €V}

is closed in V' x V' with the norm ||(f, ¢)|| = max{]|f]|, |lg||} of 6.84. It is a subspace, by linearity of 7.
(Check!)

Suppose (fx,T'fr) — (f,g9), that is fr — f and Tfy — ¢ by 6.84, and let h € V. Cauchy—Schwarz
(8.11) makes both (T'fx,h) — (g,h) and (fx,Th) — (f,Th), so the hypothesis applied to the pairs
(fx,h) and then (f, h) gives

= lim
k—o0

Taking h = g — T'f yields ||g — Tf||*> = 0, so (f,g9) = (f,Tf) € graph(T). Hence the graph is closed
and 7' is bounded.
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Problem 10B.8. Suppose P is a bounded operator on a Hilbert space V such that P2 = P. Prove
that P is self-adjoint if and only if there exists a closed subspace U of V' such that P = Py.

Solution. If P = Py for a closed subspace U, then P is self-adjoint by the last bullet of 10.45.
Conversely, suppose P is self-adjoint and take U = range P. Then U = null(I — P): for f = Pge U
we have Pf = P2g = Pg = f, and conversely (I — P)f = 0 puts f = Pf € range P. Hence U is the
null space of the bounded operator I — P, so U is closed and Py is defined.

Let f € V. Then Pf € U, and for g € U (so Pg = g),

using self-adjointness in the first step. So f — Pf L U with Pf € U, and 8.37(b) with h = Pf gives
Pf = Pyf. Thus P = Py.

Problem 10B.9. Suppose V is a real Hilbert space and T' € B(V'). The complexification of T is the
function Tt : Vo — V¢ defined by
Te(f+ig)=Tf+iTyg

for f,g € V (see Exercise 4 in Section 8B for the definition of V).

a) Show that Tt is a bounded operator on the complex Hilbert space V¢ and ||T¢|| = ||T.

b) Show that Tt is invertible if and only if 7" is invertible.

c¢) Show that (Tg)* = (T%)c.

d) Show that T is self-adjoint if and only if Tt is self-adjoint.

(e) Use the previous parts of this exercise and 10.49 and 10.38 to show that if T is self-adjoint and
V # {0}, then sp(T) # 0.

(
(
(
(

Solution. Throughout we use the norm identity on V¢ from Exercise 4 in Section 8B, immediate from
its inner product formula and the symmetry of the real inner product on V:

1f +igll* = ILFII” + llg]1*.
(a) Additivity of Tt is inherited from T, and for «, 5 € R the R-linearity of T gives
Te((a+iB)(f +1ig)) = T(af — Bg) +iT(ag + Bf)
= (a+iB)(Tf+iTg) = (a+iB) Tc(f +ig),
so T¢ is C-linear. For the norm,
1T (f +ig)l? = ITFI1* + I Tgll* < ITIP(LAIZ + Ngl®) = T2 1 + gl
Hence [|T¢|| < ||T||; and ||Tc(f +40)|| = || Tf|| with || f 40| = || f|| gives the reverse. Thus || T¢|| = |||
(b) If T is invertible, then (T~!)¢, bounded by (a), inverts T¢:
(T eTe(f +ig) =T'Tf +iT™'Tg = f +ig,

and symmetrically in the other order.

Conversely, let S = (Tg)~!. Then T is injective, since T f = 0 forces Tc(f + i0) = 0 and so f = 0.
It is surjective: writing S(f + i0) = u + ‘v and applying Tt gives Tu = f and Tv = 0, so v = 0 by
injectivity and w = T~!f. The inverse of a linear bijection is linear, and it is bounded because

1T £1l = llu + 0] = [|S(f +0)| < [SII£]]
(¢) Expand both sides in the inner product formula of V:
(f1 +igr, (T")c(f2 +ig2)) = (f1. T* f2) + (g1, T g2)
+i((g1, T" f2) — (f1,T"g2))
=(T'f1, f2) + (Tg1, 92)
+i((Tg1, f2) — (Tf1,92))
= (Te(f1 +ig1), f2 + ig2),
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the middle equality by (u,T*w) = (T'u,w) on V. Uniqueness of the adjoint now gives (T¢)* = (T%)c.
(d) The map S — Sc is injective, since Sc(f +i0) = Sf +i0. So by (c),

T=T" <— Tc = (T*)(C = (T@)*.

(e) V¢ is a nonzero complex Hilbert space (Exercise 4 in Section 8B; nonzero because || f + 0| = || f]|)
and Tg is a self-adjoint bounded operator on it by (a) and (d). So 10.38 gives some « € sp(1¢), and
10.49 gives a € R. Reality of o makes

(T —al)c(f +ig) = (Tf —af) +i(Tg — ag) = (Tc — aI)(f + ig),

which is not invertible, so T'— o[ is not invertible by (b). Hence « € sp(T) # 0.

Problem 10B.10. Suppose 7' is a bounded operator on a Hilbert space V' such that (T'f, f) > 0 for
all f € V. Prove that sp(7") C [0, c0).

Solution. The spectrum is real, and T + cI is invertible for every ¢ > 0; these two facts give sp(7') C
[0, 00).

Reality: if F = R this is the definition 10.32; if F = C, the hypothesis makes (T'f, f) real for all f, so
T is self-adjoint by 10.48 and sp(7") C R by 10.49.

Invertibility of T'+ ¢I: for f € V, Cauchy—Schwarz (8.11) gives

T+ D) FIIFI = (T +eD) f, ) > el £,

since (T'f, f) > 0; dividing by || f|| when f # 0 yields || f|| < L[(T + ¢I)f]| for all f. So T + I is left
invertible by 10.29, say R(T + ¢I) = I. The adjoint obeys the same hypothesis, because

so the same argument gives R'(T + c¢I)* = R/(T* + ¢I) = I (here ¢ real), and taking adjoints gives
(T +cI)(R')* = 1. Setting S = (R')*,

R=R(T+cI)S =S8,

so R is a two-sided inverse of T' + cI.
Now if a € sp(7') then « is real, and o < 0 would make T"— ol = T + (—«)I invertible. Hence o > 0.

Problem 10B.11. Suppose P is a bounded operator on a Hilbert space V such that P? = P. Prove
that P is self-adjoint if and only if P is normal.

Solution. Self-adjoint implies normal, since P* = P gives P*P = P? = PP*,
Conversely, suppose P is normal. Set U = range P; as in Exercise 8, P?> = P makes U = null(I — P),
a closed subspace. Its orthogonal complement is

U+ = null P,

because (Pf,g) = (f, P*g) vanishes for all f exactly when P*g = 0 (take f = P*g). Normality gives
|Ph|| = || P*h| by 10.53, so

null P = null P* = U+,
Now for f € V we have Pf € U and P(f — Pf) = Pf — P?f =0,s0 f — Pf € null P = U*. Hence
8.37(b) with h = Pf gives Pf = Py f. Thus P = Py is self-adjoint by the last bullet of 10.45.
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Problem 10B.12. Prove that a normal operator on a separable Hilbert space has at most countably
many eigenvalues.

Solution. The set E of eigenvalues injects into a countable dense subset of V. For each o € E pick a
unit eigenvector f,. Eigenvectors of a normal operator for distinct eigenvalues are orthogonal by 10.57,
so for a # 8 the Pythagorean Theorem (8.9) gives

1 fo = fall* = | fall® + |1 f]* = 2.

Separability supplies a countable dense D C V (8.64); choose do, € D with ||fa — dal| < V2/2. If
do = dg then
1fa = f5ll < [lfa = dall + llds — f5]l < V2,

forcing a = . Hence a +— d,, is injective and F is at most countable.

Problem 10B.13. Prove or give a counterexample: If T is a normal operator on a Hilbert space
and T = A + iB, where A and B are self-adjoint, then ||T']| = /|| A||? + || B||*.

Solution. False. On V = C2 take
T(z1,22) = (21,022), A(z1,22) = (21,0), B(z1,22) = (0, 22).

Then T*(z1,22) = (21, —iz2) by 10.45, so T*T = TT* = I and T is normal (indeed unitary). Both A
and B are orthogonal projections onto coordinate axes, hence self-adjoint by the last bullet of 10.45,

and
(A + iB)(Zl, 2’2) = (Zl,?:ZQ) = T(Zl, ZQ).

Since T*T = I, T is an isometry by 10.60, so ||T'|| = 1; and [|A|| = ||B|| = 1, attained at (1,0) and

(0,1). Thus
VIAR +BIP =v2#1=|T].

Problem 10B.14. A number o € F is called an approximate eigenvalue of a bounded operator T

on a Hilbert space V if
inf{||(T—aI)fH :feVand ||f] = 1} =0.

Suppose T is a normal operator on a Hilbert space and a € F. Prove that o € sp(T) if and only if
« is an approximate eigenvalue of T'.

Solution. We prove both directions in contrapositive form, on the Hilbert space V' on which 7" acts. (If
V' = {0} both conditions fail for every a: sp(T) = () and the infimum over the empty set is co.) Note
T — ol is normal, since expanding (T' — ad)* = T* — @l gives

(T — o) (T — ol) = T*T — oT* — aT + |of?I,

which by T*T = TT™* equals the same product in the other order.

(i) If o is not an approximate eigenvalue, the infimum c is positive, and scaling any f # 0 to a unit
vector gives || f|| < 1|(T — al)f|| for all f € V. So T — al is left invertible by 10.29, hence invertible
by 10.55 as it is normal; thus o ¢ sp(7T)).

(ii) If a ¢ sp(T), put S = (T — al)~L # 0. For ||f]| = 1,

L= ||S(T - aD)f|| < IS] [T — a1}

Y

so the infimum is at least 1/||.S]| > 0 and « is not an approximate eigenvalue.
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Problem 10B.15. Suppose T is a normal operator on a Hilbert space.
(a) Prove that if o is an eigenvalue of T, then |a|? is an eigenvalue of T*T.
(b) Prove that if a € sp(7T), then |a|? € sp(T*T).

Solution. (a) If Tf = af with f # 0, then T* f = @f by 10.56 (T normal), so
T*Tf =aT*f =|a*f.

(b) Exercise 14 of this section identifies the spectrum of a normal operator with its set of approximate
eigenvalues, and shows in general that approximate eigenvalues lie in the spectrum. So it suffices to
produce unit vectors f,, with |[[(T*T — |a|?I) fn|| — O.

By Exercise 14 applied to the normal 7', take unit vectors f, with g, := (T'— «aI) f,, — 0. The operator
T — ol is normal (Exercise 14), so 10.53 gives

[hnll = [[(T* =@D) full = (T = D) full — 0,
where hn = (T* — a])fn Substituting Tfn = afn + gn and T*fn — afn + hn;
T*Tfp =T fr+T*gn = |a|*frn + @by + T* gy,

whence
(T*T = |aT) full < e |Bnll + [T lgnll — O.

Thus |a|? is an approximate eigenvalue of T*T, so |a|? € sp(T*T).

Problem 10B.16. Suppose {ej}rcz+ is an orthonormal basis of a Hilbert space V. Suppose also
that T is a normal operator on V and ej is an eigenvector of T for every k > 2. Prove that ey is an
eigenvector of T

Solution. The vector Tej is orthogonal to every e with k > 2, so its expansion collapses to a multiple
of €1.
Write Te, = agex for k > 2. Normality gives T* e = agper by 10.56, so for k > 2,

(Tey,er) = (e1, T ex) = ag(er, ex) =0,

by orthonormality. Hence the basis expansion 8.63(a) gives

[e.e]
T61 = Z(Tel, €k>€k = <T€1, 61)61,
k=1
and ||e1]| =1 # 0, so e is an eigenvector with eigenvalue (Tej, eq).

Problem 10B.17. Prove that if T" is a self-adjoint operator on a Hilbert space, then ||T7| = ||T'||"
for every n € Z*.

Solution. Get the identity first along powers of 2, then interpolate. Assume T # 0 (else both sides
vanish). Each T™ is self-adjoint, since (IT™)* = (7™)" = T™ by 10.12(d); so Exercise 6 in Section 10A
gives ||S?|| = ||S*S|| = ||S||? for S = T2, and induction on m yields
m+1 m my 2 m+1
12" = 1T = (IT1*)" = T
starting from the trivial case m = 0. Thus ||T72" || = | T||*" for all m > 0.

Now fix n; submultiplicativity (10.20) gives [|[T™] < ||T||". For the converse choose m with j :=
2™m —n > 0; if 5 = 0 we are done, and otherwise two applications of 10.20 give

T = |77 < T T < T T
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Dividing by ||T]|?"~" > 0 gives ||T||* < || T

Problem 10B.18. Prove that if 7" is a normal operator on a Hilbert space, then ||| = ||T||" for
every n € ZT.

Solution. Let V be the Hilbert space and let T € B(V') be normal, so T*T = TT*. Fix n € Z*.
Apply Exercise 17 of this section to the self-adjoint operator T*T', after rewriting (7")*T" as a power
of T*T.

Normality makes T commute with every power of T from T*T = T'T*, induction gives

T = 7T = TFTT* = T T,
Hence, by a second induction using this commutation,
(T*T)n+1 _ (T*)nTnT*T _ (T*)nT*TnT — (T*)n—{-lTn—l-l,

so (T*)"T" = (T*T)" for all n. Also (T™)* = (T™)" and (T*T)* = T*T, both by 10.12(d). Thus by
Exercise 6 in Section 10A (used twice) and Exercise 17,

1T)1* = @)1 = (T T)"|| = | 77" = | T||*",

and taking square roots gives ||T"| = ||T||"™.

Problem 10B.19. Suppose T is an invertible operator on a Hilbert space. Prove that T is unitary
if and only if ||T| = | T} = 1.

Solution. Both directions turn on 10.61(b): unitary is the same as surjective isometry. Assume V' # {0},
as the norms are asserted to be 1.

(i) If T is unitary, then T is an isometry by 10.61, so ||T'f|| = || f|| gives ||T'|]| = 1 (a unit vector exists
as V # {0}). Also T—! = T* is unitary by 10.61, so the same argument gives | 71| = 1.

(ii) If |T|| = |T~'|| = 1, then for f € V,

1T < IFI = 1T~ HTHI < T,

so T is an isometry, and it is surjective since invertible. Hence T is unitary by 10.61.

Problem 10B.20. Suppose T is a bounded operator on a complex Hilbert space, with T = A + i,
where A and B are self-adjoint (see 10.54). Prove that T is unitary if and only if 7" is normal and
A2+ B?2=1.

[If 2 = 2 + yi, where x,y € R, then |z| = 1 if and only if 22 +y? = 1. Thus this exercise strengthens
the analogy between the unit circle in the complex plane and the unitary operators.]

Solution. Everything follows from expanding T*T" and TT*. Self-adjointness of A and B with 10.12(a),
(b) gives T* = A* +iB* = A —iB, so

T*T = (A —iB)(A+iB) = (A’> + B?) + i(AB — BA),

TT* = (A+iB)(A—iB) = (A*> + B?) — i(AB — BA).
(i) If T is unitary, then T*T = TT* = I, so T is normal by 10.50, whence AB = BA by 10.54(b) and
the first display reads I = A% + B2.

(i) If T is normal and A? + B? = I, then AB = BA by 10.54(b), so both displays give T*T = TT* =
A% + B? = I by 10.58, T is unitary.
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Problem 10B.21. Suppose T is a unitary operator on a complex Hilbert space such that T — I is

invertible. Prove that
i(T+ I)(T —1)~*

is a self-adjoint operator.

[The function z + i(z 4+ 1)(z — 1)~! maps {z € C : |z| = 1} \ {1} to R. Thus this exercise provides
another useful illustration of the analogies showing unitary ~ {z € C : |z| = 1} and self-adjoint
~ R.]

Solution. Set S = i(T + I)(T — I)~!, a bounded operator since 7' — I is invertible; we compute S* and
get S back, using T* = T~ (10.61).
By 10.12(a), (b), (d), and by 10.19 (which makes (T — I)* invertible with inverse ((T'— I)~1)*),
S*=—i((T -0 ) (T+ID)*=—i(T*—I)"1(T* + I).
Substituting 7% = T~! and factoring,
T"—I=-T"YT-1), T*4+I=T"YT+1I),
so inverting the first product of invertibles gives (T* — I)~! = —(T — I)~'T and hence
S*=i(T-D'TT Y (T+I)=i(T—-1)" YT +1I).

Finally T + I commutes with (7' — I)~!, because (T’ + I)(T —I) =T? — I = (T — I)(T + I) and one
may multiply by (7' — I)~! on both sides. Therefore S* =i(T + I)(T —I)~! = S.

Problem 10B.22. Suppose T is a self-adjoint operator on a complex Hilbert space. Prove that
(T +iI)(T —iI)™*

is a unitary operator.

[The function z +— (2 +i)(z —4)~! maps R to {z € C: |z| = 1} \ {1}. Thus this exercise provides
another useful illustration of the analogies showing (a) unitary <= {z € C : |z| = 1}; (b) self-adjoint
<— R|]

Solution. Write A =T +iI, B=T —il, so U = AB™'; we show U*U = UU* = I. Self-adjointness
gives sp(T') C R by 10.49, so +i ¢ sp(7") and both A and B are invertible; thus U € B(V').

By 10.12(a), (b), (¢) and T* = T, we have A* = B and B* = A; and (S~1)* = (8*)~! for invertible S,
by taking adjoints in SS~! = S~1S = I. Hence

U*=(B")*A*=(B*)'B=A"'B.

Also AB = T? + I = BA, and multiplying AB = BA by B~! on both sides gives B~1A = AB™!; the
same trick with A~! commutes all four operators. Therefore

U'U=A'BAB'=1 and UU*=AB 'A'B=1,

so U is unitary by 10.58.

Problem 10B.23. For T a bounded operator on a Banach space, define e by

O ik
T __ T
e = el
k!
k=0

(a) Prove that if T is a bounded operator on a Banach space V', then the infinite sum above converges
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in B(V) and ||eT|| < ellTll,
(b) Prove that if S,T are bounded operators on a Banach space V such that ST = TS, then
eSel = 54T,

(c) Prove that if T is a self-adjoint operator on a complex Hilbert space, then e/l is unitary.

Solution. Throughout, 7° = I and ||T%|| < ||T||¥ for k¥ > 0, by submultiplicativity of the operator
norm.
(a) The series converges absolutely in the Banach space B(V') (6.47), since

T
Z I H — o7l < oo,

so it converges by 6.41. The same bound applies to each partial sum A,, = Zkgn T*/k!, and continuity

o

>

k=0

of the norm gives HeTH = lim, ||A,|| < el Tl
(b) Commutation gives the binomial theorem

(S +T)" = i (’IZ) sk,

k=0
proved by induction on m exactly as for numbers, using 775 = ST/ and Pascal’s identity. (Check!)
Set

i1’ m!

Y “oTk L (S+T)"
Anzzf Bn=) 7 Co=)
7=0 k=0

m=0
which converge to e, e, e5TT by (a). Multiplying out and using the binomial theorem,

SiTk . SiTk
N S S DB (EEan TP D

j=0k=0 <" m=0 4,k>0
Jj+k<n

Every index pair in C), also occurs in A, By, so

SITk
ApBn = Cp= Y S where D, = {(j, k) : 0 < j,k <n and j+ k > n}.
(j,k?)EDn ' '

Writing a = ||S|| and b = ||T||, the triangle inequality and ||STT*|| < a/b* give

albk "l Ly albk
o -cls 3= (0] (k) - X 0
! : ! gl k!

| |
(4,k)€Dn ik o0/ 4,k>0
j+k<n
the same index bookkeeping, now for nonnegative reals. The first product tends to e%® and the
subtracted sum equals ), . (a+b)™/m! — et = e 50 || A, B, —Cy|| — 0. Finally A,B,, — e%e”
since
14nBn — 5| < [|An — e [|Bull + le”|| B — €| = 0,

using || B,|| < €’ from (a). Hence e’ = lim,, A, B,, = lim,, C,, = 5*7.
(c) First, (e?)* = e4” for every A € B(V): taking adjoints term by term in a partial sum (legitimate
by 10.12 and (A*)* = (A*)*, with 1/k! real) gives

n Ak * n A*k
(Zk!> :Z(k:!)’

k=0 k=0

and the adjoint is continuous because ||A* — B*|| = ||A — B|| by 10.11. With A =T, self-adjointness
gives (iT)* =iT* = —iT, so (e’T)* = e~ Since iT and —iT commute, part (b) gives
(eiT)*eiT — efiTeiT — 60 —J = 6'L'TefiT — eiT(eiT)*

)

so €T is unitary by 10.58.
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Problem 10B.24. A bounded operator T on a Hilbert space is called a partial isometry if
ITfll = |If]l for all fe (nullT)> .

Suppose (X, S, i) is a o-finite measure space and h € L (p). As usual, let M), € B(LQ(M)) denote
the multiplication operator defined by M} f = fh. Prove that M is a partial isometry if and only
if there exists a set £ € S such that |h| =

Solution. The condition is that |h| = 1 almost everywhere on W = {h # 0}, and then E = W works.
Fix an S-measurable representative of h and write Z = X \ W = {h = 0}.
First, My f =0 if and only if f =0 a.e. on W, so

(null M)t = {f € L*(n) : f =0 a.e. on Z} :

D holds because such f and any g € null M, have fg = 0 a.e.; C holds because g = xzf € null M},
forces 0 = (f,g) = [, |f|*dp. Since |[Mpf|* = [y |f*|h|* du, the operator M, is a partial isometry if
and only if

(%) / |f2(|h[* = 1) dp =0 whenever f =0 a.e. on Z.
w
(i) If |h| = xg, then W = E up to a null set and |h|? — 1 =0 a.e. on W, so (*) holds.
(ii) Conversely, suppose M}, is a partial isometry but pu({z € W : |h(z)| # 1}) > 0. Since

{xGW:|h(m)|;«é1}:U({:ﬂ€W h@)] > 1+ u{eeW 0< |h(z)<1-1 })

n=1

countable subadditivity gives n and F € S with F C W, u(F) > 0, and either |h| > 1+ L throughout
Forl|h <1- % throughout F'. By o-finiteness, intersecting I’ with a piece of finite measure produces
A CW with 0 < u(A) < co. Then f = x4 lies in (null M)+ with || f||?> = u(A), and in the first case

2
301 = [ = (14 1) 0 4) > () = 11,
and in the second case,
2 2 1)2 2
1817 = [ P < (1= %) n(4) < ) = P

the strict inequalities using 0 < p(A) < co. Either way || M, f|| # || f]|, a contradiction. Hence |h| =1
a.e. on W and |h| =0 on Z, so |h| = xw and E = W is the desired set.

Problem 10B.25. Suppose 7' is an isometry on a Hilbert space. Prove that T™ is a partial isometry.

Solution. The point is that (null 7*)* = range T, on which T* undoes T
The range of T is closed: if T'f,, — g, then ||fn, — fiull = [T fr, = T || = 0, so f, — f for some f by
completeness, and continuity gives g = T'f. Hence 10.13(d) gives

(null 7%)* = range T = range T.
Now let g =T f be in this subspace. Since T*T = I by 10.60,
1Tl = IT*Tf1l = 1A = ITfIF = llgll;

so T™ is a partial isometry.
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Problem 10B.26. Suppose T is a bounded operator on a Hilbert space V. Prove that T is a partial
isometry if and only if T*T" = Py for some closed subspace U of V.

Solution. The subspace is U = (null T)+. Two identities drive both directions: ||Sf||? = (f, S*Sf) for
S € B(V), and, by orthogonality of Py f and f — Py f (8.43),

(f.Pwf)=|Pwfl?

(i) If T*T = Py, then |[Tf||*> = (f,Puf) = ||Pyf||? for all f, so |[Tf|| = |[Pyf|. In particular
null 7 = null Py = U~ by 8.45(a), and taking complements of the closed U via 8.41 gives (null T)+ = U.
For f € U we have Pyf = f,so |Tf] = ||f]|-
(ii) If T is a partial isometry, put U = (null T')*, a closed subspace with U+ = null T (by 8.41, null T’
being closed). Decomposing f = Pyf + (f — Py f) with f — Pyf € nullT gives Tf = TPy f, and the
partial-isometry hypothesis at Py f € U gives

(f.T°Tf) = |TfI? = |PufI?* = (f, Puf).

So § =T*T — Py satisfies (f,Sf) = 0 for all f; it is self-adjoint, since (7*7T")* = T*T and P}, = Py
(last bullet of 10.45), so S = 0 by 10.46.

10.3 Exercises 10C

Problem 10C.1. Prove that if T' is a compact operator on a Hilbert space V and ej,es,... is an
orthonormal sequence in V', then lim,, .., T'e, = 0.

Solution. An orthonormal sequence converges weakly to 0, so Exercise 3 of this section applies.
Indeed, Bessel’s inequality (8.57), applied to the orthonormal family {e,} and any h € V|, gives

> [hen)? < [Ih)* < co.

n=1

The terms of a convergent series tend to 0, so (h,e,) — 0, and hence

lim (e,,h) = lim (h,e,) =0 for every h € V.

n—0o0 n—0o0

Thus Exercise 3 (whose hypothesis is exactly this weak convergence, with 7" compact as assumed)
yields lim, o ||Ten || = 0.

Problem 10C.2. Prove that if T is a compact operator on L?([0,1]), then
lim /n | T'(z")[|2 =0,
n— o0

where 2" means the element of L%([0,1]) defined by x — ™.

Solution. Normalize: |z"(|3 = fol r?dr =1/(2n + 1), so

gn = V2n+1z"

has ||gnllz = 1, and /o ||T(z")|2 < 27Y2||Tgnll2. It therefore suffices to show g, — 0 weakly and
quote Exercise 3 of this section.

Fix h € L*([0,1]) and ¢ > 0. Since |h|*x[1_1/m,1] — 0 pointwise on [0,1) and is dominated by the
integrable |h|?, the Dominated Convergence Theorem (3.31) gives fll_ sIh> = 0 as 6 | 0; choose
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9 € (0,1) with (f11_6 |h|2)1/2 < ¢/2. Splitting at 1 — § and using Cauchy—Schwarz on each piece,

1-6 1
|{gn, h)| < \/2n+1/ x"|h|dx + \/271-1-1/ x"|h| dz
0 1-6

1 1/2 , 1 1/2
< VI ET(1— )bl + van +1(/ ) (/ nP)

1-6 1-6
<V2n+1(1-68)"hllz + 5,

where the first term used z™ < (1 —4)" on [0, 1 — d] together with fol |h| < |h]2, and the last step used

f11_5 22" < 1/(2n +1). Because 0 < 1 — § < 1, exponential decay beats v/2n + 1, so the first term is
< /2 for all large n. Hence (g,, h) — 0 for every h.
Thus g1, 92, . .. is a sequence converging weakly to 0, so Exercise 3 gives ||[T'g,|2 — 0 and therefore

Jim VT2 = lim /5% [Tgall2 = 0.

[e.9]

Problem 10C.3. Suppose T is a compact operator on a Hilbert space V and f1, fa, ... is a sequence
in V such that lim, o (fn,g) = 0 for every g € V. Prove that lim,_, || T .| = 0.

Solution. The sequence f1, fa, ... is bounded, and then compactness of T" leaves no room for ||7'f,|| to
stay away from 0.

Boundedness: define ¢, € B(V,F) by ¢n(g9) = (g, fn), which is linear in g and satisfies ||¢n| = ||fa]]
(Cauchy—Schwarz gives <; the choice g = f,, gives >). For each fixed g,

(pn(g) = <fn;g> — 0,

80 sup,, |¢n(g)| < oo for every g € V. A Hilbert space is a Banach space, so the Principle of Uniform
Boundedness (6.86) applies and yields sup,, || fn|| = sup,, ||¢n]|| < oo.

Now suppose ||T' fy|| # 0, so that ||T'fy,, || > € > 0 for some subsequence. That subsequence is bounded,
so compactness of T (10.66) gives a further subsequence with T fnkj — u for some v € V. Since T is

bounded (10.68), the adjoint 7™ exists, and continuity of the inner product in its first slot gives
[l = lim (T fr, u) = lim (fn, ,T*u) =0,
J—0 J Jj—00 J

the last equality by the hypothesis with g = T*u. Hence u = 0 and |[Tfa || — 0, contradicting
HTfnkj | > e. Therefore lim, o0 || T fn|| = 0.

Problem 10C.4. Suppose h € L®(R). Define M, € B(L?*(R)) by Mnf = fh. Prove that if
Ih|loo > 0, then Mj, is not compact.

Solution. The witnesses are normalized indicators of infinitely many disjoint sets on which |h| is bounded
below; their images under Mj are mutually far apart. Write A for Lebesgue measure and put ¢ =
Ukl > 0.

The set E = {x : |h(x)| > ¢} has A(F) > 0, since A(F) = 0 would force ||h||s < ¢ < ||h||oo. Because E
is the countable union of the sets E N [n,n + 1), countable additivity gives an ng € Z with

EOZEH[TL(),TL(]+1), O<)\(E0)§]_

Split Ey into infinitely many disjoint pieces: the function ¢(t) = A(Ep N (—o0,t]) on [ng,ng + 1]
is nondecreasing and Lipschitz, hence continuous, with ¢(ng) = 0 and ¢(ng + 1) = A(Ep). By the
Intermediate Value Theorem pick ¢, with o(tx) = A(Eo)(1 — 27%); these values increase strictly, so
t; < te < ---. Setting Ay = Ep N (—o0,t1] and Ay = Ep N (tg—1,tx] for k > 2 gives pairwise disjoint
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Borel sets with
AAL) = $A(Eo),  AMAg) =27"A(Eo) € (0,00).

Now let fr = xa,/v/A(Ak), so || fxll2 =1 and fi, f2,... is bounded. Since |h| > ¢ on Ay C E,
1
My, fr 2=/ B2\ > 2,
A = 5o [,

and My, f;, My, fi, have disjoint supports for j # k, so
M f5 — My frll3 = | M f5ll5 + || Mn fell5 > 2¢*.

Hence no subsequence of My, f1, My, fa, ... is Cauchy, so the definition of compactness (10.66) fails and
My, is not compact.

Problem 10C.5. Suppose (b1, ba,...) € £°. Define T': ¢? — (2 by
TKal,ag,..) ::(albl,a2b2,..).

Prove that T is compact if and only if lim,, .o b, = 0.

Solution. Both directions run through the standard orthonormal basis eq, e, . .. of £2, for which Tej, =
brer and hence || Tex|| = |bg|. (That T € B(¢?) with ||T|| < ||b]|oo follows from >, |arbe|* < ||b]|% ||al/?.)
(i) Suppose b, — 0. Let Ty(a1,as2,...) = (a1b1,...,anb,,0,0,...), a bounded operator whose range
lies in span(eq, ..., e,), hence compact by 10.67. For a € ¢,

2
1T~ To)all> = 3 lagbel? < (sup o)
on k>n

so |T — T, < supjn |bk] — 0. Thus 7T is a norm limit of compact operators, and C(¢?) is closed in
B(¢%) by 10.69(a), so T is compact.
(ii) Suppose T is compact. Applying Exercise 1 of this section to the orthonormal sequence eq,eg, . ..
gives

lim |b,| = lim ||Te,|| = 0.

n— n—oo

Problem 10C.6. Suppose T is a bounded operator on a Hilbert space V. Prove that if there exists
an orthonormal basis {ey }xer of V' such that

D ITex]? < oo,

kel

then T' is compact.

Solution. Truncating the orthonormal basis produces finite-rank operators converging to 7' in norm,
and C(V) is closed.

Write S = >, .1 || Tex||* < oo; the terms are nonnegative, so S is the supremum of the sums over finite
subsets of I (first bullet point following 8.53). Given € > 0, choose a finite Q@ C T with ", ¢, [|Tex||* >
S — €%; then for every finite F' C '\ €2, disjointness of  and F gives

DolTerl? = Y N1Texl? =D [ITex]* < &2
keF kEQUF keQ

Define Po: V — V by
Pof =" (f er)ex

keQ
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(a finite sum), bounded because || Pof[? = Y ,cq l(f, ex)* < || f||* by Bessel’s inequality (8.57), with
range in span{ex }req. So T'Pq has finite-dimensional range and is compact by 10.67.

Fix f € V. Parseval’s identity 8.63(a) gives f = ), .r(f, ex)ex, so splitting off the finite piece indexed
by € leaves the convergent unordered sum f — Pof = Zker\ﬂ< f,er)er (Check!), and applying the
bounded, hence continuous, operator T term by term yields

T(f—Paf)= Y (f.ex) Tey.

keT\Q

For finite F' C T"\ Q, the triangle inequality, Cauchy—Schwarz, Bessel’s inequality, and the tail bound
above give

ISt enTen]| < S 16 exdl Tl

keF keF
/ /
< (Sitrer) " (S ired?)
keF keF
<=

Because T'(f — Pqf) is the limit of such partial sums, this gives ||(T'— T'Pq) f|| < €l f|| for every f, so
|T —TPq| <e.

Taking € = 1/m yields finite sets €, with TP, , compact and ||T'— TPq,, || < 1/m. Since C(V) is
closed in B(V) by 10.69(a), T is compact.

Problem 10C.7. Suppose 7' is a bounded operator on a Hilbert space V. Prove that if {ej }xer and
{fj}jeq are orthonormal bases of V', then

D ITerl® =D IT 5%

kel jEQ

Solution. Both sides equal > cq | T f;]|?. All sums have nonnegative terms, so each is the supremum
of its sums over finite index sets (first bullet point following 8.53) and lives in [0, oo], where the asserted
equality is understood.

The interchange > ycr >~ icq @k,j = D jeq 2oker @h,j»> valid in [0, 0o] for ay ; > 0, is the only tool needed
beyond Parseval. To see it, call the sides L and R, fix a finite G C 2, and for each j € G pick a real
M; <> ier ok, and a finite Fj C T' with ZkeFj ap; > M;. With F = |J. . Fj, nonnegativity gives

ZE:JMQ < }E:ji:cu%7::§£:j£:akg <L,

jeG JEG kEF keF j€G

j€G

the middle step being a finite rearrangement. Supremum over the M;, then over G, gives R < L;
symmetry gives L < R.

Now let {e;}rer and {f;}jcq be any orthonormal bases. Parseval’s identity 8.63(c) applied to T'ey,
then the interchange, then (T'ey, f;) = (ex, T f;) with 8.63(c) applied to T™ f;, give

S lTerl? =D UTex, f)I

kel kel jeQ
=D D U fieen)P =D 1T 1%
jeQ kel jeQ

Call this (x). Using (x) with both bases equal to {f;}jcq and then with the given pair,

DATHIP =0T fl1° =D I Tel .

jeQ jeQ kel
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Problem 10C.8. Suppose T is a bounded operator on a Hilbert space. Prove that T" is compact if
and only if T*T' is compact.

Solution. (i) If T' is compact, then 7T is compact by 10.69(b), since T is bounded.

(ii) Suppose T*T is compact, and let fi, fo,... be a bounded sequence in V', say M = sup,, || fx|| < oo.
Compactness gives a subsequence along which T*T' f,,,, T*T f,,, . .. converges, hence is Cauchy. Writing
h = fu; — fay, so that ||h]| < 2M, Cauchy-Schwarz gives

T fu; = T I? = (T*Th, h) < |T*Th| || < 2M | T*T fr; = T*T fo, |l

The right side tends to 0 as j,k — 00, so T'fn,, T frn,, ... is Cauchy and converges by completeness of
V. Hence T is compact.

Problem 10C.9. Prove that if T is a compact operator on an infinite-dimensional Hilbert space,
then ||I —T|| > 1.

Solution. Test I — T on an orthonormal sequence, along which ||Te,| — 0.

Since V is infinite-dimensional, no finite list spans it, so a linearly independent sequence fi, fa,... may
be chosen inductively; Gram—Schmidt (see the proof of 8.67) turns it into an orthonormal sequence
e1,e2,.... By Exercise 1 of this section, lim,,_, ||Tey|| = 0. Since ||e,| =1,

1 =T = [(I = T)enll = [lenll = ITenll =1 = [[Tenll;

and letting n — oo gives ||[I — T > 1.

Problem 10C.10. Show that if 7" is a surjective but not injective operator on a vector space V,
then
null?” C null7? C null 73 C - - - .

Solution. Pull a fixed nonzero null vector back through T". Fix f # 0 with T f = 0, available because
T is not injective.

The inclusions null 7" C null 7" are immediate from 7" f = T(T™f). For strictness, fix n € Z*;
since T is surjective so is T, so there is g € V with T"¢g = f. Then

Tl =Tf=0 while T"g=f+#0,

so g € null 7"\ null T". As n was arbitrary, every inclusion in the chain is strict.

Problem 10C.11. Suppose T is a compact operator on a Hilbert space and o € F \ {0}.

(a) Prove that range(T — aI)™~! = range(T — o)™ for some m € Z*.

(b) Prove that null(T' — al)*~! = null(T — al)" for some n € Z*.

(c) Show that the smallest positive integer m that works in (a) equals the smallest positive integer
n that works in (b).

Solution. Write S = T — ol on the Hilbert space V, with S® = I. The engine is the Binomial Theorem:

for k € Z+,
k

S =Ch-pl,  G=Y (’;’) (—al TS, = —(—a)t £0,

J=1

where each term of C}, is a bounded operator composed with the compact 7', hence compact by 10.69(b),
so C} is compact by 10.69(a). Therefore range S* is closed by 10.77 and null S¥ is finite-dimensional
by 10.82 (trivially so for & = 0).

(a) The ranges decrease, since S¥f = S¥=1(Sf). Suppose every inclusion were strict. Fix n; then
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U = range S" is closed in the complete space V, hence a Hilbert space by 6.16(b), and range S"*! is a
proper closed subspace of U. Splitting some f € U \ range S"*! by 8.43 inside U and normalizing the
(nonzero) component orthogonal to range S™*! gives

fn € range S N (range SnH)L, [ fnll = 1.

For j < k, writing T" = S + ol gives T'f; — Tfr, = u + of; with u = Sf; — Sfi — afi. Here
Sf; € range 711, while f; and Sfy lie in range Sk C range S7t! because k > j + 1; s0 u L fj and the
Pythagorean identity gives

ITf; = THill? = Ilull* + |of? > [af* > 0.

Then T f1,T fo, ... has no Cauchy subsequence though f1, fo,... is bounded, contradicting compactness
of T.
(b) The nulls increase, and each null S* is closed since S* is bounded. Suppose every inclusion were
strict. The same splitting, applied by 8.43 inside the Hilbert space null S” to some f € null S™\
null S"~1, gives

en € null S" N (null S"_I)L, llen || = 1.

For j < k, Tep—Te; = v+aey, with v = Se, — Se;j —ae;. Here Sey, € null Sk=1 because S*1(Sex) = 0,
while e; € null$7 C null S*~1 and Se; € null$971 C null S¥=1; so v L e, and Pythagoras gives
|Ter, — Tej|| > |a| > 0, the same contradiction.

(c) Put di, = dimnull S* and ¢, = dim(range S*)*. These agree and are finite: both vanish at k = 0,
and for k > 1, 10.13(a) gives

(range S¥) " = null(S*)* = null (C} — By 1),

with C}F compact by 10.73, so both spaces are finite-dimensional by 10.82, and 10.91 applied to the
compact Cy and the nonzero By gives di = c.

Moreover range S¥~1 = range S* exactly when cx_; = ¢: the inclusion (range S¥~1)* C (range S¥)*
between finite-dimensional spaces of equal dimension is an equality, and taking orthogonal complements
of the closed ranges recovers them by 8.41. Likewise null S¥~! = null S* exactly when dj_; = dj, the
nulls being nested and finite-dimensional. So the smallest m in (a) is the least k& with ¢;x_; = ¢, the
smallest n in (b) is the least k& with dy_1 = di, and dy, = ¢, for all k forces m = n.

Problem 10C.12. Prove that if f : [0, 1] — F is a continuous function, then there exists a continuous
function g : [0,1] — F such that

/(@) =g<x>+/0mg

for all z € [0, 1].

Solution. Take

which is continuous because f is. Since f is continuous, the Fundamental Theorem of Calculus gives
h(0) = 0 and

W(z)= —e* / C e f(t) dt + et () = f() — hiz) = g(x),
0
so [y g = h(x) — h(0) = h(x) and therefore
g(z) + /0 "9 = f(z) - h(z) + hiz) = f(z)

for all z € [0,1].
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Method (2): let V be the Volterra operator (Vh)(z) = [; h on L?*([0,1]) (Example 10.15), which
is compact (comment after the proof of 10.70) with sp(V) = {0} (Example 10.89). Hence —1 ¢
sp(V), so I +V is invertible in B(L?([0,1])), and since the continuous f is bounded on [0, 1], hence
in L2([0,1]), there is go € L%([0,1]) with go + Vgo = f. Cauchy-Schwarz on the measure-one interval
[0,1] gives [|golli < llgoll2 < o0, so go is integrable and x — [ go is continuous by the Dominated

Convergence Theorem (3.31), the integrands x(o,s,]90 being dominated by |go|. Thus g(z) = f(@) =[5 g0
is continuous, equals gy almost everywhere by the equation above, and so satisfies g(x) + fom g =

g(x) + [ 90 = f(x) at every z € [0,1].

Problem 10C.13. Suppose S is a bounded invertible operator on a Hilbert space V and T is a
compact operator on V.

(a) Prove that S + T has closed range.

(b) Prove that S + T is injective if and only if S + T is surjective.

(c) Prove that null(S 4+ 7T') and null(S* + T™) are finite-dimensional.

(d) Prove that dimnull(S + T') = dim null(S* + 7).

(e) Prove that there exists R € B(V) such that range R is finite-dimensional and S + T + R is
invertible.

Solution. Everything follows from the two factorizations
S+T=SI+K)=(+L)S, K=S'T, L=TS",

in which K and L are compact by 10.69(b), since S~! is bounded [10.18 with the Bounded Inverse
Theorem 6.83], so S is a homeomorphism of V onto V. Also S* is invertible with ($*)~! = (S71)*,
and T is compact by 10.73.

(a) By 10.77 applied to the compact K and a = —1 # 0, the subspace range( + K) is closed, and

range(S + T') = S(range(] + K))

is the inverse image of that closed set under the continuous S~', hence closed.

(b) Since S is bijective, S+T = S(I + K) is injective (surjective) exactly when I+ K is. The Fredholm
Alternative 10.85, applied to the compact K with « = —1, makes “—1 is an eigenvalue of K” equivalent
to “K + I is not surjective”, that is, I + K fails injectivity exactly when it fails surjectivity.

(c) Injectivity of S gives null(S + T') = null(K — (—1)I), finite-dimensional by 10.82 (compact K,
a = —1 # 0). The same argument with S*, T* in place of S, T gives null(S* +T*) = null(I+(S*)~17T*),
finite-dimensional because (S*)~!T* is compact by 10.69(b).

(d) Chain the three identifications

null( + L) = S(null(S + 7)),
dimnull( + L) = dimnull(I + L"),
null(S* + 77) = null(f + L*).

The first holds because (I+ L)Sh = (S+T)h and S is a linear isomorphism of V', so dimensions match;
the second is 10.91 for the compact L with « = —1 = —1; the third holds because (S+T)* = S*(I+L*)
with S* injective. Hence dimnull(S + T') = dim null(S* + 7).

(e) Take R = 0 if N = null(S + T') is {0}, since then (b) makes S + T bijective, hence invertible by
10.18 with bounded inverse by 6.83. Otherwise let d = dim N > 1, finite by (c), and note that by (a)
and 10.13(a),

(range(S + T))l =null(S* +717),

which has dimension d by (d). Pick orthonormal bases ey, ...,eq of N (Gram—Schmidt) and w1, ..., ug
of (range(S + T))*, and set

d
Rf = Z<f7 €j>Uj,

J=1
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so |Rf||? = 2?21 [(f,e;)* < ||f]|* by the Pythagorean identity and Bessel’s inequality (8.57), and
range R C span{ui, ..., uq} is finite-dimensional.

Then S+ T + R is injective: if (S+T)f+ Rf = 0, the two summands are orthogonal, so both vanish;
Rf = 0 forces (f,e;) = 0 for all j, while (S+7T)f = 0 puts f € N, whence f = 3 :(f,e;)e; = 0.
Since R is compact by 10.67 and hence T+ R is compact by 10.69(a), part (b) applied to T+ R makes
S + T + R surjective as well, hence invertible by 10.18 and 6.83.

Problem 10C.14. Suppose T is a compact operator on a Hilbert space V. Prove that rangeT is a
separable subspace of V.

Solution. Write range T = (o2 | T(B,,), where B, = {f € V : | f|| < n}; it is enough that each T'(By)
be separable, since a countable union of countable dense sets is one.

Each T'(B,) is totally bounded. Otherwise some € > 0 admits no finite cover of T'(B,) by e-balls
centred in it, so one can choose fi, fa,... € B, inductively (starting at f; = 0, with fx; outside the
e-balls about T'f1,...,T fx) with

ITf; —Tfell >« whenever j # k,

so T'f1,Tfo,... has no convergent subsequence although fi, fo,... is bounded, contradicting compact-
ness (10.66).

A totally bounded set A is separable: choosing for each k a finite F, C A whose 1/k-balls cover A
makes J,, F) a countable dense subset (Check!). So each T'(B,,) has a countable dense subset D,,, and
D = |, Dy, is a countable dense subset of rangeT": any g = T'f lies in T'(B,,) once n > || f||. Hence
range ] is separable.

Problem 10C.15. Suppose T is a compact operator on a Hilbert space V and ej,eo,... is an
orthonormal basis of range T'. Let P,, denote the orthogonal projection of V' onto span{ey,...,e,}.
(a) Prove that lim,_, |7 — P,T|| = 0.

(b) Prove that a bounded operator on a Hilbert space V' is compact if and only if it is the limit in
B(V) of a sequence of bounded operators with finite-dimensional range.

Solution. Write U = rangeT’, a closed subspace of V' and hence a Hilbert space of which ej,es, ... is
an orthonormal basis.

(a) Two facts drive the argument. First, ||I — P,|| < 1, because f — P,f L P,f makes ||f]|? =
|Pufl? + ||f — Puf||?. Second, |h — P,h|| — 0 for every h € U: by 8.71 and Parseval,

||h - PnhH2 = Z ’<haek’>‘2 — 07
k>n

the series >, [(h, ex)|? = ||h|* being convergent.
Now if ||T'— P,T|| / 0, there are ¢ > 0, indices n; < ng < ---, and vectors f; with || f;|| < 1 and
(I — Pn;)Tfj|| > e. Compactness of T' gives a subsequence with 7'f;, — g, and g € U because U is
closed. Then

e < (I = P, )T Fill < T f5 = gll + [lg = Puy,9ll,
using || — P, || < 1 on the first summand. Both terms on the right tend to 0 (the second because g € U
and n;, — 00), a contradiction. Hence lim,,_, ||T"— P,T’|| = 0.
(b) If ||S — S|l — 0 with each S,, bounded of finite-dimensional range, then each S,, is compact by
10.67 and C(V) is closed in B(V') by 10.69(a), so S is compact.
Conversely let T' be compact. By Exercise 14 of this section range T is separable, hence so is its closure
U. If U is finite-dimensional, the constant sequence T, T, ... does the job. Otherwise 8.67 gives an
orthonormal basis of U, necessarily countable (distinct basis vectors are /2 apart, so the balls of radius
% about them are disjoint and each captures a distinct point of a fixed countable dense set) and infinite;
list it as ej,eq,... and let P, project onto span{es,...,e,}. Part (a) used only that ej,eq,... is an
orthonormal basis of U, so || T'— P,T|| — 0, and each P,T is bounded with finite-dimensional range.
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Problem 10C.16. Prove that if T" is a compact operator on a Hilbert space V, then there exists a
sequence Si, So, ... of invertible operators on V such that lim,,_, [|T — S, || = 0.

Solution. Take S, = T — ay,I, where ay, ¢ sp(T) satisfies 0 < |ay,| < 1/n. Such «,, exists because
{a € F:0 < |a| < 1/n} contains the uncountable real interval (0,1/n), while sp(T") is countable: T is
compact, so {a € sp(T) : |a] > 1/m} is finite by 10.93, and

sp(T) C {0} U U {a esp(T) : |a| > %}
m=1

is a countable union of finite sets together with one point.
Each S, is invertible, since «, ¢ sp(T'), and

1T — Sl = |on| ]| < |am| < % — 0.

Problem 10C.17. Suppose T is a bounded operator on a Hilbert space such that p(7) is compact
for some nonzero polynomial p with coefficients in F. Prove that sp(7’) is a countable set.

Solution. sp(T) sits inside the p-preimage of the countable set sp(p(T)), and every fibre of p is finite.

If p is a nonzero constant ¢, then I = ¢~ 1p(T) is compact [C(V) is a subspace, 10.69(a)], so V is
finite-dimensional (the identity on an infinite-dimensional Hilbert space is not compact; remark after
10.67), where sp(T") is the set of eigenvalues of T', at most dim V' in number. So assume d = degp > 1.
(i) If « € sp(T) then p(«) € sp(p(T)). Division by the root a gives a polynomial r over F with
p(z) — p(a) = (2 — a)r(2), and polynomials in 7" commute, so

p(T) —pla)l = (T —al)r(T) =r(T) (T — o).

If the left side had inverse R, then 7' — al would have right inverse r(T)R and left inverse Rr(T);
these coincide, since B = B(T — al)A = A for a left inverse B and right inverse A, so T — al would
be invertible, contradicting o € sp(T').

(ii) sp(p(T)) is countable, since p(T') is compact makes each {8 € sp(p(T")) : |f| > 1/m} finite by 10.93,
and sp(p(7T')) is contained in {0} together with the union of those sets over m € Z*.

(iii) For each f3, the set {z € F : p(z) = B} is the root set of the nonzero degree-d polynomial p — 3,
hence has at most d elements. By (i),

sp(T) € | {z€F:p(z) =5},

Besp(p(T))

a countable union of finite sets, hence countable.

Problem 10C.18. Suppose T € B(¢?) is defined by T'(a1, as, as,...) = (a2, as, a4, ...). Suppose also
that a € F and |a| < 1.

(a) Show that the geometric multiplicity of o as an eigenvalue of T' equals 1.

(b) Show that the algebraic multiplicity of « as an eigenvalue of T equals occ.

Solution. Write S = T' — al; the geometric multiplicity is dimnull S (10.81) and the algebraic multi-
plicity is dim (J,, null(S™).
(a) The eigenvector is w = (1, a, a?,...), which lies in £? because Y n>0 |oa?™ = (1 —|a]?)~! < o0, and

n=lg, and

satisfies Tw = aw. Conversely, Tf = af for f = (a1,a2,...) reads ant+1 = aay, S0 a, = «
f = ajw. Hence null S = span{w} has dimension 1.

(b) The operative fact is that S is surjective, with an explicit right inverse. Let R be the right shift
R(ay,az,...) = (0,a1,as,...), an isometry, so |[R/|| < 1 and TR = I, whence TR/™! = RJ/. Since

> lal? < oo and B(¢?) is a Banach space, C' = >0 ol RIT1 converges in B(¢?), and applying the
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continuous 71" and ol term by term gives

[ee] o0
SC = Z ATRITY - Z ol T RIH
=0 =0

oo o
= ZajRj —ZaiRi =1.
=0 i=1

Now dim null(S™) = n by induction, the case n = 1 being (a). Given the case n, the map ®f = S f sends
null(S™1) into null(S™) with null space null S, of dimension 1, and is surjective because g € null(S™)
has the preimage f = Cyg, which satisfies Sf = g and S"*1f = S"g = 0. So

dim null(S™™) = 1 + dim null(S™) = n + 1.

Hence | J,, null(S™) contains subspaces of every finite dimension, so the algebraic multiplicity is oo.

Problem 10C.19. Prove that the geometric multiplicity of an eigenvalue of a normal operator on
a Hilbert space equals the algebraic multiplicity of that eigenvalue.

Solution. With S = T — oI, the two multiplicities agree because null(S™) = null(S) for every n, so the
increasing union | J,, null(S™) collapses to null(.S).
S is normal: by 10.12(a)—(c), S* = T* — @I, and
SS* =TT* —aTl — oT* + |af?I,
S§*S =T*T —al — oT* + |a|?I,
which agree because TT* = T*T.

Hence null(S?) = null(S). Indeed, if S?f = 0, then g = Sf satisfies Sg = 0, so S*g = 0 as well
(trivially if g = 0, and by 10.56 applied to the normal S with eigenvalue 0 otherwise), whence

ISFI? = (f.S*Sf) = (f.S*g) = 0.

Induction finishes: if null(S™) = null(S) and S"*!f = 0, then Sf € null(S™) = null(S), so S?f =0
and hence Sf = 0 by the previous paragraph.

Problem 10C.20. Prove that every nonzero eigenvalue of a compact operator on a Hilbert space
has finite algebraic multiplicity.

Solution. With S = T — ol and null(S°) = {0}, the increasing chain null(S*) stabilizes at a finite
stage, and every term of it is finite-dimensional.
Finite-dimensionality: the Binomial Theorem gives S* = K} — B¢, where 8 = —(—a)* # 0 and

ks o
K=Y () apor
is compact [each T7 with j > 1 is compact by 10.69(b), and C(V) is a subspace of B(V') by 10.69(a)].
So 10.82, applied to K} and £, # 0, makes null(S*) finite-dimensional.
Stabilization: suppose instead that every inclusion null(S*) C null(S¥*1) were strict. Each null space
is closed, S* being continuous, so for every n we may take h € null(S™) \ null(S"~!) and normalize
h — Ph, where P projects onto null(S™~!), obtaining by 8.43

en € null(S™) N (null(S"‘l))J‘, len]l = 1.
For j < k, writing T' = S+al gives Tej—Te, = w—aey with w = Sej—Sep+ae;. All three summands
of w lie in null(S*~1): Se; € null(S771), Sex, € null(S¥~1), and e; € null(S?), with j < k — 1. Since
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ex L null(S*~1), the Pythagorean identity gives
|1 Tej — Tex|* = [[w]|* + |af* > |af* > 0,

so Tey,Tes, ... has no convergent subsequence although eq, es, ... is bounded, contradicting compact-
ness of 7. Hence null(S™) = null(S"™!) for some n € Z™.

The chain is then constant from n on: if null(S™) = null(S™!) and S™*2f = 0, then Sf €
null(S™ 1) = null(S™), so S™Lf = 0. Therefore

J null(T — aD)* = nuil(s™),
k=1

which is finite-dimensional.

Problem 10C.21. Prove that if T' is a compact operator on a Hilbert space and « is a nonzero
eigenvalue of 7', then the algebraic multiplicity of o as an eigenvalue of T equals the algebraic
multiplicity of & as an eigenvalue of T*.

Solution. Both multiplicities equal dim null(S") for a common stabilizing index N, where S = T — o,
so that S* = T* — @l by 10.12(a)—(c) and (S*)* = (5*)* by 10.12(d).

Here T* is compact by 10.73, and @ is a nonzero eigenvalue of T*: « € sp(T') gives @ € sp(T™*) by
10.19, and the Fredholm Alternative 10.85 applied to the compact T* with & # 0 upgrades that to an
eigenvalue (remark following 10.89). So Exercise 20 of this section applies to both (T, «) and (T*,@):
the chains null(S*) and null((S*)¥) are each eventually constant, say from index N on, and

G null(S*) = null(SV), [j null ((S*)F) = null((S*)N).
k=1 k=1

The Binomial Theorem writes SV = K — I with 8 = —(—a)¥ # 0 and K = Z;V:1 (];/)(—a)N_jTj
compact [10.69(a),(b)], so (S*)V = (SV)* = K* — BI with K* compact by 10.73. Now 10.91, applied
to the compact K and the nonzero 3, gives

dim null(SY) = dimnull(K — BI) = dimnull(K* — BI) = dimnull ((S*)V).

Problem 10C.22. Prove that if V is a separable Hilbert space, then C(V'), the Banach space of
compact operators on V', is separable.

Solution. The countable dense set consists of the finite-rank operators

Acf =Y eplfiende

J3,kely

whose matrix entries c;j, are rational. Assume V' # {0}, the other case being trivial.

By 8.67 and its proof, V has an orthonormal basis {ej}rer with ' C ZT. Put I, = {k €T : k <n}, a
finite set, and let P, be the orthogonal projection onto the finite-dimensional, hence closed, subspace
Un = span{ey fker,, so that P f = > cr (f,ex)exr by 8.71. Three properties are used below:

(i) Pof — f for every f € V: Parseval’s identity 8.63(a) supplies a finite G C T" beyond which the
partial sums are within € of f, and G C I',, for all large n.

(ii) ||Pa]| < 1 by 8.37(d), and ||[I — P,|| < 1 because f — P,f L P,f [8.37(a)] and the Pythagorean
Theorem 8.9.

(iii) P} = P, (Check! from the displayed formula), so I — P, is self-adjoint too by 10.12(a)—(c).

Step (1): ||T — TPR,|| — 0 for every T' € C(V'). Otherwise there are ¢ > 0, indices n; < ng < ---, and
vectors f; with [[f;]| < 1 and ||Tg;]| > &, where g; = (I — Pp;)f; has [|g;|| < 1 by (ii). Compactness
of T' gives a subsequence with T'g;, — h. For any g € V, the self-adjointness (iii) of I — P,, and
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Cauchy—Schwarz give
(T 9) = [(fiis T = P, )T g)| < I T"g = P, Tl — 0

by (i), so (h, g) = 0 for every g, whence h = 0. But ||| = lim; ||T'gj,|| > €, a contradiction.
Step (2): | T — P, TP,|| — 0. Split T — P,TP, = (I —TP,) + (I — P,)TP,. For the second term,
| Pnl] <1 and 10.12(d) with (iii) and 10.11 give

(I = Bo)TP,|| < [[(I = Po)T|| = [|T* = T" P,
Since T™ is compact by 10.73, Step (1) applies to T" and to T, so
T — P, TP,|| < ||T—TP,||+||T" —T"P,|| — 0.

Step (3): density. For any I',, x I';, matrix d over F, orthonormality, Cauchy-Schwarz in FI'», and
Bessel’s inequality 8.57 give

JAafI2 = 2| S dintsren)

‘ 2

Jjely kely
<3 (S 1aP) (S 1fen ) < AP S Il
jeln kely, kel'y 3,k€ly

so [[Adll < (2% |d;x|?)!/?; in particular each A, is bounded with range inside U, hence compact by
10.67. Let Q be Q or Q 4 ¢Q according as F is R or C, a countable dense subset of F, and let D be
the (countable) set of all A. with ¢ a T, x T, matrix over Q, n € Z*.

Given T € C(V) and € > 0, Step (2) supplies n with ||T'— P,TP,|| < /2, and expanding P, on both
sides shows P, TP, = Ay with b, = (Tex,ej). Choosing ¢ over ) with Zj,kan b — cixl? < 2/4,
the estimate above and the linearity of ¢ — A. give |P,TP, — A.|| < €/2 and hence | T — A.|| < e.
Since D C C(V'), which is closed in B(V') by 10.69(a), D is a countable dense subset of C(V'), which is
therefore separable (8.64).

10.4 Exercises 10D

Problem 10D.1. Prove that if 7' is a compact operator on a nonzero Hilbert space, then ||T'||? is
an eigenvalue of T*7T.

Solution. By 10.96, || T||?> € sp(T*T), and T*T is compact by 10.69(b) (T compact, T* bounded by
10.11 since 7' is bounded by 10.68).

(i) If ||| # 0, the Fredholm Alternative 10.85, applied to the compact T*T and the nonzero scalar
|T]|?, turns membership in the spectrum into eigenvalue-hood.

(ii) If |T|| = 0, then T*T = 0 and any nonzero f € V (one exists because V # {0}) satisfies
(T°T)f =0 = TIPS,

Problem 10D.2. Prove that if 7" is a self-adjoint operator on a nonzero Hilbert space V, then

|IT[| = sup{[{T'f, f}| : f € V and || f[| = 1}.

Solution. Write M for the supremum in question; it is taken over the nonempty unit sphere of V', and
|T|| < oo because self-adjointness presupposes boundedness (10.44). Since V' # {0}, homogeneity also
gives || T|| = sup{||Tf]| : || f|| = 1} (Check!, from the definition 6.43).

M < ||T|: for || f|| = 1, Cauchy—Schwarz 8.11 gives [(T'f, f)| < |Tf|| < ||T||. Rescaling g to g/| gl|
then upgrades the definition of M to

(Tg,qg)| < MHgH2 for every g € V.
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|T|| < M: expanding (T'(g = h),g + h) by additivity in each slot and subtracting, with (Th,g) =
(h,Tg) = (Tg,h) by self-adjointness,

so the previous display and the parallelogram equality 8.20 give
4|Re(Tg, h)| < M|lg+n|* + Mg — h||* = 2M (||g]* + [[2]]%)-

Now take g with ||g|| = 1 and T'g # 0 (the case T'g = 0 being trivial), and set h = T'g/||Tg||, a unit
vector with (T'g, h) = ||Tg|| real. The display becomes 4||Tg|| < 4M, so | Tg|| < M; the supremum
over unit g gives ||T'|| < M.

Problem 10D.3. Suppose T is a bounded operator on a Hilbert space V and U is a closed subspace
of V. Prove that the following are equivalent.

(a) U is an invariant subspace for T'.

(b) U+ is an invariant subspace for T*.

(¢) TPy = PyTPy.

Solution. Prove (a) < (b) and (a) < (c), using 8.45(a) (range Py = U, null Py = U+) and Pyg = g
forgeU.
(a) = (b). For h € Ut and g € U, invariance puts Tg € U, so

<T*hag> = <h7Tg> =0,

and g € U was arbitrary, so T*h € U~.

(b) = (a). Apply the implication just proved to the bounded operator T* and the closed subspace U+
(closed by 8.40): it makes (U~+)* invariant for (T*)*. But (7*)* = T by 10.11 and (U+)+ = U by 8.41,
U being closed.

(a) = (c). For f € V, invariance gives TPy f € U, hence PyTPyf =TPyf.

(c) = (a). For f € U we have Py f = f, so

Tf=TPyf=PyTPyf = PU(Tf) € range Py = U.

Problem 10D.4. Suppose T is a bounded operator on a Hilbert space V and U is a closed subspace
of V. Prove that the following are equivalent.

(a) U and U~ are invariant subspaces for 7.

(b) U and U+ are invariant subspaces for T*.

(C) TPU = PUT.

Solution. Throughout, 8.45 gives range Py = U, null Py = U+, Pyg=gforgc U,and I — Py = Py..
(a) < (b): Exercise 3 applied to the closed subspace U says U is invariant for 7" iff U~ is invariant for
T*; applied to the closed subspace UL (closed by 8.40, with (U1)+ = U by 8.41 since U is closed) it
says U* is invariant for 7' iff U is invariant for T*. Conjoining gives (a) < (b).
(a) = (c): For f € V, decompose f = Py f + Py f by 8.43; invariance puts TPy f € U and TPy f €
UL = null Py, so

PyTf=Py(TPyf)+ Pu(TPy.f)=TPyf+0.

(c) = (a): For f € U we get Tf = TPyf = PyTf € range Py = U; for f € U+ = null Py we get
PyTf=TPyf=0,s0TfecU".

Problem 10D.5. Suppose T is a bounded operator on a nonseparable normed vector space V. Prove
that 7" has a closed invariant subspace other than {0} and V.
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Solution. Take U = W, where W = span{T"f : n > 0} (finite linear combinations, 7% = I) for any
fixed f # 0; such f exists because {0} is separable and V' is not.

U is a closed subspace, since the closure of a subspace of a normed space is a subspace (Check!), and
U # {0} because f € W.

U is invariant: T(W) C W because T is linear and sends each spanning vector 7" f to T""!f; and if
gn € W with g, — g € U, then Tg,, — T'g by boundedness of T', so Tg € W = U.

U # V, because U is separable while V' is not. Indeed, let Qg be Q or Q + ¢Q according as F = R or
C, a countable dense subset of F', and let D C W consist of the sums Zgzo e T" f with N > 0 and
all ¢, € Qp; then D is a countable union (over N) of images of the countable sets (Qg)¥ !, hence
countable. Given w = ZnNzo apT"f e Wande >0, put C =1+ Zﬁfzo |T" f|| and pick ¢, € Qp with
lan, — cn| < e/C; then

N N
Hw — chT”f ’ < Z lan — e |T"fl < e.
n=0 n=0

Thus D is dense in W, which is dense in U, so D is dense in U.

Problem 10D.6. Suppose T is an operator on a Banach space V with dimension greater than 2.
Prove that T has an invariant subspace other than {0} and V.

[For this exercise, T is not assumed to be bounded and the invariant subspace is not required to be
closed.]

Solution. Fix f # 0 (possible as dim V' > 2) and set U = span{T™f : n > 0}, with 7° = I. Then U is
a subspace, U # {0} since f € U, and U is invariant because T' carries each spanning vector 7" f to
T f € U. Only properness is at issue.

(i) V infinite-dimensional. Then U # V, so U is the desired subspace. Otherwise V =U = J;2, V,,
with V,, = span{f,Tf,...,T" 1 f}, since every element of U is a finite linear combination of the Tkf.
Each V,, has dimension at most n, hence is closed (Exercise 9 in Section 6D) and proper; a proper
subspace W has empty interior, for if B(g,r) C W then every h # 0 satisfies g + Mh € W, whence
h € W and W = V. So the Banach space V' would be a countable union of closed sets with empty
interior, contradicting Baire’s theorem 6.76(a).

(ii) dimV = n with n > 3. Assume U = V (else take U). Let m be least with f,Tf,...,T™f
dependent; m < n exists since any n + 1 vectors are dependent. Then f,..., 7™ ! f is independent
and T"f € W := span{f,..., T™"!f}, so T*f € W for all k by induction (T**1f ¢ T(W) C
span{Tf,...,T™f} C W); hence V = U = W and m = n, making f,Tf,...,T" ' f a basis. Writing
T"f = —(aof + - + ap1 T f) and p(z) = 2" + ap—12""1 + .-+ + ag gives p(T)f = 0, hence
p(T)T*f =TFp(T)f =0 for all k and so p(T) =0 on V = U.

Factor p = q1¢2 - - - ¢» into monic irreducibles over F, so d := degq1 < 2 (degree 1 if F = C; degree 1
or 2 if F = R); since no polynomial of degree n > 3 is irreducible over R or C, we have r > 2, and
$:=gqo---qris monic with 1 < degs =n—d < n—1. Observe that a monic ¢ with 1 < degg=e <n-—1
has q(T) f # 0, because q(T) f is a combination of f,...,T¢f with coefficient 1 on T°f and f,..., 7" ' f
is independent.

Now N := null ¢;(7") is invariant (if ¢; (7")g = 0 then ¢; (T)T'g = Tq:1(T)g = 0); N # V since q1(T) f # 0;
and N # {0} since g := s(T)f # 0 while ¢1(T)g = p(T) f = 0, both by the observation.

Problem 10D.7. Suppose T is a self-adjoint compact operator on a Hilbert space that has only
finitely many distinct eigenvalues. Prove that T has finite-dimensional range.

Solution. By 10.106(b) there are a countable 2, an orthonormal family {ej}req in the Hilbert space
V, and {ag}req in R\ {0} with

Tf:Zak<f,ek)ek forall f € V;

ke

it suffices to show (2 is finite, since then range T C span{ey : k € 2}, of dimension at most #.
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Taking f = e; and using orthonormality kills all terms but & = j, giving Te; = aje; with e; # 0;
so each «j is a nonzero eigenvalue of T'. By hypothesis these take only finitely many distinct values
Al,...,Ap. For each j, the family {e; : oy, = A;} is orthonormal, hence linearly independent, and
lies in null(T" — A;I), which is finite-dimensional by 10.82 since T is compact and A; # 0. Thus each
{k : a, = \;} is finite, and 2 is their union over j < p.

Problem 10D.8. (a) Prove that if T is a self-adjoint compact operator on a Hilbert space, then
there exists a self-adjoint compact operator S such that S% = T.

(b) Prove that if T is a normal compact operator on a complex Hilbert space, then there exists a
normal compact operator S such that S% = T.

Solution. In both parts S is the diagonal operator obtained by taking the corresponding root of each
eigenvalue of T'. The analytic content is the following lemma.

Lemma. Suppose {ej}req is an orthonormal family in a Hilbert space V', where 2 is a countable set,
and suppose {fx treq is a family in F such that

{k € Q:|Bk| > d} is finite for every 6 > 0.

Then the formula
Sf=>Brlf er)en

ke

defines a compact operator S on V' with ||S| < suppeq |Bk|, and

o (1) S*f =2 1eq Br(f,er)er forall feV;

o (ii) S"f =D e Bi(f exyer forall f € V and all n € VAR

o (iii) Se; = Bje; for each j € 2, and Sg = 0 for every g € (spﬁ{ek}keg)l.

Proof of Lemma. Taking 6 = 1 in the hypothesis bounds all but finitely many |Bx| by 1; hence
M :=suppcq |Bk| < 0o. For f € V, Bessel’s inequality 8.57 gives

Do 1Bl freml? < M2 Y [(f )P < M| fIP < oo,

ke keQ

so the unordered sum defining Sf converges by 8.54(a), and 8.54(b) gives ||Sf||? =
S wea |Be(fs ex)|? < M?||f||?; linearity is clear (Check!), so [|S]| < M.
Continuity of the inner product plus orthonormality give (Sf,e;) = B;(f,e;) for j € Q. Taking f = e;
there, and using (g,ex) = 0 for all k¥ when g L {ex}, gives (iii); feeding S™f into it gives (ii) by
induction. For (i), let S’ be the operator defined by {B;}req, which satisfies the same hypothesis;
expanding both inner products through the convergent unordered sums,

(Sf,9) =" Bulf ex)ler 9)

ke

= " (F.er)Brlg.en) = (£.5'g).

keQ

valid for all f,g € V,so S* = §".

For compactness: if € is finite then range S is finite-dimensional, so .S is compact by 10.67; otherwise
enumerate (2 = {k1, ko, ...}, note B, — 0 by hypothesis, and set S, f = Z?:l Br,; (f> ek, )ex,;, compact
by 10.67. Since S — S, is the diagonal operator for the family agreeing with {f;} on {k; : j > n}
and 0 elsewhere, the norm estimate gives ||S — Sy || < sup;~,, [Bk;| — 0; and C(V) is closed in B(V) by
10.69(a).

Both parts also use: if {ex}req is orthonormal with Te; = ager and each ag # 0, then {k : |ag| > 6}
is finite for every 6 > 0. Indeed eigenvalues lie in sp(7’), so only finitely many distinct eigenvalues «
satisfy |a| > 0 by 10.93 (T' compact); and for each such « the orthonormal, hence independent, family
{ex : ag, = a} lies in null(T — o), finite-dimensional by 10.82 since a # 0.

(a) By 10.106(b) write T'f = >, . ax(f, ex)ex with Q countable, {ey }req orthonormal and oy, € R\{0};
taking f = e; gives T'e; = ajej, so the criterion above applies. Let (3 be the real cube root of ay, so
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|Bk| > 6 <= |ax| > 63 and the lemma’s hypothesis holds. The resulting S is compact, is self-adjoint
by (i) since each S is real, and satisfies S% = T by (ii) since 32 = ay.

(b) By 10.107 there is an orthonormal basis {eg}rer of V' with Ter = aper, ap € C. Parseval
8.63(a) gives f = >, r(f, ex)ex, and applying the continuous operator 7' term by term yields T'f =
Y ower arlfrer)er = D peq ar(f, ex)er, where Q = {k € ' : oy, # 0} is countable by the criterion above.
Choose B € C with 82 = ay; then |Bg| > § <= |ag| > 62, so the lemma applies and its (i) gives
S% =T. By (iii), Se; = Bjej for j € Q and Se; = 0 for j € I'\ Q (such e; being orthogonal to every e,
k € ), so the orthonormal basis {ej }rer consists of eigenvectors of S; hence S is normal by 10.103(b).

Problem 10D.9. Suppose 7T is a compact normal operator on a nonzero Hilbert space V. Prove
that there is a subspace of V' with dimension 1 or 2 that is an invariant subspace for T

[If F = C, the desired result follows immediately from the Spectral Theorem for compact normal
operators. Thus you can assume that F = R.]

Solution. If F = C, then 10.107 supplies an orthonormal basis of eigenvectors of 1T', nonempty since
V % {0}; the span of any one of them is a 1-dimensional invariant subspace (10.101, second bullet).
So assume F =R and set A = (T'+7%)/2, B=(T —T*)/2,s0 T = A+ B, A* = A, B* = —B, and
A, B are compact because 7™ is compact (10.73) and C(V) is a subspace of B(V') (10.69(a)). Normality
TT* =T*T gives

TA=3(T*+TT") = 3(T*+ T'T) = AT, T"A= AT",

the second by the same computation, whence BA = 1(TA — T*A) = 3(AT — AT*) = AB.

By 10.99 applied to the self-adjoint compact A on V' # {0}, either ||A|| or —||A]| is an eigenvalue o of
A; put U = null(A — af) # {0}, a closed subspace since A is bounded, hence a nonzero Hilbert space.
For fe U, (A—al)Bf = B(A—al)f =0, so U is invariant for B, and likewise for T" since AT = T A.
Let C' = B|y, compact on U because U is a closed invariant subspace of the compact B (discussion
preceding 10.102). For f,g € U, (Cf,g) = (f, B*g) = {f, —Cg), so C* = —C; hence (C?)* = (-C)? =
C?, and C? is compact by 10.69(b), with

(C%g.9) =(Cg,C*g) =—|ICyg|* <0  (geU).

By 10.99 on U # {0}, pick an eigenvalue A of C2 and g # 0 in U with C?g = \g; the display forces
Allgl|? <0,s0 A< 0. Also T'f = af + Cf for every f € U.

(i) A =0. Then ||Cg||*> = —(C?g,g) =0, so Tg = ag and span{g} is invariant of dimension 1.

(ii) A < 0. Take W = span{g, Cg}. Then dim W = 2, since Cg = cg with ¢ € R would give ¢ = \ < 0;
and W is invariant because

Tg=ag+ CgeW, T(Cg)=aCg+C*’g=\g+aCgeW.

Problem 10D.10. Suppose T is a self-adjoint compact operator on a Hilbert space and ||T'|| < %.
Prove that there exists a self-adjoint compact operator S such that S? + 5 = T.

Solution. Take S to be the diagonal operator with eigenvalues p(ay), where oy are the eigenvalues of

T and
o(t) = —1++/1+4t _ 2
2 1+V1+4t
(the second form by rationalizing), defined for ¢ € [—1, 1] since there 1+ 4¢ > 0. Writing u = /T + 4¢,
5 w?—2u+1 2u—2 wu?-1

e(t)” + o(t) = 1 Ty T T4 T t,
and 1+ u > 1 on that interval gives |p(t)| < 2|t|.
By 10.106(b) write T'f = Y, cq ([, ex)er with Q countable, {e;} orthonormal and a3, € R\ {0}.
Taking f = e; gives Te; = ajej, so |ay| < ||T| < 1 and ¢(ay,) is defined; moreover {k : |o| > 6} is finite
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for each 0 > 0, since 10.93 leaves only finitely many distinct such eigenvalues o and each null(T' — o)
is finite-dimensional by 10.82 (a # 0) while {ey : @ = a} is orthonormal, hence independent.

Set O = p(ag) € R. Then |Bk| < 2|akl, so {k : |Bk| > 0} C {k: |ag| > &/2} is finite for every 6 > 0,
and the lemma of Exercise 8 produces a compact operator Sf = >, ., B ([, ex)ex, self-adjoint by part
(i) of that lemma since the S are real. By part (ii) of the lemma and 87 + 8, = ay,

(S*+8)f = (Bi+ B frener =TF.

keQ

Problem 10D.11. For k € Z, define g; € L?((—m,7]) and hy € L?((—n, w]) by

gk (t) _ \/12777- ezt/2€zkt and hk(t) _ \/12? 6zkt;
here we are assuming that F = C.
(a) Use the conclusion of Example 10.108 to show that {gx } ez is an orthonormal basis of L?((—, 7).
(b) Use (a) to show that {hj}rez is an orthonormal basis of L?((—, 7).
(c) Use (b) to show that the orthonormal family in the third bullet point of Example 8.51 is an
orthonormal basis of L*((—,]).

Solution. Each part transports the previous basis by a surjective linear isometry, which carries or-
thonormal bases to orthonormal bases: such a ¥ preserves inner products by polarization, and ¥, U1
continuous gives ¥(spand) = span¥(A4). We also use the change of variables [ p(az +b)dz =1 [
for a > 0 and ¢ > 0 measurable, which holds for ¢ = xg by translation invariance 2.7 and |cE| = ¢|E]|,
then extends by linearity and 3.11.

(a) Define ® : L2([0,1]) — L2((—m,7]) by (®f)(t) = \/%f(% + 1); as t ranges over (—m, 7], the

argument ranges over (0,1]. The change of variables with a = le b= 1, applied to |f|? extended by

0, gives
L (™0t 1y2 !
Of? = — )|t = 2 || £I
o7 = 5 [ [1(5=+3) /Om 112,

so ® is a linear isometry, surjective since (®~1v)(z) = V27 v(27z — 7) is a two-sided inverse. With
ug(z) = !F+D7 which form an orthonormal basis of L2([0,1]) by Example 10.108,

1 . :
(@uk)(t) _ 27Tez(2k+1)t/262(2k+1)7r/2 = ¢ gk(t), ’Ck‘ -1

So {®uy} is an orthonormal basis, and gy = ¢ Puy with |cx| = 1 leaves orthonormality and the span
unchanged.

(b) Multiplication Mv = muv by m(t) = e~*/2 is a linear isometry of L?((—n, 71]) since |m| = 1, bijective
with inverse multiplication by 7; and Mg, = hy (Check!), so (a) gives the conclusion.

(c) Those ey, are orthonormal by 8.51, so only the span is at issue. Here ey = hg, and for n € Z*, from

e = cos(nt) £ isin(nt) and /27 /(2/7) = 1/V/2,
1 1

it —hen)s e = p(hn b,

which solve to h4, = %(e_n +ie,). Hence the two families have the same span, so the same closed
span, which is L?((—n,7]) by (b).

Problem 10D.12. Suppose T is a compact operator on a Hilbert space. Prove that s1(T") = ||T]|.

Solution. The operator T*T on V is compact (10.73 and 10.69(b)) and self-adjoint, and its eigenvalues
obey two bounds.
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Upper: it T*Tf = af with f # 0, then

allfIIP =(T*Tf, f) = ITFI? < ITIPI £,

so a < ||T||? (and a > 0).

Lower: if ||T|| # 0, then ||T||? € sp(T*T) by 10.96, and since ||T||*> # 0 and T*T is compact, the
Fredholm Alternative 10.85 makes ||T'||? a positive eigenvalue of T*T

(i) T*T has no positive eigenvalue. Then s;(7") = 0 by 10.116 (second bullet), and ||T"]] # 0 would
contradict the lower bound, so ||T'|| =0 = s1(7T).

(ii) T*T has a positive eigenvalue. The set P of positive eigenvalues has a maximum: fixing ag € P,
the set {« € P : @ > «ap} is finite by 10.93 and nonempty, and its largest element dominates all of
P. By 10.116 (first bullet) the singular values are the positive square roots of the elements of P in
decreasing order, so s1(T) = vmax P. Here T # 0, so the lower bound gives | T||> € P and hence
|T||?> < max P, while the upper bound applied to max P gives max P < ||T||>. Thus s1(7)% = || T
with both quantities nonnegative.

Problem 10D.13. Suppose T is a compact operator on a Hilbert space and n € Z*. Prove that
dimrange T < n if and only if s, (T") = 0.

Solution. Both sides say || < n, where Q indexes a singular value decomposition of T'. Since T*T is
compact (10.73, 10.69(b)), self-adjoint, and has nonnegative eigenvalues (start of the proof of 10.113),
10.106(b) supplies a countable €2, an orthonormal {ey }xecq in V' and positive reals {ay } with (T*7T) f =
Y okeq @kl f, er)er; setting s, = /oy and hy, = Tey, /sy, the proof of 10.113 makes {hy }rcq orthonormal
with

Tf=> silf.ex)h  (fEV).

keQ
First, dimrangeT = |Q2|: each hy = Tey/s, € rangeT and {hy} is orthonormal, hence independent,
giving >; and if Q is finite the display puts rangeT" C span{hy}, giving <.
Second, for every a > 0,

null(T*T — ol) = span{ey, : k € Q, o = a}.

Indeed D holds since (T*T)e; = aje;; and if (T*T)f = af, pairing the formula for (T*T') f with e;
gives (aj — a)(f,e;) = 0,50 af = >, _,o(fiex)ex and f =3, _ (f ex)e, a finite sum because
{ek : ap = a} is orthonormal inside null(7*T" — af), finite-dimensional by 10.82.

Consequently the positive eigenvalues of T*T' are exactly the values taken by {oy} (otherwise the
display gives a zero null space), and each has geometric multiplicity equal to #{k : ax = a}. So the
list of positive singular values in 10.116 is a decreasing rearrangement of {sy}req, and the number N
of positive singular values equals ||, with s,,(T)) > 0 <= m < N. Hence

sn(T)=0 <= N <n <= [Q| <n <= dimrangeT < n.

Problem 10D.14. Suppose T is a compact operator on a Hilbert space V with singular value
decomposition

Tf = Zsk (f,ex)h

forall f € V. For n € Z*, define T, : V — V by
T.f = Zsk (f,ex)h

Prove that lim, o ||T° — 15| = 0.
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[This exercise gives another proof, in addition to the proof suggested by Exercise 15 in Section 10C,
that an operator on a Hilbert space is compact if and only if it is the limit of bounded operators
with finite-dimensional range.|

Solution. It suffices to prove ||T'— T, || < sp+1(T) and s,(T") — 0; here {ek} and {hg} are the orthonor-
mal families of 10.113, and only the decreasing ordering s1(7") > so(7") > - - of 10.116 is used.

For the estimate, fix n and f € V. Then (T —T,)f = > 4o, sk(T)(f, ek)hk, so orthonormality of
{hi}k>n and 8.54(b), then sx(T") < sp4+1(T') for k > n and Bessel’s inequality 8.57 for {e}, give

T = Ta) 1P = si(T(Fren) P < sara (T2 FIIP.

k>n

For the limit: T*T is compact (10.73, 10.69(b)) and self-adjoint. If it has only finitely many positive
eigenvalues, then s;(7") = 0 for large k by 10.116 (second bullet). Otherwise every si(7T) is, by 10.116
(first bullet), the positive square root of a positive eigenvalue a of T*T, listed dimnull(T*T — al)
times. Fix § > 0: only finitely many eigenvalues satisfy o > 62 by 10.93, and each such null(T*7T — o)
is finite-dimensional by 10.82 since a # 0. So {k : s;(T") > 6} is finite, and s,(7") — 0.

Problem 10D.15. Suppose T is a compact operator on a Hilbert space V and n € Z*. Prove that

inf{||7— S|| : S € B(V) and dimrangeS < n} = s,(T).

Solution. The infimum I is attained by the truncation of T" after n — 1 singular values. Fix a singular
value decomposition T'f = Y, - sk (f, ex)hs (10.113), with {ey}, {hs} orthonormal and s, > 0. By
the uniqueness discussed before 10.116 the s are the positive square roots of the positive eigenvalues
of T*T repeated by their (finite, by 10.82) multiplicities, so we may reindex by a bijection onto an
initial segment of Z* putting them in decreasing order, which alters neither orthonormality nor the
unordered sums; thus § is an initial segment, s = s3(T") for k € Q, and s;(T") = 0 for j ¢ Q.

I < s,(T): take Sf = > 1cqpen_15k{fsex)hg, a sum of at most n — 1 terms, so dimrangeS < n.
Then (T — 9)f = > keqr>n k(s ex)hk, so 8.54(b) and Bessel 8.57 give

T =S)fIP = > silifen)® < sa(T2IFIP,

keQ, k>n

the middle step because s < s, = $,(T") for k > n in Q2 when n € Q, while if n ¢ Q no such k exists
(€ is an initial segment) and both sides vanish.

I > 5,(T): assume s,(T) > 0,s0n € Qand ey, ..., e, are orthonormal. Given S with dimrange S < n,
the restriction of S to the n-dimensional U = span{e,...,e,} has dimnull(S|y) >n—(n—1) =1
by the Fundamental Theorem of Linear Maps, so some f = >, ager € U has ||f|| =1 and Sf = 0.
Here (f,ex) = ay, for k <n and 0 for k € Q with k > n, so Tf =Y, _; spaxhi and

n
(T = 8)f|I> = Zsk\ak\2>8 T laxl” =
k=1

Problem 10D.16. Suppose T is a compact operator on a Hilbert space V and n € Z*. Prove that

sp(T) = inf{||T|;;|| : U is a subspace of V with dimU < n}.

Solution. The infimum I is attained by U = span{ey : k € Q, k < n — 1}, for the singular value
decomposition T'f = >, - sk(f, ex)hy normalized exactly as in Exercise 15: Q an initial segment of
Z*, s, = sp(T) for k € Q, and s;(T") = 0 otherwise.

I < 5,(T): with that U, which has dimU <n — 1, any f € U* has (f,ex) =0 for k <n —1in Q, so
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Tf =3 eqrsnSk{f,ex)hy and, by 8.54(b) then Bessel 8.57,

ITFP =Y silifren)l < sa(D?IFI

keQ, k>n

the middle step because sy < s, = s,(T') for such k when n € Q, and the sum is empty otherwise.

I > s5,(T): assume s,(T) > 0, so n € 2. Let U be any subspace with d := dimU < n, with basis
ui,...,uq, and let W = span{eq,...,e,}, of dimension n. The linear map ¢ : W — F¢ o(f) =
((fyu1),...,(f,uq)), has nullp # {0} by the Fundamental Theorem of Linear Maps since n > d; pick
f =} akey in it with ||f|| = 1. Then f L u; for each j, hence f € UL, and since (f,ex) = ay, for
k <nand 0 for k € Q with k£ > n,

n

n
TP = silar® = su(T)* ) lanl* = sa(T)*.
k=1

k=1

Problem 10D.17. Suppose T is a compact operator on a Hilbert space V with singular value
decomposition

Tf = silfsex)h

ke
for all f € V. Prove that
T*f =Y si(f, hn)ex

keQ
for all fe V.

Solution. Write Sf =3, q sk(f, hx)ex; it suffices to show that S is a bounded operator with (T'f, g) =
(f,Sg) for all f,g € V. Here {ex}req, {hr}req are orthonormal and the s are positive, as in 10.113.
Taking f = e; in the decomposition gives T'e; = s;jhj, so s; = || Te;|| < ||T||; hence Bessel’s inequality
8.57 for {hy}req gives

DAkl )P < ATI D W) < ITIPIFI? < oo,

keQ keQ

so the unordered sum defining Sf converges by 8.54(a) and ||Sf||? < ||T|?||f||* by 8.54(b); linearity is
clear (Check!), so ||S|| < [|T|-
A bounded linear functional ¢ passes through an unordered sum }, x; = =, because ‘gp(:n) —

Srere@p)| < llell |z — X pep x|l for every finite F C Q. Applying this to T'f with ¢ = (-, g), and
to Sg with ¢ = (-, f) followed by conjugation,

(Tf.9) =" silf en){g, hu) = (Sg, f) = (1, Sg).

keQ

By 10.1 we also have (T'f,g) = (f,T*g), so (f,T*9g — Sg) = 0 for all f,g € V; taking f = T*g — Sg
gives T* = §.

Problem 10D.18. Suppose that 7T is an operator on a finite-dimensional Hilbert space V with
dimV = n.

(a) Prove that T is invertible if and only if s,,(T") # 0.

(b) Suppose T is invertible and 7" has a singular value decomposition

Tf=s1(T){(f,er)h1+ -+ sn(T)(f, en)hn

for all f € V. Show that

f’h1>61+"'+ <f7hn>

s |
r f_ Sl(T)
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for all f e V.

Solution. Here T is compact, being a bounded operator with finite-dimensional range (10.67), so singular
values apply.

(a) T is invertible iff dimrange T = n, since an operator on a finite-dimensional space is invertible iff
it is surjective, and by Exercise 13 that fails exactly when s, (") = 0.

(b) Define Rf = 377, g’(};;ej, which makes sense because s1(T) > -+ > s,(T) > 0 by (a). The
orthonormal lists ey, ..., e, and hq, ..., h, are independent and of length n = dim V', hence bases of
V, and evaluating both formulas on them gives Te; = s;(T)h; and Rh; = e;/s;(T). Therefore

(RT)ej = €4, (TR)hj = hj (] = 1, .. .,n),

so the linear maps RT and TR agree with I on a basis, giving R = T~ L.

Problem 10D.19. Suppose T is a compact operator on a Hilbert space V. Prove that

S ITel? = 3 (sa(T))?
kel n=1

for every orthonormal basis {ej }rer of V.

Solution. The left side is independent of the orthonormal basis, and one basis built from a singular
value decomposition evaluates it. All sums are of nonnegative terms, taken in [0,00] as >, ;a; =
sup{) ;cpa; : F' C I finite}, which agrees with the unordered sum when the latter converges; the
asserted equality is an equality in [0, o).

Such double sums may be interchanged: with A = %, Z]EA a; and B = ZjeA > ker Qk,j, any
finite ¥ C I', G C A satisfy D e D ker @hj = Doper 2ujec @, < A; and given a finite G and
c< Z]EG Y ket ks Pick t; < >4 pag; with Z]EG tj > c, then finite F; with ZkeFj ap; > tj, and
put F' = {J;cq Fj; nonnegativity gives > .o > peparj > ¢, 50 ¢ < A. Hence B < A, and A < B by
symimetry.

Independence of the basis: for orthonormal bases {ej}rer and {g;};ea of V, Parseval 8.63(c) applied
twice, the interchange, and 10.1 give

STerl> =) (Ter,gi)* =D {en, T g
keT kel jeA jEA kel

= IT"g;l*,

JeEA

whose right side does not mention {ey}.

Evaluation: write Tf = Y, sk(T)(f, ur)vr as in Exercise 15, with Q an initial segment of Z7,
sp(T) > 0 on Q and s;(T) = 0 off it. Put U = Span{ug }req, s0 {ui}treq is an orthonormal basis of
U by 8.61, and let {w;};cn be an orthonormal basis of the Hilbert space U+ (8.75). Their union is
orthonormal, and its closed span contains U + U+ = V by 8.43, so it is an orthonormal basis of V.
Here Tu; = 5;(T)vj gives || Tw;|*> = s;(T)?, while w; L uy for all k gives Tw; = 0. Splitting the sum
over the disjoint union,

S NTu?+ I Twil? = > sk(T)? =D (sa(1))?,
n=1

keQ €A keQ

the last equality because s,(T) = 0 off Q and nonnegative unordered sums over subsets of ZT agree
with the series.
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o0
1
Problem 10D.20. Use the result of Example 10.124 to evaluate g —
n

Solution. >°°0 ; 1/n* = 72/6.
Write S = >°° | 1/n?, which is finite because Z,]yzl n72 <1+ nyzz(ﬁ — 1) < 2 for every N.
Splitting the first 2N terms by parity,

2N N N
St rriie
and letting N — oo, with > 32, (2k — 1)72 = 7?/8 by Example 10.124, gives S = 72/8 + S/4, so

S:%-“S—Q:ﬁz/ﬁ.

Problem 10D.21. Suppose T is a normal compact operator on a complex Hilbert space. Prove
that the following are equivalent.

(a) range T is finite-dimensional.

(b) sp(T) is a finite set.

(¢) sn(T) = 0 for some n € Z.

Solution. Since 10.116 defines s,,(T') only for n € ZT, the printed n € Z in (c) is read as n € Z*. We
prove (a) < (c), then (a) = (b) = (a).

(a) & (c): Exercise 13 gives s,(T) = 0 <= dimrangeT < n, and rangeT is finite-dimensional
precisely when dimrange T < n for some n € Z*.

(a) = (b): let m = dimrangeT < co. Eigenvectors f1, ..., f; for distinct nonzero eigenvalues o, . .., ¢
satisfy f; = T'f;/a; € rangeT, and are pairwise orthogonal by 10.57 (7" normal), hence independent;
so j < m and T has at most m nonzero eigenvalues. Every nonzero « € sp(T) is an eigenvalue by the
Fredholm Alternative 10.85, so sp(7") has at most m + 1 elements.

(b) = (a): by 10.107 there is an orthonormal basis { fi }xer of V with T'fi, = A\ fx. Each Ay lies in the
finite set sp(T"), since T'— AiI is not injective; and for each nonzero value A the orthonormal, hence
independent, family {fi : Ay = A} lies in null(T'— AI), finite-dimensional by 10.82. So A = {k : \; # 0}
is finite. By Parseval 8.63(a) and continuity of T,

Tf=>> MNelfs fi)fu =D Ml i) fre

kel keA

so range T' C span{ fx } ke, which is finite-dimensional.

Problem 10D.22. Find the singular values of the Volterra operator.

[Your answer, when combined with Exercise 12, should show that the norm of the Volterra operator
is % This appearance of 7 can be surprising because the definition of the Volterra operator does not
involve 7]

Solution. The singular values of the Volterra operator V, (V f)(z) = [; f (Example 10.15), are

2

(2n— )7 (neZ7),

sn(V) =
each occurring exactly once; with Exercise 12 this gives |V| = s1(V) = 2/7.
V' is the integral operator with kernel K = x(, ;) € L?(p x p), hence compact (paragraph after the
proof of 10.70), and 10.16 gives (V*f)(x) = fxl f:s0 V*V is compact and self-adjoint, and by 10.116 the

singular values of V' are the positive square roots of the positive eigenvalues of V*V, with multiplicity.
Suppose V*V f = af with a > 0 and f # 0. Since ||f]j1 < |/f||2 by Holder 7.9 on the finite measure
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space [0, 1], V f is defined, and it is continuous because |(V f)(z) — (V f)(2/)] < f[x, 2] |f| — 0 by 3.31.
So the Fundamental Theorem of Calculus makes V*V f continuously differentiable with (V*V f) =

—V f; then f = éV*V f agrees a.e. with a C' function, and after replacing f by that representative,
(Vf) = f,so fis C? with

af/(2) = ~(Vf)(2) = —fx) (0O<a<1)

Both sides of V*Vf = af and of (V*Vf)) = —V f are now continuous, so they hold pointwise;
evaluating the first at x = 1 and the second at = = 0 gives f(1) =0 and f’(0) = 0.

Write o = 1/A? with A > 0, so f” + A2f = 0 and hence f(r) = Acos(A\x)+ Bsin(Az). (If u” + ) 2u =0
with u(0) = v/(0) = 0 then (u’)? + A?u? has zero derivative and vanishes at 0, so u = 0 for real u, and
for complex u apply this to its real and imaginary parts; subtracting the combination with A = f(0),
B = f'(0)/\ gives the claim.) Now f’(0) = 0 forces B =0 and so A # 0, and f(1) = 0 forces cos A = 0,
e, A=)\, = M with k& > 0, since A > 0. Thus a = 4/((2k + 1)?>7?) and its eigenspace lies in the
span of fi(z) = cos(A\xx).

Each such « is indeed an eigenvalue: (V fi)(z) = sin(A\gx)/Ag, so, using cos A\, = 0,

. Lsin(Agt) cos(Agx) — cos A 1
(V' St = [ R = SRR ),

By the previous paragraph each has geometric multiplicity 1 and there are no others, so listing 1/
in decreasing order gives s, (V) =1/\,—1 =

2
2n—1)r"

258



11 Fourier Analysis
Contents

11.1 Exercises 11A . . . . . . e
11.2 Exercises 11B . . . . . . o e e
11.3 Exercises 11C . . . . o o o o e e e e e e e e e e e e e

259



11.1 Exercises 11A

—~

Problem 11A.1. Prove that f(n) = f(—n) for all f € L(0D) and all n € Z.

Solution. On dD we have Z = 1/z, s0 2" = z~™ and 2=" = 2"; hence f(2)2" = f(2) 2" = f(2)z—™.

Since conjugation commutes with integration, 11.7 gives

Tn)= [ F(z)z "do(2)

oD

—~

= f(z)zndo(z) = f(—n).

oD

Problem 11A.2. Suppose 1 < p <ocandn € Z.
(a) Show that the function f — f(n) is a bounded linear functional on LP(0D) with norm 1.
(b) Find all f € LP(0D) such that || f||, =1 and |f(n)| = 1.

o~

Solution. Write o(f) = f(n). Since o(dD) = 1, we have LP(0D) C L'(dD) with

Ll < [ fllp (%)

for all p € [1,00]: thisis 7.10 for 1 < p < oo (the constant being o(OD)P~1/? = 1), and [ |f|do < || ]l
for p = co. So ¢ is defined on LP(0D).

(a) ¢ is linear by 11.9(a),(b), and |¢o(f)| < || fll1 < ||fllp by 11.9(c) and (%), so ||¢|| < 1. Equality holds
because g(z) = 2" has |g| = 1, hence ||g||, = 1, while ¢(g) = [, 2"2" do = 1 by 11.6.

(b) For 1 < p < o these are exactly f(z) = \z" with |\| = 1; for p = 1 they are exactly f(z) = \h(z)z"
with [\ = 1 and & > 0 in L'(9D) with [ hdo = 1.

These work: such an f has ||f||1 = [hdo =1 and f(n) = A [hdo = X; and h = 1 gives f(z) = Az"
with || f]|, =1 for all p.

No others: if || f||, =1 and |f(n)| =1, then 11.9(c) and (*) give

= F®) < Ifl < Il =1,

so both are equalities. Put g(z) = f(2)z™, so |g| = |f| and f = [gdo, and pick [A| = 1 with
X [gdo =|[gdo|. Then [(|lg| — Re(Ag))do = ||f|l1 — |f(n)| = 0 Wlth nonnegative integrand, so by
3.43 Re(\g) = |g| = [Mg| a.e., forcing Ag = |g| a.e. and hence

f(z)=Af(2)z" ae. (%)

With h = | f| this is the claimed form for p = 1.
Forl<p<ooputg=|f|,s0 [gdo = [gPdo =1, andlet ¢(t) = tP—pt+p—1; then ¢'(t) = p(tP~1 1)
is negative on (0, 1) and positive on (1,00), so ¥ > 0 with equality only at ¢ = 1. Since

Y(g)do=1—-p+(p—1)=0,
oD

we get g = 1 a.e. For p =00, |f| <1 a.e. and f(l — |f|)do = 0 give the same. Substituting |f| =1
into () yields f(z) = Az" a.e.

Problem 11A.3. Show that if 0 <r < 1 and t € R, then

1— 72

P (e") = :
() 1—2rcost+1r2
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Solution. By 11.14, P.(e*) = (1 — r%)/|1 — re®|?, so it suffices to evaluate the denominator. Since r is

real, 1 —reit =1 —re %, so

1 —re? = (1 —re) (1 —re ™) =1 —r(e® +e )+ =1—2rcost +r2.

Problem 11A.4. Suppose f € L'(0D), z € D, and f is continuous at z. Prove that
Uim(P,.f)(z) = f(2).
11

[The result in this exercise differs from 11.18 because here we are assuming continuity only at a
single point and we are not even assuming that f is bounded, as compared to 11.18, which assumed
continuity at all points of 0D.]

Solution. Since [y Pr(2w)do(w) = [;p Prdo =1 by 11.17 and 11.16(b), the integral formula 11.15
gives

(Prf)(2) = f(2) = /BD (f(w) = f(2)) Pr(2) dor(w).

Also 1 — zw = wW(w — z) for w € 9D, so |1 — zw| = |w — z|.

Given € > 0, continuity at z supplies 6 > 0 with |f(w) — f(2)| < € whenever |w — z| < §; let As be that
set of w, which is measurable, being relatively open. Since P. > 0 by 11.16(a), the part of the integral
over A; is at most ¢ [, P.(2w) do(w) = e.

Off As we bound the kernel instead of f, which need not be bounded: there |1—zw| > §, soif 1—r < §/2
then |1 —rzw| > |1 — zw| — (1 —r) > §/2, whence by 11.14

1—r? _ 4(1—1?)
|1 —rzw|? 52 7

P.(zw) =

and therefore, using o(0D) = 1 and f € L'(dD),

4(1

2
[ 15w - 1@ R drtw) < L2 11+ ).
D\ Aj;

Since § depends only on € and 1 —r? — 0, we get limsup,4; [(P-f)(2) — f(z)| < € for every € > 0.

Problem 11A.5. Suppose a,b € C, f € LY(0D), z € 9D, lggf(eitz) = a, and lggf(eitz) = b.
Prove that

a+b

Egll(Prf)(z) ==

[If @ # b, then f is said to have a jump discontinuity at z.]

Solution. The Poisson kernel splits its unit mass evenly between the two sides of z, so the one-sided

limits are averaged with equal weights. Write p,(t) = P,(e) = % by Exercise 3, an even

function of ¢; in particular P,(e™%) = pr( ).

Rotation invariance [;n G(zw)do(w faD Gdo holds for G € L'(o): apply 11.17 to h(¢) = G()
with Z in place of z, giving [ G(zw) da = [G(¢ ), then 11.17 with » = G and z = 1. Applying
this to G(w) = f(w)P-(2w) in 11.15, Wlth 2ZW = W, and transferrlng to (—m, ] by 11.4,
dt
(Prf)(2) = | flzw)Pr(w) do(w) = f(e ) p(t) 5
oD s
all integrals being defined since the same invariance gives ["_|f(€’ AL = | fl1 < .
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By 11.16(b) and 11.4, f pr(t)S: =1, so evenness of p, gives fo D 27T = fo prdt — 1 and hence

— T 27 2

dt

PHE) -5 = [ (1) - )5

0
[ 5

—T

Given ¢ > 0, the one-sided limits supply § € (0, 7) with |f(e®2)—a| < e for 0 <t < §and |f(e"z)—b| <
e for —§ < t < 0; split both integrals at +J. Since p, > 0, the two inner pieces contribute at most
2-6-%26. For § < |[t| < m we have cost < cosd, so

1—2rcost4+1r%=(1—7r)2+2r(1 —cost) > 2r(1 — cosd),

giving p,(t) < 11 Cgsé for % < r <1 (note 1 —cosd > 0); hence the two outer pieces total at most

T COS5(||f||1 + |a| + |b]). As & depends only on ¢ and 1 — 72 — 0, the limsup as r 1 1 is at most ¢ for
every € > 0.

Problem 11A.6. Prove that for each p € [1,00), there exists f € L!'(0D) such that

> fm)r =

n=—oo

Solution. Suppose not, so that ) |f( )P < oo for every f € L'(OD); the Dirichlet kernel will
contradict this. Then T'f = (f ( ))nez maps the Banach space L'(9D) into the Banach space (?(Z)
(both by 7.24), and is linear by 11.9(a),(b).

T has closed graph: if f — f in L' and Tf — ¢ in (P, then |fe(n) — F(n)| < Ilfx — fll — 0 by
11.9(a)—(c), while |fk( )—cn| < ||Tfr—cllp = 0,s0c=Tf. By the Closed Graph Theorem 6.85 there
is C' < oo with

ElN 1/p
(> 1FmF) " <Clfl forall f e L'(9D).
n=—oo
Apply this to Dy(w) = SN w". By 11.6 we get l/?;(m) =1 for |m| < N and 0 otherwise, so the
left side is (2N + l)l/p. For the right side, summing the geometric series and multiplying numerator
and denominator by e /2,

, e €CNTDE 1 sin((N 4 3)t)
D iy _ ,—iNt € A _ 2
() =e et — 1 sin(t/2) (t#0),

so |Dy(e)] < 1/]sin(t/2)] < «/[t| for 0 < [t| < 7, using sinu > 2u/m on [0, 7/2] by concavity; also
|Dn| < 2N + 1 from the definition. Using the second bound on [t| < % and the first on 4 < [¢| <,

2(2N + 1)
_— <
Dl < 5 ( 4 orIn(rN)) <3+ N,

since 5=(4+ %) < 1 and Inm < 1.2. Thus (2N +1)¥/? < C(3+1n N) for every N, which fails for large
N because p < co.

Problem 11A.7. Suppose ¢ € 0D. Show that the function

1—|wf?

1 - Cwl?
is harmonic on C \ {¢} by finding an analytic function on C \ {¢} whose real part is the function
above.
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Solution. Take B
1+ Cw
g(w) = ——=—.
1—Cw

This is a quotient of polynomials in w, so it is analytic off the zero set of the denominator; and
1 — Cw = 0 exactly when w = 1/¢ = (, the last equality because ¢({ = |[¢|?> = 1. Thus g is analytic on

C\{¢}. _

Write v = (w, so u # 1 and |u| = |w|. Multiplying numerator and denominator by 1 — u,

Ltu_ (+w-m) (- uP)+(u—m)

1—u |1 —ul? 11— ul?

Here u — 7 is purely imaginary while 1 — |u|? and |1 —u|? are real, so taking real parts and substituting
u = (w gives
1— Jwf?
(Reg)(w) = ——— for w e C\ {(}.
1= Cup?
The real part of a function analytic on an open subset of C is harmonic there, by the first bullet point
of 11.20, so the given function is harmonic on C\ {(}.

Problem 11A.8. Suppose f : D — R is the function defined by

fz,y) =2y

for (x,y) € R? with 22 + 4? = 1. Find a polynomial u of two variables z,y such that u is harmonic
on R? and u|gp = f.

[Of course, u|p is the Poisson integral of f. However, here you are asked to find an explicit formula
for w in closed form, without involving or computing an integral. It may help to think of f as defined
by f(z) = (Rez)*(Im 2) for z € OD.]

Solution. The answer is
u(z,y) = %(5:):4,7; — 1022y% + 95 + 9%y — 3y + 2y),

which is exactly u(w) = %6 Im (w5 + 3w + 2w) under the usual identification w = x + ysi.
Since g(w) = %(w5+3w3+2w) is a polynomial, hence analytic on C, the function v = Im g is harmonic
on R? by the first bullet point of 11.20. It remains to check u|sp = f.

For z € OD we have Rez = 22 Imz = 22 and 2Z = 1, so
20 21 )

(z+2)4(z —2)

29 : (z+2) =22 +422 + 64422 4+ 74,
(3

f(z) =

the second identity by the binomial theorem with 2z = 1. Multiplying out, again using 2z = 1 (so
24z =23, 222 = %, and so0 on),
(z+2)4(z—2) = (2" +42° + 62 + 4z + 2°)
— (® + 42+ 62+ 42° + 2°)

= (25 —25) + 3(23 —?3) + 2(,2 —E)

=2 Im(,z5 + 323 + 22).
Hence f(z) = 1= Im(2% + 32% + 22) = u(z) on ID, as required.
Writing w = 2 + yi and picking out the odd-index binomial terms gives Im(w?) = 3z%y — y* and
Im(w®) = 5x*y — 1022y + °, which assembles into the displayed polynomial.
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Problem 11A.9. Find a formula (in closed form, not as an infinite sum) for P, f, where f is the
function in the second bullet point of Example 11.8.

Solution. For f(z) = 1/|3 — 2|2, every r € [0,1) and every z € 9D,

9 — 2 9 — 2

(Prf)(2) = 813—7r2]2  8(9—6rRez+r2)

Indeed, the second bullet point of Example 11.8 gives f(n) = %3*|"|, so by the definition 11.11, with
p:=r/3 €0, %),

o0 2

n n p
(Prf)(z): Z Hf o Z PH g m,

n=—0oo n*—oo

the last equality by 11.13 (legitimate since p € [0,1) and |z| = 1, which also makes the series absolutely
convergent). Multiplying numerator and denominator by 9, using |1 — %z|2 = %]3 — rz|?, yields the
first form; and

3—rzP=9-3r(z+2) + %2> =9 —6rRez +r?

yields the second.

Problem 11A.10. Suppose f : 0D — C is three times continuously differentiable. Prove that

o

@ =i Y nfm)e"

n=—0oo

for all z € OD.

Solution. Apply 11.27 to fI and then 11.26 to f.

The hypothesis of 11.27 holds for fl1: with §(t) = g(e*) as in 11.24, the second bullet point of 11.24
gives fll = f(l), SO (f[l])@) = ]7(3), which exists on R and is continuous by hypothesis; hence f is
twice continuously differentiable. Thus 11.27 gives, for z € 0D,

M) = 3 Fi(n) ="

n=—o00
the series converging absolutely since ) | fll(n)| < oo by 11.29 applied to fIl. Now f is continuously
differentiable, so 11.26 with & = 1 gives f £ (n) =inf ( ), and absolute convergence lets i come out of

the sum:
o

Uy = > infn)z" =i Z n f(n

n=-—o00 n=-—00

Problem 11A.11. Let C'(0D) denote the Banach space of continuous functions from 0D to C, with
the supremum norm. For M € Z*, define a linear functional ¢, : C'(9D) — C by

eu(f)= > fn).

Thus ¢ar(f) is a partial sum of the Fourier series > o2 f(n)z”, evaluated at z = 1.
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(a) Show that

4 it Sin M+ 1t at
orulr) = [ pey 2L ) &t
- sin 5 T

for every f € C(OD) and every M € Z™*.
(b) Show that

™ Isin(M + 3)t| dt
lim (7t2) — = .
M—oo J_ sin 5 2m
(c) Show that limps— o0 ||| = 00
M

(d) Show that there exists f € C(0D) such that hm Z f ) does not exist (as an element of
Ry

C).

[Because the sum in (d) is a partial sum of the Fourier series evaluated at z = 1, part (d) shows that

the Fourier series of a continuous function on 0D need not converge pointwise on 9D.

The family of functions (one for each M € Z1) on 9D defined by

sin(M + %)t
t
2

et -
sin

is called the Dirichlet kernel.

Solution. Set Dys(t) = Zﬁi _ €™, a continuous real-valued 2m-periodic function (pair n with —n),

and Ly = [T [Dy(t)| L. For t € [—m, 7]\ {0}, summing the geometric series of ratio e # 1 and

2m”
then multiplying numerator and denominator by e it/2,

etMA1)t _ o—iMt 9y sin(M + %)t sin(M + %)t
DM(t) - it - .. t - . t *
et —1 27 sin 3 sin 5

So D)y agrees with the Dirichlet kernel off the null set {0}, and may replace it inside any integral over
[—7, 7).

(a) By the definition 11.7, linearity of the integral across the finite sum, and the reindexing n — —n
of {—M,..., M},

Moot LA dt
= > flee™ —= [ f(e") Du(t) 5
Ny P 27 - 27
now insert the closed form.
b) The integral in question is Lj;. Using [sin £| < M’ evenness of the integrand, and the substitution
2 2

= (M + ),
2 (M+ us |Slns| 2 M- (k+1)7T
Ly > — >—E ins|d
M_7r/0 _7Tk: k:—l—l / |sin 5| ds

(k1) | . . C
+m |sin s| ds = 2. The harmonic series diverges,

bounding 1 > (k+1) on [km, (k + 1)x] and using fk
so Ly — oo.

(c) In fact ||¢oam]|| = Lar. The bound |par(f)| < || flleoLas is immediate from (a). Conversely, fix
e > 0 and put f.(e®) = Dy(t)/(|Dar(t)| + €); this is continuous on OD with || f:|le < 1, since Dy is
continuous and 27-periodic and the denominator is at least €. As a?/(|a| +¢) > |a| — ¢ for real a, part
(a) gives

™ Dy(t)?  dt
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and € > 0 was arbitrary. With (b), ||| — oo.

(d) Otherwise limps war(f) exists, hence supy, | (f)] < oo, for every f in the Banach space C'(9D);
since each ¢y is a bounded linear functional by (c), the Principle of Uniform Boundedness 6.86 would
force supyy |l¢ar|| < oo, contradicting (c).

Problem 11A.12. Define f : 0D — R by

1 if Imz >0,

f(z)=<¢ -1 if Imz <0,
0 if Imz = 0.
(a) Show that if n € Z, then ‘
—~ —ﬁ if n is odd,
Jny={ nr
0 if n is even.

(b) Show that
2 2rIm 2
(P f)(2) = —arctan —— o
for every r € [0,1) and every z € 9D.
(c) Verify that lim,41 (P, f)(2) = f(2) for every z € OD.

(d) Prove that P, f does not converge uniformly to f on D as r 1 1.

Solution. (a) With f(e*) =1 on (0,7), —1 on (—,0), and 0 on the null set {0, 7}, the definition 11.7

gives, for n # 0,
—~ 1 T (U
f(n) = Py </ et gy / e~ int dt)
a 0 —7

121 (DY) 1 (-1

B . )
2 in nm

-~

using eT™™ = (—1)". This vanishes for n even and equals — 2% for n odd (as + = —i); and f(0) = 0,
both integrals being . R

(b) Put w = rz. By 11.11 and (a) the series 3 7™ f(n)2" converges absolutely (terms dominated by
%r'”'), so we may pair n with —n; since 27" =Z" and 2" — z" = 2i Im(2"), each pair with n odd and
positive contributes % Im(w™). Hence

4 & Im(w2k+1) 4

w2k+1

2k +1°

That power series has radius of convergence 1, so g is analytic on D with ¢g(0) = 0 and ¢'(w) =
Dok wk = —171102. Setting ¥(w) = 1rw

1—w>

wm0:(1+wx1—@):(1—MW)+2ﬂmw7

1 —wf 1 —wf

so Re® > 0 on D; hence ¢ lands in the right half-plane, where Log is analytic, and h := %Logoq/)
is analytic on D with h(0) = 0 and h'(w) = $¢/(w)/1(w) = ﬁ Two analytic functions on the
connected set D with the same derivative that agree at 0 coincide, so g = h. Taking imaginary parts,

with Im Log(a + bi) = arctan 2 for a > 0,

2Imw 2 2rIm 2

Im g(w) = 1 arctan T’ S0 (Prf)(z) = — arctan

1—r2"°

(c) As r 1 1 we have 1 — 72 | 0 through positive values. (i) If Im z > 0 the argument of arctan tends
to 400, so (Prf)(z) = 2.2 =1= f(2). (i) If Imz < 0 it tends to —oo, giving —1 = f(2). (iii) If
Im z = 0 the argument is 0 for every r, so (P.f)(z) =0 = f(2).
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(d) For r € [\2—1, 1) set s, = 15—7"2, which lies in (0, 1] since s, < 1 is equivalent to 72 +2r — 1 > 0,

T

and put z, = /1 — s2 +is, € OD. Then f(z,) = 1 while (b) gives (P, f)(2) = 2 arctan1 = 1, so

If = Prflloo > | £(zr) — (Prf)(z)| = &

for all such 7, ruling out uniform convergence.

11.2 Exercises 11B

Problem 11B.1. Show that the family {e}rez of trigonometric functions defined by 11.1 is an
orthonormal basis of L?((—m, ]).

Solution. Transport the basis {z"},cz of 11.30 across the unitary map

U: 12(0D) — L2 ((—mx)),  (Uf)() = \/12? F(e').

That U is unitary is the transfer of integration recorded just after 11.4: it gives (U f,Uh) = |, oD fhdo =

(f,h), and surjectivity because g — v/2m g(-) o ¢! inverts it, where ¢(t) = €' is the bijection of 11.2

(measurability matches by the definition 11.4). Hence f, := U(z"), that is f,(t) = ¢™*//2x, is an

orthonormal basis of L?((—m,]).

By 11.1, ¢y = \/% = fo and, for n € Z*, e, (t) = % and e_,(t) = cos(nt) Qg

eon £ ten equivalently €p = ot Jon en = Jn=Jon
\/i I —-n \/§ 9 n Z\/§

Thus span{ey} = span{f,}, which is dense. Orthonormality of {e;} follows from that of {f,,}: |lexn||® =
%(anH2 +If=nl?) =1 and (en,e_p) = %(anH2 — || f=nll?) = 0, while for |j| # |k| the vectors e; and
er are combinations of the disjoint pairs { f;), f_|;/} and {fjx, f—jx|}, 50 (e}, ex) = 0. By the definition
8.61, {ex}rez is an orthonormal basis.

f:tn:

Problem 11B.2. Use the result of Exercise 12(a) in Section 11A to show that

QLI N S
TR TR T

o~

Solution. Apply Parseval’s identity to the function f of Exercise 12 in Section 11A, for which f(n) =
—3—; for n odd and f(n) = 0 for n even by part (a) of that exercise.

Since {z € ID : Imz = 0} = {1,—1} has o-measure 0, we have |f| = 1 almost everywhere, so
f € L?(0D) and ||f||3 = 0(0D) = 1. By 11.30 the family {2"},cz is an orthonormal basis of L?(dD),
and (f,z") = f(n) by the definition 11.7, so 8.63(c) gives

oo

LSRN 4 8 1
L=3=Y Ifm)P=2 W=ﬂk§w,

n=—o0o k=0

the regrouping into pairs +n being legitimate for a family of nonnegative numbers. Hence the sum
equals 72 /8.

(e.9]
1
Problem 11B.3. Use techniques similar to Example 11.32 to evaluate Z —
n
n=1
[If you feel industrious, you may also want to evaluate > - 1/ n®. Similar techniques work to
evaluate » 2 1/ n¥ for each positive even integer k. You can become famous if you figure out how
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to evaluate Y °° | 1/n3, which currently is an open question.]

Solution. >°°°  1/n* = 74/90. Apply Parseval to f(e*) = t* on (—m,n], which is bounded and
measurable, hence in L?(9D).
Directly, f(0) = 5= [T t*dt = %2 For n # 0, oddness of t?sin(nt) and the antiderivative

t?sin(nt)  2tcos(nt)  2sin(nt)

/t2 cos(nt) dt = + 5

n n

(which vanishes at 0 and equals 27(—1)"/n? at ) give

]?(n) _ ! /7r t2 cos(nt) dt = 5
0

s

~

Since {z"}nez is an orthonormal basis by 11.30 and (f, z") = f(n), Parseval 8.63(c) gives

4 ™ 4
0 B 9 (dt o
9+8n§j P = §: Fool =513 = [ o5 =%

whence 3, n~t=irt(l - %) ==*/90.
For 322, 1/n% take g(e) = t3. Then g(0) = 0 by oddness, and for n # 0, using [ ¢*sin(nt)dt =

_ +3 cos(nt) + 32 s’rllg(nt) + 6t less(nt) 6 Sln(nt) (Check')
. em 9
i) = 5 [ sintory e =i (T - ).

Summing |g(n)|?> = Z—; — 12—12 + % over n # 0 (three absolutely convergent series) with ((2) = 72/6

from Example 11.32 and ((4) = 7*/90, Parseval gives
6 o0 ™ 6
7 1 dt
=+ n§:1 5 = llgll2 /Tr 5y =

SO anl n6= 7127r6(% %) = 70/945.

Problem 11B.4. Suppose f,g: D — C are measurable functions. Prove that the function (w, z) —
f(w) g(zw) is a measurable function from 9D x 9D to C.
[Here the o-algebra on 0D x JD is the usual product o-algebra as defined in 5.2.]

Solution. Everything reduces to one claim: the map m(w,z) = zw from 9D x ID to ID is S ® S-
measurable, where S is the o-algebra of 11.4.

Write ¢(t) = e for the bijection (—m,7] — 0D and B for the Borel subsets of (—m,7]; by 11.4,
S={E:p YE)e B} ={p(B): B B}. Let ¢(s,t) be the representative of t — s in (—m, 7], so that
wo1 =mo (px )by 2r-periodicity of ¢®.

(i) v~Y(B) € BB for B € B. Each h.(s,t) =t — s+ c is B® B-measurable by 2.46(a) (the coordinate
maps are, their inverse images being measurable rectangles), and since t — s € (—2m, 27),

3
U D ﬂh ) (01,62,63) = (27[',0, —271'),

where D1, Dy, D3 are the hg-inverse images of (—oo, —m], (—m, 7], (7, 00).

(ii) C € B® B implies (¢ X ¢)(C) € S®S. The collection of such C' is a o-algebra, because ¢ X ¢ is a
bijection, so taking images commutes with complements and unions; and it contains every measurable
rectangle, since (¢ X ¢)(B1 X Ba) = ¢(B1) X ¢(B2).
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For E € S put B = o 1(E) € B. Bijectivity of ¢ x ¢ and the identity ¢ oty = m o (¢ x @) give
m~YE) = (¢ x ¢)(¢"1(B)), which lies in S ® S by (i) and (ii). This proves the claim.

Hence (w, z) — g(zw) = (g o m)(w, z) is measurable, and so is (w, z) — f(w) (inverse images of its
real and imaginary parts are measurable rectangles). Their product is measurable by 2.46(a), applied
to the real and imaginary parts of f(w)g(zw).

Problem 11B.5. Where does the proof of 11.42 fail when p = co?

Solution. At the very first step: the choice of a continuous g on 0D with ||f — g||, < €. Continuous
functions are dense in LP(0D) for p € [1,00) but not in L*>(0D).
Nothing else in the proof uses p < oo:
o the triangle inequality [|f — P flloc < [|f = glloc + 19 — Prglloo + | Prg — P f||oo holds in any normed
space;
o 11.18 supplies R € [0,1) with ||g — Prg||cc < € for r € (R, 1), for continuous g, with no reference to
p;
e P(g—f)=PFP x(9g—f)=(g9— f)=* P by 11.35 and commutativity of convolution 11.41, which
needs only that both functions lie in L!(9D);
o 11.38 is proved for all p € [1,00], giving || P * (9 — f)lloo < |1 Prll1llg — flloo;
o ||Pr][1 =1 by 11.16(a) and 11.16(Db).
The gap is not an artifact: the conclusion of 11.42 itself is false for p = oo, by Exercise 12(d) in Section
11A.

Problem 11B.6. Suppose f € L'(0D). Prove that f is real valued (almost everywhere) if and only
1ff( n) = f( ) for every n € Z.

Solution. Both directions follow from Exercise 1 in Section 11A, which states that ?( ) = f( n) for
every n € Z (note f € L'(0D) since |f| = |f]).
If f is real valued almost everywhere then f = f in L'(dD), s

f@Jz?mw:Y—m,

and conjugating gives f ( n) = f(n)

Conversely, if f( n) = f( ) for all n, then conjugating gives f (n) = ( n) =

n) = f f(n), so by linearity of
h s h(n) every Fourier coefficient of f — f € L'(9D) vanishes. By 11.43, f = f a

Imost everywhere.

Problem 11B.7. Suppose f € L'(0D). Show that f € L?(dD) if and only if Z ]]?(n)|2 < 00.

n=—oo

Solution. If f € L?(0D) then Z |f(n)|2 = |Ifl? < oo by Parseval 8.63(c), since {z"},cz is an
orthonormal basis by 11.30 and f ( )= (f,2").

Conversely, suppose f € L'(dD) with >, [f(n)|? < co. As L?(dD) is a Hilbert space (complete by
7.24) in which {2"} is orthonormal (11.6), 8.58(a) makes the unordered sum

9= fn)"

ne”L

converge in L?(9D). For m € Z and finite Q 3 m, orthonormality gives (3", . f(n)z”, 2™) = f(m), so

by Cauchy—Schwarz
[(g,2™) = Fm)| < [lg = 3 =
neQ)

~

which can be made arbitrarily small; hence g(m) = f(m) for all m. Now g € L?(0D) C L' (D), the
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inclusion by 7.9 with ¢(0D) = 1, so f — g € L'(0D) has all Fourier coefficients 0; by 11.43, f = ¢
almost everywhere, and so f € L?(9D).

Problem 11B.8. Suppose f € L?(9D). Prove that |f(z)| = 1 for almost every z € D if and only
if
= 1 ifn=0,
Y fk) f(k—n)= .
R 0 ifn#0
for all n € Z.

Solution. Both directions come from the identity

Py =Y fk)f(k—n) (nem)

k=—o0

together with 1(n) = (2°, 2"), which is 1 for n = 0 and 0 otherwise by orthonormality 11.6.

To prove the identity, fix n and set g = 2"f € L*(9D) (as |2"| = 1). Since 2"z* = ¥ on 9D, we
get g(k) = f(k—mn). The family {z*};cz is an orthonormal basis by 11.30, so Parseval 8.63(b) applied
to the pair f, g gives

SO F ) Fli—n) = (f.9) = /B 7Pz do = [fP(n),

k=—o00

where |f|? € L'(0D) by Cauchy-Schwarz, and the series converges absolutely by Cauchy-Schwarz in
(?(Z) using Bessel 8.57.

(i) If | f] = 1 almost everywhere then |f|> = 1, so the left side equals 1(n) for every n, which is the
displayed condition. (ii) If the condition holds then |f|*> — 1 € L'(0D) has all Fourier coefficients 0 by
11.9(a) and 11.9(b), so |f|* = 1 almost everywhere by 11.43.

Problem 11B.9. For this exercise, for each r € [0, 1) think of P, as an operator on L?(9D).
o (a) Show that P, is a self-adjoint compact operator for each r € [0,1).
o (b) For each r € [0,1), find all eigenvalues and eigenvectors of P,.
* (c) Prove or disprove: lim,41 || — P,|| = 0.

Solution. In the orthonormal basis {2"},ez of L?(dD) (11.30), P, is the diagonal operator
Pef(n) =" f(n)  (ne2),

since the series of 11.11 converges uniformly on 9D, hence in L? as o is a probability measure. Parseval
8.63(c) then gives || P, fll2 < || f|l2-
(a) Self-adjoint: by Parseval 8.63(b),

o0

(Pefog)= > rI"fm)g(n) = (f, Prg),

n=—oo

cach 71"l being real. Compact: let Ty f = Z‘ n|<M " f(n)z", which is bounded with finite-dimensional
range, hence compact by 10.67. Parseval gives ||(P. — Th)f||3 = D jn|>M P2l ()2 < P2MAD| 7113,

o ||P, — Tor|| < 7™M+ — 0 as r < 1; now 10.69(a). A
(b) Comparing Fourier coefficients, P,.f = \f forces f(n) = 0 whenever r*l # X so any A ¢ {rI"l}
gives f = 0 by 11.43; and each "l is an eigenvalue with eigenvector z".

e (i) 7 € (0,1): the eigenvalues are 1,7,72,..., with eigenvectors the nonzero constants for A\ = 1
and the nonzero elements az™ + bz~ of span{z™,z"™} for A = ™, m € Z*. Here 0 is not an
eigenvalue.
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o (ii) » =0: Pof = (f,1)1 is the orthogonal projection onto the constants, with eigenvalue 1 (eigen-
vectors the nonzero constants) and eigenvalue 0 (eigenvectors the nonzero f with f(0) = 0).

(¢) False: ||[I —P,|| = 1 for every r € [0,1). Indeed I — P, is diagonal with entries 1 — /"l € [0,1], so

|I —P,|| <1 by Parseval, while ||(I —P,)2"|]2=1—7" = 1 asn — oo and ||z"||]2 = 1.

Problem 11B.10. Suppose f € L*(0D). Define T: L?>(0D) — L*(0D) by Tg = f * g.
o (a) Show that T is a compact operator on L?(0D).

b) Prove that T is injective if and only if f(n) # 0 for every n € Z.

¢) Find a formula for 7.

d) Prove: T is self-adjoint if and only if all Fourier coefficients of f are real.

e) Show that 7" is a normal operator.

o
o
o
(

Solution. By 11.44, T is the diagonal operator 7/’\9( )= f
of 11.30; it maps L?(0D) into itself because L?(0D) C L
gives [|[Tg|l2 < [|fll1llgll2- Throughout we use Parseval 8.63
determine an element of L'(9D) (11.43).

(a) Set enr = supj,>m |£(n)|, which tends to 0 by the Riemann-Lebesgue Lemma 11.10. With Qy/
the orthogonal projection onto span{z" : |n| < M}, the operator QT has finite-dimensional range,
hence is compact by 10.67, and Parseval gives

(n)g(n) in the orthonormal basis {z"},ez
L(@D) (o is finite) and 11.38 with p = 2
(c) and the fact that Fourier coefficients

T —QuDglz = Y 1fm)P1gn) < e3llgl3-

|n|>M

So [T — QuT| <epm — 0, and T is compact by 10.69(a).
(b) If f(m) = 0 then all Fourier coefficients of T2 vanish (those with n # m because z™(n) = 0 by
11.6), so Tz™ = 0 by 11.43 with z™ # 0. Conversely, if every f(n) # 0 and T'g = 0, then g(n) =0 for
all n, so g =0 by 11.43.

(c) T*h = f# *h where f#(z) = f(%); equivalently ﬂ( ) =
faD fatha applied to |f| this puts f# in Ll(

f#( ) f( ) Hence, by Parseval 8.63(b) and 11.44 twice,

h(n). Taking z = 1 in 11.17 gives
);

n)
D), and applied to f(¢)¢™ it gives

oo

(Tg,hy = Y g(n)f(n)h(n) = (g, f* * h),

n=—oo

the sums converging absolutely since {f(n)} is bounded by 11.9(c) while {j(n)}, {h(n)} € (%(Z). As
h + f# x h is bounded on L?(9D), uniqueness of the adjoint gives the formula; unwinding with 11.17
once more,

(T*h)(2) = Flw) h(zw) do(w).

oD
(d) If T = T*, comparing the m-th Fourier coefficients of Tz™ and T*z™ (and 2™ (m) = 1 by 11.6)
gives f(m) = f(m), so every f(m) is real. Conversely, if every f(n) is real then ﬁ(n) = f(n), so
f*=fbyl11l43 and T* =T.
(e) By (c) and 11.44, T/T*\g(n) = |f(n)|24(n) = 7{*T\g(n) for every n, so TT*g = T*Tg by 11.43.

Problem 11B.11. Show that if f,g € L}(0D) then

1

P9y )= 5- [ F@)a(t—a)da,

for those ¢ € R such that (f * g)(e) makes sense; here (f * ¢)™, f, and § denote the transfers to the
real line as defined in 11.24.
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Solution. Put z = e and apply the transfer of integration recorded after 11.4 to w — f(w)g(zw), the
integrand in the definition 11.36 of convolution. Writing w = e gives zw = 't~%) 5o the integrand
transfers to f(x) g(t — x) and

T

(fx9)~(t) = | [f(w)g(zw)do(w) f(x) g(t — ) dz,

oD 27 -

for exactly those t at which (f * g)(e®) makes sense, which by 11.37 is almost every ¢. (Here §(t — ) is
unambiguous because g is 2m-periodic, and w — g(zw) is measurable since w — zw corresponds under
11.2 to  + t — x modulo 27.)

Problem 11B.12. Suppose 1 < p < co. Prove that if f € LP(dD) and g € L (9D), then f % g is a
continuous function on dD.

Solution. Everything follows from continuity of translation: writing h,(w) = h(zw), the map z — h,
is continuous from 0D into LY(0D) whenever ¢ < oo and h € LY(9D).

Note first that ||h;||; = ||h||q for every ¢ € [1,00], by 11.17 applied to |h|? when ¢ < oo and because
w +— zw preserves null sets when g = co. Hence 7.9 gives, for each z,

/8D |[f(w)g(zw)| do(w) < |[fllp |9zl = | Fllp lgllr < o0,

so (f % g)(2) is defined at every point of 9D.
For the claim, fix zp and € > 0, and (continuous functions being dense in L?(9D) for ¢ < oo, as used
in the proof of 11.42) pick ¢ continuous with ||k — ¢||, < €. Since ||k, — ¢.|lq = ||h — ©l|g,

b — hZOHq < 2+ |z — (onHq <2+ |z — ‘Pm”oo’

using 0(0D) = 1. As |2w — zpw| = |z — 2¢| for all w, and ¢ is uniformly continuous on the compact
set 0D, the last term tends to 0 as z — zg. Since € was arbitrary, ||h, — hzllq = 0.
At least one of p,p’ is finite. (i) If p’ < oo, then 7.9 gives

[(F+9)(2) = (f * 9)(z0)| < fllpllgz = gzolly — 0

as z — zg, by the claim with h = g, ¢ = p’. (ii) If p’ = 0o then p = 1, and since f*xg = g f by
11.41 (applicable as LY(9D) C L'(AD) for finite o), the same estimate with the roles reversed gives
(g% f)(z) — (g% f)(20)] < |lglloc|lfz — fzll1 = 0. In both cases f * g is continuous.

Problem 11B.13. Suppose g € L'(dD) is such that §(n) # 0 for infinitely many n € Z. Prove that
if f € LY(OD), then f x g # g.

Solution. Suppose f * g = g for some f € L'(0D). Taking Fourier coefficients, 11.44 gives
(f(n)=1)gm) =0  (neD),

so f(n) =1 on the set S = {n : §(n) # 0}, which is infinite and hence unbounded. Choosing ny, € S
with |ng| — oo contradicts the Riemann-Lebesgue Lemma 11.10, which forces f(ny) — 0.

Problem 11B.14. Show that there exists a two-sided sequence ..., b_9,b_1,by,b1,bo,...such that
lim,, s +00 by, = 0 but there does not exist f € L*(0D) with f(n) = b, for all n € Z.

Solution. Such a sequence exists because the map ®(f) = (f(n))nez from L'(OD) to co(Z) is not
surjective, where c¢o(Z) is the space of two-sided sequences tending to 0 at +oo under the supremum
norm.
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Both spaces are Banach: L'(0D) by 7.24, and co(Z) as a closed subspace of £*°(Z) (a uniform limit
of sequences vanishing at infinity vanishes at infinity). The map ® lands in ¢y(Z) by the Riemann—
Lebesgue Lemma 11.10, is linear by 11.9(a) and 11.9(b), is bounded by 11.9(c), and is injective by
11.43. So if ® were surjective, the Bounded Inverse Theorem 6.83 would supply ¢ € (0, 00) with

Iflh < esup|f(n)|  forall f e LY(AD).
ne”Z

The Dirichlet kernels Dy (z) = ZQ/[:— a 2" refute this. They are continuous, and by 11.6 their Fourier
coefficients are 1 for |n| < M and 0 otherwise, so the right side above would be ¢ for every M. But
summing the geometric series gives Dys(e) = sin((M + 3)t)/sin %, so by Exercise 11(b) in Section

11A,
|Darlh = /

as M — oo. Hence ® is not surjective, and any b € ¢o(Z) outside its range is the required sequence.

dt
— — 0
2T

sin((M + $)t)
Sin%

Problem 11B.15. Prove that if f,g € L?(0D), then

o

fa(n)= > f(k)g(n—k)

k=—o00

for every n € Z.

Solution. Fix n and set h(z) = g(z) 2", so that h € L*(0D) with h(z) = g(z)z™ and hence
fo(n) = - f(2)g(2)z" do(z) = (f, h).

(Here fg € L'(OD) by 7.9.) Since zZ = 1 on 9D,
() = [ g2 do(2) = G B
oD

The family {z*}1cz is an orthonormal basis by 11.30, so Parseval 8.63(b) gives

o0

fon)=(f.h)y = > Fhyhk) = > fk)a(n—k),

k=—00 k=—oc0

the series converging absolutely by Cauchy-Schwarz in £2(Z) together with Bessel 8.57, since k — n—k
is a bijection of Z.

Problem 11B.16. Suppose f € L1(0D). Prove that P,.(Psf) = Prsf for all r,s € [0,1).

Solution. Both sides have the same Fourier coefficients, namely (rs)/"! f(n).

Indeed, the series >, /™l f(m)2™ of 11.11 converges uniformly on 9D (its terms are dominated by
| £|l1s!™), so it may be integrated termwise against Z™; orthonormality of {2™}nez (11.6) then leaves
one term:

i) = s"j(n)  (ne).

Uniform convergence also makes P, f continuous, hence in L'(9D), so 11.11 applies to it and gives, for
z € 0D,

e}

(Pr(Psh))(2) = > riMlsll fn)z" = (Prof)(2),

n=—0oo
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by 11.11 again with rs € [0,1).

Problem 11B.17. Suppose p € [1,00] and f € LP(9D). Prove that if 0 <r < s < 1, then

1Prfllp < 1Psflp-

Solution. Factor P, through Pg: since 0 < r < s < 1 we have ¢t :=r/s € [0,1), and Exercise 16 in this
section gives

Pt(Psf) = ptsf = Prf

(Here f € L*(dD) because || f|l1 < ||f|l, by 7.9, o being a probability measure.)
Now P, does not increase the LP-norm. Indeed 11.35 says Pig = g * P;, which equals P, x g by 11.41;
the Poisson kernel is continuous and positive with ||P||; =1 by 11.16(a) and 11.16(b); so 11.38 gives

1Pegllp = 152 gllp < 1 Pell1 [lglly = llgllp-

Apply this with g = Py f, which lies in LP(0D) because the series of 11.11 converges uniformly on 0D,
making P f continuous hence bounded. Combining the two displays gives [Py fl|, < [|Psf]lp-

Problem 11B.18. Prove Wirtinger’s inequality: If f: R — R is a continuously differentiable 2-
periodic function and ["_ f(t) dt = 0, then

/ " (f(0) de < / (),

—T —T

with equality if and only if f(¢) = asin(t) + bcos(t) for some constants a, b.

Solution. Transfer to the circle: let F(e) = f(t), well defined by 27-periodicity, so F = fand F
is once continuously differentiable in the sense of 11.24, with FI!(e'*) = f/(t). Both are continuous,
hence in L?(9D), and by the transfer of integration after 11.4,

1 vy
IFI =5 [ f0Pde P = o [

The hypotheses read F/(0) =5 [T f=0and, by 11.26 with k = 1, F[l]( ) = inE(n).

Since {z"}nez is an orthonormal basis by 11.30, Parseval 8.63(c) applied to F and to FI! gives, both
sums being finite,

[FOE — 713 =" (02 - 1)|F(n)|* > o,
n#0

using F(0) = 0 to drop the n = 0 term from | F 3. Multiplying by 27 gives Wirtinger’s inequality.
Equality forces every term to vanish, so F'(n) = 0 for |n| > 2 as well as for n = 0. By 11.31 the Fourier
series converges to F in L2(0D), so F(z) = F(1)z + F(—1)z almost everywhere, hence everywhere:
both sides are continuous, so the set where they differ is relatively open, and a nonempty relatively open
subset of D has positive o-measure by 11.4. Since f is real valued, F(—1) = |. op F(2)zdo(z) = F(1),
so writing F(1) = o — i3,

flt)y=2 Re(ﬁ'(l)eit) = 2@sint 4 2« cos t.
Conversely, for f(t) = asint+ bcost we have f'(t) = acost —bsint, and [7_sin® = [7_cos® = 7 with
J7_sintcostdt = 0 make both sides equal m(a? + b?).
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11.3 Exercises 11C

Problem 11C.1. Suppose f € L'(R). Prove that ||f|jec = || f||1 if and only if there exists ¢ € OD
and t € R such that (f(z)e”® > 0 for almost every = € R.

Solution. Suppose first that (f(z)e™#* > 0 almost everywhere for some ¢ € D, t € R. Since
|Cf(z)e~| = | f(z)], that hypothesis says ¢ f(z)e~"* = | f(x)| almost everywhere, so with sq = t/(27),

F(s0)] = ]4‘ | st aal = sl

Hence || f|los > ||f]l1, and the reverse inequality is 11.49.

Conversely, suppose I flloo = [[f]l1; we may assume || f||; > 0, since otherwise ¢ = 1, ¢ = 0 works. As f
is continuous, || f||s = sup, |f(s)| (a continuous functlon exceeding ¢ somewhere exceeds ¢ on a set of
positive measure). By 11.49 there is M with |f(s)| < Il f|l1 for |s| > M, so the supremum is attained
on the compact interval [—M, M], say at s, g1v1ng |f(so)| =|fl-

Write f(so) = A||fll1 with [A\| =1, and set { = A, t = 27sq, g(x) = (f(z)e "®. Then |g| = |f| and

/ " g(@)dz = A f(so) = ||l = / " lo(@)) de

Taking real parts, the nonnegative function h = |g| — Reg € LY(R) has [h = 0, so h = 0 almost
everywhere by Markov’s inequality 4.1 applied with ¢ = 1/n and countable subadditivity. Where
Reg(z) = |g(z)| we get (Img(x))? = 0, hence g(z) = |g(x)| > 0; that is, (f(x)e ™ > 0 almost
everywhere.

Problem 11C.2. Suppose f(z) = ze~™ for all z € R. Show that f = —if.

Solution. Apply 11.50 to ¢(z) = ™", taking g(z) = zp(x) = f(z); both ¢ and f lie in L'(R), since
e |x]e_7”‘32 dx =1/m < 00. As ¢ = ¢ by Example 11.51, for all t € R

—2mi f(t) = (2)'(t) = ¢'(t)

= —orte T,

Dividing by —27i and using 1/i = —i gives f(t) = —ite ™ = —if(t).

Problem 11C.3. Suppose f(x) = dnx2e ™ — e=™2” for all x € R. Show that f = —f.

Solution. Write f = 4nfo — ¢, where p(z) = e~ and fre(z) = EL‘ke 2. each lies in LY(R), being
continuous with decay faster than any power of 1/|z|. By 11C.2, fi(t) = —ite~ ™", so applying 11.50
to f1 with g = fo € Lt (R),
—2mi fa(t) = (f1)'(t)
= (=i + 2rit?)e ™,

whence fs (t) = (i — t2) —mt* Since @ = o by Example 11.51, linearity of the Fourier transform gives,

for all t € R, o
f(t) = am fo(t) — (1)
= (2 — 47Tt2)677rt2 — T’
= —(47Tt2€_7rt2 - e_m2) = —f(t).
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Problem 11C.4. Find f € L'(R) such that f # 0 and f=if.

Solution. Take f(z) = (4wa3 —3x)e~ ™", which is in L' (R) (continuous, decaying faster than any power
of 1/|z|) and nonzero, as f(1) = (47w — 3)e™ ™ # 0.

With fi(x) = :L‘ke_”2, all in L'(R), we have f = 4nf3 —3f1. By 11C.2 and the computation in 11C.3,
fi(t) = —i te=™" and folt) = (% — t2)e*”t2. Applying 11.50 to fo with g = f3 € LY(R),

—2mi f3(t) = (f2)'(t)

= (271'753 — 375)6_”2,

SO fg(t) = ﬁ(Zﬂ't?’ — 3t)e_7rt2. Hence for all t € R,

f(t) = 4m fa(t) = 3 fu(2)
= i(4mt® —6t)e™™ + ite ™
— i(4nt® — 3t)e ™ = if(t).

Problem 11C.5. Prove that if p is a polynomial on R with complex coefficients and f : R — C is
defined by f(z) = p(:z:)e:”ﬁ, then there exists a polynomial ¢ on R with complex coefficients such
that degq = degp and f(t) = q(t)e~™" for all ¢t € R.

Solution. Set g, (x) = z™e~ ™" each in L*(R) by Gaussian decay; we prove by induction that g, (t) =
gn(t)e™™" for a polynomial g, of degree n with leading coefficient (—i)™.
For n = 0, Example 11.51 gives go = 1. Assuming the claim for n, apply 11.50 to g, with g = g,4+1 €
L' (R):
~ 42
(9n)'(t) = (gn(t) — 27t g (t)) ™™
= =27 gn41(1),

SO Gny1(t) = qnﬂ(t)e*”2 with gp41 = i(q; — 2t qn), a polynomial. Since ¢}, contributes no term

of degree n + 1 while ¢ ¢, (t) has degree n + 1 with leading coefficient (—i)", the polynomial ¢,+; has
degree n + 1 with leading coefficient = (—27)(—i)" = (—i)"*! # 0.

Now let p be a polynomial. If p = 0 take ¢ = 0. Otherwise write p(z) = >, _, apx® with a, # 0;
then f = > p_,argr € L'(R), so linearity of the Fourier transform gives f(t) = q(t)e™ with ¢ =
> r—oakqr- As deggr, = k < n, no power above t" occurs in ¢, and the coefficient of t" is a,(—i)" # 0;
hence degg = n = degp.

Problem 11C.6. Suppose

A 1

Solution. Everything comes from the formula fooo re % dyr = 1/a?, valid for every a € C with ¢ =
Rea > 0, applied with a = 27(1 + it).
To prove the formula, put F'(z) = —Ze™ %% — a—ge_‘w; then F'(z) = ze~* (Check!), and since |e~**| =

—CT
€ )

1
|F(z)| < L= )e ™ 50 asz — 0.
lal * laf?

The same antiderivative with a replaced by c gives fOM re~dx S 1/c?, so by 3.11 applied to
X(0,k)(z) 2~ the dominating function |re™**| = ze™“" is integrable on (0,00). Hence the Funda-
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mental Theorem of Calculus on [0, M] (applied to the real and imaginary parts of F') together with
3.31 yields

/Oooxe_‘”:dw = lim (F(M)—-F(0)) = —.

M—o0 a2

Taking a = 27 shows [~ |f] = 1/(47%) < o0, so f € L*(R). Now fix ¢ € R and take a = 2m(1 + it),
which has Rea = 27 > 0; as f vanishes on (—o0, 0],

. 0o ) 1
_ —27(14it)x —
f(t) /0 xe dz RCTCETICE

Problem 11C.7. Prove the formulas in 11.55 for the Fourier transforms of translations, rotations,
and dilations.

Solution. Each formula is the change of variable that matches it; fix f € L'(R), b, t € R.

(i) g(xz) = f(z —b). Translation invariance of Lebesgue measure (2.7) gives [*° h(u + b)du =
J75 h(z)dx for every h € LY(R): true for characteristic functions of measurable sets by 2.7 (transla-
tion carries Borel sets to Borel sets and null sets to null sets, hence measurable sets to measurable sets
by 2.70), then for simple functions by linearity, for nonnegative measurable functions by 3.11, and for
LY(R) by splitting into real and imaginary, positive and negative, parts. In particular [ |g| = [|f| < oo,
so g € L'(R). Applying this to h(z) = f(z — b)e”2™** for which h(u + b) = =27 f(y)e=27iv,

e}

90) = [ hla)do = fr),

—0o0

(ii) g(z) = e*™* f(x). Here |g| = |f|, so g € L*(R), and since e2™¥e=27ite — g=2mit=b)z,
30 = [ fa)e D dn = ).

(iii) b # 0, g(z) = f(bx). For ¢ # 0 the map I — c¢I is a bijection of the open intervals onto themselves
with ¢(cI) = |c|¢(I), carrying covers of E onto covers of cF, so the definition of outer measure (2.2)
gives |cE| = |c| |E| for every E C R; and cE is measurable whenever E is, since by 2.70 there is a Borel
B C E with |E\ B] = 0 and then ¢B C cE is Borel with |[cE \ ¢B| = |¢| -0 = 0. Hence x — ¢(bx)
is measurable when v is, because {z : ¥(bx) € B} = %{u : Y(u) € B}, and for v = xg we get
Y(b-) = X(1/b)Es 5O

/_Z¢(bx) dx = ‘%E’ - |ll)|/_z () du,

which extends to nonnegative simple functions by linearity, to nonnegative measurable 1) by 2.89 and
3.11, and to L*(R) by splitting into parts. In particular [ |g| = |Tl;\ [1f] < o0, so g € LY(R); applying
the rule to ¢(u) = f(u)e 2™ /0% for which v (bz) = f(bx)e 27",

Problem 11C.8. Suppose f € LY(R) and n € Z*. Define g: R — C by g(z) = 2" f(x). Prove that
if g € L'(R), then f is n times continuously differentiable on R and

(HP(t) = (—2mi)"4(2)

for all t € R.

Solution. Tterate 11.50 along g (x) = x* f(z) for k € {0,1,...,n}, so that gy = f and g,, = ¢g. Each g
lies in L'(R), because |z|¥ < 14 |z|™ for all = gives |gx| < |f| + |g|, an integrable bound.
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We show by induction that f is k times continuously differentiable with ( f V&) = (—27i)k gy, For k=0
this reads f = §o, and f is continuous by 11.49. Suppose it holds for some k < n. Both g; and = —
zgr(z) = gre1(z) lie in LY(R), so 11.50 makes g continuously differentiable with (g) = —2mi gr11,
and hence

(AED(E) = (=2mi) (@) (1) = (—2m) G (0,

which is continuous since gp11 € L'(R) (11.49). Taking k = n gives (f)™(t) = (—2mi)"§(t) for all
teR.

Problem 11C.9. Suppose n € Z* and f € L'(R) is n times continuously differentiable and f®) e
L'(R) for k = 1,...,n. Prove that if ¢t € R, then

—

FO(t) = (2mit)" f ().

Solution. Tterate 11.54: we show by induction that f*) () = (2mit)*f(t) for k € {0,1,...,n}, the case
k = 0 reading f: f

Suppose the formula holds for some k < n. Then f*) € L'(R) (by hypothesis, or by () = f when
k = 0); since k + 1 < n, the function f (%) is differentiable with derivative f (k+1) " which is continuous
because f is n times continuously differentiable; and f*+1 e L'(R) by hypothesis. These are exactly
the hypotheses of 11.54, which therefore gives

—

FED (1) = 2mit FE (1) = (2mit) L f (1)

for all t € R. The case k = n is the assertion.

Problem 11C.10. Suppose 1 <p < oo, f € LP(R), and g € L (R). Prove that f * g is a uniformly
continuous function on R.

Solution. Everything follows from the estimate |(f * g)(z) — (f * g)(@')| < ||gllpllf — f=nllp, Where
h=a"—x and fr(u) = f(u— h) as in Exercise 23 in Section 7A.

Lebesgue measure is invariant under ¢ — ¢ — t for each ¢ € R (translation invariance is 2.7, and
(—1I) = £(I) for open intervals gives invariance under ¢ — —t; both maps preserve measurability), so
|lu(c—-)|lg = |lullq for every g € [1,00]. Hence for each x, since ||g(z — )|y = [|g]|,7, Holder’s inequality
(7.9) puts t — f(t)g(z —t) in L'(R) with integral of modulus at most ||f||,|lgl,; thus (f * g)(x) is
defined for every x.

Because %—i—z% = 1, at most one of p, p’ equals co, and fxg = g* f by 11.65, so interchanging (f, p) with
(g,p) if necessary we may assume p < co. For z, 2’ € R and h = 2’ —z we have f(a’ —t) = f_p(x —1),

so 11.65 followed by 7.9 and the invariance above gives

(9@~ ()@ =| [ 907 - fa)la -ty
< gl 17 = Sl

Now let ¢ > 0, and assume ||g|[,y > 0 (otherwise f x g = 0). Since 1 < p < oo, Exercise 23(a) in
Section 7A makes h — || f — f1||, uniformly continuous, and it vanishes at A = 0; so there is § > 0 with
If = f=nllp < €/llglly whenever |h| < §. The display then gives |(f * g)(x) — (f * g)(2")| < € whenever
|x — 2’| < §, with § independent of x.

Problem 11C.11. Suppose f € L>®(R), z € R, and f is continuous at z. Prove that

lim (P, f)(z) = f().

yJ0
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Solution. Since f € L®(R) and P, € L'(R), the convolution P, f = f x P, is defined at every point
(11.70 with p = 00) and 11.65 writes it as (P, f)(z) = [0 P, (t)f(z —t) dt.

Continuity at z forces |f(x)| < || f|loo: given € > 0, continuity supplies § > 0 with |f(z) — f(z)| < ¢ for
|z — x| < 0, and since (x — d,x + 0) has positive measure while |f| < ||f|lcc almost everywhere, some
such z has |f(2)] < ||flloo, whence |f(x)| < ||fllec +¢. Hence |f(z —t) — f(x)] < 2| f|loc for almost
every t.

Fix e > 0 and take 6 > 0 with |f(z —t) — f(x)| < € whenever [¢| < §. Using P, > 0 and [* P, =1
(11.69(a),(b)) and splitting at |t| =,

(P = S@] < [ 1@ —1) = @) Pyfe) d

< e+2ufuoo/ P, (1) dt
{t:|t|>d}

for every y > 0. The last integral tends to 0 as y | 0 by 11.69(c), so the limit superior of the left side
is at most €; as € was arbitrary, limyo(Py f)(z) = f(z).

Problem 11C.12. Suppose p € [1,00] and f € LP(R). Prove that Py(Pyf) = Pyt f for all
/
y,y > 0.

Solution. The identity is the semigroup law P, * Py = P, transported through Fubini; p’ is the
conjugate exponent.
First, P, € LI(R) for every ¢ € [1,00]: by 11.68, 0 < Py(x) < ﬂ—ly, while || P,|l1 =1 by 11.69(a),(b), so

1P,||4 < ||P,]|& 1| P,]l1 < oo when ¢ < oo. Hence for g € LP(R), 11.64 and 11.65 give

Pyglly = 118y * gllp < [[Pyll1 llglly = llgllp,

so Py f € LP(R) and Py (P, f) is defined everywhere (P, € L” (R) with 7.9).
For the semigroup law, P, * P, and P,/ both lie in L'(R) (11.64 with p = 1), and 11.66 with 11.79
gives

Py« Py(t) = e~ 2multlg=2myltl = Pyiy (1),

so their difference has Fourier transform 0 and 11.80 makes them equal almost everywhere. Both are
continuous (P4, visibly; P, * Py by 11C.10 with exponents 1 and oco), hence equal everywhere.

Fix x € R. The nonnegative F(s,t) = |f(t)|Py (s — t)P,(z — s) is product measurable (a function of ¢
alone times continuous functions of (s,t)), so Tonelli (5.28) and then Hélder (7.9) give

/_C:/OO F(s,t)dtds = /OO Py(z —s) (If| * Py)(s)ds

—00 —00

< 1Pyllpr 1 £1lp < o0,

using ||| f|* Py p S | fllp and || Py(x — )|y = || Pyllpr (Py is even and 2.7 applies). Hence Fubini (5.32)
permits the interchange below, and the substitution » = s — ¢ (again 2.7) identifies the inner integral:
(o] oo
PPy @) = [ 1O Pyt =) Pyt = 9 ds)
— —00

_ /OO F(t) (Py * P,)(w — t) dt
= /_OO f(t) Py+y/($ - t) dt = (Py-i-y’f) (.T),

the last line by the semigroup law together with 11.65.
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Problem 11C.13. Suppose p € [1,00] and f € LP(R). Prove that if 0 < y < %/, then

1Py fllo = [Py fllp-

Solution. Set s =y —y > 0, so that Py f = Ps(P,f) by 11C.12.
Each P is a contraction on LP(R): since ||Ps|[1 = 1 by 11.69(a),(b), results 11.64 and 11.65 give
Psg = Psx g € LP(R) with [|Psglly < [[Psll1llglly = llgllp for every g € LP(R). Applying this with
=Py, f € LP(R),
1Py fllp = IPs(Pyf)llp
<Py fllp-

Problem 11C.14. Suppose f € L'(R).
(a) Prove that f(t) = f(—t) for all t € R.
(b) Prove that f(z) € R for almost every = € R if and only if f(t) = f(—t) for all t € R.

Solution. (a) Conjugation commutes with the integral, and e=2mi(-t) = ¢=27i% oo for t € R

it = [ Fweeor

— [ty an =70,

)

(b) If f is real almost everywhere, then f = f as elements of L' (R), so f = f and (a) gives f(t) = f(—t)
for all ¢. R

Conversely, if f(t) = f(—t) for all ¢, then (a) rewrites this as f = f; by linearity the function f — f €
LY(R) has Fourier transform identically 0, so 11.80 gives f(z) = f(z) for almost every z, that is,
f(x) € R for almost every .

Problem 11C.15. Define f € L'(R) by f(z) = e_z4X[O,oo) (). Show that f ¢ L(R).

Solution. If fwere in L'(R), then f would agree almost everywhere with a continuous function, which
is impossible because f jumps by 1 at the origin.
In detail, suppose f € L*(R) and set h(z) = (f)A(—.CC) =/ F(t)e*™t 4t continuous by 11.49 applied
to fe L'(R). Since f, fe L'(R), the Fourier Inversion Formula (11.76) gives f = h on a set E with
IR\ E| = 0. For each n € Z* the intervals (0, 1) and (—1,0) have positive measure, hence meet F;
choose a, and b, in them. Then a,, b, — 0 while

h(an) = flan) = e — 1, h(b,) = f(by) =0,

so continuity of h at 0 forces 1 = h(0) = 0, a contradiction.

Problem 11C.16. Suppose f € L*(R) and fe L'(R). Prove that f € L?(R) and fe L2(R).

Solution. The hypotheses force f to be bounded, and a bounded function in L'(R) lies inALQA(]R).
Since f and f are both in L'(R), the Fourier Inversion Formula (11.76) gives f(z) = (f) (—z) for

almost every z, while the definition of the Fourier transform bounds !(j?)A(s)‘ < |Iflli for every s.
Hence || flloo < [If [l1 < o0, s0

I1£113 =/ [f@)]|f (@) dz < || flloll £l < o0,

—0o0
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giving f € L2(R). Thus f € L'(R) N L%(R), so Plancherel’s Theorem (11.82) gives ||f [|l2 = || f]l2 < oo,
whence f € L*(R).

Problem 11C.17. Prove there exists a continuous function g : R — R such that . ligl g(t) =0 and
— 00

g¢ {f:feL'R)}.

Solution. Take the odd function

— ift>2
1ogtt

g(t) = if0<t<?2
2log 2 Hostss
—g(—t) ift<O.

The two formulas agree at ¢ = 2 and ¢g(0) = 0, so g is continuous and real valued on R, with g(¢) — 0
as t — +oo. Its operative feature is the divergence property

T
lim / @dt:oo,
1 t

T—o00

since g(t)/t is bounded on [1,2] while [,* tl‘étgt = lim7 0 (loglog T — loglog 2) = oo.

We need one lemma: S(A4) = fOA Y gy (integrand 1 at u = 0) has M := sup ¢ |S(A4)| < co and a
finite limit L at co. Indeed |S(A)| <1 for A <1, while for A > 1 integration by parts gives

Aginu cos A A cosu
du =cosl — — —5— du,
1 u A 1 u

of absolute value at most 1+ 1+ floo u=?du = 3, so |S| < 4; and the right side converges as A — oo
because % — 0 and floo €25 du converges absolutely.

Suppose now f € LYR) satisfies f = g¢g. Reflection invariance of Lebesgue measure gives
75 f(—r)e ™ de = f(—t), so fi(z) = w is an odd element of L'(R) with fi(t) =
% = g(t). Write fi = u + v with u,v € L'(R) real valued and odd. For any real odd
w € LY(R),
w(t) = —Qi/ w(x) sin(27tx) dx,
0

because © — w(x)cos(2ntx) is odd and integrable (so integrates to 0) while x — w(x)sin(27tx)
is even. Hence g = 4 + 0 = —2iA(t) + 2B(t) with A, B the real numbers [;° usin(2wtz)dz and
fooo vsin(2rntx) dx; as g is real valued, taking real parts gives

g(t) = 2/ v(z) sin(27tx) dx for all t € R.
0

Fix T'> 1. The function (¢,z) M is product measurable on [1,7] x (0,00) (continuous
in (¢,x) times measurable in x), Lebesgue measure is o-finite, and Tonelli (5.28) bounds its absolute

integral by ||v|[1logT < oo; so Fubini (5.32) permits the interchange
T o) T &
t 27t
/ gi)dt:2/ o(z) Or(x)de,  Bp(x) :/ Wdt.
1 0 1

For x > 0 the substitution v = 27tz turns &7 (x) into S(27Tz) — S(2wz), so |®r| < 2M and Or(z) —
L — S(2nx) as T — oo. Hence for any sequence T,, — oo, the Dominated Convergence Theorem (3.31)
with dominating function 2M|v| € L'(R) gives

Tn oo
lim g(tt) dt = 2/0 v(z)(L — S(27z)) de,

n—oo 1

a real number of modulus at most 4M ||v|[1. This contradicts the divergence property, so no f € L'(R)
has f = g.
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Problem 11C.18. Prove that if f € L'(R), then || |j2 = || fl2-

[This exercise slightly improves Plancherel’s Theorem (11.82) because here we have the weaker hy-
pothesis that f € L!(R) instead of f € LY(R) N L3(R). Because of Plancherel’s Theorem, here you
need only prove that if f € L'(R) and || f||2 = oo, then ||f |2 = co.]

Solution. Plancherel’s Theorem (11.82) settles the case || f||2 < oo, so it suffices to prove || f||2 < 1f Il2,
with || - |2 € [0, 00]; the case || f|l2 = oo then forces ||f ||2 = oc.

Fix y > 0 and let P, be the Poisson kernel (11.68). Then ||P,|; = 1 by 11.69(a),(b), and P, € L*(R)
because 0 < P, < %y and Py(r) < 5 for x # 0; so 11.64 applied twice with f in the L' slot gives
If* Pyllr < [[fll1]|Pyll1 and ||f */\PyHQ < | fll1]|Pyll2, both finite. Hence 11.82 applies to f * P, €
LY(R) N L2(R), and since (f * P,) (t) = f(t)e~?™I1 by 11.85 (that is, 11.66 with 11.79),

1 # Pyll2 = (/OO |F(£)[2e— vl dt)“

—00

< | f 2

By 11.74 with p = 1 we have || f — f* Py|li — 0 as y | 0, so choosing y, — 0 and passing to a
subsequence by 7.23 gives (f * P,,)(x) — f(z) for almost every x. Fatou’s Lemma (Exercise 17 in
Section 3A), applied to the nonnegative functions |f * P,, |?, therefore yields

I£113 < Liminf[|f + Py, |15 < |17 13-
n—oo

Problem 11C.19. Suppose y > 0. Define an operator T on L?(R) by Tf = f * By

(a) Show that T is a self-adjoint operator on L?(R).

(b) Show that sp(T) = [0, 1].

[Because the spectrum of each compact operator is a countable set (by 10.93), part (b) above implies
that 7" is not a compact operator. This conclusion differs from the situation on the unit circle—see
Exercise 9 in Section 11B.]

Solution. (a) The Poisson kernel P,(z) = %wgzyg (11.68) is real valued and even, with ||P,|1 = 1 by
11.69(a),(b); so 11.65 and 11.64 give [|[T'f|l2 = ||Py * fll2 < [|Pyllillfll2 = || f||l2, making T" a bounded
linear operator on L?(R) with ||| < 1.

Let f,g € L*(R). The function (¢,x) + f(t)P,(x — t)g(z) is product measurable (measurable in each
variable alone times a continuous function of (¢,z)), and Tonelli (5.28) with 11.64, 11.65, and Holder
(7.9) bounds its absolute integral by ||| f| * Py|[,llgll2 < [Ifll2llglla < co. Hence Fubini (5.32) permits

the interchange below, and P,(z —t) = P,(t — x) is real, so

wrg = [ o[ -0 g

—00 — 00

- /_OO J(®) (g Py)(0) dt = (f,Tg).

Thus T* =1T.
(b) sp(T) = [0,1]. Put m(t) = e 2™l € (0,1] and let M,,h = mh, bounded since |m| < 1. For
f € L?(R), Exercise 11C.20 with 11.65 and 11.79 gives

F(T))=F(Py*f) =Py Ff = Mn(Ff),
so FT = M,,F; as F is unitary by 11.87(a), T — Al = F Y(M,, — M ).F for every )\, and hence
sp(T) = sp(Mp).

(i) A ¢ [0,1]. Then d = inf; [m(t) — A| > dist(X, [0,1]) > 0, so —L< is bounded by 4 and My jm—») is a
bounded two-sided inverse of M, — AI; thus A & sp(M,,).
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(ii) X € [0, 1]. Choose t,, with m(t,) — A: for X € (0, 1] the Intermediate Value Theorem gives a single
t with m(t) = A, since m is continuous with m(0) = 1 and m(t) — 0; for A = 0 take t,, = n. Continuity
of m at t, supplies 9, > 0 with |m(s) — m(t,)| < % on I, = (t, — dp,tn + 9p), and the unit vectors
hn = X1,/V/20n satisty

(M~ ADYha[3 < sup m(s) = AP < (£ 4 m(ta) ~ M) — 0.

Sen

A bounded inverse S would then give 1 = ||hy|l2 < ||S|| /(M — AI)hy||2 — 0, so X € sp(My,).

Problem 11C.20. Prove that if f € L1(R) and g € L2(R), then F(f * g) = f Fg.

Solution. Truncating g reduces the identity to 11.66, and the truncations converge.

Put g, = gX[—nn)- Holder’s inequality (7.9) gives ||gnll1 < V2n|gllz < oo, so g, € LY(R) N L%(R),
while |g — gn|?> — 0 pointwise under the dominating function lg|? € LY(R), so |lg — gnll2 — 0 by 3.31.
Since f, g, € L*(R), result 11.66 gives (f * gp) = fgn, as f* g, € LY(R)NL?(R) by 11.64 with p =1
and with p = 2, the definition 11.86 turns this into

F(f *gn) = [ Fon-

Now let n — o0, By 11.64 with p = 2 we have f+g € L*(R) and |f xg— fgalls < || fll1]lg—gull2 = 0.
so, F being an isometry on L*(R) (11.82 with 11.86), F(f * g,) — F(f * g). On the other side,
1f lloo < [l f]lx by 11.49, so

1f Fg— FFanllz < 1 lsollg — gnll2 — 0.

Uniqueness of limits in L?(R) gives F(f * g) = ]‘A‘]-'g,

Problem 11C.21. Prove that if f,g € L?(R), then ﬁ = (Ff)*(Fg).

Solution. The identity is unitarity of F (11.87(a)) tested against hy(z) = g(z) e*™.

Two identities for F on L?(R) are needed; each holds on the dense subspace L!(R) N L?(R) and extends
by continuity, both sides being norm-preserving (conjugate) linear maps of L?(R) into itself (11.82,
11.86).

(A) F(h)(s) = (Fh)(—s) for almost every s; on L'(R) N L?(R) this is 11C.14(a).

(B) F(e2™® h)(s) = (Fh)(s — b) for almost every s; on L'(R) N L?(R) this is 11.55(b), the modulated
function having the same modulus as h.

Fix t € R. Then |h| = |g| puts k¢ in L?(R), and since fg € L'(R) by Hélder (7.9),

f ht / f 727rita: dax
= fg(t)
Applying (B) with b = ¢ and h = g, then (A) with h = g, gives (Fhy)(s) = (Fg)(t — s) for almost
every s. As F is unitary it preserves inner products, so

Falt) = (7.h) = (1.5} = [~ (FDo) (Fo)le - ) ds

= ((Ff) = (F9) (@),

the integral being unaffected by altering Fh; on a null set.
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12.1 Exercises

Problem 12.1. Suppose (2, F, P) is a probability space and A € F. Prove that A and Q \ A are
independent if and only if P(A) =0 or P(A) = 1.

Solution. Because AN (Q2\ A) = () has probability 0, and P(Q2\ A) = 1 — P(A) by finite additivity, the
definition of independence (12.7) says that A and Q \ A are independent if and only if

0=P(A)(1—-P(A)).

A product of real numbers vanishes exactly when a factor does, so this holds if and only if P(4) =0
or P(A)=1.

Problem 12.2. Suppose P is Lebesgue measure on [0,1]. Give an example of two disjoint Borel
subsets A and B of [0,1] such that P(4) = P(B) = 1, [0, 1] and A are independent, and [0, 2] and
B are independent.

Solution. Take
1 13 11 3
A=[03]u(z1],  B=(33]u(i1].
These are Borel, and they are disjoint because the four intervals [0, ﬂ, (%, %], (%, %], (%, 1] partition
[0, 1], with A the union of the first and third and B the union of the second and fourth. Each of the
four has measure % (2.14 with 2.68; single points are null, so included endpoints do not matter), so

P(A) = P(B) =3 = P([0,3]). Finally

P([0.5]n4) =P([0.3]) =1=3-3
P([0.3]nB) = P((1:3]) =1 =153

SO [O, %] is independent of each of A and B.

Problem 12.3. Suppose (2, F, P) is a probability space and A, B € F. Prove that the following
are equivalent.

e A and B are independent events.

o Aand Q\ B are independent events.

o 2\ A and B are independent events.

o 2\ Aand Q\ B are independent events.

Solution. All four are equivalent by one lemma: for C, D € F, the events C' and D are independent
if and only if Q \ C and D are. Indeed D is the disjoint union of C' N D and (2 \ C) N D, so
P(2\C)NnD)=P(D)—-P(CND);and P(Q\ C)P(D) = P(D)— P(C)P(D). Subtracting,

P((Q\C)nD)—P(Q\C)P(D)=P(C)P(D)— P(CnND),

so one side vanishes exactly when the other does. Independence is symmetric in its two events (CND =
DN C), so the lemma may equally complement the second event.

Now the lemma with C' = A, D = B gives (first) <= (third); with C = B, D = A, plus symmetry,
it gives (first) <= (second); and with C' = A, D = Q\ B it gives (second) <= (fourth).

Problem 12.4. Suppose (2, F, P) is a probability space and {Ag}rer is a family of events. Prove
the family {Ag}rer is independent if and only if the family {Q \ A }xer is independent.

Solution. Assume {Ag}rer is independent and prove the stronger mixed statement: for all distinct
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ki,...,kn €T and all m € {0,...,n},

n

P(@\ 4x) ﬂ Ak)zf[(l—Pmkj)) [T P4

j=m+1

with empty intersections read as {2 and empty products as 1. We induct on m; the case m = 0 is the
independence hypothesis (12.7) when n > 1, and reads P(£2) = 1 when n = 0.

Let m > 1 and set C' = ﬂ;n:_ll(Q \ Ak;) (V=11 Ak;- The induction hypothesis applies to C' (its n — 1
distinct indices, the first m — 1 complemented) and also to C' N Ay, (its n distinct indices with the
same m — 1 complemented, after a reordering that changes neither intersection nor product). Since C'
is the disjoint union of C' N Ay, and C' N (Q\ Ay, ), additivity gives

P(CN(Q\ Ag,)) = )—P(CNAg,)

n

P(C
f[ ~P(A,) J] P4,

j=m+1

which is the claim for m, because C' N (2 \ Ay,,) is the required intersection.
Taking m = n, and using P(Q2\ Ax) = 1 — P(Ay), shows that {Q\ Ag}xrer is independent. Applying
that implication to the family {Q \ Ag}rer, whose complements are the Ay, gives the converse.

Problem 12.5. Give an example of a probability space (€2, F, P) and events A, By, By such that A
and B are independent, A and By are independent, but A and B; U By are not independent.

Solution. Take Q = {1,2,3,4} with F all subsets of Q and P(F) = |E|/4, and
A={1,2}, B, ={1,3}, By ={1,4}.

Each of these has probability %, and AN B; = AN By = {1} has probability % = % . %, so A is
independent of By and of By. But By U By = {1,3,4} while AN (B; U By) = {1}, so

P(Aﬂ(BlLJBg)) :i#%:P(A)P(BlLJBg).

Problem 12.6. Give an example of a probability space (£, F, P) and events Aj, Ay, A3 such that
A; and As are independent, A; and As are independent, and A, and Ag are independent, but the
family Aq, As, A3 is not independent.

Solution. Take Q = {H,T}? (two tosses of a fair coin), F = 2%, and P counting measure on © divided
by 4, with

Ay ={(H,H),(H,T)} (first toss heads),
={(H,H),(T,H)} (second toss heads),
As ={(H,H),(T (the tosses agree).
)

1)}
(

Each A; has two elements, so P(A;) = P(As) = P(A3) = 1, and each of the three pairwise intersections
equals {(H, H)} (Check!). Hence for j # k,

P(A;NAY) =1 =753 =P(4) P(4),
so the three pairs are independent. But A1 N Ay N As = {(H,H)}, so
P(A1N Ay N Az) = § # 5 = P(A1) - P(A2) - P(A43),

and thus Aj, Ay, A3 fails the condition in 12.7 for the index set {1, 2, 3}.
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Problem 12.7. Suppose (€2, F, P) is a probability space, A € F, and B; C By C - - is an increasing
sequence of events such that A and B,, are independent events for each n € Z*. Show that A and
U, By, are independent.

Solution. Write B = (J,2; By; both {B,} and {A N B,} are increasing sequences of events, with
U2, (ANB,) = AN B. Hence two applications of 2.59 and the hypothesis P(ANB,,) = P(A)- P(By)
give

P(ANB) = lim P(ANB,) = P(A) - lim P(B,)

n—oo n—oo

the constant P(A) coming out of the limit because lim,_,~ P(B;,) exists (it is P(B), again by 2.59).
By 12.7, A and B are independent.

Problem 12.8. Suppose (€2, F, P) is a probability space and {A;}cr is an independent family of
events such that P(A;) < 1 for each ¢t € R. Prove that there exists a sequence ¢,tg,... in R such

that -
P(ﬂ Atn> —0.
n=1

Solution. Take t1, s, ... distinct in Sp, = {t € R: P(Q\ 4;) > L}, for an m € Z* with Sy, infinite.
Such an m exists: every t has P(2\ A;) = 1 — P(A;) > 0 and so lies in S,, for large m, whence
R = {U;_; Sm; were every Sy, finite, R would be countable.

Fix N € Z*. The tq,...,ty are distinct indices of the independent family, so 12.7 and the bound
P(A;,)=1-PQ\A4,;,)<1- % give

e N N AN
P 4u)<p( ) = TP < (1-3)

the first inequality by monotonicity of P (2.57). Since 0 < 1 — % < 1, letting N — oo forces

P72y Ar) = 0.

Problem 12.9. Suppose (€2, F, P) is a probability space and Bj,..., B, € F are such that P(B; N
-++N By) > 0. Prove that

P(A NBiN---N Bn) = P(Bl) . ]DB1 (Bg) cee PBlﬁmﬁBn,l(Bn) . PBlﬂmﬂBn (A)

for every event A € F.

Solution. The right side telescopes. Put Cy, = By N---N By, so that C; D --- O C), and hence P(Cy) >
P(Cy) > 0 by 2.57(a); thus each Pg, is defined (12.23). For k € {2,...,n}, since By N Cy—1 = Ck,
definition 12.23 gives

P(Bk N Ckfl) _ P(Ck)
P(Ck-1) P(Cx_1)’

P(ANGC,)
P(Cy)

Pey,_,(By) = Pc,(A) =

All denominators are nonzero, so multiplying these together with P(B;) = P(C}) gives

P(B1) - Pc,(Bs) -+ Po, ,(Bn) - Po, (A

)
B P(Cy)  P(C.) P(ANC,)
=PO) ey RGPy = P ANCa).

each P(C}) occurring once in a numerator and once in a denominator. As C,, = By N --- N By, this is
the asserted identity.
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Problem 12.10. Suppose (2, F, P) is a probability space and A € F is an event such that 0 <
P(A) < 1. Prove that
P(B) = Pa(B) - P(A) + Po\a(B) - P(2\ A)

for every event B € F.

Solution. Both conditional measures are defined: P(A) > 0 by hypothesis and P(2\A) =1—-P(A) >0
by additivity and P(A) < 1, so 12.23 applies to each. Fix B € . Then BN A and BN (2 \ A) are
disjoint with union B, so additivity of P and 12.23 give

P(B) = P(BNA)+ P(BN(Q\ A))
_ P(BNA) P(BN(Q2\A))
= p@ P TR

— Pa(B) - P(A) + Poya(B) - P(Q\ A).

- P(Q\ A)

Problem 12.11. Give an example of a probability space (Q,F,P) and X,Y € L2(P) such that
o2 (X +Y) =0%(X)+ %) but X and Y are not independent random variables.

Solution. Take Q = {—1,0,1} with F = 2° and P counting measure divided by 3, and set X (w) = w,
Y (w) = w?; every function on this finite set is bounded and measurable, so X,Y € £2?(P). Each
singleton has probability %, so (using w? = w? on Q)

EX =0, BE(X*)=%, EY =2 E{Y? =2

and X +Y takes the values 0,0,2 at —1,0,1, so E(X +Y) = 2 and E((X + Y)?) = 3. Hence 12.20
gives

PU{XeUln{yeV})=1#5=PXelU)-P(Y €V),

and therefore X and Y are not independent (12.14).

Problem 12.12. Suppose (2, F, P) and (2, 7', P') are probability spaces, X is a random variable
on Q, Y is a random variable on ', and X =Y. Prove that Px = P}.

Solution. The Monotone Class Theorem upgrades the hypothesis from half-lines to B. Write H = X =
Y; by 12.27 the hypothesis says Px((—oo,s]) = H(s) = Py ((—o0,s]) for all s € R. Let A be the
collection of finite unions of half-open intervals, meaning sets

IHa,f)={zeR:a<z <}, acRU{-x}, fe€RU{cx}.

(i) A is an algebra (5.10). Intersections stay inside the class, since I(ai,f1) N I(ag,f2) =
I(max «;, min 3;), and each complement R \ I(a, ) is the union of at most the two half-open in-
tervals I(—oo,a) and I(3, 00); so De Morgan plus distributivity turns the complement of a finite union
into a finite union again (Check!).

(ii) The smallest o-algebra S containing A is B. Half-open intervals are Borel, so S C B; conversely
(a,b) = Uz~ (a,b— %] and (—o0,b) = Uy (—k,b— %] lie in S, so S contains every open interval, hence
every open set (a countable union of such), hence 5.

(ili) Px and Pj agree on A. Additivity gives

PX((avb]) :H(b)_H(a)a Px((a,OO)) :1—H(CI,)7
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along with Px(R) = 1 and Px(0) = 0, and identically for P}; so the two agree on every half-open
interval. Given E = I(aq,(1) U - U I(aym, Bm), cutting R at the finitely many real numbers among
the o, 3; exhibits E as a finite union of pairwise disjoint half-open intervals, so finite additivity gives
Px(E) = Py(E),

(iv) M ={B € B: Px(B) = P{,(B)} is a monotone class (5.15): for increasing sequences apply 2.59 to
each measure, and for decreasing sequences 2.60, whose finiteness hypothesis holds because Px(E;) < 1
and P{/(El) < 1.

By (iii), M contains A, hence the smallest monotone class containing .4, which by 5.17 is S = B. Thus
M = B, that is, Px = P,.

Problem 12.13. Suppose H : R — (0,1) is a continuous one-to-one function satisfying conditions
(a) through (d) of 12.29. Show that the function X : (0,1) — R produced in the proof of 12.29 is
the inverse function of H.

Solution. The function is X (w) = sup{t € R: H(t) < w} for w € (0,1) (12.30), and the set inside the
supremum is the half-line (—oo, H 1 (w)).
First, H is strictly increasing: for s < ¢, condition (a) gives H(s) < H(t) and one-to-oneness rules
out equality. Next, H maps R onto (0,1): given u € (0,1), conditions (b) and (c) supply a,b with
H(a) < u < H(b), hence a < b, and the Intermediate Value Theorem applied to the continuous H on
[a,b] gives r with H(r) = u. So H™1: (0,1) — R exists.
Now fix w € (0,1) and put r = H~ ( ). If t <rthen H(t) < H(r) = w, and if t > r then H(t) > w;
hence

{teR: H(t) <w} = (—o0,r),

whose supremum is 7. Therefore X (w) = r = H~(w) for every w € (0,1).

Problem 12.14. Suppose (€2, F, P) is a probability space and X is a random variable. Prove that
the following are equivalent.

¢ X is a continuous function on R.

e X is a uniformly continuous function on R.

e P(X =t)=0 for every t € R.

o (XoX)™(s)=sforallsel0,1].

Solution. Label the statements (A), (B), (C), (D); we prove (A) < (C), (A) & (B), (A) = (D), (D)
= (C). The proof of 12.29 gives that X is increasing and right continuous with limits 0 at —co and 1
at oo; write Z = X o X, a random variable with values in [0, 1] because X is increasing, hence Borel
measurable by 2.39, and 2.44 applies.

Jump identity: the events {X < s — 1} increase to {X < s}, so 2.59 and monotonicity of X give
limy X (t) = P(X < s), whence by additivity

X(s) — ltiTm)Z'(t) = P(X <s)—P(X <s)=P(X =s).

(A) < (C). By right continuity, X is continuous at s exactly when its left limit at s equals X (s), which
by the jump identity is exactly P(X = s) = 0.

(B) = (A) is immediate. For (A) = (B), let ¢ > 0 and choose a < b with X (a) < 5 and X(b)>1— o
continuity on the compact interval [a — 1,b+ 1] gives d € (0,1) with | X (u) — X (v)| < & whenever u,v
lie there with |u —v| < J. Now take v < v with v —u < 4.

e (i) v<a: then 0< X(v) — X(u) < X(a) < ¢, as X > 0 is increasing.

e (ii)u>b:then0< X(v) — X(u) <1—X(b) <e, as X < 1.

e (iii) otherwise v > a and u < b, s0o u >a — 1 and v < b+ 1 and the choice of § applies.
(A) = (D). Let s € [0,1] and Ty, = {t € R : X(¢) = s}. For s = 1, Z < 1 gives Z(1) = 1. For
s €10,1) with Ts = 0: the Intermediate Value Theorem and the limits 0, 1 force s = 0, and Z > 0 gives
{Z <0} ={X €Ty} =0, so Z(0) = 0. Otherwise T is nonempty, closed (continuity) and bounded
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above (since X — 1> s when s < 1), so by = max T satisfies X (bs) = s, and
{Z < s} ={X <bs},

since X (w) < b forces Z(w) < X (bs) = s, while X (w) > b forces X (X (w)) > s with equality excluded
by bs = max T,. Hence Z(s) = X (bs) = s.

(D) = (C), by contraposition. Suppose P(X = t) = ¢ > 0 and put sy = X(tg). The jump identity
gives limyqy, )Z'(t) =s9—c>0, so )N((t) < s9—cfort<tyand )?(t) > sqg for ¢ > to; thus )?, and hence
Z, omits the interval (sg — ¢, s0). So {Z < s} ={Z < s9 — ¢} for all s € [s9 — ¢, s0) C [0, 1], and (D)
would force

so—%=2<80—%):Z(SO_C):SO_C’

contradicting ¢ > 0.

Problem 12.15. Suppose a > 0 and

0 ifx<0
h(x) = ’
(z) {a%e‘o‘” if z > 0.

Let P = hd\ and let X be the random variable defined by X (z) = x for z € R.
(a) Verify that [ hd\ = 1.

(b) Find a formula for the distribution function X.

(c) Find a formula (in terms of «) for EX.

(d) Find a formula (in terms of «) for o(X).

Solution. The answers are 1 in (a), EX = 2 in (c), 0(X) =

*fS

in (d), and in (b)
= 0 if 0
X(s) = s <o,
1-(1+as)e ™™ ifs>0.
All four come from the moment integrals

Ip = /[0700) e dA\(z) = prEs) (n>0).

To see this, note that 2™e~*" is continuous and nonnegative, so on each [0, b] its Lebesgue and Riemann

integrals agree (3.34); integration by parts gives

1—e b re—ab  p
I = ——, L) = -+ 200

for I,,(b) = fé’ x"e”** dz. The functions z"e™*"x|g ] increase pointwise to z"e™**x (g «), 80 3.11 gives
Jn = limy_y0 I (k); since b"e™" — 0, the recursions pass to Jy = é and J, = % J,—1, and induction

finishes.
Part (a). Since h > 0 is Borel and vanishes on (—o0,0),

& 1
/ hdd=o*J1 =a® — =1.
oo a
In particular h € L'(R), so 12.33 applies to P = hdX and X(z) = =.
Part (b). By 12.33, h is the density of X, so X(s) = [°__ hd\, which is 0 for s < 0. For s > 0 the

(0%

integrand is continuous on [0, s], so 3.34 and the antiderivative —(1 4+ ax)e™*® of a?xe™ give

X(s) = /0 ?re ™ dr =1 — (14 as)e .
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Part (c). For every Borel f > 0 we have [ fdP = [ fhdA: this is the definition of P for f = xp, extends
to nonnegative simple f by 3.20 and 3.16, and then to general f > 0 by 2.89 and two applications of
3.11 (one for P, one for \). Taking f = |X]|,

2
/\X|dl’3:a2JQ:<oo7
R (0%

so X € L'(P) and the mean formula of 12.33 gives EX = a?J, = 2.
Part (d). Likewise [ |X[*dP = o?J3 = 0?—2 < 00, 80 X € L*(P) and the variance formula of 12.33
gives

Problem 12.16. Suppose B is the o-algebra of Borel subsets of [0,1) and P is Lebesgue measure
on ([O, 1), B). Let {ex}rez+ be the family of functions defined by the fourth bullet point of Example
8.51 (notice that k = 0 is excluded). Show that the family {ej}ez+ is an i.i.d.

Solution. By 8.51, ey, equals 1 on the dyadic interval I, = ["T_kl, 2%) for n odd and —1 for n even; for
fixed k € Z* the 2* intervals Iy 1,. .. ; I}, o1 are disjoint with union [0,1) and P(ly,) = 27% 50 e is a

linear combination of their characteristic functions and hence a random variable.
(i) Marginals. Exactly 2¥=1 of the n € {1,...,2¥} are odd (here k > 1 is used), so additivity gives
P(e, =1) = Pey, = —1) =2F"1.27F = 1 Hence

0 ifs<—1,
er(s) =<1 if —1<s<1,
1 ifs>1,

a formula not involving k; so the family is identically distributed (12.35). (For £ = 0 we would have
eo = 1, which is why k& = 0 is excluded.)

(ii) e reads the k-th binary digit. For z € [0,1) and j € Z* put dj(z) = |27z] — 2|2/ z|; with
a = 271z this is |2(a — |a])] € {0,1}. Since [z] = 0, the sum Zle d;(x)2k=7 telescopes to |2Fz],
and x € I, exactly when n — 1 = |2k2|; hence the index n with = € Iy p, is

k
n=1+ Zdj(zﬂk*j.
j=1

Every term with j < k is even, so n is odd if and only if dx(x) = 0, that is, ex(z) =1 <= di(z) = 0.
The same formula shows  +— (di(z),...,dny(z)) is constant on each Iy, and, since (ai,...,an) —
143>, a;2V=7 is a bijection {0, 1} — {1,...,2"}, attains each element of {0,1}" on exactly one of
the 2V intervals.

(iii) Prescribed values. Let ki < -+ < kp, let &; € {—1,1}, put §; = 5% and N = k. By (ii),
N {ex, = &;} is the union of those Iy, whose digit string has ay, = &;, and exactly 2V=™ of the 2V
strings do; the intervals being disjoint of measure 27,

m

P(ﬂ{eki = EZ}) = oN=m . 9=N _g=m _ f[P(eki =&;).

i=1
(iv) Independence. Let {Uy} be Borel subsets of R and k1 < --- < ky, distinct indices (permuting
indices changes neither side). Put V; = U, N {—1,1}; since ey, takes only the values £1, {ey, € Uy, } is
the disjoint union of {ex, = ¢} over € € Vj, so P(ex, € Uy,) = % by (i). Distributing the intersection
over these unions gives a disjoint union over the |Vi|---|V,,| tuples in V} x - - - x V,,,, each of probability
27™ by (iii), so

P(er, € UeY) = il [Vl -2 = [] Pler, € U,).

=1 =1
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So these events are independent (12.7) for every choice of {Uy}, which by 12.14 makes {ej}rcz+ an
independent family; with (i) it is an i.i.d. family (12.35).

Problem 12.17. Suppose B is the o-algebra of Borel subsets of (—m, 7] and P is Lebesgue measure
on ((—m,7],B) divided by 2. Let {ey} kez\{o} be the family of trigonometric functions defined by
the third bullet point of Example 8.51 (notice that k£ = 0 is excluded).

(a) Show that {ej}rez\ {0} i3 not an independent family of random variables.

(b) Show that {ex}rez\ foy is an identically distributed family.

Solution. By 8.51, ex(t) = ﬁ sin(kt) for k > 0 and \f cos(kt) for k < 0; each is continuous, hence a

random variable on ((—m, ], B), and P(A) = % where )\ is Lebesgue measure.

Part (a). Take k = 1and k = —1 with Uy = U_1 = U = {z € R: 22 > -} and Uy = R otherwise. The
Pythagorean identity e;(t)? + e_1(t)> = L makes {e; € U} and {e_; € U} disjoint, since a common
point would give % > % + % Each has probability %: the condition eq(t)? > % says |sint| > %,

and e_1(t)? > 5= says |cost| > %, SO

et} =(-.-1)u(s%)
{ec1 €U} = (—7‘(‘, —%r) U (—%, %) U (%,7‘(],

both of measure 7. Hence
P({61 S Ul} N {6_1 S U_1}) =0 75 i = P(61 S Ul) . P(€_1 S U_l),

so these events fail 12.7 and by 12.14 the family is not independent.
Part (b). Fix s € R and put

S ={u€R:sinu < sy/7}, T={u€eR:cosu< s\r};

both are Borel (preimages of the closed set (—oo, s4/7 ] under continuous maps) and periodic, meaning
S +2m = 5. Two facts about a periodic Borel set S:

o (A) A(SN(a,a+2r]) = A(SN(—m,n]) for every a € R. Shifting a by a multiple of 27 changes
neither side (periodicity and translation invariance 2.7), so take —m < a < m; then S N (a,a + 27|
is the disjoint union of S N (a, 7] and (S N (—m,a]) + 27, whose measures add to A\(S N (—=, 7]) by
2.7.

o (B) A({t € (—m, 7] :mt € S}) = M SN (—m,7]) for m € Z*. That set is L (S N (—mm, mn]), Borel
with measure (S N (—mm,mn]) by 5.41; and (—mm, mr] splits into m windows of length 2,
each contributing A\(S N (==, 7]) by (A).

For k > 0, ex(t) < s means kt € S, so (B) with m = k glves Pley, < s) = 5=AS N (—m,7]), a
quantity free of k. For k < 0, evenness of cosine gives ey(t) = COb( ) with m = —k, so (B) gives
Pley < 8) = 5= )\(Tﬂ( ,7]). Finally cosu = sin(u + §) gives T S — Z,s0 2.7 and then (A) on the

AT (=m 7)) =A(50 (-3, %]) = A0 (=, 7).

Thus eg(s) does not depend on k, so the family is identically distributed (12.35).
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