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1.1 Exercises 1A

Problem 1A.1. Suppose f : [a, b] → R is a bounded function such that

L(f, P, [a, b]) = U(f, P, [a, b])

for some partition P of [a, b]. Prove that f is a constant function on [a, b].

Solution. Write P as a = x0 < x1 < · · · < xn = b. By 1.3,

U(f, P, [a, b])− L(f, P, [a, b]) =

n∑
j=1

(xj − xj−1)
(

sup
[xj−1,xj ]

f − inf
[xj−1,xj ]

f
)
,

and the hypothesis says this equals 0. Every summand is nonnegative, so every summand vanishes;
since xj − xj−1 > 0, this forces

sup
[xj−1,xj ]

f = inf
[xj−1,xj ]

f for j = 1, . . . , n.

Hence f is constant on each [xj−1, xj ], say with value cj . Consecutive subintervals share the point xj ,
so cj = f(xj) = cj+1 for 1 ≤ j ≤ n− 1, and all the cj equal a common value c. The subintervals cover
[a, b], so f is constant on [a, b].

Problem 1A.2. Suppose a ≤ s < t ≤ b. Define f : [a, b] → R by

f(x) =

{
1 if s < x < t,

0 otherwise.

Prove that f is Riemann integrable on [a, b] and that
∫ b
a f = t− s.

Solution. Squeeze with the partition Pε of [a, b] formed by the distinct elements of {a, s, s+ε, t−ε, t, b}
in increasing order, where 0 < ε < t−s

2 . Its subintervals are [a, s] (present only if a < s), [s, s + ε],
[s+ ε, t− ε], [t− ε, t], and [t, b] (present only if t < b). Now f ≡ 1 on [s+ ε, t− ε], while f ≡ 0 on [a, s]
and on [t, b], and 0 ≤ f ≤ 1 throughout; hence

L(f, Pε, [a, b]) ≥ (t− ε)− (s+ ε) = (t− s)− 2ε,

U(f, Pε, [a, b]) ≤ ε+
(
(t− ε)− (s+ ε)

)
+ ε = t− s.

Letting ε→ 0 in the first estimate and using 1.7 and 1.8,

t− s ≤ L(f, [a, b]) ≤ U(f, [a, b]) ≤ t− s.

By 1.9, f is Riemann integrable on [a, b] with
∫ b
a f = t− s.

Problem 1A.3. Suppose f : [a, b] → R is a bounded function. Prove that f is Riemann integrable
if and only if for each ε > 0, there exists a partition P of [a, b] such that

U(f, P, [a, b])− L(f, P, [a, b]) < ε.

Solution. Both directions run off 1.7, which gives L(f, P, [a, b]) ≤ L(f, [a, b]) and U(f, [a, b]) ≤
U(f, P, [a, b]) for every partition P of [a, b].
(i) The ε-condition implies integrability. Given ε > 0, choose P as in the statement; then with 1.8,

0 ≤ U(f, [a, b])− L(f, [a, b]) ≤ U(f, P, [a, b])− L(f, P, [a, b]) < ε.
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As ε > 0 was arbitrary, L(f, [a, b]) = U(f, [a, b]), so f is Riemann integrable by 1.9.
(ii) Integrability implies the ε-condition. Let ε > 0. Since L(f, [a, b]) is a supremum and U(f, [a, b]) an
infimum over partitions (1.7), there are partitions P1, P2 of [a, b] with

L(f, P1, [a, b]) > L(f, [a, b])− ε
2 , U(f, P2, [a, b]) < U(f, [a, b]) + ε

2 .

Let P merge the lists defining P1 and P2; each of those lists is a sublist of P , so 1.5 gives L(f, P, [a, b]) ≥
L(f, P1, [a, b]) and U(f, P, [a, b]) ≤ U(f, P2, [a, b]). Hence, using L(f, [a, b]) = U(f, [a, b]),

U(f, P, [a, b])− L(f, P, [a, b]) ≤ U(f, P2, [a, b])− L(f, P1, [a, b])

<
(
U(f, [a, b]) + ε

2

)
−
(
L(f, [a, b])− ε

2

)
= ε.

Problem 1A.4. Suppose f, g : [a, b] → R are Riemann integrable. Prove that f + g is Riemann
integrable on [a, b] and ∫ b

a
(f + g) =

∫ b

a
f +

∫ b

a
g.

Solution. Write L(h, P ) and U(h, P ) for L(h, P, [a, b]) and U(h, P, [a, b]). For every nonempty A ⊆ [a, b],

inf
A
f + inf

A
g ≤ inf

A
(f + g) ≤ sup

A
(f + g) ≤ sup

A
f + sup

A
g,

since infA f + infA g is a lower bound and supA f + supA g an upper bound for the values of f + g on A.
Applying this with A = [xj−1, xj ] for each subinterval of a partition P , multiplying by xj − xj−1 > 0
and summing gives, by 1.3,

L(f, P ) + L(g, P ) ≤ L(f + g, P ) ≤ U(f + g, P ) ≤ U(f, P ) + U(g, P ). (∗)

Let ε > 0. By Exercise 3 in this section there are partitions P1, P2 of [a, b] with U(f, P1)−L(f, P1) <
ε
2

and U(g, P2) − L(g, P2) <
ε
2 ; let P merge their lists, so by 1.5 both estimates persist at P . Then (∗)

gives
U(f + g, P )− L(f + g, P ) ≤

(
U(f, P )− L(f, P )

)
+
(
U(g, P )− L(g, P )

)
< ε,

so f + g is Riemann integrable by Exercise 3 again. For its value, keep that P and use (∗) together
with L(f, P ) ≤ L(f, [a, b]) =

∫ b
a f and U(f, P ) ≥ U(f, [a, b]) =

∫ b
a f from 1.7 and 1.9 (and the same for

g): ∫ b

a
(f + g) ≤ U(f + g, P ) ≤ U(f, P ) + U(g, P )

<
(
L(f, P ) + ε

2

)
+
(
L(g, P ) + ε

2

)
≤
∫ b

a
f +

∫ b

a
g + ε,

and symmetrically
∫ b
a (f + g) ≥ L(f + g, P ) ≥ L(f, P ) + L(g, P ) >

∫ b
a f +

∫ b
a g − ε. As ε > 0 was

arbitrary,
∫ b
a (f + g) =

∫ b
a f +

∫ b
a g.

Problem 1A.5. Suppose f : [a, b] → R is Riemann integrable. Prove that the function −f is
Riemann integrable on [a, b] and ∫ b

a
(−f) = −

∫ b

a
f.

Solution. Negation swaps infima and suprema: for every nonempty A ⊆ [a, b],

inf
A
(−f) = − sup

A
f, sup

A
(−f) = − inf

A
f,
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because α is an upper bound for {f(x) : x ∈ A} exactly when −α is a lower bound for {−f(x) : x ∈ A},
and conversely. Applying this with A = [xj−1, xj ] on each subinterval of a partition P of [a, b] gives,
by 1.3,

L(−f, P, [a, b]) = −U(f, P, [a, b]), U(−f, P, [a, b]) = −L(f, P, [a, b]).

The same swap, applied now to the set of upper Riemann sums of f and to the set of lower ones, turns
1.7 into

L(−f, [a, b]) = −U(f, [a, b]), U(−f, [a, b]) = −L(f, [a, b]).

Since f is Riemann integrable, L(f, [a, b]) = U(f, [a, b]) =
∫ b
a f , so both left sides equal −

∫ b
a f . By 1.9,

−f is Riemann integrable on [a, b] with
∫ b
a (−f) = −

∫ b
a f .

Problem 1A.6. Suppose f : [a, b] → R is Riemann integrable. Suppose g : [a, b] → R is a function
such that g(x) = f(x) for all except finitely many x ∈ [a, b]. Prove that g is Riemann integrable on
[a, b] and ∫ b

a
g =

∫ b

a
f.

Solution. By Exercise 4 in this section it suffices to prove that h = g − f , which vanishes off a finite
set, is Riemann integrable with

∫ b
a h = 0; then g = f + h is Riemann integrable with

∫ b
a g =

∫ b
a f .

Let c1 < · · · < cm be the points where h 6= 0 (if there are none, every Riemann sum of h is 0 and we
are done), and put M = max{|h(c1)|, . . . , |h(cm)|} > 0, so |h| ≤ M on [a, b]. For δ > 0 let Pδ be the
partition of [a, b] whose points are the distinct elements of

{a, b} ∪
(
{ci − δ, ci + δ : i = 1, . . . ,m} ∩ (a, b)

)
in increasing order. If a subinterval [u,w] of Pδ contains some ci, then [u,w] ⊆ [ci− δ, ci+ δ]: otherwise
ci − δ or ci + δ would lie in (u,w) ⊆ (a, b) and hence be a point of Pδ strictly between the consecutive
points u and w.
On a subinterval containing no ci we have h ≡ 0, so it contributes 0 to both L(h, Pδ, [a, b]) and
U(h, Pδ, [a, b]). For each i at most two subintervals contain ci, and they have disjoint interiors and lie
in [ci − δ, ci + δ], so their lengths sum to at most 2δ; hence the subintervals meeting {c1, . . . , cm} have
total length at most 2mδ, and there | suph| ≤M , | infh| ≤M . Therefore

|L(h, Pδ, [a, b])| ≤ 2mδM and |U(h, Pδ, [a, b])| ≤ 2mδM.

Given ε > 0, take δ = ε
2mM ; then 1.7 gives U(h, [a, b]) ≤ ε and L(h, [a, b]) ≥ −ε. As ε > 0 was arbitrary

and L(h, [a, b]) ≤ U(h, [a, b]) by 1.8, both are 0. By 1.9, h is Riemann integrable with
∫ b
a h = 0.

Problem 1A.7. Suppose f : [a, b] → R is a bounded function. For n ∈ Z+, let Pn denote the
partition that divides [a, b] into 2n intervals of equal size. Prove that

L(f, [a, b]) = lim
n→∞

L(f, Pn, [a, b]) and U(f, [a, b]) = lim
n→∞

U(f, Pn, [a, b]).

Solution. Put M = sup[a,b] |f | < ∞, and let Pn have the points x(n)j = a + j(b−a)
2n for j = 0, . . . , 2n, so

each of its subintervals has length b−a
2n .

Refinement estimate: if every subinterval of a partition Q has length at most ` and Q′ is obtained by
adjoining p points to the list defining Q, then

L(f,Q′, [a, b]) ≤ L(f,Q, [a, b]) + 2pM`.

For p = 1 the adjoined point v either lies in Q already, when the two sums agree, or lies interior to one
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subinterval [u,w] of Q, when all other terms agree and, using | infA f | ≤M ,

(v − u) inf
[u,v]

f + (w − v) inf
[v,w]

f − (w − u) inf
[u,w]

f ≤ 2M(w − u) ≤ 2M`.

For general p, adjoin the points one at a time; each intermediate partition refines Q, so its subintervals
still have length at most `.
Since x(n)j = x

(n+1)
2j , the list defining Pn is a sublist of that defining Pn+1, so 1.5 makes

(
L(f, Pn, [a, b])

)
n

increasing while 1.7 bounds it above by L(f, [a, b]); hence it converges, with limit at most L(f, [a, b]).
For the reverse inequality let ε > 0 and use 1.7 to choose a partition P , say a = y0 < · · · < yk = b, with
L(f, P, [a, b]) > L(f, [a, b])− ε. Let Qn merge the lists of Pn and P ; this adjoins at most k − 1 points
to Pn, whose subintervals have length b−a

2n , so the refinement estimate together with L(f, P, [a, b]) ≤
L(f,Qn, [a, b]) from 1.5 gives

L(f, P, [a, b]) ≤ L(f, Pn, [a, b]) +
2(k − 1)M(b− a)

2n
.

Letting n → ∞ gives limn→∞ L(f, Pn, [a, b]) ≥ L(f, P, [a, b]) > L(f, [a, b]) − ε; as ε > 0 was arbitrary,
limn→∞ L(f, Pn, [a, b]) = L(f, [a, b]).
For the upper integral apply this to the bounded function −f , then use the identities L(−f, P, [a, b]) =
−U(f, P, [a, b]) and L(−f, [a, b]) = −U(f, [a, b]) from Exercise 5 in this section, whose proofs use only
boundedness:

U(f, [a, b]) = −L(−f, [a, b]) = − lim
n→∞

L(−f, Pn, [a, b]) = lim
n→∞

U(f, Pn, [a, b]).

Problem 1A.8. Suppose f : [a, b] → R is Riemann integrable. Prove that∫ b

a
f = lim

n→∞

b− a

n

n∑
j=1

f
(
a+ j(b−a)

n

)
.

Solution. Squeeze the sum between the Riemann sums of the equally spaced partition. Let Pn have
points xj = a + j(b−a)

n for j = 0, . . . , n, and write Rn = b−a
n

∑n
j=1 f(xj). Since xj ∈ [xj−1, xj ],

multiplying inf[xj−1,xj ] f ≤ f(xj) ≤ sup[xj−1,xj ] f by xj − xj−1 =
b−a
n > 0 and summing gives

L(f, Pn, [a, b]) ≤ Rn ≤ U(f, Pn, [a, b]).

Both outer terms converge to
∫ b
a f . Put M = sup[a,b] |f | < ∞ (finite since f is Riemann integrable,

hence bounded), let ε > 0, and use 1.7 to choose a partition P , say a = y0 < · · · < yk = b, with
L(f, P, [a, b]) > L(f, [a, b])− ε. Merging P into Pn adjoins at most k − 1 points to a partition of mesh
b−a
n , so the refinement estimate proved in the solution to Exercise 7 in this section, together with 1.5,

gives

L(f, [a, b])− ε < L(f, P, [a, b]) ≤ L(f, Pn, [a, b]) +
2(k − 1)M(b− a)

n
,

while L(f, Pn, [a, b]) ≤ L(f, [a, b]) by 1.7. Hence L(f, Pn, [a, b]) lies within 2ε of L(f, [a, b]) for all
large n, and ε > 0 was arbitrary, so L(f, Pn, [a, b]) → L(f, [a, b]). Applying this to −f and using
L(−f, P, [a, b]) = −U(f, P, [a, b]) and L(−f, [a, b]) = −U(f, [a, b]) from Exercise 5 in this section gives
U(f, Pn, [a, b]) → U(f, [a, b]).
Since f is Riemann integrable, L(f, [a, b]) = U(f, [a, b]) =

∫ b
a f by 1.9, so the squeeze yields Rn →

∫ b
a f .

Problem 1A.9. Suppose f : [a, b] → R is Riemann integrable. Prove that if c, d ∈ R and a ≤ c <
d ≤ b, then f is Riemann integrable on [c, d].
[To say that f is Riemann integrable on [c, d] means that f with its domain restricted to [c, d] is
Riemann integrable.]
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Solution. Cut a good partition of [a, b] at c and d and keep the middle piece; Exercise 3 in this section
does the rest.
Let ε > 0. By Exercise 3 there is a partition P of [a, b] with U(f, P, [a, b])− L(f, P, [a, b]) < ε. Let P ′,
say a = x0 < · · · < xn = b, be obtained by adjoining c and d to the list defining P ; since that list is a
sublist of the new one, 1.5 gives

U(f, P ′, [a, b])− L(f, P ′, [a, b]) ≤ U(f, P, [a, b])− L(f, P, [a, b]) < ε.

Choose p < q with xp = c and xq = d, and let Q be the partition xp, xp+1, . . . , xq of [c, d]. Each
subinterval [xj−1, xj ] with p < j ≤ q lies inside [c, d], so restricting f to [c, d] changes none of the
suprema and infima below, and every omitted term is nonnegative:

U(f,Q, [c, d])− L(f,Q, [c, d]) =

q∑
j=p+1

(xj − xj−1)
(

sup
[xj−1,xj ]

f − inf
[xj−1,xj ]

f
)

≤
n∑
j=1

(xj − xj−1)
(

sup
[xj−1,xj ]

f − inf
[xj−1,xj ]

f
)

= U(f, P ′, [a, b])− L(f, P ′, [a, b]) < ε.

By Exercise 3 again, f is Riemann integrable on [c, d].

Problem 1A.10. Suppose f : [a, b] → R is a bounded function and c ∈ (a, b). Prove that f is
Riemann integrable on [a, b] if and only if f is Riemann integrable on [a, c] and f is Riemann
integrable on [c, b]. Furthermore, prove that if these conditions hold, then∫ b

a
f =

∫ c

a
f +

∫ b

c
f.

Solution. Everything comes from the splitting identity. If P , say x0 < · · · < xn, is a partition of [a, b]
with c = xp for some 0 < p < n, let P1 : x0, . . . , xp and P2 : xp, . . . , xn be the induced partitions of
[a, c] and [c, b]. Each subinterval of P lies wholly in [a, c] or wholly in [c, b], so restricting f changes
none of the infima and suprema, and splitting the sums of 1.3 at j = p gives

L(f, P, [a, b]) = L(f, P1, [a, c]) + L(f, P2, [c, b]),

U(f, P, [a, b]) = U(f, P1, [a, c]) + U(f, P2, [c, b]).
(∗)

Conversely, any partition P1 of [a, c] and P2 of [c, b] concatenate (at the shared endpoint c) to such a
P , and (∗) again holds.
Lower integrals add. For ≥: given P1, P2 with concatenation P , (∗) and 1.7 give L(f, P1, [a, c]) +
L(f, P2, [c, b]) ≤ L(f, [a, b]); take suprema over P1 and over P2, which vary independently. For ≤: given
any partition P of [a, b], adjoin c to get P ′ and apply 1.5, then (∗), then 1.7,

L(f, P, [a, b]) ≤ L(f, P ′, [a, b]) = L(f, P ′
1, [a, c]) + L(f, P ′

2, [c, b]) ≤ L(f, [a, c]) + L(f, [c, b]),

and take the supremum over P . The mirror-image argument gives the same for upper integrals, so

L(f, [a, b]) = L(f, [a, c]) + L(f, [c, b]), U(f, [a, b]) = U(f, [a, c]) + U(f, [c, b]).

Subtracting,

U(f, [a, b])− L(f, [a, b]) =
(
U(f, [a, c])− L(f, [a, c])

)
+
(
U(f, [c, b])− L(f, [c, b])

)
,

where by 1.8 all three differences are nonnegative; so the left side vanishes exactly when both terms
on the right do, which by 1.9 is precisely the asserted equivalence. Granting it, 1.9 and the additivity
of the lower integral give∫ b

a
f = L(f, [a, b]) = L(f, [a, c]) + L(f, [c, b]) =

∫ c

a
f +

∫ b

c
f.
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Problem 1A.11. Suppose f : [a, b] → R is Riemann integrable. Define F : [a, b] → R by

F (t) =


0 if t = a,∫ t

a
f if t ∈ (a, b].

Prove that F is continuous on [a, b].

Solution. F is Lipschitz with constant M = sup[a,b] |f | <∞, hence uniformly continuous on [a, b].
Let a ≤ s < t ≤ b. By Exercise 9 in this section, f is Riemann integrable on [a, t] and on [s, t], so F is
well defined and

F (t)− F (s) =

∫ t

s
f :

for s = a this is F (t) =
∫ t
a f with F (a) = 0, and for s > a it is Exercise 10 in this section applied on

[a, t] at the interior point s. Since −M ≤ inf[s,t] f and sup[s,t] f ≤M , applying 1.13 on [s, t] gives

|F (t)− F (s)| =
∣∣∣∣∫ t

s
f

∣∣∣∣ ≤M(t− s).

Thus |F (t)− F (s)| ≤M |t− s| for all s, t ∈ [a, b]. Given ε > 0, any s, t with |s− t| < ε
M+1 then satisfy

|F (t)− F (s)| ≤ M
M+1ε < ε, so F is continuous on [a, b].

Problem 1A.12. Suppose f : [a, b] → R is Riemann integrable. Prove that |f | is Riemann integrable
and that ∣∣∣∣∫ b

a
f

∣∣∣∣ ≤ ∫ b

a
|f |.

Solution. Taking absolute values cannot increase oscillation: for nonempty A ⊆ [a, b] and x, y ∈ A,

|f(x)| − |f(y)| ≤ |f(x)− f(y)| = max{f(x)− f(y), f(y)− f(x)} ≤ sup
A
f − inf

A
f,

and taking the supremum over x and over y gives supA |f | − infA |f | ≤ supA f − infA f . Applying this
with A = [xj−1, xj ] on each subinterval of a partition P of [a, b], multiplying by xj − xj−1 > 0 and
summing gives, by 1.3,

U(|f |, P, [a, b])− L(|f |, P, [a, b]) ≤ U(f, P, [a, b])− L(f, P, [a, b]).

Given ε > 0, Exercise 3 in this section supplies P making the right side less than ε, hence the left side
too; by Exercise 3 again, |f | is Riemann integrable.
For the inequality, note first that Riemann integration is monotone: if g ≤ h are Riemann integrable
on [a, b], then inf[xj−1,xj ] g ≤ inf[xj−1,xj ] h on every subinterval, so L(g, P, [a, b]) ≤ L(h, P, [a, b]) for every
P , and taking suprema, by 1.7 and 1.9,∫ b

a
g = L(g, [a, b]) ≤ L(h, [a, b]) =

∫ b

a
h.

By Exercise 5 in this section −|f | is Riemann integrable with
∫ b
a (−|f |) = −

∫ b
a |f |, so applying mono-

tonicity to −|f | ≤ f and to f ≤ |f |,

−
∫ b

a
|f | ≤

∫ b

a
f ≤

∫ b

a
|f |, that is,

∣∣∣∣∫ b

a
f

∣∣∣∣ ≤ ∫ b

a
|f |.
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Problem 1A.13. Suppose f : [a, b] → R is an increasing function, meaning that c, d ∈ [a, b] with
c < d implies f(c) ≤ f(d). Prove that f is Riemann integrable on [a, b].

Solution. On an equally spaced partition the oscillation sum telescopes. Monotonicity gives f(a) ≤ f ≤
f(b), so f is bounded. Fix n ∈ Z+ and let Pn be the partition with points xj = a+ j(b−a)

n , j = 0, . . . , n.
On [xj−1, xj ] monotonicity gives f(xj−1) ≤ f ≤ f(xj), and both bounds are attained, so

inf
[xj−1,xj ]

f = f(xj−1) and sup
[xj−1,xj ]

f = f(xj).

Hence, by 1.3 and telescoping,

U(f, Pn, [a, b])− L(f, Pn, [a, b]) =
b− a

n

n∑
j=1

(
f(xj)− f(xj−1)

)
=

(b− a)
(
f(b)− f(a)

)
n

.

Given ε > 0, the Archimedean property supplies n making the right side less than ε, so f is Riemann
integrable on [a, b] by Exercise 3 in this section.

Problem 1A.14. Suppose f1, f2, . . . is a sequence of Riemann integrable functions on [a, b] such
that f1, f2, . . . converges uniformly on [a, b] to a function f : [a, b] → R. Prove that f is Riemann
integrable and ∫ b

a
f = lim

n→∞

∫ b

a
fn.

Solution. Put εn = sup[a,b] |fn − f |; uniform convergence says exactly that εn → 0. Choosing N with
εN ≤ 1 and using that fN is bounded (being Riemann integrable) gives |f | ≤ 1 + sup[a,b] |fN | <∞, so
f is bounded and every εn is finite.
On a nonempty A ⊆ [a, b] we have fn − εn ≤ f ≤ fn + εn, so supA f ≤ supA fn + εn and infA f ≥
infA fn − εn; subtracting and applying the result with A = [xj−1, xj ] on the subintervals of a partition
P of [a, b], whose lengths total b− a, gives by 1.3

U(f, P, [a, b])− L(f, P, [a, b]) ≤
(
U(fn, P, [a, b])− L(fn, P, [a, b])

)
+ 2(b− a)εn. (?)

Let η > 0. Choose n with εn < η
4(b−a) , then use Exercise 3 in this section to choose a partition P with

U(fn, P, [a, b]) − L(fn, P, [a, b]) <
η
2 ; now (?) gives U(f, P, [a, b]) − L(f, P, [a, b]) < η, so f is Riemann

integrable by Exercise 3 again.
Hence Exercises 4, 5 and 12 in this section make f − fn and |f − fn| Riemann integrable, and∣∣∣∣∫ b

a
f −

∫ b

a
fn

∣∣∣∣ = ∣∣∣∣∫ b

a
(f − fn)

∣∣∣∣ ≤ ∫ b

a
|f − fn| ≤ (b− a)εn,

the last step by 1.13 applied to |f − fn|. Since εn → 0,
∫ b
a f = limn→∞

∫ b
a fn.

1.2 Exercises 1B

10



Problem 1B.1. Define f : [0, 1] → R as follows:

f(a) =


0 if a is irrational,
1

n
if a is rational and n is the smallest positive

integer such that a = m
n for some integer m.

Show that f is Riemann integrable and compute
∫ 1
0 f .

Solution. f is Riemann integrable with
∫ 1
0 f = 0.

Every subinterval of positive length contains an irrational, where f vanishes, and f ≥ 0; so every lower
Riemann sum of f is 0 and L(f, [0, 1]) = 0 by 1.7.
For the upper integral, note 0 ≤ f ≤ 1 and that for each N ∈ Z+ the set AN = {a ∈ [0, 1] : f(a) ≥ 1

N }
is finite: such an a is rational, its least denominator n satisfies 1

n = f(a) ≥ 1
N , and a = m

n ∈ [0, 1]
forces 0 ≤ m ≤ n, so

AN ⊆
{
m
n : n ∈ {1, . . . , N}, m ∈ {0, 1, . . . , n}

}
.

Write K for the number of its elements (K ≥ 1, as 0 ∈ AN ); off AN we have f < 1
N .

Let ε > 0. Choose N with 1
N < ε

2 , then n > 4K
ε , and let Pn split [0, 1] into the n equal subintervals Ij

of length 1
n . Each point of AN lies in at most two of the Ij , so at most 2K indices j have Ij ∩AN 6= ∅;

for those supIj f ≤ 1, and for the others supIj f ≤ 1
N . Since the lengths of the others total at most 1,

U(f, Pn, [0, 1]) ≤
2K

n
+

1

N
<
ε

2
+
ε

2
= ε.

So U(f, [0, 1]) < ε by 1.7 for every ε > 0, giving U(f, [0, 1]) ≤ 0; with L(f, [0, 1]) = 0 and 1.8 this forces
L(f, [0, 1]) = U(f, [0, 1]) = 0, so 1.9 gives the claim.

Problem 1B.2. Suppose f : [a, b] → R is a bounded function. Prove that f is Riemann integrable
if and only if

L(−f, [a, b]) = −L(f, [a, b]).

Solution. Everything follows from the identity

U(f, [a, b]) = −L(−f, [a, b]). (∗)

For a nonempty E ⊆ [a, b] we have supE f = − infE(−f), since α is an upper bound for the values of f
on E exactly when −α is a lower bound for the values of −f on E. Applying this on each subinterval
of a partition P of [a, b] gives, by 1.3,

U(f, P, [a, b]) = −L(−f, P, [a, b]),

and the same swap, applied now to the (nonempty, bounded) set of these numbers, turns 1.7 into

U(f, [a, b]) = inf
P
U(f, P, [a, b]) = − sup

P
L(−f, P, [a, b]) = −L(−f, [a, b]),

which is (∗). By 1.9, f is Riemann integrable if and only if L(f, [a, b]) = U(f, [a, b]), which by (∗) reads
L(f, [a, b]) = −L(−f, [a, b]), that is, L(−f, [a, b]) = −L(f, [a, b]).

Problem 1B.3. Suppose f, g : [a, b] → R are bounded functions. Prove that

L(f, [a, b]) + L(g, [a, b]) ≤ L(f + g, [a, b])

11



and
U(f + g, [a, b]) ≤ U(f, [a, b]) + U(g, [a, b]).

Solution. Both inequalities come from the single-partition versions plus a common refinement. For
nonempty E ⊆ [a, b], infE f + infE g is a lower bound and supE f + supE g an upper bound for the
values of f + g on E, so

inf
E
f + inf

E
g ≤ inf

E
(f + g), sup

E
(f + g) ≤ sup

E
f + sup

E
g.

Applying these with E = [xj−1, xj ] on the subintervals of a partition P of [a, b], multiplying by
xj − xj−1 > 0 and summing gives, by 1.3,

L(f, P, [a, b]) + L(g, P, [a, b]) ≤ L(f + g, P, [a, b]), (1)

U(f + g, P, [a, b]) ≤ U(f, P, [a, b]) + U(g, P, [a, b]). (2)

Let ε > 0. By 1.7 there are partitions P1, P2 of [a, b] with L(f, P1, [a, b]) > L(f, [a, b]) − ε
2 and

L(g, P2, [a, b]) > L(g, [a, b])− ε
2 ; let P merge their lists, so that 1.5 gives L(f, P, [a, b]) ≥ L(f, P1, [a, b])

and L(g, P, [a, b]) ≥ L(g, P2, [a, b]). (The refinement is what lets the two suprema be approached along
one partition.) Then, using 1.7 and (1),

L(f + g, [a, b]) ≥ L(f + g, P, [a, b]) ≥ L(f, P, [a, b]) + L(g, P, [a, b])

≥ L(f, P1, [a, b]) + L(g, P2, [a, b]) > L(f, [a, b]) + L(g, [a, b])− ε,

and ε > 0 was arbitrary. The mirror-image argument, with partitions Q1, Q2 chosen by 1.7 so that
U(f,Q1, [a, b]) < U(f, [a, b]) + ε

2 and U(g,Q2, [a, b]) < U(g, [a, b]) + ε
2 , their merge Q, 1.5 and (2), gives

U(f + g, [a, b]) ≤ U(f, [a, b]) + U(g, [a, b]).

Problem 1B.4. Give an example of bounded functions f, g : [0, 1] → R such that

L(f, [0, 1]) + L(g, [0, 1]) < L(f + g, [0, 1])

and
U(f + g, [0, 1]) < U(f, [0, 1]) + U(g, [0, 1]).

Solution. Take f to be the function of 1.14 and g = 1− f :

f(x) =

{
1 if x is rational,
0 if x is irrational,

g(x) =

{
0 if x is rational,
1 if x is irrational.

Every [c, d] ⊆ [0, 1] with c < d contains a rational and an irrational, so inf[c,d] f = inf[c,d] g = 0 and
sup[c,d] f = sup[c,d] g = 1. Since the subinterval lengths of a partition of [0, 1] total 1, every lower sum
of f and of g is 0 and every upper sum is 1, so 1.7 gives

L(f, [0, 1]) = L(g, [0, 1]) = 0, U(f, [0, 1]) = U(g, [0, 1]) = 1.

But f + g is the constant function 1, so all its lower and upper sums equal 1 and L(f + g, [0, 1]) =
U(f + g, [0, 1]) = 1. Hence

L(f, [0, 1]) + L(g, [0, 1]) = 0 < 1 = L(f + g, [0, 1]),

U(f + g, [0, 1]) = 1 < 2 = U(f, [0, 1]) + U(g, [0, 1]).

12



Problem 1B.5. Give an example of a sequence of continuous real-valued functions f1, f2, . . . on
[0, 1] and a continuous real-valued function f on [0, 1] such that

f(x) = lim
k→∞

fk(x)

for each x ∈ [0, 1] but ∫ 1

0
f 6= lim

k→∞

∫ 1

0
fk.

Solution. Take f = 0 and let fk be the triangular spike of height 2k and area 1 on
[
0, 1k

]
:

fk(x) =


4k2x if 0 ≤ x ≤ 1

2k ,

4k2
(
1
k − x

)
if 1

2k ≤ x ≤ 1
k ,

0 if 1
k ≤ x ≤ 1.

The formulas agree where the cases overlap, both giving 2k at x = 1
2k and 0 at x = 1

k , so each fk is
continuous and hence Riemann integrable by 1.11, as is the constant f .
Pointwise convergence: fk(0) = 0 for every k, and for x > 0 we have fk(x) = 0 as soon as 1

k < x, which
happens for all large k by the Archimedean property. So fk(x) → 0 = f(x) for every x ∈ [0, 1].
The integrals:

∫ 1
0 f = 0 by 1.13. For fk, split [0, 1] at 1

k and
[
0, 1k

]
at 1

2k using Exercises 9 and 10
in Section 1A (for k = 1 only the split at 1

2 is needed), and integrate the two linear pieces by the
fundamental theorem of calculus, with antiderivatives 2k2x2 and −2k2

(
1
k − x

)2:∫ 1

0
fk = 2k2

( 1

2k

)2
+
[
−2k2

(
1
k − x

)2]x=1/k

x=1/(2k)
+ 0 = 1

2 + 1
2 = 1.

Hence
∫ 1
0 f = 0 6= 1 = limk→∞

∫ 1
0 fk.
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2.1 Exercises 2A

Problem 2A.1. Prove that if A and B are subsets of R and |B| = 0, then |A ∪B| = |A|.

Solution. Two inequalities. Since A ⊆ A∪B, order preservation (2.5) gives |A| ≤ |A∪B|. In the other
direction, countable subadditivity (2.8) applied to the sequence A,B, ∅, ∅, . . ., whose union is A ∪ B,
gives

|A ∪B| ≤ |A|+ |B| = |A|+ 0 = |A|,

using |∅| = 0 from 2.3. Hence |A ∪B| = |A|.

Problem 2A.2. Suppose A ⊆ R and t ∈ R. Let tA = {ta : a ∈ A}. Prove that |tA| = |t| |A|.
[Assume that 0 · ∞ is defined to be 0.]

Solution. (i) t = 0. Then tA is ∅ or {0}, so |tA| = 0 by 2.3, while |t| |A| = 0 · |A| = 0 by the stated
convention.
(ii) t 6= 0. Dilation carries open intervals to open intervals with

`(tI) = |t| `(I),

since t(α, β) is (tα, tβ) or (tβ, tα) according to the sign of t, of length |t|(β − α), while ∅ maps to ∅
and an unbounded open interval maps to an unbounded one, both sides then being ∞ = |t| · ∞. So if
I1, I2, . . . are open intervals with A ⊆

⋃∞
k=1 Ik, then tA ⊆

⋃∞
k=1 tIk (as x 7→ tx is a bijection of R), and

2.2 gives

|tA| ≤
∞∑
k=1

`(tIk) = |t|
∞∑
k=1

`(Ik).

Taking the infimum over all such covers yields |tA| ≤ |t| |A|. Applying this inequality with 1
t in place

of t and tA in place of A, and using 1
t (tA) = A, gives |A| ≤ 1

|t| |tA|, that is, |t| |A| ≤ |tA|. Hence
|tA| = |t| |A|.

Problem 2A.3. Prove that if A,B ⊆ R and |A| <∞, then |B \A| ≥ |B| − |A|.

Solution. Since B ⊆ (B \ A) ∪ A, order preservation (2.5) and subadditivity (2.8, applied to B \
A, A, ∅, ∅, . . .) give

|B| ≤
∣∣(B \A) ∪A

∣∣ ≤ |B \A|+ |A|.

If |B \ A| = ∞ the desired inequality is trivial. Otherwise both terms on the right are finite, since
|A| <∞ by hypothesis, so subtracting |A| is legitimate and gives |B| − |A| ≤ |B \A|.

Problem 2A.4. Suppose F is a subset of R with the property that every open cover of F has a
finite subcover. Prove that F is closed and bounded.

Solution. Two open covers, chosen so that a finite subcover collapses to a single set.
(i) F is bounded. The intervals (−k, k), k ∈ Z+, are open and their union is R ⊇ F , so they form an open
cover of F in the sense of 2.10. A finite subcover gives k1, . . . , kn with F ⊆ (−k1, k1)∪· · ·∪ (−kn, kn) =
(−K,K), where K = max{k1, . . . , kn}, the union collapsing because these intervals increase with k.
(An empty subcover would make F = ∅, which is bounded.) So |x| < K for all x ∈ F .
(ii) F is closed. Let b ∈ R \ F and put

Gk =
(
−∞, b− 1

k

)
∪
(
b+ 1

k , ∞
)
=
{
x ∈ R : |x− b| > 1

k

}
,

an open set, with G1 ⊆ G2 ⊆ · · · and
⋃∞
k=1Gk = R \ {b} ⊇ F . So {Gk} is an open cover of F , and a

finite subcover collapses, as in (i), to F ⊆ GK for some K (an empty subcover again forcing F = ∅,
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which is closed). Thus (
b− 1

K , b+
1
K

)
⊆ R \ F.

Hence R \ F is open, so F is closed.

Problem 2A.5. Suppose A is a set of closed subsets of R such that
⋂
F∈A F = ∅. Prove that

if A contains at least one bounded set, then there exist n ∈ Z+ and F1, . . . , Fn ∈ A such that
F1 ∩ · · · ∩ Fn = ∅.

Solution. Apply Heine–Borel to a bounded F0 ∈ A, covered by the complements of the members of A.
If F0 = ∅, take n = 1 and F1 = F0. So assume F0 6= ∅; being a member of A it is closed, and it is
bounded by choice. Put C = {R \ F : F ∈ A}, a collection of open sets. It covers F0: each x ∈ F0 fails
to lie in some F ∈ A, since

⋂
F∈A F = ∅, and then x ∈ R \ F ∈ C.

By the Heine–Borel Theorem (2.12) applied to the closed bounded set F0, there are F1, . . . , Fm ∈ A
with

F0 ⊆ (R \ F1) ∪ · · · ∪ (R \ Fm) = R \ (F1 ∩ · · · ∩ Fm)

by De Morgan (the subcover is nonempty because F0 6= ∅). That says exactly F0 ∩ F1 ∩ · · · ∩ Fm = ∅,
so the m+ 1 sets F0, F1, . . . , Fm of A are as required.

Problem 2A.6. Prove that if a, b ∈ R and a < b, then

|(a, b)| = |[a, b)| = |(a, b]| = b− a.

Solution. Each of the three sets becomes [a, b] after adjoining a finite set, which has outer measure 0
by 2.3, so Exercise 1 in this section and |[a, b]| = b− a from 2.14 give

|(a, b)| =
∣∣(a, b) ∪ {a, b}

∣∣ = |[a, b]| = b− a,

|[a, b)| =
∣∣[a, b) ∪ {b}

∣∣ = |[a, b]| = b− a,

|(a, b]| =
∣∣(a, b] ∪ {a}

∣∣ = |[a, b]| = b− a.

Method (2): for 0 < ε < b−a
2 we have [a+ ε, b− ε] ⊆ (a, b) ⊆ [a, b], so 2.5 and 2.14 give

b− a− 2ε =
∣∣[a+ ε, b− ε]

∣∣ ≤ |(a, b)| ≤ |[a, b]| = b− a,

and letting ε→ 0 gives |(a, b)| = b− a; then 2.5 squeezes |[a, b)| and |(a, b]| between |(a, b)| and |[a, b]|.

Problem 2A.7. Suppose a, b, c, d are real numbers with a < b and c < d. Prove that

|(a, b) ∪ (c, d)| = (b− a) + (d− c) if and only if (a, b) ∩ (c, d) = ∅.

Solution. Write E = (a, b)∪ (c, d); the inequality |E| ≤ (b− a) + (d− c) always holds, by subadditivity
(2.8) and |(a, b)| = b− a, |(c, d)| = d− c from Exercise 6 of this section. So only the equality case is at
issue. Since x lies in both intervals exactly when u < x < v, where

u = max{a, c}, v = min{b, d},

we have (a, b) ∩ (c, d) = (u, v), nonempty precisely when u < v, i.e. (given a < b and c < d) precisely
when c < b and a < d.
(i) Disjoint case. Then b ≤ c or d ≤ a; interchanging the two intervals changes neither E nor
(b− a) + (d− c), so assume b ≤ c. Splitting (a, d) at b and at c gives

(a, d) ⊆ (a, b) ∪ [b, c] ∪ (c, d) = E ∪ [b, c]

(Check!), and |[b, c]| = c−b by 2.14 if b < c, by 2.3 if b = c. Since a < d, Exercise 6 gives |(a, d)| = d−a,
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so 2.5 and 2.8 yield
d− a = |(a, d)| ≤ |E|+ (c− b).

All terms are finite, so |E| ≥ (b− a) + (d− c); with the upper bound, equality.
(ii) Overlapping case. Put p = min{a, c} and q = max{b, d}. Because the two intervals meet, their
union is the single interval E = (p, q) (Check!), so |E| = q − p by Exercise 6. As {p, u} = {a, c} and
{v, q} = {b, d} as multisets,

(b− a) + (d− c) = (v + q)− (p+ u) = (q − p) + (v − u) = |E|+ (v − u),

and v − u > 0 with |E| finite, so |E| < (b− a) + (d− c).

Problem 2A.8. Prove that if A ⊆ R and t > 0, then

|A| = |A ∩ (−t, t)|+
∣∣A ∩

(
R \ (−t, t)

)∣∣.
Solution. With B = A ∩ (−t, t) and C = A \ (−t, t), the inequality |A| ≤ |B| + |C| is subadditivity
(2.8) applied to B,C, ∅, . . ., so only |B|+ |C| ≤ |A| needs proof; assume |A| <∞, fix ε > 0, and by 2.2
choose open intervals I1, I2, . . . with

A ⊆
∞⋃
k=1

Ik and
∞∑
k=1

`(Ik) ≤ |A|+ ε.

Cut each Ik at −t and at t, putting

Jk = Ik ∩ (−t, t), Kk = Ik ∩ (−∞,−t), Lk = Ik ∩ (t,∞),

again open intervals. Then

`(Jk) + `(Kk) + `(Lk) = `(Ik) for each k :

cutting an open interval I at a single point c gives `
(
I ∩ (−∞, c)

)
+ `
(
I ∩ (c,∞)

)
= `(I) (Check! the

cases c ≤ a, a < c < b, c ≥ b, and I unbounded), and applying this to Ik at c = −t and then to
Ik ∩ (−t,∞) at c = t and adding gives the display.
Now B ⊆

⋃
k Jk, so |B| ≤

∑
k `(Jk) by 2.2; and a point of A outside (−t, t) lies in some Ik, hence in

Kk or Lk unless it is −t or t, so

C ⊆
( ∞⋃
k=1

Kk

)
∪
( ∞⋃
k=1

Lk

)
∪ {−t, t},

whence |C| ≤
∑

k

(
`(Kk) + `(Lk)

)
by 2.2, 2.3 and 2.8. Adding,

|B|+ |C| ≤
∞∑
k=1

`(Ik) ≤ |A|+ ε,

and ε > 0 was arbitrary.

Problem 2A.9. Prove that |A| = lim
t→∞

|A ∩ (−t, t)| for all A ⊆ R.

Solution. By 2.5 the function t 7→ |A ∩ (−t, t)| is nondecreasing on (0,∞), so the limit exists in [0,∞]
and

L := lim
t→∞

|A ∩ (−t, t)| = sup
t>0

|A ∩ (−t, t)| = lim
n→∞

|A ∩ (−n, n)|.

Since A ∩ (−t, t) ⊆ A, 2.5 gives |A ∩ (−t, t)| ≤ |A| for every t, hence L ≤ |A|.
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For the reverse, cut A into integer annuli: C1 = A ∩ (−1, 1) and Cn = A ∩ {x : n − 1 ≤ |x| < n} for
n ≥ 2. Applying Exercise 8 of this section to the set A ∩ (−n, n) with t = n− 1 > 0, whose two pieces
are A ∩ (−(n− 1), n− 1) and Cn (Check!), gives

|A ∩ (−n, n)| = |A ∩ (−(n− 1), n− 1)|+ |Cn| (n ≥ 2),

so induction from |A ∩ (−1, 1)| = |C1| yields |A ∩ (−n, n)| =
∑n

k=1 |Ck| and therefore L =
∑∞

k=1 |Ck|.
Each x ∈ A lies in Cm for the least m with |x| < m, so A =

⋃∞
k=1Ck and 2.8 gives

|A| ≤
∞∑
k=1

|Ck| = L.

Problem 2A.10. Prove that |[0, 1] \Q| = 1.

Solution. Write E = [0, 1] \ Q. Since E ⊆ [0, 1], the inequality |E| ≤ |[0, 1]| = 1 holds by 2.5 and
2.14. Conversely [0, 1] ∩ Q is countable, so |[0, 1] ∩ Q| = 0 by 2.4, and applying subadditivity (2.8) to
E, [0, 1] ∩Q, ∅, . . ., whose union is [0, 1], gives

1 = |[0, 1]| ≤ |E|+ 0 = |E|.

Hence |[0, 1] \Q| = 1.

Problem 2A.11. Prove that if I1, I2, . . . is a disjoint sequence of open intervals, then∣∣∣ ∞⋃
k=1

Ik

∣∣∣ = ∞∑
k=1

`(Ik).

Solution. Write A =
⋃∞
k=1 Ik. The bound |A| ≤

∑∞
k=1 `(Ik) is immediate from 2.2 (disjointness unused),

so the content is the reverse bound, which comes from splitting outer measure at the endpoints of
I1, . . . , In. Recorded once: |I| = `(I) for every open interval I, by Exercise 6 of this section when I
is bounded and nonempty, and because an unbounded I contains closed intervals of every length, so
|I| = ∞ by 2.5 and 2.14.
Splitting lemma. For every S ⊆ R and c ∈ R,

|S| =
∣∣S ∩ (−∞, c]

∣∣+ ∣∣S ∩ (c,∞)
∣∣.

Here ≤ is 2.8, and ≥ follows exactly as in Exercise 8 of this section: assuming |S| < ∞, take open
intervals Jk with S ⊆

⋃
k Jk and

∑
k `(Jk) ≤ |S| + ε, cut each at c into J ′

k = Jk ∩ (−∞, c) and
J ′′
k = Jk ∩ (c,∞) with `(J ′

k) + `(J ′′
k ) = `(Jk) (Check!), and apply 2.2, 2.3 and 2.8 to

S ∩ (−∞, c] ⊆
( ∞⋃
k=1

J ′
k

)
∪ {c} and S ∩ (c,∞) ⊆

∞⋃
k=1

J ′′
k .

Iterating the lemma on S ∩ (c1,∞) and inducting on m gives, for c1 < · · · < cm,

|S| =
∣∣S ∩ (−∞, c1]

∣∣+ m−1∑
j=1

∣∣S ∩ (cj , cj+1]
∣∣+ ∣∣S ∩ (cm,∞)

∣∣.
The bound |A| ≥

∑n
k=1 `(Ik). Fix n. If some Ik with k ≤ n is unbounded then |A| ≥ |Ik| = ∞ by 2.5, so

assume I1, . . . , In bounded and discard the empty ones (they contribute 0), leaving (a1, b1), . . . , (ap, bp)
with aj < bj ; the case p = 0 is trivial. Disjoint nonempty open intervals (a, b), (a′, b′) satisfy b ≤ a′ or
b′ ≤ a, since otherwise max{a, a′} < min{b, b′} and they meet; so after relabelling

a1 < b1 ≤ a2 < b2 ≤ · · · ≤ ap < bp.
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Let c1 < · · · < cm list the distinct endpoints. No endpoint lies strictly between aj and bj , so aj , bj are
consecutive in that list and each (aj , bj ] is one of the intervals (cl, cl+1] above. Applying the displayed
identity with S = A and discarding the remaining terms (all nonnegative, and distinct from the kept
ones),

|A| ≥
p∑
j=1

∣∣A ∩ (aj , bj ]
∣∣ ≥ p∑

j=1

(bj − aj) =
n∑
k=1

`(Ik),

the second inequality because (aj , bj) ⊆ A ∩ (aj , bj ] has outer measure bj − aj . Letting n → ∞ gives
|A| ≥

∑∞
k=1 `(Ik), hence equality.

Problem 2A.12. Suppose r1, r2, . . . is a sequence that contains every rational number. Let

F = R \
∞⋃
k=1

(
rk −

1

2k
, rk +

1

2k

)
.

(a) Show that F is a closed subset of R.
(b) Prove that if I is an interval contained in F , then I contains at most one element.
(c) Prove that |F | = ∞.

Solution. Write G =
⋃∞
k=1

(
rk − 2−k, rk + 2−k

)
, so that F = R \G.

(a) G is a union of open sets, hence open, so its complement F is closed.
(b) If an interval I ⊆ F contained x < y, then [x, y] ⊆ I, and by density of Q there is a rational q with
x < q < y, so q ∈ F . But q = rj for some j, and

q = rj ∈
(
rj − 2−j , rj + 2−j

)
⊆ G,

contradicting q /∈ G.
(c) By 2.2 applied to the defining intervals,

|G| ≤
∞∑
k=1

2

2k
= 2.

Fix n ∈ Z+. Since [−n, n] ⊆ F ∪G, 2.5 and 2.8 (applied to F,G, ∅, . . .) with |[−n, n]| = 2n from 2.14
give

2n ≤ |F |+ |G| ≤ |F |+ 2,

and |G| ≤ 2 <∞ may be subtracted, so |F | ≥ 2n− 2 for every n. Hence |F | = ∞.

Problem 2A.13. Suppose ε > 0. Prove that there exists a subset F of [0, 1] such that F is closed,
every element of F is an irrational number, and |F | > 1− ε.

Solution. Take F = [0, 1] \G, where q1, q2, . . . lists the countably infinite set [0, 1] ∩Q and

G =

∞⋃
k=1

(
qk −

ε

2k+2
, qk +

ε

2k+2

)
.

Then G is open, so F = [0, 1]∩(R\G) is an intersection of two closed sets, hence closed, and F ⊆ [0, 1].
Every element of F is irrational, since a rational x ∈ [0, 1] equals some qk and therefore lies in G.
Finally 2.2 gives

|G| ≤
∞∑
k=1

2ε

2k+2
=
ε

2
,

and [0, 1] ⊆ F ∪G, so 2.5, 2.8 and |[0, 1]| = 1 (2.14) give

1 ≤ |F |+ |G| ≤ |F |+ ε

2
.
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Since |G| ≤ ε/2 <∞ may be subtracted, |F | ≥ 1− ε/2 > 1− ε.

Problem 2A.14. Consider the following figure, which is drawn accurately to scale.
[Description of the figure. In the coordinate plane, with the horizontal axis marked at
2, 5, 8, 11, 14, 17, 20 and the vertical axis marked at 1, 3, 5, 7, 9, three colored pieces are drawn: a
yellow right triangle with vertices (0, 0), (11, 0), (11, 5); a red rectangle with vertices (11, 0), (20, 0),
(20, 5), (11, 5); and a blue right triangle with vertices (11, 5), (20, 5), (20, 9). Their upper boundary
runs from (0, 0) to (11, 5) to (20, 9) and looks to the eye like a single straight segment, so the three
pieces together appear to fill the right triangle with vertices (0, 0), (20, 0), (20, 9).]
(a) Show that the right triangle whose vertices are (0, 0), (20, 0), and (20, 9) has area 90.
[We have not defined area yet, but just use the elementary formulas for the areas of triangles and
rectangles that you learned long ago.]
(b) Show that the yellow (lower) right triangle has area 27.5.
(c) Show that the red rectangle has area 45.
(d) Show that the blue (upper) right triangle has area 18.
(e) Add the results of parts (b), (c), and (d), showing that the area of the colored region is 90.5.
(f) Seeing the figure above, most people expect parts (a) and (e) to have the same result. Yet in (a)
we found area 90, and in (e) we found area 90.5. Explain why these results differ.
[You may be tempted to think that what we have here is a two-dimensional example similar to the
result about the nonadditivity of outer measure (2.18). However, genuine examples of nonadditivity
require much more complicated sets than in this example.]

Solution. (a) The triangle T has its right angle at (20, 0), with legs 20 and 9, so area(T ) = 1
2 ·20 ·9 = 90.

(b) Right angle at (11, 0), legs 11 and 5: area = 1
2 · 11 · 5 = 27.5.

(c) Sides 20− 11 = 9 and 5− 0 = 5: area = 9 · 5 = 45.
(d) Right angle at (20, 5), legs 20− 11 = 9 and 9− 5 = 4: area = 1

2 · 9 · 4 = 18.
(e) The three pieces meet only in the segments {11} × [0, 5] and [11, 20] × {5} and the point (11, 5),
which contribute no area, so the colored region has area 27.5 + 45 + 18 = 90.5.
(f) The colored region is not the triangle T : its upper boundary bends upward at (11, 5). Indeed the
line through (0, 0) and (20, 9) is y = 9

20x, of height 99
20 = 4.95 < 5 at x = 11; equivalently the three

slopes 5
11 , 9

20 , 4
9 are distinct. So the union Q of the pieces is the quadrilateral (0, 0), (20, 0), (20, 9),

(11, 5), which strictly contains T , and Q \ T is the thin triangle with vertices (0, 0), (11, 5), (20, 9):
base

√
202 + 92 =

√
481 and height the distance from (11, 5) to 9x− 20y = 0, namely

|9 · 11− 20 · 5|√
481

=
1√
481

,

hence area 1
2 . Thus area(Q) = 90 + 0.5 = 90.5, agreeing with (e). Nonadditivity (2.18) is not at issue:

the pieces do not overlap and their areas do add to the area of their union.

2.2 Exercises 2B

Problem 2B.1. Show that S =
{⋃

n∈K(n, n+ 1] : K ⊆ Z
}

is a σ-algebra on R.

Solution. Everything rests on the fact that the intervals (n, n + 1], n ∈ Z, partition R: each x lies in
(nx, nx+1] where nx = dxe−1 (Check! separately for x ∈ Z and x /∈ Z), and in no other such interval,
since m < n in Z forces x ≤ m + 1 ≤ n for x ∈ (m,m + 1]. Hence, writing EK =

⋃
n∈K(n, n + 1] so

that S = {EK : K ⊆ Z},
x ∈ EK ⇐⇒ nx ∈ K.

The three conditions of 2.23 follow. First, ∅ = E∅ ∈ S. Second,

R \ EK = EZ\K ,
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because x /∈ EK iff nx /∈ K iff nx ∈ Z \K. Third, given K1,K2, . . . ⊆ Z and K =
⋃∞
j=1Kj ,

x ∈
∞⋃
j=1

EKj ⇐⇒ nx ∈ Kj for some j ⇐⇒ x ∈ EK ,

so
⋃∞
j=1EKj = EK ∈ S. Thus S is a σ-algebra on R.

Problem 2B.2. Verify both bullet points in Example 2.28, which assert the following.
• (a) Suppose X is a set and A is the set of subsets of X that consist of exactly one element,

A =
{
{x} : x ∈ X

}
. Then the smallest σ-algebra on X containing A is the set of all subsets E

of X such that E is countable or X \ E is countable.
• (b) Suppose A = {(0, 1), (0,∞)}. Then the smallest σ-algebra on R containing A is

{∅, (0, 1), (0,∞), (−∞, 0] ∪ [1,∞), (−∞, 0], [1,∞), (−∞, 1), R}.

Solution. In each part we exhibit the asserted collection T and check (i) T is a σ-algebra, (ii) A ⊆ T ,
(iii) every σ-algebra containing A contains T ; by 2.27 these three facts identify T as the smallest
σ-algebra containing A.
Part (a). Let

T = {E ⊆ X : E is countable or X \ E is countable}.

(i) ∅ is countable; the defining condition is symmetric in E and X \E, so T is closed under complemen-
tation. If E1, E2, . . . ∈ T and E =

⋃∞
k=1Ek, then either every Ek is countable, whence E is countable;

or some Em is uncountable, whence X \ Em is countable and X \ E ⊆ X \ Em is countable. Either
way E ∈ T .
(ii) Each {x} is finite, hence countable.
(iii) Let S ⊇ A be a σ-algebra and E ∈ T . If E is countable then E =

⋃
k{xk} ∈ S, a countable union

of elements of A (pad a finite list with copies of ∅). If X \ E is countable, that case gives X \ E ∈ S,
so E ∈ S.
Part (b). Set

A1 = (0, 1), A2 = [1,∞), A3 = (−∞, 0].

These are nonempty, pairwise disjoint, and partition R. For K ⊆ {1, 2, 3} put EK =
⋃
i∈K Ai; the

eight subsets K give
E∅ = ∅, E{1} = (0, 1),

E{2} = [1,∞), E{3} = (−∞, 0],

E{1,2} = (0,∞), E{1,3} = (−∞, 1),

E{2,3} = (−∞, 0] ∪ [1,∞), E{1,2,3} = R,

so T = {EK : K ⊆ {1, 2, 3}} is exactly the eight-element collection displayed in the exercise (the eight
sets are distinct, since i ∈ K ⇐⇒ Ai ⊆ EK).
(i) Each x lies in exactly one Ai(x), and x ∈ EK ⇐⇒ i(x) ∈ K; exactly as in Exercise 1 of this section
this gives ∅ = E∅ ∈ T together with

R \ EK = E{1,2,3}\K and
∞⋃
j=1

EKj = EK1∪K2∪···.

(ii) (0, 1) = E{1} and (0,∞) = E{1,2}.
(iii) If S is a σ-algebra containing (0, 1) and (0,∞), then by 2.25(a) and 2.25(b)

A2 = (0,∞) \ (0, 1) ∈ S, A3 = R \ (0,∞) ∈ S,

and A1 = (0, 1) ∈ S; closure under finite unions (2.25(b)) puts every EK in S.
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Problem 2B.3. Suppose S is the smallest σ-algebra on R containing {(r, s] : r, s ∈ Q}. Prove that
S is the collection of Borel subsets of R.

Solution. Let B be the collection of Borel subsets of R, the smallest σ-algebra containing the open sets
(2.29).
S ⊆ B. Every generator is Borel: (r, s] = ∅ if r ≥ s, while if r < s then

(r, s] =
∞⋂
k=1

(
r, s+ 1

k

)
(since x < s+ 1

k for all k forces x ≤ s), a countable intersection of open sets, which lies in B by 2.25(c).
So B is a σ-algebra containing the generating collection and hence contains the smallest one, S.
B ⊆ S. By 2.29 it suffices that every open G ⊆ R lie in S. With P = {(r, s) ∈ Q×Q : (r, s] ⊆ G},

G =
⋃

(r,s)∈P

(r, s] :

the inclusion ⊇ is the definition of P , and for ⊆, given x ∈ G pick ε > 0 with (x − ε, x + ε) ⊆ G and
then, by density of Q, rationals r ∈ (x−ε, x) and s ∈ (x, x+ε), so that x ∈ (r, s] ⊆ G. Since P ⊆ Q×Q
is countable, this is a countable union of elements of S (and G = ∅ ∈ S if P = ∅), so G ∈ S.

Problem 2B.4. Suppose S is the smallest σ-algebra on R containing {(r, n] : r ∈ Q, n ∈ Z}. Prove
that S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.
S ⊆ B. Every integer is rational, so each generator (r, n] is among the intervals (r, s] with r, s ∈ Q
shown to be Borel in Exercise 3 of this section. Hence B is a σ-algebra containing the generating
collection, so it contains S.
B ⊆ S. By Exercise 3, B is the smallest σ-algebra containing all (r, s] with r, s ∈ Q, so it suffices to
put those intervals in S. If r ≥ s then (r, s] = ∅ ∈ S. If r < s, choose n ∈ Z with n ≥ s (Archimedean
property); then

(r, s] = (r, n] \ (s, n],

since for r < x ≤ n the failure of s < x is exactly x ≤ s. Both sets on the right are generators of S,
and σ-algebras are closed under differences by 2.25(b), so (r, s] ∈ S.

Problem 2B.5. Suppose S is the smallest σ-algebra on R containing {(r, r + 1) : r ∈ Q}. Prove
that S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.
S ⊆ B. Each generator (r, r + 1) is open, hence Borel, so B is a σ-algebra containing the generating
collection and therefore contains S.
Short rational intervals lie in S. If p, q ∈ Q with p < q and q− p ≤ 1, then q− 1 ≤ p and q ≤ p+1, so

(p, p+ 1) ∩ (q − 1, q) =
(
max{p, q − 1}, min{p+ 1, q}

)
= (p, q),

and both factors are generators (p and q − 1 being rational), so (p, q) ∈ S by closure under finite
intersections (2.25(b)).
B ⊆ S. By 2.29 it suffices that every open G ⊆ R lie in S. Put

P = {(p, q) ∈ Q×Q : p < q, q − p ≤ 1, (p, q) ⊆ G},

so that G =
⋃

(p,q)∈P (p, q): the inclusion ⊇ is the definition of P , and for ⊆, given x ∈ G choose
ε ∈

(
0, 12
)

with (x − ε, x + ε) ⊆ G and rationals p ∈ (x − ε, x), q ∈ (x, x + ε), whence q − p < 2ε < 1
and x ∈ (p, q) ⊆ G. As P ⊆ Q×Q is countable, the previous paragraph and closure under countable
unions give G ∈ S (and G = ∅ ∈ S if P = ∅).
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Problem 2B.6. Suppose S is the smallest σ-algebra on R containing {[r,∞) : r ∈ Q}. Prove that
S is the collection of Borel subsets of R.

Solution. Let B denote the collection of Borel subsets of R.
S ⊆ B. Each generator [r,∞) is closed, its complement (−∞, r) being open, hence Borel by the first
bullet point of 2.30; so B is a σ-algebra containing the generating collection and therefore contains S.
Bounded rational open intervals lie in S. For p ∈ Q,

(p,∞) =

∞⋃
k=1

[
p+ 1

k , ∞
)
∈ S,

since x > p gives 1
k ≤ x− p for some k by the Archimedean property, each p+ 1

k is rational, and S is
closed under countable unions. Also (−∞, q) = R \ [q,∞) ∈ S for q ∈ Q, so

(p, q) = (p,∞) ∩ (−∞, q) ∈ S

for all p, q ∈ Q, by closure under finite intersections (2.25(b)).
B ⊆ S. Exactly as in Exercise 5 of this section, every open G ⊆ R is the union of the countably
many intervals (p, q) with p, q ∈ Q, p < q and (p, q) ⊆ G; by the previous paragraph and closure under
countable unions, G ∈ S. Now 2.29 gives B ⊆ S.

Problem 2B.7. Prove that the collection of Borel subsets of R is translation invariant. More
precisely, prove that if B ⊆ R is a Borel set and t ∈ R, then t+B is a Borel set.

Solution. Fix t ∈ R and let f : R → R be f(x) = x− t, which is continuous and hence Borel measurable
by 2.41. Since x− t ∈ B exactly when x = t+ b for some b ∈ B,

f−1(B) = {x ∈ R : x− t ∈ B} = t+B,

so t+B is a Borel set for every Borel set B, by the definition 2.40 of Borel measurability.
Method (2) (avoiding 2.41). Let B be the collection of Borel subsets of R and put T = {A ⊆ R :
t+A ∈ B}. Because x ∈ t+A iff x− t ∈ A,

t+ (R \A) = R \ (t+A), t+

∞⋃
k=1

Ak =

∞⋃
k=1

(t+Ak),

and t + ∅ = ∅; since B is a σ-algebra, so is T . If G is open then t + G is open, translation being an
isometry (|y − x| < ε iff |(y − t) − (x − t)| < ε), so t + G ∈ B and G ∈ T . Thus T is a σ-algebra
containing every open set, and 2.29 gives B ⊆ T .

Problem 2B.8. Prove that the collection of Borel subsets of R is dilation invariant. More precisely,
prove that if B ⊆ R is a Borel set and t ∈ R, then tB (which is defined to be {tb : b ∈ B}) is a Borel
set.

Solution. Suppose B ⊆ R is a Borel set and t ∈ R.
(i) t = 0. Then tB is ∅ or {0}, both Borel ({0} is closed, hence Borel by 2.30).
(ii) t 6= 0. The function m(x) = x/t is continuous, hence Borel measurable by 2.41, so m−1(B) is a
Borel set by the definition 2.40. And m−1(B) = tB: if x/t ∈ B then x = t(x/t) ∈ tB, while if x = tb
with b ∈ B then x/t = b ∈ B, using t 6= 0.
Method (2) (avoiding 2.41). Fix t 6= 0 and put S = {B ⊆ R : tB is Borel}. Multiplication by t is a
bijection of R, so

t(R \B) = R \ tB, t
( ∞⋃
k=1

Bk

)
=

∞⋃
k=1

tBk,
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and t∅ = ∅; hence S is a σ-algebra. It contains every open G, since multiplication by t is a homeomor-
phism and so tG is open, hence Borel. By 2.29, S contains every Borel set.

Problem 2B.9. Give an example of a measurable space (X,S) and a function f : X → R such that
|f | is S-measurable but f is not S-measurable.

Solution. Take X = R, S = {∅,R} (a σ-algebra; Check!), and

f(x) =

{
1 if x ≥ 0,

−1 if x < 0.

Then |f | is constant with value 1, so |f |−1(B) is R or ∅ according as 1 ∈ B or not; either way it lies in
S, so |f | is S-measurable. But (0,∞) is open, hence Borel, and

f−1
(
(0,∞)

)
= [0,∞) /∈ S,

so f fails the definition 2.35 of S-measurability.

Problem 2B.10. Show that the set of real numbers that have a decimal expansion with the digit 5
appearing infinitely often is a Borel set.

Solution. The set in question is A = A+ ∪ (−A+), where

A+ =

∞⋂
n=1

∞⋃
k=n

Dk, Dk =

∞⋃
m=0

[
10m+ 5

10k
,
10m+ 6

10k

)
,

and this is a Borel set. Here a decimal expansion of x ≥ 0 means a representation x = N+
∑∞

j=1 ej10
−j

with N ∈ Z, N ≥ 0 and ej ∈ {0, 1, . . . , 9}, written x = N.e1e2e3 . . ., while a negative number carries
the expansion of its absolute value; the integer part is a finite string, so the digit 5 can recur infinitely
often only among e1, e2, . . ..
Reduction to [0,∞). Since x and −x carry the same digit string, x ∈ A iff |x| ∈ A, so A = A+∪ (−A+)
with A+ = A ∩ [0,∞), and −A+ is Borel whenever A+ is, by Exercise 8 of this section with t = −1.
Canonical digits. For x ≥ 0 and k ∈ Z+ set dk(x) = b10kxc − 10b10k−1xc. Writing q = b10k−1xc gives
10q ≤ 10kx < 10q + 10, hence dk(x) ∈ {0, 1, . . . , 9}, and the sum telescopes to

bxc+
n∑
k=1

dk(x)10
−k =

b10nxc
10n

−→ x

because x− 10−n < b10nxc/10n ≤ x. So bxc.d1(x)d2(x) . . . is a decimal expansion of x, the canonical
one.
An expansion with infinitely many 5s is the canonical one. Let x = N.e1e2e3 . . . with ej = 5 for
infinitely many j, and fix k ≥ 0. Some i > k has ei = 5, so the digits beyond position k are not all 9
and

0 ≤
∑
j>k

ej10
−j ≤ 10−k − 4 · 10−i < 10−k.

With Mk = 10kN +
∑k

j=1 ej10
k−j ∈ Z this reads Mk ≤ 10kx < Mk + 1, so b10kxc = Mk for every

k ≥ 0, whence bxc = M0 = N and dk(x) = Mk − 10Mk−1 = ek. The converse direction is immediate,
the canonical string being itself an expansion, so

A+ = {x ≥ 0 : dk(x) = 5 for infinitely many k ∈ Z+}.

The sets Dk. Fix k. Then dk(x) = 5 iff b10kxc ∈ {10m + 5 : m ∈ Z}: forwards because b10kxc =
10b10k−1xc+5; backwards because b10kxc = 10m+5 gives m+ 1

2 ≤ 10k−1x < m+ 3
5 , so b10k−1xc = m
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and dk(x) = 5. Since x ≥ 0 forces b10kxc ≥ 0, only m ≥ 0 occurs, so {x ≥ 0 : dk(x) = 5} is exactly the
set Dk displayed at the start, a countable union of half-open intervals and hence Borel by 2.30.
Assembling. The digit occurs infinitely often exactly when for every n some k ≥ n has dk(x) = 5,
which is the displayed formula for A+; it is Borel by 2.23 (countable unions) and 2.25(c) (countable
intersections), and hence so is A = A+ ∪ (−A+).

Problem 2B.11. Suppose T is a σ-algebra on a set Y and X ∈ T . Let S = {E ∈ T : E ⊆ X}.
(a) Show that S = {F ∩X : F ∈ T }.
(b) Show that S is a σ-algebra on X.

Solution. (a) If E ∈ S then E ∈ T and E = E ∩X, so E has the required form. Conversely, if F ∈ T
then F ∩X ∈ T by 2.25(b) (using X ∈ T ) and F ∩X ⊆ X, so F ∩X ∈ S.
(b) Each element of S is a subset of X, and complementation is taken in X. The three conditions
of 2.23 hold: ∅ ∈ T and ∅ ⊆ X; for E ∈ S, both E and X lie in T , so X \ E ∈ T by 2.25(b) and
X \ E ⊆ X; and for E1, E2, . . . ∈ S, the union

⋃∞
k=1Ek lies in T and is contained in X. Hence S is a

σ-algebra on X.

Problem 2B.12. Suppose f : R → R is a function.
(a) For k ∈ Z+, let

Gk =
{
a ∈ R : there exists δ > 0 such that |f(b)− f(c)| < 1

k for all b, c ∈ (a− δ, a+ δ)
}
.

Prove that Gk is an open subset of R for each k ∈ Z+.
(b) Prove that the set of points at which f is continuous equals

⋂∞
k=1Gk.

(c) Conclude that the set of points at which f is continuous is a Borel set.

Solution. (a) Let a ∈ Gk, with δ > 0 as in the definition. Then
(
a − δ

2 , a + δ
2

)
⊆ Gk: for a′ in that

interval put δ′ = δ
2 − |a′ − a| > 0, so that

|y − a| ≤ |y − a′|+ |a′ − a| < δ′ + |a′ − a| = δ
2 < δ

for y ∈ (a′ − δ′, a′ + δ′); hence that interval sits inside (a − δ, a + δ), where the oscillation bound 1
k

already holds, and a′ ∈ Gk. So Gk contains an open interval about each of its points and is open.
(b) Write C for the set of continuity points. If a ∈ C and k ∈ Z+, continuity at a with ε = 1

2k gives
δ > 0 with |f(y)− f(a)| < 1

2k on (a− δ, a+ δ), so

|f(b)− f(c)| ≤ |f(b)− f(a)|+ |f(a)− f(c)| < 1
k

there, and a ∈ Gk. Conversely, if a ∈
⋂∞
k=1Gk and ε > 0, choose k with 1

k < ε and take c = a in
the defining property of Gk: then |f(b) − f(a)| < 1

k < ε for all b ∈ (a − δ, a + δ), so a ∈ C. Hence
C =

⋂∞
k=1Gk.

(c) Each Gk is open by (a), hence Borel by 2.29, and C is a countable intersection of Borel sets, hence
Borel by 2.25(c).

Problem 2B.13. Suppose (X,S) is a measurable space, E1, . . . , En are disjoint subsets of X, and
c1, . . . , cn are distinct nonzero real numbers. Prove that c1χE1 + · · · + cnχEn is an S-measurable
function if and only if E1, . . . , En ∈ S.

Solution. Write f = c1χE1 + · · ·+ cnχEn .
(⇐) Suppose E1, . . . , En ∈ S. By 2.38 each χ−1

Ej
(B) is one of Ej , X \ Ej , X, ∅, all in S by hypothesis

together with 2.23 and 2.25(a), so each χEj is S-measurable. Constant functions are S-measurable
(inverse images are X or ∅), so 2.46(a) makes each cjχEj measurable and then, inducting on the
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number of summands, makes f measurable.
(⇒) Suppose f is S-measurable. Disjointness gives f(x) = ci for x ∈ Ei and f(x) = 0 off E1∪ · · ·∪En,
so for each j,

f−1({cj}) = Ej :

Ej ⊆ f−1({cj}) is clear, and if f(x) = cj then x lies in some Ei (else f(x) = 0 6= cj , the cs being
nonzero) with ci = cj , forcing i = j since the cs are distinct. As {cj} is closed, hence Borel by 2.30,
the definition 2.35 gives Ej = f−1({cj}) ∈ S.

Problem 2B.14. (a) Suppose f1, f2, . . . is a sequence of functions from a set X to R. Explain why

{x ∈ X : the sequence f1(x), f2(x), . . . has a limit in R} =

∞⋂
n=1

∞⋃
j=1

∞⋂
k=j

(fj − fk)
−1
((

− 1
n ,

1
n

))
.

(b) Suppose (X,S) is a measurable space and f1, f2, . . . is a sequence of S-measurable functions from
X to R. Prove that

{x ∈ X : the sequence f1(x), f2(x), . . . has a limit in R}

is an S-measurable subset of X.

Solution. (a) The identity is the Cauchy criterion, written with a single anchor index. Indeed, by the
definition 2.31 of inverse image, x lies in the right side R exactly when

for every n there is j with |fj(x)− fk(x)| < 1
n for all k ≥ j.

If f1(x), f2(x), . . . converges it is Cauchy, and taking p = j in the Cauchy condition for ε = 1
n puts

x ∈ R. Conversely, let x ∈ R and ε > 0; choose n with 2
n < ε and the corresponding j, so that for all

p, q ≥ j,
|fp(x)− fq(x)| ≤ |fp(x)− fj(x)|+ |fj(x)− fq(x)| < 2

n < ε.

Thus the sequence is Cauchy, hence convergent by completeness of R.
(b) Each fj−fk is S-measurable by 2.46(a), and

(
− 1
n ,

1
n

)
is open, hence Borel by 2.29, so the definition

2.35 gives
(fj − fk)

−1
((

− 1
n ,

1
n

))
∈ S

for all n, j, k. The set of (a) is assembled from these by a countable intersection over k, a countable
union over j, and a countable intersection over n; S is closed under the first and third by 2.25(c) and
under the second by 2.23, so that set lies in S.

Problem 2B.15. Suppose X is a set and E1, E2, . . . is a disjoint sequence of subsets of X such that⋃∞
k=1Ek = X. Let S =

{⋃
k∈K Ek : K ⊆ Z+

}
.

(a) Show that S is a σ-algebra on X.
(b) Prove that a function from X to R is S-measurable if and only if the function is constant on Ek
for every k ∈ Z+.

Solution. Since the Ek are disjoint with union X, every x ∈ X lies in Ek(x) for exactly one index k(x),
and x ∈

⋃
k∈K Ek ⇐⇒ k(x) ∈ K.

(a) Taking K = ∅ gives ∅ ∈ S. For E =
⋃
k∈K Ek, the equivalence above gives

X \ E =
⋃

k∈Z+\K

Ek ∈ S,
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and for An =
⋃
k∈Kn

Ek with K =
⋃∞
n=1Kn,

∞⋃
n=1

An =
⋃
k∈K

Ek ∈ S.

Hence S is a σ-algebra on X.
(b) (⇐) Let f be constant on each Ek, let B be Borel, and put K = {k : Ek ⊆ f−1(B)}. Then
f−1(B) =

⋃
k∈K Ek ∈ S: the inclusion ⊇ is the definition of K, and if x ∈ f−1(B) then constancy on

Ek(x) gives Ek(x) ⊆ f−1(B), so k(x) ∈ K.
(⇒) Let f be S-measurable and x, y ∈ Ek. The singleton {f(x)} is closed, hence Borel, so
f−1({f(x)}) =

⋃
j∈K Ej for some K ⊆ Z+; since x lies in it, k = k(x) ∈ K, so Ek ⊆ f−1({f(x)}) and

f(y) = f(x).

Problem 2B.16. Suppose S is a σ-algebra on a set X and A ⊆ X. Let

SA = {E ∈ S : A ⊆ E or A ∩ E = ∅}.

(a) Prove that SA is a σ-algebra on X.
(b) Suppose f : X → R is a function. Prove that f is measurable with respect to SA if and only if
f is measurable with respect to S and f is constant on A.

Solution. (a) Since ∅ ∈ S and A ∩ ∅ = ∅, we get ∅ ∈ SA. For E ∈ SA we have X \ E ∈ S, and A ⊆ E
gives A ∩ (X \ E) = ∅ while A ∩ E = ∅ gives A ⊆ X \ E; either way X \ E ∈ SA. For E1, E2, . . . ∈ SA
and E =

⋃∞
k=1Ek ∈ S: either A ⊆ Ek for some k, whence A ⊆ E, or A ∩ Ek = ∅ for every k, whence

A ∩ E =
∞⋃
k=1

(A ∩ Ek) = ∅.

Hence SA is a σ-algebra on X.
(b) (⇒) If f is SA-measurable, then SA ⊆ S makes f S-measurable. Assuming A 6= ∅, pick x ∈ A; the
singleton {f(x)} is closed, hence Borel, so f−1({f(x)}) ∈ SA, and it meets A (at x), so the definition
of SA forces A ⊆ f−1({f(x)}); that is, f is constant on A.
(⇐) Let f be S-measurable and constant on A. If A = ∅ then SA = S; otherwise let c be the value
of f on A and B Borel. Then f−1(B) ∈ S, with A ⊆ f−1(B) if c ∈ B and A ∩ f−1(B) = ∅ if c /∈ B;
either way f−1(B) ∈ SA.

Problem 2B.17. Suppose X is a Borel subset of R and f : X → R is a function such that
{x ∈ X : f is not continuous at x} is a countable set. Prove f is a Borel measurable function.

Solution. By 2.39, applied with S the σ-algebra of Borel sets contained in X, it suffices to show
f−1

(
(a,∞)

)
is Borel for every a ∈ R. Write D for the countable set of discontinuity points; every

countable set is Borel, being a countable union of closed singletons. Fix a and split

f−1
(
(a,∞)

)
= U ∪ V, U = {x ∈ X \D : f(x) > a}, V = {x ∈ D : f(x) > a},

so V ⊆ D is countable, hence Borel. For x ∈ U , continuity of f at x relative to X, applied with
ε = f(x)− a > 0, yields δx > 0 with

f(y) > f(x)−
(
f(x)− a

)
= a for all y ∈ (x− δx, x+ δx) ∩X,

points of D in that intersection included. Then G =
⋃
x∈U (x − δx, x + δx) is open, hence Borel, so

G ∩X is Borel, and
f−1

(
(a,∞)

)
= (G ∩X) ∪ V.
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Indeed ⊆ holds because a point of the left side lies in V if it is in D and otherwise lies in U ⊆ G ∩X;
and ⊇ holds because V is part of the left side while any y ∈ G∩X lies in (x− δx, x+ δx)∩X for some
x ∈ U , so f(y) > a.

Problem 2B.18. Suppose f : R → R is differentiable at every element of R. Prove that f ′ is a
Borel measurable function from R to R.

Solution. f ′ is the pointwise limit of the difference quotients

gk(x) =
f
(
x+ 1

k

)
− f(x)

1/k
, k ∈ Z+.

Each gk is continuous on R, since f is continuous (being differentiable everywhere) and x 7→ x + 1
k is

continuous; hence each gk is Borel measurable by 2.41. Because f is differentiable at each x, the limit

lim
h→0

f(x+ h)− f(x)

h
= f ′(x)

exists in R, so evaluating it along h = 1
k → 0 gives gk(x) → f ′(x) for every x ∈ R. Thus f ′ is Borel

measurable by 2.48, applied with S the Borel σ-algebra on R.

Problem 2B.19. Suppose X is a nonempty set and S is the σ-algebra on X consisting of all subsets
of X that are either countable or have a countable complement in X. Give a characterization of the
S-measurable real-valued functions on X.

Solution. A function f : X → R is S-measurable if and only if f is constant outside some countable
subset of X, that is, if and only if there is c ∈ R with {x ∈ X : f(x) 6= c} countable.
Suppose C = {x ∈ X : f(x) 6= c} is countable and B ⊆ R is Borel. If c ∈ B, then X \ f−1(B) ⊆ C is
countable; if c /∈ B, then f−1(B) ⊆ C is countable. Either way f−1(B) ∈ S.
Conversely, suppose f is S-measurable. If X is countable, take c = 0; so assume X is uncountable, in
which case no subset of X is both countable and cocountable. Thus each Ea := f−1

(
(a,∞)

)
∈ S is

countable or cocountable but not both, and

T = {a ∈ R : Ea is countable}

is closed upward, since b > a gives Eb ⊆ Ea.
• (i) T 6= ∅: otherwise every En with n ∈ Z+ is cocountable, so

⋂∞
n=1En has countable complement⋃∞

n=1(X \En) and hence is nonempty as X is uncountable; but that intersection is empty because
f is real-valued.

• (ii) T is bounded below: X =
⋃∞
n=1E−n is uncountable, so E−m is uncountable for some m ∈ Z+,

i.e. −m /∈ T ; upward closure then forces a > −m for every a ∈ T .
Let c = infT ∈ R. For each n ∈ Z+ there is a ∈ T with a < c + 1

n , so c + 1
n ∈ T by upward closure,

whence

{x ∈ X : f(x) > c} =
∞⋃
n=1

Ec+ 1
n

is countable. Also c − 1
n /∈ T , so Ec−1/n is cocountable and X \ Ec−1/n = {f ≤ c − 1

n} is countable,
whence

{x ∈ X : f(x) < c} =

∞⋃
n=1

{
x ∈ X : f(x) ≤ c− 1

n

}
is countable. Hence {x ∈ X : f(x) 6= c} = {f > c} ∪ {f < c} is countable.
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Problem 2B.20. Suppose (X,S) is a measurable space and f, g : X → R are S-measurable func-
tions. Prove that if f(x) > 0 for all x ∈ X, then fg (which is the function whose value at x ∈ X
equals f(x)g(x)) is an S-measurable function.

Solution. Because ts = es ln t for t > 0 and f is positive everywhere,

fg(x) = e g(x) ln f(x) for all x ∈ X,

so fg = exp ◦h with h = g · (ln ◦f).
Now ln is continuous on the Borel set (0,∞), hence Borel measurable by 2.41, and the range of f lies in
(0,∞), so ln ◦f is S-measurable by 2.44. Hence h is S-measurable by 2.46(a). Finally exp is continuous
on R, hence Borel measurable by 2.41, and its domain R contains the range of h, so fg = exp ◦h is
S-measurable by 2.44.

Problem 2B.21. Prove 2.52. [2.52, condition for measurable function: Suppose (X,S) is a measur-
able space and f : X → [−∞,∞] is a function such that f−1

(
(a,∞]

)
∈ S for all a ∈ R. Then f is

an S-measurable function.]

Solution. Let
T = {A ⊆ [−∞,∞] : f−1(A) ∈ S};

it suffices to show T contains every Borel subset of [−∞,∞].
Because inverse images commute with complementation and countable unions, T is a σ-algebra on
[−∞,∞] (the computation in the proof of 2.39, verbatim), hence closed also under countable intersec-
tions and set differences by 2.25. By hypothesis (a,∞] ∈ T for all a ∈ R, so

{∞} =

∞⋂
n=1

(n,∞] ∈ T ,

(−∞,∞] =

∞⋃
n=1

(−n,∞] ∈ T ,

the second giving {−∞} ∈ T by complementation and hence

R = [−∞,∞] \
(
{∞} ∪ {−∞}

)
∈ T .

Consequently TR = {A ∈ T : A ⊆ R} is a σ-algebra on R: it is closed under countable unions because
T is, and under complementation within R because R \ A = R ∩ ([−∞,∞] \ A) ∈ T , using R ∈ T . It
contains (a,∞) = (a,∞] \ {∞} for every a ∈ R, so by the second half of the proof of 2.39 it contains
every Borel subset of R.
Now let C ⊆ [−∞,∞] be Borel. By 2.50 the set B = C ∩R is a Borel subset of R, and C equals one of

B, B ∪ {∞}, B ∪ {−∞}, B ∪ {∞,−∞}.

Each of these lies in T , since B ∈ TR ⊆ T , both {∞} and {−∞} lie in T , and T is closed under finite
unions. Hence f−1(C) ∈ S for every Borel C, so f is S-measurable.

Problem 2B.22. Suppose B ⊆ R and f : B → R is an increasing function. Prove that f is
continuous at every element of B except for a countable subset of B.

Solution. The set D of points of B at which f is discontinuous carries a pairwise disjoint family of
nonempty open intervals, hence injects into Q and is countable.
For x ∈ B put α(x) = sup{f(t) : t ∈ B, t < x} if B ∩ (−∞, x) 6= ∅ and α(x) = f(x) otherwise, and
dually β(x) = inf{f(t) : t ∈ B, t > x} if B ∩ (x,∞) 6= ∅ and β(x) = f(x) otherwise; monotonicity
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bounds the first set above by f(x) and the second below by f(x), so α(x), β(x) ∈ R with α(x) ≤ f(x) ≤
β(x). Call x a left (right) limit point of B when B ∩ (x− δ, x) 6= ∅ (respectively B ∩ (x, x+ δ) 6= ∅) for
every δ > 0. Continuity is relative to the domain B throughout.
Then x ∈ D if and only if at least one of
• (i) x is a left limit point of B and α(x) < f(x);
• (ii) x is a right limit point of B and f(x) < β(x)
holds. Indeed, suppose both fail and let ε > 0. If x is not a left limit point, pick δ1 > 0 with
B∩ (x− δ1, x) = ∅, so x is the only point of B∩ (x− δ1, x]; otherwise α(x) = f(x), and choosing t0 ∈ B
with t0 < x and f(t0) > f(x)− ε and setting δ1 = x− t0 gives f(x)− ε < f(t0) ≤ f(t) ≤ f(x) for all
t ∈ B ∩ (x− δ1, x]. The failure of (ii) yields δ2 symmetrically, and δ = min{δ1, δ2} witnesses continuity
at x. Conversely, if (i) holds, take ε = f(x) − α(x) > 0; every δ > 0 admits t ∈ B ∩ (x − δ, x), and
f(t) ≤ α(x) = f(x)− ε, so f is discontinuous at x. The case (ii) is symmetric.
For x ∈ D set Ix = (α(x), f(x)) if (i) holds and Ix = (f(x), β(x)) otherwise (so (ii) holds); either way
Ix is a nonempty bounded open interval. For x < y in D we have sup Ix ≤ inf Iy in all four cases:
• Ix = (α(x), f(x)) and Iy = (α(y), f(y)): α(y) ≥ f(x), as x ∈ B and x < y.
• Ix = (α(x), f(x)) and Iy = (f(y), β(y)): f(y) ≥ f(x), as f is increasing.
• Ix = (f(x), β(x)) and Iy = (f(y), β(y)): β(x) ≤ f(y), as y ∈ B and y > x.
• Ix = (f(x), β(x)) and Iy = (α(y), f(y)): here (ii) holds for x, so x is a right limit point and some
s ∈ B has x < s < y; then β(x) ≤ f(s) ≤ α(y).

So the Ix are pairwise disjoint, and choosing qx ∈ Ix∩Q for each x ∈ D (density of Q) gives an injection
D → Q. Hence D is countable.

Problem 2B.23. Suppose f : R → R is a strictly increasing function. Prove that the inverse
function f−1 : f(R) → R is a continuous function.
[Note that this exercise does not have as a hypothesis that f is continuous.]

Solution. Write g = f−1, which is defined on f(R) because a strictly increasing function is injective,
and note that f(x) < f(u) forces x < u (otherwise x ≥ u would give f(x) ≥ f(u)).
Fix y0 ∈ f(R), put x0 = g(y0), and let ε > 0. Strict increase gives

f(x0 − ε) < f(x0) = y0 < f(x0 + ε),

the two outer values being defined since the domain of f is all of R, so

δ = min
{
y0 − f(x0 − ε), f(x0 + ε)− y0

}
> 0.

If y ∈ f(R) with |y − y0| < δ, then writing x = g(y),

f(x0 − ε) ≤ y0 − δ < f(x) < y0 + δ ≤ f(x0 + ε),

so x0 − ε < x < x0 + ε, that is, |g(y)− g(y0)| < ε. Hence g is continuous at every point of f(R).

Problem 2B.24. Suppose f : R → R is a strictly increasing function and B ⊆ R is a Borel set.
Prove that f(B) is a Borel set.

Solution. Let g = f−1 : f(R) → R, which is defined because f is injective and is continuous by Exercise
23 of this section, and observe that

g−1(B) = { y ∈ f(R) : g(y) ∈ B } = { f(x) : x ∈ B } = f(B),

since every y ∈ f(R) equals f(x) for a unique x, and then g(y) = x. So by 2.41 it suffices to show that
the domain f(R) of g is a Borel set: then g is Borel measurable and f(B) = g−1(B) is Borel.
Put f(x−) = sup{f(t) : t < x} and f(x+) = inf{f(t) : t > x}, which are real with f(x−) ≤ f(x) ≤
f(x+), and

L = inf{f(t) : t ∈ R}, M = sup{f(t) : t ∈ R},
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with the conventions (−∞, L] = ∅ if L = −∞ and [M,∞) = ∅ if M = ∞. Since every real number is
both a left and a right limit point of R, the characterization in Exercise 22 of this section (with B = R,
α = f(·−), β = f(·+)) identifies

D = {x ∈ R : f(x−) < f(x) or f(x) < f(x+) }

as the discontinuity set of f , which that exercise shows is countable. We claim

R \ f(R) = (−∞, L] ∪ [M,∞) ∪
⋃
x∈D

([
f(x−), f(x)

)
∪
(
f(x), f(x+)

])
.

No set on the right meets f(R). The infimum L is not attained (f(u) = L would give f(u − 1) < L)
and f(t) ≥ L for all t, so (−∞, L] ∩ f(R) = ∅; symmetrically for [M,∞). If f(x) < f(x+) and f(u) ∈
(f(x), f(x+)], then u > x (as u ≤ x gives f(u) ≤ f(x)), so f(u) ≥ f(x+) and hence f(u) = f(x+) —
impossible, since f(u) = f(x+) with u > x would give f(t) < f(x+) = inf{f(s) : s > x} for x < t < u.
So (f(x), f(x+)] ∩ f(R) = ∅, and symmetrically [f(x−), f(x)) ∩ f(R) = ∅.
Conversely, let y /∈ f(R) with L < y < M (otherwise y lies in one of the first two sets). Then
T = {t ∈ R : f(t) < y} is nonempty because y > L, and bounded above by any s with f(s) > y (such
s exists as y < M , and t ≥ s would give f(t) ≥ f(s) > y), so x = supT ∈ R. For t < x some t′ ∈ T
has t < t′ ≤ x, so f(t) ≤ f(t′) < y and hence f(x−) ≤ y; for t > x we have t /∈ T , so f(t) ≥ y, indeed
f(t) > y as y /∈ f(R), giving f(x+) ≥ y. Also f(x) 6= y.
• (i) f(x) > y: then y ∈ [f(x−), f(x)) and f(x−) < f(x), so x ∈ D.
• (ii) f(x) < y: then y ∈ (f(x), f(x+)] and f(x) < f(x+), so x ∈ D.
The right side is a countable union of intervals, hence Borel, so f(R) is Borel.

Problem 2B.25. Suppose B ⊆ R and f : B → R is an increasing function. Prove that there exists
a sequence f1, f2, . . . of strictly increasing functions from B to R such that

f(x) = lim
k→∞

fk(x)

for every x ∈ B.

Solution. Take fk : B → R defined by

fk(x) = f(x) +
x

k
for k ∈ Z+.

If x, y ∈ B with x < y, then f(x) ≤ f(y) because f is increasing and x/k < y/k because k > 0, so

fk(x) = f(x) +
x

k
< f(y) +

y

k
= fk(y);

thus each fk is strictly increasing. For fixed x ∈ B we have x/k → 0, so fk(x) → f(x).

Problem 2B.26. Suppose B ⊆ R and f : B → R is a bounded increasing function. Prove that
there exists an increasing function g : R → R such that g(x) = f(x) for all x ∈ B.

Solution. Take g = 0 if B = ∅, and otherwise

g(x) =

{
m if B ∩ (−∞, x] = ∅,
sup{ f(t) : t ∈ B, t ≤ x } if B ∩ (−∞, x] 6= ∅,

where m = inf f(B) and M = sup f(B) are real because f is bounded and B 6= ∅. In the second case
the set is a nonempty subset of f(B), so its supremum lies in [m,M ] ⊆ R.
g is increasing: let x < y. If B ∩ (−∞, x] = ∅, then g(x) = m ≤ g(y), since g(y) is either m or a
supremum of a subset of f(B), every element of which is at least m. Otherwise B ∩ (−∞, y] 6= ∅ as
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well and
{ f(t) : t ∈ B, t ≤ x } ⊆ { f(t) : t ∈ B, t ≤ y },

so g(x) ≤ g(y).
g extends f : for x ∈ B the second case applies, and f(x) both belongs to {f(t) : t ∈ B, t ≤ x} and
bounds it above (as f is increasing), so g(x) = f(x).

Problem 2B.27. Prove or give a counterexample: If (X,S) is a measurable space and

f : X → [−∞,∞]

is a function such that f−1
(
(a,∞)

)
∈ S for every a ∈ R, then f is an S-measurable function.

Solution. False. Take X = {1, 2}, S = {∅, X}, and f : X → [−∞,∞] given by

f(1) = ∞, f(2) = −∞.

Neither value lies in R, so f−1
(
(a,∞)

)
= ∅ ∈ S for every a ∈ R. But {∞} is a Borel subset of [−∞,∞]

by 2.50, since {∞} ∩ R = ∅ is Borel in R, while

f−1
(
{∞}

)
= {1} /∈ S.

So f is not S-measurable in the sense of 2.51.

Problem 2B.28. Suppose f : B → R is a Borel measurable function. Define g : R → R by

g(x) =

{
f(x) if x ∈ B,

0 if x ∈ R \B.

Prove that g is a Borel measurable function.

Solution. Because g = f on B and g = 0 off B, every Borel set A ⊆ R satisfies

g−1(A) =

{
f−1(A) ∪ (R \B) if 0 ∈ A,

f−1(A) if 0 /∈ A,

noting f−1(A) ⊆ B since B is the domain of f . Here f−1(A) is Borel because f is Borel measurable,
and R \ B is Borel because B = f−1(R) is Borel (as observed after 2.40) and the Borel sets form a
σ-algebra. So g−1(A) is Borel in both cases, and hence g is Borel measurable.

Problem 2B.29. Give an example of a measurable space (X,S) and a family {ft}t∈R such that
each ft is an S-measurable function from X to [0, 1], but the function f : X → [0, 1] defined by

f(x) = sup{ft(x) : t ∈ R}

is not S-measurable.
[Compare this exercise to 2.53, where the index set is Z+ rather than R.]

Solution. Take X = R with

S = {E ⊆ R : E or R \ E is countable},

a σ-algebra by the first bullet point of 2.28, and for t ∈ R take

ft = χ{t} if t ∈ [0, 1], ft = 0 if t /∈ [0, 1],
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each mapping R into {0, 1} ⊆ [0, 1]. Each ft is S-measurable, since f−1
t (B) is one of ∅, {t}, R \ {t}, R,

all of which are countable or cocountable.
The pointwise supremum is f = χ[0,1]: for x ∈ [0, 1] the index t = x gives fx(x) = 1, the largest value
available, while for x /∈ [0, 1] every ft(x) = 0 (either ft ≡ 0 or t ∈ [0, 1], so t 6= x). But

f−1
(
(12 ,∞)

)
= [0, 1] /∈ S,

since [0, 1] is uncountable and so is its complement, which contains (1, 2). Hence f is not S-measurable.

Problem 2B.30. Show that

lim
j→∞

(
lim
k→∞

(
cos(j!πx)

)2k)
=

{
1 if x is rational,
0 if x is irrational

for every x ∈ R.
[This example is due to Henri Lebesgue.]

Solution. Fix x ∈ R and j ∈ Z+, and set c = cos(j!πx) ∈ [−1, 1], so that c2k = (c2)k with c2 ∈ [0, 1].
Since 1k = 1 for all k while 0 ≤ r < 1 forces rk → 0, the inner limit

gj(x) = lim
k→∞

(
cos(j!πx)

)2k
=

{
1 if c2 = 1,

0 if c2 < 1

exists for every j and x. Because | cos θ| = 1 exactly when θ is an integer multiple of π,

| cos(j!πx)| = 1 ⇐⇒ j!πx ∈ {mπ : m ∈ Z} ⇐⇒ j!x ∈ Z,

so gj = χAj with Aj = {m/j! : m ∈ Z}. Now take j → ∞.
• (i) x irrational: j!x ∈ Z would make x = (j!x)/j! rational, so gj(x) = 0 for every j and the outer

limit is 0.
• (ii) x = p/q with p ∈ Z, q ∈ Z+: for j ≥ q the integer q is a factor of j!, so j!x = p · (j!/q) ∈ Z and
gj(x) = 1; the outer limit is 1.

2.3 Exercises 2C

Problem 2C.1. Explain why there does not exist a measure space (X,S, µ) with the property that
{µ(E) : E ∈ S} = [0, 1).

Solution. The set {µ(E) : E ∈ S} always contains its own upper bound µ(X), whereas [0, 1) has no
largest element.
Explicitly, if {µ(E) : E ∈ S} = [0, 1), then µ(X) < 1 since X ∈ S, so there is t with µ(X) < t < 1, and
t = µ(E) for some E ∈ S. But E ⊆ X, so 2.57(a) gives

t = µ(E) ≤ µ(X) < t,

a contradiction.

Problem 2C.2. Let 2Z
+ denote the σ-algebra on Z+ consisting of all subsets of Z+.

Suppose µ is a measure on (Z+, 2Z
+
). Prove that there is a sequence w1, w2, . . . in [0,∞] such that

µ(E) =
∑
k∈E

wk

for every set E ⊆ Z+.
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Solution. Take
wk = µ({k}) ∈ [0,∞] for k ∈ Z+.

As in 2.55,
∑

k∈E wk denotes the supremum of the subsums
∑

k∈D wk over finite D ⊆ E. Fix E ⊆ Z+.
• (i) E finite, say E = {k1, . . . , kn}: finite additivity (from countable additivity by appending ∅, ∅, . . .,

as noted after 2.54) applied to the disjoint singletons gives µ(E) =
∑n

j=1wkj , and the supremum
over finite D ⊆ E is attained at D = E since the wk are nonnegative. (For E = ∅ both sides are 0.)

• (ii) E infinite, listed increasingly as k1 < k2 < · · ·: countable additivity applied to E =
⋃∞
j=1{kj}

gives µ(E) =
∑∞

j=1wkj = supn
∑n

j=1wkj , the partial sums being increasing in [0,∞]. That supre-
mum equals the supremum over all finite D ⊆ E: each {k1, . . . , kn} is one such D, and conversely
each finite D ⊆ E lies inside some {k1, . . . , kn}, whose subsum is then at least that of D.

Hence µ(E) =
∑

k∈E wk for every E ⊆ Z+.

Problem 2C.3. Give an example of a measure µ on (Z+, 2Z
+
) such that

{µ(E) : E ⊆ Z+} = [0, 1].

Solution. Take
µ(E) =

∑
k∈E

2−k for E ⊆ Z+,

a measure by the third bullet point of 2.55.
One inclusion: 0 ≤ µ(E) ≤ µ(Z+) =

∑∞
k=1 2

−k = 1, using 2.57(a).
For the other, let t ∈ [0, 1]; take E = Z+ if t = 1, so assume 0 ≤ t < 1. Define bk ∈ {0, 1} recursively
by bk = 1 if sk−1 + 2−k ≤ t and bk = 0 otherwise, where sk =

∑k
j=1 bj2

−j and s0 = 0. Then

sk ≤ t < sk + 2−k for every k ≥ 0,

by induction: at k = 0 this reads 0 ≤ t < 1; granting it at k − 1, if bk = 1 then sk = sk−1 + 2−k ≤ t
and t < sk−1 +2−(k−1) = sk +2−k, while if bk = 0 then sk = sk−1 ≤ t < sk−1 +2−k = sk +2−k. Hence
0 ≤ t− sk < 2−k, so sk → t.
Now put E = {k ∈ Z+ : bk = 1}, so sk is the subsum of

∑
k∈E 2−k over the finite set E∩{1, . . . , k}; thus

sk ≤ µ(E), while every finite D ⊆ E satisfies D ⊆ E ∩{1, . . . , k} for large k and hence
∑

j∈D 2−j ≤ sk.
Therefore

µ(E) = sup
k
sk = lim

k→∞
sk = t,

the suprema and limits agreeing because s1 ≤ s2 ≤ · · ·.

Problem 2C.4. Give an example of a measure space (X,S, µ) such that

{µ(E) : E ∈ S} = {∞} ∪
∞⋃
k=0

[3k, 3k + 1].

Solution. Take X = Z+ × {1, 2} with S all subsets of X and µ(E) =
∑

x∈E w(x), where

w(k, 1) = 2−k, w(k, 2) = 3 for k ∈ Z+;

this is a measure by the third bullet point of 2.55 (the sums being suprema of finite subsums).
Writing E1 = {k : (k, 1) ∈ E} and E2 = {k : (k, 2) ∈ E}, finite additivity applied to the disjoint pieces
E1 × {1} and E2 × {2} gives

µ(E) = s+ b, s =
∑
k∈E1

2−k, b =
∑
k∈E2

3,

where b = 3n if E2 has exactly n elements and b = ∞ if E2 is infinite, the finite subsums 3, 6, 9, . . . being
unbounded. By Exercise 3 of this section, s ranges over exactly [0, 1] as E1 ranges over the subsets of
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Z+; so b ranges over exactly {0, 3, 6, . . .} ∪ {∞}, and the two choices are independent because every
pair (E1, E2) arises from E = (E1 × {1}) ∪ (E2 × {2}). Since 3k + s sweeps [3k, 3k + 1] as s sweeps
[0, 1], while b = ∞ forces µ(E) = ∞,

{µ(E) : E ∈ S} = {∞} ∪
∞⋃
k=0

[3k, 3k + 1].

Problem 2C.5. Suppose (X,S, µ) is a measure space such that µ(X) <∞. Prove that if A is a set
of disjoint sets in S such that µ(A) > 0 for every A ∈ A, then A is a countable set.

Solution. Write A =
⋃∞
n=1An, where An = {A ∈ A : µ(A) > 1

n}; this is an equality because every
A ∈ A has µ(A) > 0 and hence µ(A) > 1

n for some n by the Archimedean property.
Each An is finite: if A1, . . . , Am are distinct elements of An, they are pairwise disjoint sets in S, so
finite additivity (from countable additivity, as noted after 2.54) together with A1 ∪ · · · ∪Am ⊆ X and
2.57(a) gives

m

n
<

m∑
j=1

µ(Aj) = µ(A1 ∪ · · · ∪Am) ≤ µ(X) <∞,

so m < nµ(X); were An infinite it would supply m distinct elements with m ≥ nµ(X). Hence A is a
countable union of finite sets, so countable.

Problem 2C.6. Find all c ∈ [3,∞) such that there exists a measure space (X,S, µ) with

{µ(E) : E ∈ S} = [0, 1] ∪ [3, c].

Solution. Only c = 4.
Necessity. Suppose R := {µ(E) : E ∈ S} = [0, 1]∪ [3, c]. Since c ∈ R, say c = µ(E0), and E0 ⊆ X gives
c ≤ µ(X) by 2.57(a), while µ(X) ∈ R gives µ(X) ≤ c, we get µ(X) = c <∞. So for any t = µ(E) ∈ R
we have µ(E) ≤ c <∞, and 2.57(b) applied to E ⊆ X yields

µ(X \ E) = µ(X)− µ(E) = c− t,

giving the reflection property t ∈ R =⇒ c− t ∈ R.
• (i) t = 1: c− 1 ∈ R, and c− 1 ≥ 2 > 1 puts it in [3, c], so c ≥ 4.
• (ii) c ≥ 5 is impossible: then c− 2 ∈ [3, c] ⊆ R, so reflection gives 2 ∈ R, false.
• (iii) t = 3: c− 3 ∈ R, and 4 ≤ c < 5 gives 1 ≤ c− 3 < 2, whose only element in R is 1. So c = 4.
Sufficiency. Take X = {0, 1, 2, . . .} with S all subsets of X and µ(E) =

∑
x∈E w(x), where w(0) = 3

and w(k) = 2−k for k ∈ Z+; this is a measure by the third bullet point of 2.55. Splitting E into E∩{0}
and E′ = E ∩ Z+, finite additivity gives µ(E) =

∑
k∈E′ 2−k if 0 /∈ E and µ(E) = 3 +

∑
k∈E′ 2−k if

0 ∈ E. By Exercise 3 of this section that sum ranges over exactly [0, 1], independently of whether
0 ∈ E, so

{µ(E) : E ∈ S} = [0, 1] ∪
(
3 + [0, 1]

)
= [0, 1] ∪ [3, 4].

Problem 2C.7. Give an example of a measure space (X,S, µ) such that

{µ(E) : E ∈ S} = [0, 1] ∪ [3,∞].

Solution. Take X = Z+ × {1, 2} with S all subsets of X and µ(E) =
∑

x∈E w(x), where

w(k, 1) = 2−k, w(k, 2) = k + 2 for k ∈ Z+;

this is a measure by the third bullet point of 2.55.
With E1 = {k : (k, 1) ∈ E} and E2 = {k : (k, 2) ∈ E}, finite additivity applied to the disjoint pieces
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E1×{1} and E2×{2} gives µ(E) = s+b, where s =
∑

k∈E1
2−k and b =

∑
k∈E2

(k+2); the two choices
are independent, since every pair (E1, E2) arises from E = (E1 × {1}) ∪ (E2 × {2}). By Exercise 3 of
this section s ranges over exactly [0, 1], and the set B of possible values of b satisfies:
• (i) B ⊆ {0} ∪ [3,∞], since E2 = ∅ gives b = 0 while any k ∈ E2 gives b ≥ k + 2 ≥ 3;
• (ii) every integer n ≥ 3 lies in B, via E2 = {n− 2};
• (iii) ∞ ∈ B, via E2 = Z+, whose finite subsums

∑m
k=1(k + 2) are unbounded.

So by (i) each µ(E) is either s ∈ [0, 1] or s+ b ≥ 3, putting the range inside [0, 1] ∪ [3,∞]. Conversely,
t ∈ [0, 1] arises from E2 = ∅ with E1 chosen by Exercise 3 so that s = t; t = ∞ arises from E2 = Z+

by (iii); and t ∈ [3,∞) arises from E2 = {n− 2} with n = btc ≥ 3, giving b = n by (ii), together with
E1 chosen so that s = t− n ∈ [0, 1). Hence

{µ(E) : E ∈ S} = [0, 1] ∪ [3,∞].

Problem 2C.8. Give an example of a set X, a σ-algebra S of subsets of X, a set A of subsets of X
such that the smallest σ-algebra on X containing A is S, and two measures µ and ν on (X,S) such
that µ(A) = ν(A) for all A ∈ A and µ(X) = ν(X) <∞, but µ 6= ν.

Solution. Take

X = {1, 2, 3, 4}, S = {E : E ⊆ X}, A =
{
{1, 2}, {2, 3}

}
,

and let µ and ν be the measures on (X,S) defined by

µ = δ2 + δ4, ν = δ1 + δ3,

where δc is the Dirac measure at c (2.55), so that µ and ν are measures by Exercise 9 of this section.
Explicitly, for E ⊆ X,

µ(E) = #
(
E ∩ {2, 4}

)
, ν(E) = #

(
E ∩ {1, 3}

)
.

Here S is the smallest σ-algebra on X containing A: any σ-algebra T ⊇ A is closed under finite
intersections and set differences, so

{2} = {1, 2} ∩ {2, 3}, {1} = {1, 2} \ {2},
{3} = {2, 3} \ {2}

lie in T , hence so does {4} = X \ ({1} ∪ {2} ∪ {3}); as X is finite, every subset is a finite union of
singletons and T = S.
Finally µ and ν agree on A and on X but differ at {1}:

µ({1, 2}) = ν({1, 2}) = µ({2, 3}) = ν({2, 3}) = 1, µ(X) = ν(X) = 2,

while µ({1}) = 0 6= 1 = ν({1}).

Problem 2C.9. Suppose µ and ν are measures on a measurable space (X,S). Prove that µ+ ν is
a measure on (X,S). [Here µ + ν is the usual sum of two functions: if E ∈ S, then (µ + ν)(E) =
µ(E) + ν(E).]

Solution. The map µ + ν sends S into [0,∞], which is closed under addition with the convention
a+∞ = ∞, and (µ+ ν)(∅) = 0 + 0 = 0; only countable additivity needs work.
Series in [0,∞] add termwise: for sequences (ak), (bk) in [0,∞],

∞∑
k=1

(ak + bk) =
∞∑
k=1

ak +
∞∑
k=1

bk,
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each series being the supremum of its increasing partial sums. Indeed, writing An, Bn, Cn for the n-th
partial sums and A, B, C for their suprema, rearranging a finite sum gives Cn = An +Bn. If A = ∞,
then Cn ≥ An is unbounded, so C = ∞ = A + B, and symmetrically if B = ∞. If A,B < ∞, then
Cn ≤ A + B gives C ≤ A + B, while for ε > 0 a single n with An > A − ε/2 and Bn > B − ε/2
(monotonicity) gives Cn > A+B − ε; hence C = A+B.
So for a disjoint sequence E1, E2, . . . in S, countable additivity of µ and of ν gives

(µ+ ν)
( ∞⋃
k=1

Ek

)
=

∞∑
k=1

µ(Ek) +
∞∑
k=1

ν(Ek)

=

∞∑
k=1

(
µ(Ek) + ν(Ek)

)
=

∞∑
k=1

(µ+ ν)(Ek).

Hence µ+ ν is a measure on (X,S).

Problem 2C.10. Give an example of a measure space (X,S, µ) and a decreasing sequence E1 ⊇
E2 ⊇ · · · of sets in S such that

µ
( ∞⋂
k=1

Ek

)
6= lim

k→∞
µ(Ek).

Solution. Take counting measure µ on X = Z+ with S the σ-algebra of all subsets of X (a measure by
2.55), and

Ek = {k, k + 1, k + 2, . . . } for k ∈ Z+,

a decreasing sequence in S. Each Ek is infinite, so µ(Ek) = ∞ for every k, while
⋂∞
k=1Ek = ∅ because

n /∈ En+1 for every n ∈ Z+. Hence

µ
( ∞⋂
k=1

Ek

)
= 0 6= ∞ = lim

k→∞
µ(Ek).

Problem 2C.11. Suppose (X,S, µ) is a measure space and C,D,E ∈ S are such that

µ(C ∩D) <∞, µ(C ∩ E) <∞, µ(D ∩ E) <∞.

Find and prove a formula for µ(C ∪ D ∪ E) in terms of µ(C), µ(D), µ(E), µ(C ∩ D), µ(C ∩ E),
µ(D ∩ E), and µ(C ∩D ∩ E).

Solution. The formula is inclusion-exclusion for three sets:

µ(C ∪D ∪ E) = µ(C) + µ(D) + µ(E)

− µ(C ∩D)− µ(C ∩ E)− µ(D ∩ E) + µ(C ∩D ∩ E).

Write p = µ(C ∩ D), q = µ(C ∩ E), r = µ(D ∩ E), s = µ(C ∩ D ∩ E). The first three are finite
by hypothesis and s ≤ p < ∞ by 2.57(a), so only finite quantities are subtracted above (convention
∞− t = ∞ for real t) and the formula is equivalent to the subtraction-free identity

µ(C ∪D ∪ E) + p+ q + r = µ(C) + µ(D) + µ(E) + s.

Since p <∞, 2.61 applied to C and D gives µ(C ∪D) + p = µ(C) + µ(D). Since (C ∩E)∩ (D ∩E) =
C ∩D ∩ E has measure s <∞, 2.61 applied to C ∩ E and D ∩ E, whose union is (C ∪D) ∩ E, gives

µ
(
(C ∪D) ∩ E

)
+ s = q + r;

in particular µ
(
(C ∪D) ∩ E

)
≤ q + r <∞, so 2.61 applied to C ∪D and E gives

µ(C ∪D ∪ E) + µ
(
(C ∪D) ∩ E

)
= µ(C ∪D) + µ(E).
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Adding s and then p to this last identity and substituting the previous two yields

µ(C ∪D ∪ E) + p+ q + r = µ(C) + µ(D) + µ(E) + s,

every rearrangement being legitimate because addition on [0,∞] is commutative and associative. Sub-
tracting the finite quantity p+ q + r gives the formula.

Problem 2C.12. Suppose X is a set and S is the σ-algebra of all subsets E of X such that E is
countable or X \ E is countable. Give a complete description of the set of all measures on (X,S).

Solution. The measures on (X,S) are exactly the functions

µw,c(E) =
∑
x∈E

w(x) + c · [E uncountable],

with w : X → [0,∞] and c ∈ [0,∞] arbitrary: a weighted counting measure with weights w(x) =
µ({x}), plus a lump of mass c carried by every uncountable set in S. Here

∑
x∈Aw(x) is the supremum

of the finite subsums, as in the third bullet of 2.55; [E uncountable] is 1 if E is uncountable and 0
otherwise; and 0 · ∞ = 0, so a countable E carries no lump even when c = ∞.
Three facts carry the proof.
(L1) Unordered sums are countably additive: if A =

⋃∞
k=1Ak with the Ak disjoint, then

∑
x∈Aw(x) =∑∞

k=1

∑
x∈Ak

w(x). Indeed a finite D ⊆ A meets only finitely many Ak, say those with k ≤ n,
and is the disjoint union of the D ∩ Ak, so

∑
x∈D w(x) ≤

∑n
k=1

∑
x∈Ak

w(x); taking the supremum
over D gives ≤. Conversely finite sets Dk ⊆ Ak for k ≤ n have union a finite subset of A, so∑n

k=1

∑
x∈Dk

w(x) ≤
∑

x∈Aw(x); taking the n suprema one at a time (legitimate since addition on
[0,∞] is order preserving and commutes with suprema of increasing families in one variable) and letting
n→ ∞ gives ≥.
(L2) If N is uncountable and w > 0 on N , then

∑
x∈N w(x) = ∞: from N =

⋃∞
n=1{x ∈ N : w(x) >

1/n} and the countability of a countable union of countable sets, some {x ∈ N : w(x) > 1/n} is
uncountable, hence contains finite sets D of arbitrarily many elements, with

∑
x∈D w(x) > #D/n.

(L3) If E1, E2, · · · ∈ S are disjoint with union E, then E is uncountable if and only if exactly one Ek
is. At most one can be, since an uncountable set of S has countable complement while Ei ∩ Ej = ∅
forces Ei ⊆ X \ Ej ; and E is countable when all Ek are, uncountable when some Ek is.
Each µw,c is a measure: it maps S into [0,∞] with µw,c(∅) = 0, and for disjoint E1, E2, . . . with union
E, (L3) gives [E uncountable] =

∑∞
k=1[Ek uncountable] with at most one nonzero term, so this may

be multiplied by c termwise unambiguously even when c = ∞; combining that with (L1) and with
termwise addition of series in [0,∞] (Exercise 9 of this section),

µw,c(E) =

∞∑
k=1

( ∑
x∈Ek

w(x) + c [Ek uncountable]
)
=

∞∑
k=1

µw,c(Ek).

Conversely, let µ be a measure, put w(x) = µ({x}) (singletons are countable, hence in S) and N = {x ∈
X : w(x) > 0}. For countable E ∈ S, countable additivity along the disjoint singletons {x1}, {x2}, . . .
exhausting E gives µ(E) =

∑
k w(xk), which equals

∑
x∈E w(x) because the partial sums are the

subsums over {x1, . . . , xn} and these are cofinal among finite subsets of E. Also µ(E) ≥ µ(D) =∑
x∈D w(x) for finite D ⊆ E by 2.57(a) and finite additivity, so µ(E) ≥

∑
x∈E w(x) for every E ∈ S.

• (i) N uncountable. If G ∈ S is uncountable then X \ G is countable, so G ∩ N = N \ (X \ G)
is uncountable and (L2) gives

∑
x∈Gw(x) = ∞, whence µ(G) = ∞ by the inequality above. So

µ = µw,0.
• (ii) N countable. Put c = µ(X \ N). For uncountable G ∈ S, the sets G ∩ N and G \ N lie in

S (the first countable, the second with countable complement (X \ G) ∪ N) and partition G, so
µ(G) = µ(G∩N) + µ(G \N). Here µ(G∩N) =

∑
x∈G∩N w(x) =

∑
x∈Gw(x), as w vanishes off N ;

and splitting X \N into G \N and (X \N) ∩ (X \G), the latter countable with w ≡ 0 on it and
hence of measure 0, gives µ(G \N) = c. So µ = µw,c.
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2.4 Exercises 2D

Problem 2D.1. (a) Show that the set consisting of those numbers in (0, 1) that have a decimal
expansion containing one hundred consecutive 4s is a Borel subset of R.
(b) What is the Lebesgue measure of the set in (a)?

Solution. The set E of (a) is a countable union of closed intervals intersected with (0, 1), and |E| = 1.
For a digit string s = (d1, . . . , dm) put as =

∑m
j=1 dj10

−j and Is = [as, as + 10−m]. Then x ∈ [0, 1]

has a decimal expansion beginning with s if and only if x ∈ Is, since the tail
∑

j>m dj10
−j ranges over

exactly [0, 10−m]. (Check!)
(a). Let F be the string of one hundred 4s and let pF denote concatenation. A hundred consecutive
4s must begin in some position n, preceded by some p ∈ {0, . . . , 9}n−1, so

E = (0, 1) ∩
∞⋃
n=1

⋃
p∈{0,...,9}n−1

IpF .

Only 10n−1 strings p occur at each n, so this is a countable union of closed intervals; hence E is Borel.
(b). Fix N and call s ∈ {0, . . . , 9}100N good if none of its N blocks of length 100 is a hundred 4s;
there are (10100 − 1)N good strings, one choice per block. If x ∈ (0, 1) \E, the first 100N digits of any
expansion of x form a good s (else x ∈ E), and then x ∈ Is; so (0, 1) \ E is covered by the good Is,
whence by 2.5, 2.8, and |Is| = 10−100N (2.14),

|(0, 1) \ E| ≤ (10100 − 1)N · 10−100N =
(
1− 10−100

)N
.

Letting N → ∞ gives |(0, 1) \ E| = 0. Now E ⊆ [0, 1] gives |E| ≤ 1 by 2.5 and 2.14, while [0, 1] =
E ∪ ((0, 1) \ E) ∪ {0, 1} with |{0, 1}| = 0 (2.4) gives 1 ≤ |E| by 2.8. Hence |E| = 1.

Problem 2D.2. Prove that there exists a bounded set A ⊆ R such that |F | ≤ |A| − 1 for every
closed set F ⊆ A.

Solution. Take A = 1
cV , where V ⊆ [−1, 1] is the set constructed in the proof of 2.18 and c = |V |.

Two facts from that proof: |V | > 0, and V contains exactly one element of each ã = {t ∈ [−1, 1] :
a− t ∈ Q}, so that (r + V ) ∩ (r′ + V ) = ∅ for distinct r, r′ ∈ Q (if r + v1 = r′ + v2 then v1 − v2 ∈ Q,
placing v1, v2 in one ã, so v1 = v2 and r = r′). Note 0 < c ≤ 2 by 2.5 and 2.14.
Every closed F ⊆ V has |F | = 0. Let r1, r2, . . . be distinct rationals in [0, 1]; the sets rk + F are then
disjoint closed, hence Borel, subsets of [−1, 2]. Since outer measure is a measure on the Borel sets
(2.68) and is translation invariant (2.7), while 2.5 and 2.14 bound the union,

3 = |[−1, 2]| ≥
∣∣∣ ∞⋃
k=1

(rk + F )
∣∣∣ = ∞∑

k=1

|F |,

which forces |F | = 0.
Now A = 1

cV ⊆ [−1
c ,

1
c ] is bounded, and the dilation formula |tB| = |t| |B| of Exercise 2 in Section 2A

gives |A| = 1
c |V | = 1. If F ⊆ A is closed, then cF is a closed subset of cA = V , so |cF | = 0 by the

previous paragraph and hence |F | = 1
c |cF | = 0. Thus

|F | = 0 = |A| − 1

for every closed F ⊆ A.

Problem 2D.3. Prove that there exists a set A ⊆ R such that |G \ A| = ∞ for every open set G
that contains A.
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Solution. Take A =
⋃∞
n=1(n+ V ), where V ⊆ (0, 1) contains exactly one element of each set ã = {t ∈

(0, 1) : a− t ∈ Q}, a ∈ (0, 1). Throughout, |(a, b)| = b− a is Exercise 6 in Section 2A.
Exactly as in the proof of 2.18, (r + V ) ∩ (r′ + V ) = ∅ for distinct r, r′ ∈ Q. Each a ∈ (0, 1) satisfies
a − v ∈ Q ∩ (−1, 1) for its representative v ∈ V , so (0, 1) ⊆

⋃
k(qk + V ) with q1, q2, . . . enumerating

Q ∩ (−1, 1); then 2.8 and 2.7 give 1 ≤
∑

k |V |, forcing |V | > 0.
V is not Lebesgue measurable. First, every closed F ⊆ V has |F | = 0: for distinct rationals r1, r2, . . . ∈
[0, 1] the sets rk + F are disjoint closed, hence Borel, subsets of (0, 2), so by 2.68, 2.7, 2.5, and 2.14,

2 ≥
∣∣∣ ∞⋃
k=1

(rk + F )
∣∣∣ = ∞∑

k=1

|F |.

Were V measurable, then since 0 < |V | ≤ 1, condition (b) of 2.71 with ε = |V |/2 would give a closed
F ⊆ V with |V \ F | < |V |/2, whence |V | ≤ |F |+ |V \ F | < |V |/2 by 2.8, a contradiction.
The constant. Put c = |V | + |(0, 1) \ V | − 1, a real number since both terms lie in [0, 1] by 2.5.
Subadditivity (2.8) gives c ≥ 0, and Exercise 12 of this section gives c 6= 0 because V ⊆ (0, 1) is not
measurable. So c > 0.
The estimate on one unit interval. Since V ⊆ (0, 1), we have A ∩ (n, n + 1) = n + V . Let G ⊇ A be
open, fix n ∈ Z+, and put W = G∩ (n, n+ 1) and E = (n, n+ 1) \W , a Borel (hence measurable) set
disjoint from n + V ⊆ W . Exercise 10 of this section, applied with E as the measurable set, and 2.5
give

|E|+ |n+ V | =
∣∣E ∪ (n+ V )

∣∣ ≤ |(n, n+ 1)| = 1,

so |E| ≤ 1−|V | by 2.7. Since (n, n+1) \ (n+V ) ⊆ E ∪
(
W \ (n+V )

)
, subadditivity (2.8) and 2.7 give

|(0, 1) \ V | ≤ |E|+
∣∣W \ (n+ V )

∣∣ ≤ 1− |V |+
∣∣W \ (n+ V )

∣∣,
that is,

∣∣(G \A) ∩ (n, n+ 1)
∣∣ = ∣∣W \ (n+ V )

∣∣ ≥ c.
Summing. Fix N ∈ Z+ and put S = (G \A)∩ (1, N +1). By the Lemma in Exercise 10 of this section
there is a Borel set B ⊇ S with |B| = |S|; the sets B ∩ (n, n+1) for 1 ≤ n ≤ N are disjoint Borel sets,
the n-th containing (G \A) ∩ (n, n+ 1), so by 2.5 and 2.68,

|G \A| ≥ |S| = |B| ≥
N∑
n=1

∣∣B ∩ (n, n+ 1)
∣∣ ≥ Nc.

Letting N → ∞ gives |G \A| = ∞.

Problem 2D.4. The phrase nontrivial interval is used to denote an interval of R that contains more
than one element. Recall that an interval might be open, closed, or neither.
(a) Prove that the union of each collection of nontrivial intervals of R is the union of a countable
subset of that collection.
(b) Prove that the union of each collection of nontrivial intervals of R is a Borel set.
(c) Prove that there exists a collection of closed intervals of R whose union is not a Borel set.

Solution. (a). Let C be such a collection, U =
⋃
I∈C I, and W =

⋃
I∈C I

◦; since each I ∈ C has at least
two points, I◦ is a nonempty open interval and I \ I◦ consists of at most the two endpoints of I.
Let D be the countable set of rational pairs (p, q), p < q, with (p, q) ⊆ I◦ for at least one I ∈ C, and fix
one such Ip,q for each. If x ∈ W then x ∈ I◦ for some I, and I◦ is open, so p < x < q with (p, q) ⊆ I◦

for some rationals p, q; hence
W ⊆

⋃
(p,q)∈D

Ip,q ⊆ U.

Next, U \W is countable. If x ∈ U \W , say x ∈ I ∈ C, then x /∈ I◦, so x is an endpoint of I and I◦ is
a nonempty open interval with endpoint x; thus (x, x+ δx) ⊆ W or (x− δx, x) ⊆ W for some δx > 0.
Write U \W = U+ ∪ U− accordingly. For x ∈ U+ pick a rational rx ∈ (x, x + δx); the map x 7→ rx is
injective on U+, since x < y and rx = ry would give y ∈ (x, x + δx) ⊆ W . So U+ is countable, and
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symmetrically so is U−.
Choosing Jx ∈ C with x ∈ Jx for each x ∈ U \W , the collection D = {Ip,q} ∪ {Jx} is a countable
subcollection of C with

U =W ∪ (U \W ) ⊆
⋃
J∈D

J ⊆ U.

(b). By (a), U is a countable union of intervals, and every interval J 6= ∅ is Borel: with a = inf J and
b = sup J , the set {x ∈ R : a < x < b} is open and J differs from it by at most the points a, b, each
Borel because {a} =

⋂∞
m=1(a−

1
m , a+

1
m). As the Borel sets form a σ-algebra, U is Borel.

(c). Part (c) drops nontrivial, so singletons are allowed. By 2.67 there is a non-Borel set S ⊆ R; the
collection C = {[x, x] : x ∈ S} consists of closed intervals and has union S.

Problem 2D.5. Prove that if A ⊆ R is Lebesgue measurable, then there exists an increasing
sequence F1 ⊆ F2 ⊆ · · · of closed sets contained in A such that∣∣∣A \

∞⋃
k=1

Fk

∣∣∣ = 0.

Solution. Take Fk = E1 ∪ · · · ∪Ek, where (as A is Lebesgue measurable, so that (a) implies (b) in 2.71
applies) Ek ⊆ A is closed with |A \ Ek| < 1

k .
Each Fk is a finite union of closed subsets of A, hence is closed and contained in A; clearly F1 ⊆ F2 ⊆ · · ·
and

⋃
k Fk =

⋃
k Ek. Fixing n and using En ⊆

⋃
k Fk with 2.5,

∣∣∣A \
∞⋃
k=1

Fk

∣∣∣ ≤ |A \ En| < 1
n .

Letting n→ ∞ gives
∣∣A \

⋃
k Fk

∣∣ = 0.

Problem 2D.6. Suppose A ⊆ R and |A| < ∞. Prove that A is Lebesgue measurable if and only if
for every ε > 0 there exists a set G that is the union of finitely many disjoint bounded open intervals
such that |A \G|+ |G \A| < ε.

Solution. Suppose A is Lebesgue measurable, and let ε > 0. Because (a) implies (e) in 2.71, there is
an open U ⊇ A with |U \ A| < ε

2 , and then |U | ≤ |A| + |U \ A| < ∞ by 2.8 and the hypothesis
|A| < ∞. If U = ∅ then A = ∅ and G = (0, ε/3) serves; so assume U 6= ∅ and write U =

⋃
n In

with I1, I2, . . . disjoint nonempty open intervals (the connected components, as in the proof of 2.63),
padding a finite list with copies of ∅. Each In is bounded, since an unbounded one contains closed
intervals of arbitrary length and would force |U | = ∞ by 2.5 and 2.14. The In are disjoint Borel sets,
so
∑

n |In| = |U | < ∞ by 2.68; choose N with
∑

n>N |In| < ε
2 and put G = I1 ∪ · · · ∪ IN . Since

G \A ⊆ U \A and A \G ⊆ U \G =
⋃
n>N In, 2.5 and 2.8 give

|A \G|+ |G \A| ≤
∑
n>N

|In|+ |U \A| < ε.

Conversely, let ε > 0 and choose such a G with |A \G|+ |G \A| < ε
2 . As |A \G| < ε

2 , the definition of
outer measure (2.1) supplies open intervals Jk with A \G ⊆ H =

⋃
k Jk and

∑
k `(Jk) <

ε
2 , so |H| < ε

2
by 2.8 and 2.14. Then V = G ∪H is open, A = (A ∩G) ∪ (A \G) ⊆ V , and V \ A ⊆ (G \ A) ∪H, so
by 2.5 and 2.8,

|V \A| ≤ |G \A|+ |H| < ε
2 + ε

2 = ε.

Thus A satisfies condition (e) of 2.71, and (e) implies (a) there, so A is Lebesgue measurable.
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Problem 2D.7. Prove that if A ⊆ R is Lebesgue measurable, then there exists a decreasing sequence
G1 ⊇ G2 ⊇ · · · of open sets containing A such that∣∣∣( ∞⋂

k=1

Gk

)
\A
∣∣∣ = 0.

Solution. Take Gk = U1 ∩ · · · ∩Uk, where (as A is Lebesgue measurable, so that (a) implies (e) in 2.71
applies) Uk ⊇ A is open with |Uk \A| < 1

k .
Each Gk is a finite intersection of open sets containing A, hence is open and contains A; clearly
G1 ⊇ G2 ⊇ · · · and

⋂
kGk =

⋂
k Uk. Fixing n and using

⋂
kGk ⊆ Un with 2.5,

∣∣∣( ∞⋂
k=1

Gk

)
\A
∣∣∣ ≤ |Un \A| < 1

n .

Letting n→ ∞ gives the stated equality.

Problem 2D.8. Prove that the collection of Lebesgue measurable subsets of R is translation invari-
ant. More precisely, prove that if A ⊆ R is Lebesgue measurable and t ∈ R, then t+ A is Lebesgue
measurable.

Solution. Translate the Borel witness of 2.70. Take a Borel set B ⊆ A with |A \ B| = 0 (2.70). Then
t + B is Borel by the paragraph below and t + B ⊆ t + A; moreover (t + A) \ (t + B) = t + (A \ B),
since x belongs to the left side exactly when x − t ∈ A \ B. Hence by translation invariance of outer
measure (2.7), ∣∣(t+A) \ (t+B)

∣∣ = ∣∣t+ (A \B)
∣∣ = |A \B| = 0,

so t+A is Lebesgue measurable by 2.70.
The Borel sets are translation invariant. Fix t ∈ R and put S = {E ⊆ R : t + E is Borel}. Since
x 7→ t+x is a bijection of R, we have t+∅ = ∅, t+(R\E) = R\ (t+E), and t+

⋃
k Ek =

⋃
k(t+Ek),

so S is a σ-algebra on R. It contains every open G, because t + G is open: if x ∈ t + G then
(x − t − δ, x − t + δ) ⊆ G for some δ > 0, whence (x − δ, x + δ) ⊆ t + G. As the Borel sets form the
smallest σ-algebra containing the open sets (2.29), every Borel set lies in S.

Problem 2D.9. Prove that the collection of Lebesgue measurable subsets of R is dilation invariant.
More precisely, prove that if A ⊆ R is Lebesgue measurable and t ∈ R, then tA (which is defined to
be {ta : a ∈ A}) is Lebesgue measurable.

Solution. Dilate the Borel witness of 2.70, exactly as in Exercise 8 of this section, using the dilation
formula |tA| = |t| |A| of Exercise 2 in Section 2A in place of 2.7.
(i) t = 0: then 0A is ∅ or {0}, in either case closed, hence Borel, hence Lebesgue measurable.
(ii) t 6= 0: take a Borel set B ⊆ A with |A \ B| = 0 (2.70). Then tB is Borel by the paragraph below
and tB ⊆ tA; also tA \ tB = t(A \B), since x belongs to the left side exactly when x

t ∈ A \B. So by
Exercise 2 in Section 2A,

|tA \ tB| =
∣∣t(A \B)

∣∣ = |t| |A \B| = 0,

and tA is Lebesgue measurable by 2.70.
The Borel sets are dilation invariant. Fix t 6= 0 and put S = {E ⊆ R : tE is Borel}. Since x 7→ tx is a
bijection of R with inverse x 7→ x

t , we have t∅ = ∅, t(R \ E) = R \ tE, and t
⋃
k Ek =

⋃
k tEk, so S is

a σ-algebra on R. It contains every open G, because tG is open: if x ∈ tG then
(
x
t − δ, xt + δ

)
⊆ G for

some δ > 0, so the interval of radius |t|δ centred at x lies in tG. As the Borel sets form the smallest
σ-algebra containing the open sets (2.29), every Borel set lies in S.
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Problem 2D.10. Prove that if A and B are disjoint subsets of R and B is Lebesgue measurable,
then |A ∪B| = |A|+ |B|.

Solution. Subadditivity (2.8) gives |A ∪B| ≤ |A|+ |B|, so only the reverse inequality is at issue.
Lemma (Borel hull; used again in Exercises 3 and 12 of this section). Every S ⊆ R lies in a Borel set
E with |E| = |S|. Indeed, if |S| = ∞ take E = R. Otherwise, for each n ∈ Z+ the infimum defining
outer measure (2.2) supplies open intervals I1, I2, . . . with S ⊆ Gn =

⋃
k Ik and

∑
k `(Ik) < |S| + 1

n ,
whence |Gn| < |S| + 1

n by 2.8 and |Ik| ≤ `(Ik). Then E =
⋂
nGn is Borel, contains S, and by 2.5

satisfies |S| ≤ |E| ≤ |Gn| < |S|+ 1
n for every n.

Now suppose A,B ⊆ R are disjoint with B Lebesgue measurable, and take a Borel set D ⊆ B with
|B \D| = 0 (2.70); then

|B| ≤ |D|+ |B \D| = |D| ≤ |B|

by 2.8 and 2.5, so |D| = |B|. By the Lemma take a Borel set E ⊇ A ∪ B with |E| = |A ∪ B|. Since
D ⊆ B ⊆ E, the sets D and E \ D are disjoint Borel sets with union E, so |E| = |D| + |E \ D|
because outer measure is a measure on the Borel sets (2.68). Finally A ⊆ E \ D, since A ⊆ E and
A ∩D ⊆ A ∩B = ∅; hence |A| ≤ |E \D| by 2.5 and

|A ∪B| = |E| = |D|+ |E \D| ≥ |B|+ |A|.

Problem 2D.11. Prove that if A ⊆ R and |A| > 0, then there exists a subset of A that is not
Lebesgue measurable.

Solution. Suppose toward a contradiction that every subset of A is Lebesgue measurable.
The Vitali set. On R, the relation x ∼ y when x − y ∈ Q is an equivalence relation, and each class
x̃ = x+Q meets [0, 1] (take a rational q ∈ [−x,−x+ 1]). So the Axiom of Choice, as in 2.18, provides
V ⊆ [0, 1] containing exactly one element of each class. Two consequences: (i) R =

⋃
r∈Q(r+ V ), since

x = (x − v) + v for the representative v of x̃ and x − v ∈ Q; (ii) the sets r + V , r ∈ Q, are pairwise
disjoint, since r + v1 = s+ v2 gives v1 − v2 ∈ Q, hence v1 = v2 and r = s.
Put Ar = A ∩ (r + V ) for r ∈ Q. Each Ar ⊆ A is Lebesgue measurable by assumption, and by (i) and
(ii) the countable union A =

⋃
r∈QAr is disjoint, so countable additivity on the Lebesgue measurable

sets (2.72) gives
0 < |A| =

∑
r∈Q

|Ar|.

Fix r with |Ar| > 0 and put W = (−r) + Ar. Then W ⊆ V ⊆ [0, 1], W is Lebesgue measurable by
Exercise 8 in this section, and |W | = |Ar| > 0 by 2.7.
Let q1, q2, . . . enumerate Q∩[0, 1]. The sets qk+W are Lebesgue measurable (Exercise 8) with |qk+W | =
|W | (2.7), are pairwise disjoint by (ii) since qk +W ⊆ qk + V , and lie in [0, 2]. Hence by 2.72, 2.5, and
2.14,

∞∑
k=1

|W | =
∣∣∣ ∞⋃
k=1

(qk +W )
∣∣∣ ≤ |[0, 2]| = 2,

while |W | > 0 makes the left side ∞ – a contradiction. So some subset of A is not Lebesgue measurable.

Problem 2D.12. Suppose b < c and A ⊆ (b, c). Prove that A is Lebesgue measurable if and only if
|A|+ |(b, c) \A| = c− b.

Solution. Throughout, |(b, c)| = c − b (Exercise 6 in Section 2A), and both |A| and |(b, c) \ A| are at
most c− b by 2.5, hence finite, so the arithmetic below is legitimate.
Suppose A is Lebesgue measurable. Exercise 10 of this section, applied to the disjoint sets (b, c)\A and
A with A in the role of the measurable set, gives

|A|+ |(b, c) \A| =
∣∣A ∪

(
(b, c) \A

)∣∣ = |(b, c)| = c− b,
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the middle union being (b, c) because A ⊆ (b, c).
Conversely, suppose |A| + |(b, c) \ A| = c − b. By the Lemma in Exercise 10 of this section there is a
Borel set E0 ⊇ (b, c)\A with |E0| = |(b, c)\A|; replacing E0 by E = E0∩ (b, c) keeps both the inclusion
and, by 2.5, the outer measure. Put B = (b, c) \E, a Borel set contained in A (if x ∈ B then x ∈ (b, c)
and x /∈ (b, c) \ A). The disjoint Borel sets B and E have union (b, c), so |B| + |E| = c − b by 2.68;
subtracting the finite |E| = |(b, c) \ A| and invoking the hypothesis gives |B| = |A|. Now Exercise 10
again, applied to the disjoint sets A \B and the Borel set B, gives

|A| =
∣∣(A \B) ∪B

∣∣ = |A \B|+ |B| = |A \B|+ |A|,

so cancelling the finite |A| yields |A \B| = 0. By 2.70, A is Lebesgue measurable.

Problem 2D.13. Suppose A ⊆ R. Prove that A is Lebesgue measurable if and only if

|(−n, n) ∩A|+ |(−n, n) \A| = 2n

for every n ∈ Z+.

Solution. Put An = (−n, n) ∩ A ⊆ (−n, n). Since (−n, n) \ An = (−n, n) \ A, the displayed condition
says exactly that

|An|+ |(−n, n) \An| = n− (−n),

which by Exercise 12 of this section (with b = −n, c = n) holds if and only if An is Lebesgue measurable.
So the exercise reduces to: A is Lebesgue measurable if and only if every An is.
(i) If A is Lebesgue measurable, then each (−n, n) is open, hence Borel, hence Lebesgue measurable,
and the Lebesgue measurable sets form a σ-algebra (2.72), which is closed under intersection (2.25);
so each An is Lebesgue measurable.
(ii) Conversely, every real lies in (−n, n) for all large n, so A =

⋃∞
n=1An; that σ-algebra is closed under

countable unions, so A is Lebesgue measurable.

Problem 2D.14. Show that 1
4 and 9

13 are both in the Cantor set.

Solution. Both numbers have a base 3 representation using only 0s and 2s, namely 1
4 = 0.023 and

9
13 = 0.2003, so both lie in the Cantor set C by 2.75. (The repeating blocks come from the greedy digit
algorithm, whose remainders return to 1

4 after two steps and to 9
13 after three.)

Summing the geometric series confirms the two representations:

∞∑
k=1

2

32k
= 2 · 1/9

1− 1/9
=

1

4
,

∞∑
k=0

2

33k+1
=

2

3
· 1

1− 1/27
=

18

26
=

9

13
.

Problem 2D.15. Show that 13
17 is not in the Cantor set.

Solution. The unique base 3 representation of 13
17 is 0.2021 . . .3, whose fourth digit is 1, so 13

17 /∈ C by
2.75.
Step 1: 13

17 has only one base 3 representation. Suppose x ∈ [0, 1] has two different base 3 representa-
tions, say

x =

∞∑
k=1

ak
3k

=

∞∑
k=1

bk
3k
,
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with all ak, bk ∈ {0, 1, 2}, and let n be the smallest index with an 6= bn; say an < bn. Then

0 =
∞∑
k=n

bk − ak
3k

≥ bn − an
3n

−
∞∑

k=n+1

2

3k
=
bn − an

3n
− 1

3n
≥ 0,

because bn − an ≥ 1. Hence equality holds throughout, which forces bn − an = 1 and bk − ak = −2 for
all k > n, i.e. bk = 0 and ak = 2 for all k > n. In particular

x =
n∑
k=1

bk
3k

=
m

3n
where m =

n∑
k=1

bk3
n−k ∈ Z.

Thus a number with two base 3 representations must be of the form m/3n. But 13
17 = m

3n would give
17 | 13 · 3n, impossible since the prime 17 divides neither 13 nor 3.
Step 2: that representation contains a 1. The digit algorithm x0 =

13
17 , ak = b3xk−1c, xk = 3xk−1 − ak

gives
3 · 13

17 = 39
17 = 2 + 5

17 , a1 = 2,

3 · 5
17 = 15

17 = 0 + 15
17 , a2 = 0,

3 · 15
17 = 45

17 = 2 + 11
17 , a3 = 2,

3 · 11
17 = 33

17 = 1 + 16
17 , a4 = 1.

Every xk lies in [0, 1), so these digits do represent 13
17 ; explicitly

13

17
=

61

81
+

1

34
· 16
17
. (Check!)

By Step 1 this representation is the only one, and its fourth digit is 1; so no base 3 representation of
13
17 consists only of 0s and 2s.

Problem 2D.16. List the eight open intervals whose union is G4 in the definition of the Cantor set
(2.74).

Solution. The eight intervals are those
(
k
81 ,

k+1
81

)
with k ∈ {1, 7, 19, 25, 55, 61, 73, 79}:

G4 =
(

1
81 ,

2
81

)
∪
(

7
81 ,

8
81

)
∪
(
19
81 ,

20
81

)
∪
(
25
81 ,

26
81

)
∪
(
55
81 ,

56
81

)
∪
(
61
81 ,

62
81

)
∪
(
73
81 ,

74
81

)
∪
(
79
81 ,

80
81

)
.

Indeed, [0, 1] \ (G1 ∪ G2) =
[
0, 19
]
∪
[
2
9 ,

1
3

]
∪
[
2
3 ,

7
9

]
∪
[
8
9 , 1
]

by 2.74, and deleting from each of these
its middle third (the corresponding interval of G3) leaves the eight closed intervals

[
3j
81 ,

3j+3
81

]
with

j ∈ {0, 2, 6, 8, 18, 20, 24, 26}. By 2.74, G4 is the union of their middle thirds
(
3j+1
81 , 3j+2

81

)
, and 3j + 1

runs over the eight values of k listed above.

Problem 2D.17. Let C denote the Cantor set. Prove that
{
1
2x+ 1

2y : x, y ∈ C
}
= [0, 1].

Solution. Split the base 3 digits of t between two {0, 2}-strings. Write S =
{
1
2x+ 1

2y : x, y ∈ C
}

.
Since C ⊆ [0, 1] (2.74) and [0, 1] is convex, S ⊆ [0, 1]. Conversely let t ∈ [0, 1]. If t = 1, take
x = y = 1 = 0.222 . . .3 ∈ C (2.75). Otherwise fix a base 3 representation t =

∑
k tk3

−k and put

(ak, bk) =


(0, 0) if tk = 0,

(0, 2) if tk = 1,

(2, 2) if tk = 2,

so ak, bk ∈ {0, 2} and ak+bk = 2tk in every case. The series x =
∑

k ak3
−k and y =

∑
k bk3

−k converge,
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being dominated by
∑

k 2 · 3−k = 1, and exhibit base 3 representations of x and y using only 0s and
2s, so x, y ∈ C by 2.75. Adding the two absolutely convergent series termwise,

1
2x+ 1

2y =
∞∑
k=1

ak + bk
2 · 3k

=
∞∑
k=1

tk
3k

= t,

so t ∈ S. Hence S = [0, 1].

Problem 2D.18. Prove that every open interval of R contains either infinitely many or no elements
in the Cantor set.

Solution. It suffices to show that the Cantor set C has no isolated points: if an open interval I contains
some x ∈ C, then (x− ε, x+ ε) ⊆ I for some ε > 0, so I ∩ C is infinite.
Fix x ∈ C and ε > 0, and by 2.75 write x =

∑
k ak3

−k with every ak ∈ {0, 2}. Flip the n-th digit:

x(n) =
∑
k 6=n

ak
3k

+
2− an
3n

.

Since 2 − an ∈ {0, 2}, this display is a base 3 representation of x(n) using only 0s and 2s, so x(n) ∈ C
by 2.75. The two strings differ only in position n, so

∣∣x− x(n)
∣∣ = |an − (2− an)|

3n
=

2

3n
,

whence x(1), x(2), . . . are pairwise distinct and all differ from x. Choosing N with 2
3N

< ε, the points
x(N), x(N+1), . . . are infinitely many elements of C ∩ (x− ε, x+ ε).

Problem 2D.19. Evaluate
∫ 1
0 Λ, where Λ is the Cantor function.

Solution.
∫ 1
0 Λ = 1

2 , forced by the symmetry Λ(1− x) = 1− Λ(x) on [0, 1].
By 2.79 the Cantor function Λ is continuous on [0, 1], hence Riemann integrable there; being bounded
and continuous it is Lebesgue measurable with the same integral, so the value below settles either
reading.
(i) x ∈ C. By 2.75 write x =

∑
k ak3

−k with every ak ∈ {0, 2}; this {0, 2}-representation is unique,
since by Step 1 of Exercise 15 two representations of one number differ by 1 at their first disagreement,
whereas two digits from {0, 2} differ by 0 or 2. As

∑
k 2 · 3−k = 1,

1− x =
∞∑
k=1

2− ak
3k

,

again a {0, 2}-representation, so 1− x ∈ C; with ek = ak/2 ∈ {0, 1}, 2.77 gives

Λ(1− x) =
∞∑
k=1

1− ek
2k

= 1−
∞∑
k=1

ek
2k

= 1− Λ(x).

(ii) x ∈ [0, 1] \ C. Then x ∈ Gn for some n, since [0, 1] \ C =
⋃
nGn (2.74).

Subclaim. For every n ≥ 1, the set [0, 1] \ (G1 ∪ · · · ∪ Gn) is the union of the 2n closed intervals[
c, c+ 1

3n

]
with c =

∑
i≤n di3

−i and di ∈ {0, 2}, while Gn is the union of the 2n−1 open intervals(
a, a+ 1

3n

)
with a =

∑
i<n di3

−i + 3−n and di ∈ {0, 2}. This is induction on n from 2.74: the middle
third of

[
c, c+ 3−(n−1)

]
is (c+ 3−n, c+ 2 · 3−n), which is the interval attached to (d1, . . . , dn−1), and

removing it leaves the two intervals attached to (d1, . . . , dn−1, 0) and (d1, . . . , dn−1, 2). (Check!)
Let (a, b) be the interval of Gn containing x, with a as in the subclaim, b = a + 3−n, and ei = di/2.
Using 3−n =

∑
k>n 2 · 3−k,

a = 0.d1 . . . dn−10 2 2 2 . . .3 , b = 0.d1 . . . dn−12 0 0 0 . . .3 ,
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so a, b ∈ C and, by 2.77,

Λ(a) =

n−1∑
i=1

ei
2i

+
∑
k>n

1

2k
=

n−1∑
i=1

ei
2i

+
1

2n
= Λ(b).

Moreover every base 3 representation of x begins 0.d1 . . . dn−11: the numbers admitting a representation
with a given prefix c1 . . . cn form exactly the interval

[
k
3n ,

k+1
3n

]
, where k =

∑
i≤n ci3

n−i, because the tails∑
k>n ck3

−k fill [0, 3−n]; distinct prefixes give distinct k, the prefix d1 . . . dn−11 gives exactly [a, b], and
x lies in the interior of [a, b], hence in no other prefix interval. So 2.77 gives Λ(x) =

∑
i<n ei2

−i + 2−n,
which is Λ(a) = Λ(b).
Now 1− x ∈ (1− b, 1− a) with 1− a, 1− b ∈ C, so by (i) and monotonicity of Λ (2.79),

1− Λ(a) = Λ(1− b) ≤ Λ(1− x) ≤ Λ(1− a) = 1− Λ(a),

whence Λ(1− x) = 1− Λ(a) = 1− Λ(x).
Substituting u = 1− x in the integral now gives∫ 1

0
Λ(x) dx =

∫ 1

0

(
1− Λ(u)

)
du = 1−

∫ 1

0
Λ(u) du,

so
∫ 1
0 Λ = 1

2 .

Problem 2D.20. Evaluate each of the following:
(a) Λ

(
9
13

)
;

(b) Λ(0.93).

Solution. (a) Λ
(

9
13

)
= 4

7 . (b) Λ(0.93) = 7
8 .

(a). By Exercise 14, 9
13 = 0.2003 ∈ C, so 2.77 replaces each 2 by 1 and reads the result in base 2:

Λ

(
9

13

)
= 0.1002 =

∞∑
j=0

1

23j+1
=

1/2

1− 1/8
=

4

7
.

(b). Here 0.93 = 93
100 , whose base 3 digits start

3 · 93
100 = 279

100 = 2 + 79
100 , digit 2,

3 · 79
100 = 237

100 = 2 + 37
100 , digit 2,

3 · 37
100 = 111

100 = 1 + 11
100 , digit 1,

so 93
100 = 0.221 . . .3. This representation is unique by Step 1 of Exercise 15, since 93

100 = m/3k would
force 100 | 93 · 3k, impossible as gcd(93 · 3k, 100) = 1; it contains a 1, so 93

100 /∈ C by 2.75. By 2.77,
truncate after that first 1 and replace each earlier 2 by 1:

Λ(0.93) = 0.1112 =
1

2
+

1

4
+

1

8
=

7

8
.

Problem 2D.21. Find each of the following sets:
(a) Λ−1

(
{1
3}
)
;

(b) Λ−1
(
{ 5
16}
)
.

Solution. Λ−1
(
{1
3}
)
=
{
1
4

}
and Λ−1

(
{ 5
16}
)
=
[
19
81 ,

20
81

]
.

Fact 1 (points of C). By 2.75 and the uniqueness of the {0, 2}-representation noted in Exercise 19,
the map x 7→ (ek), ek = ak/2, is a bijection from C onto the set of binary digit strings, and 2.77 says
Λ(x) =

∑
k ek2

−k. So for y ∈ [0, 1] the preimages of y lying in C correspond exactly to the base 2
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representations of y.
Fact 2 (points off C). By the subclaim in case (ii) of Exercise 19, together with [0, 1] \ C =

⋃
nGn

(2.74) and the disjointness of G1, G2, . . . noted in the proof of 2.76, the set [0, 1]\C is the disjoint union,
over n ≥ 1 and (d1, . . . , dn−1) ∈ {0, 2}n−1, of the intervals (a, a+3−n) with a =

∑
i<n di3

−i+3−n; and
on such an interval Λ is constantly

n−1∑
i=1

ei
2i

+
1

2n
=

2m+ 1

2n
, ei =

di
2 , m =

∑
i<n

ei2
n−1−i.

As (d1, . . . , dn−1) ranges over {0, 2}n−1, the integer m ranges bijectively over 0, 1, . . . , 2n−1 − 1. So the
values of Λ off C are exactly the dyadic rationals in (0, 1), and such a value determines n, then m,
then the interval.
Fact 3 (base 2 representations). Step 1 of Exercise 15, run with 3 replaced by 2 and the digit bound
2 by 1, shows that a number with two base 2 representations is dyadic. Conversely, if y = m/2n ∈
(0, 1) with m odd then y = 0.b1 . . . bn000 . . .2 with bn = 1, and also y = 0.b1 . . . bn−10111 . . .2 since∑

k>n 2
−k = 2−n. So a dyadic rational in (0, 1) has exactly two base 2 representations, every other

number in [0, 1] exactly one.
(a). 1

3 is not dyadic, since 1
3 = m

2n would give 3 | 2n; so by Fact 2 no point off C maps to it, and by Fact
3 it has the single base 2 representation 0.012 (indeed

∑
j≥1 4

−j = 1
3). By Fact 1 its only preimage is

the point of C with {0, 2}-representation 0.023, namely

∞∑
j=1

2

9j
=

2/9

1− 1/9
=

1

4
.

(b). 5
16 is dyadic, so both cases contribute.

Off C: 5
16 = 2m+1

2n forces n = 4 and m = 2, so e1e2e3 = 010 and (d1, d2, d3) = (0, 2, 0); by Fact 2 the
interval is (a, a+ 1

81) with a = 2
9 + 1

81 = 19
81 , one of the eight intervals of G4 found in Exercise 16.

On C: by Fact 3 the two base 2 representations of 5
16 are 0.0101 000 . . .2 and 0.0100 111 . . .2, so by Fact

1 the two Cantor set preimages are

0.0202 000 . . .3 =
2

9
+

2

81
=

20

81
,

0.0200 222 . . .3 =
18

81
+

1

81
=

19

81
.

Combining the two cases,

Λ−1
({

5
16

})
=
{
19
81

}
∪
(
19
81 ,

20
81

)
∪
{
20
81

}
=

[
19

81
,
20

81

]
.

Problem 2D.22. (a) Suppose x is a rational number in [0, 1]. Explain why Λ(x) is rational.
(b) Suppose x ∈ C is such that Λ(x) is rational. Explain why x is rational.

Solution. Both parts reduce to one fact: a base b representation of t ∈ [0, 1] – digits dj ∈ {0, . . . , b− 1}
with t =

∑
j≥1 djb

−j – has eventually periodic digit string exactly when t is rational.
Lemma 1 (near-uniqueness). The argument of Step 1 in Exercise 15, run in base b, gives: if (cj) 6= (c′j)
are base b representations of the same number, n is the first index where they differ, and cn > c′n, then
cn = c′n + 1 and cj = 0, c′j = b− 1 for every j > n. In particular each string is eventually constant.
Lemma 2. Let (dj) be a base b representation of t ∈ [0, 1]. Then t is rational if and only if (dj) is
eventually periodic.
Suppose dj+k = dj for all j > N , and put z =

∑
i≥1 dN+ib

−i, so that t =
∑

j≤N djb
−j + b−Nz.

48



Periodicity of (dN+i)i≥1 gives

bkz =
∞∑
i=1

dN+ib
k−i = m+ z, m =

k∑
i=1

dN+ib
k−i ∈ Z,

so z = m/(bk − 1) and hence t is rational. Conversely let t = p/q with p, q integers, q ≥ 1, and put

sn =

∞∑
i=1

dn+i
bi

= bnt−
n∑
j=1

djb
n−j .

Then sn ∈ [0, 1] and qsn is an integer, hence qsn ∈ {0, 1, . . . , q}; by the pigeonhole principle sn = sm for
some n < m. Now (dn+i)i≥1 and (dm+i)i≥1 are base b representations of that one number: if they are
equal then dj+(m−n) = dj for every j > n, and if not then Lemma 1 makes each eventually constant,
so (dj) is eventually constant. Either way (dj) is eventually periodic.
(a). Let x ∈ [0, 1] be rational; the two bullet points of 2.77 give two cases.
(i) x /∈ C: by 2.75 every base 3 representation of x contains a digit 1, and 2.77 truncates after the first
such 1, so Λ(x) =

∑n
j=1 ej2

−j is a finite sum of rationals.
(ii) x ∈ C: let (dj) be the base 3 representation of x using only 0s and 2s, which is the one used in
2.77. Lemma 2 with b = 3 makes (dj) eventually periodic, hence so is (dj/2), which by 2.77 is a base
2 representation of Λ(x); Lemma 2 with b = 2 then makes Λ(x) rational.
(b). Let x ∈ C with Λ(x) rational, and let (dj) be its base 3 representation using only 0s and 2s; this one
is unique, since by Lemma 1 two representations of one number differ by 1 at their first disagreement
whereas digits in {0, 2} differ by 0 or 2. By 2.77 the string (dj/2), with terms in {0, 1}, is a base 2
representation of Λ(x), so Lemma 2 with b = 2 makes it eventually periodic; then (dj) is eventually
periodic and Lemma 2 with b = 3 makes x =

∑
j dj3

−j rational.

Problem 2D.23. Show that there exists a function f : R → R such that the image under f of every
nonempty open interval is R.

Solution. Take f = h ◦ ϕ, where ϕ reads off the limit superior of the decimal digit averages of the
fractional part and h maps [0, 9] onto R:

ϕ(x) = lim sup
n→∞

d1(x) + d2(x) + · · ·+ dn(x)

n
∈ [0, 9],

h(t) = tan
(
π

(
t

9
− 1

2

))
for t ∈ (0, 9), h(0) = h(9) = 0.

Here dj(x) is the j-th digit of the decimal representation of 〈x〉 = x−bxc ∈ [0, 1) that is not eventually
9; it exists by the greedy algorithm dj = b10j〈x〉c− 10b10j−1〈x〉c (Check!), and it is unique because by
Lemma 1 of Exercise 22 with b = 10, of two representations of one number one is eventually 0 and the
other eventually 9. As t runs over (0, 9), π(t/9 − 1/2) runs over

(
−π

2 ,
π
2

)
, on which tan is a bijection

onto R; so h([0, 9]) = R, and it suffices to prove ϕ(I) = [0, 9] for every nonempty open interval I.
Step 1: I contains a full decimal cylinder. Shrink I to an interval strictly between consecutive integers:
choose m ∈ Z and u < v with m < u < v < m+1 and (u, v) ⊆ I, so that 〈x〉 = x−m on (u, v). Choose
k ∈ Z+ with 10−k < (v−u)/2 and put M = b(u−m)10kc+1, so that (u−m)10k < M ≤ (u−m)10k+1
and hence

u−m <
M

10k
and M + 1

10k
≤ (u−m) +

2

10k
< v −m.

The second inequality gives (M + 1)10−k < 1, so 1 ≤ M < 10k; let c1 . . . ck be the k-digit form of M ,
leading zeros allowed. For any digit string (ei) that is not eventually 9, put

x = m+
M

10k
+

1

10k

∞∑
i=1

ei
10i

.
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Then 〈x〉 lies in
[
M10−k, (M + 1)10−k

]
⊆ (u − m, v − m) by the two displayed inequalities, so x ∈

(u, v) ⊆ I; and the string c1, . . . , ck, e1, e2, . . . is a decimal representation of 〈x〉 that is not eventually
9, hence is the canonical one.
A fixed prefix does not move the limit superior: with K = c1 + · · · + ck and Sj = e1 + · · · + ej , the
average of the first j + k digits of 〈x〉 is (K + Sj)/(j + k), and

K + Sj
j + k

− Sj
j

=
K

j + k
− k Sj
j(j + k)

,

whose absolute value is at most (K+9k)/(j+k) → 0 because 0 ≤ Sj ≤ 9j. Hence ϕ(x) = lim supj Sj/j.
Step 2: every t ∈ [0, 9] is such a limit superior.
(i) t = 9: take ei = 0 when i is a power of 2 and ei = 9 otherwise. At most 1 + log2 n powers of 2 lie
in {1, . . . , n}, so 9 ≥ Sn/n ≥ 9 − 9(1 + log2 n)/n → 9. The string has infinitely many 0s, so it is not
eventually 9.
(ii) t ∈ [0, 9): define (ei) greedily by en = 9 if (Sn−1 + 9)/n ≤ t and en = 0 otherwise, and put
An = Sn/n. Then An ≤ t for every n: if en = 9 this is the defining rule, and if en = 0 then
An = Sn−1/n ≤ Sn−1/(n − 1) = An−1 ≤ t for n ≥ 2, while A1 = 0 ≤ t. So lim supnAn ≤ t. Also
en = 0 for infinitely many n, since en = 9 from some point on would force An → 9 > t; and each such
n satisfies An = Sn−1/n > t− 9

n , so lim supnAn ≥ t. Finally (en) is not eventually 9.
Given I and t ∈ [0, 9], Step 2 supplies a legal tail (ei) and Step 1 converts it into x ∈ I with ϕ(x) = t.
Thus ϕ(I) = [0, 9] and f(I) = h([0, 9]) = R.

Problem 2D.24. For A ⊆ R, the quantity

sup{|F | : F is a closed bounded subset of R and F ⊆ A}

is called the inner measure of A.
(a) Show that if A is a Lebesgue measurable subset of R, then the inner measure of A equals the
outer measure of A.
(b) Show that inner measure is not a measure on the σ-algebra of all subsets of R.

Solution. Write µ∗(A) for the inner measure and |A| for the outer measure. The empty set is an
admissible F for every A, so µ∗(A) ∈ [0,∞] is always defined; and every closed set is Borel, so each |F |
occurring is a Lebesgue measure.
(a). The inequality µ∗(A) ≤ |A| holds for every A: each closed bounded F ⊆ A has |F | ≤ |A| by
2.5. For the reverse, let ε > 0 and, A being Lebesgue measurable, use 2.71 ((a) implies (b)) to get
a closed F ⊆ A with |A \ F | < ε. The truncations Fn = F ∩ [−n, n] are closed, bounded, contained
in A, and increase to F , so limn |Fn| = |F | by 2.59 applied to Lebesgue measure (a measure on the
Lebesgue measurable sets by 2.72); as |Fn| ≤ µ∗(A) for every n, this gives µ∗(A) ≥ |F |. Meanwhile
A = F ∪ (A \ F ) and 2.8 give |A| ≤ |F |+ ε. If |A| = ∞ this forces |F | = ∞, hence µ∗(A) = ∞ = |A|;
otherwise µ∗(A) ≥ |F | > |A| − ε for every ε > 0, so µ∗(A) ≥ |A|.
(b). For r ∈ [0, 1) and S ⊆ [0, 1) write

S ⊕ r =
(
(S ∩ [0, 1− r)) + r

)
∪
(
(S ∩ [1− r, 1)) + r − 1

)
⊆ [0, 1),

so that x 7→ x ⊕ r is a bijection of [0, 1) onto itself. If S is Lebesgue measurable then so is S ⊕ r,
and since the two pieces are disjoint, additivity of Lebesgue measure (2.72) with translation invariance
(2.7) gives |S ⊕ r| = |S|.
By the axiom of choice let V ⊆ [0, 1) contain exactly one element of each class of the relation x ∼ y
when x− y ∈ Q on [0, 1), let r1, r2, . . . enumerate Q ∩ [0, 1), and put Vk = V ⊕ rk.
The Vk are disjoint with union [0, 1). If x ∈ Vj ∩ Vk, say x = v ⊕ rj = w ⊕ rk with v, w ∈ V , then
x− (v+ rj) and x− (w+ rk) lie in {0,−1}, so v−w ∈ Q, forcing v = w and then rj = rk by injectivity
of r 7→ v⊕ r. Conversely, given x ∈ [0, 1) with representative v ∈ V , the number r = x−v (or x−v+1
if x < v) lies in Q ∩ [0, 1) and x = v ⊕ r.
Each µ∗(Vk) = 0. Since x ⊕ rk ∼ x for rational rk and ⊕ rk is injective, Vk meets each class exactly
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once, so it suffices to show µ∗(S) = 0 whenever S ⊆ [0, 1) meets each class at most once. Let F ⊆ S be
closed and bounded, hence Borel and Lebesgue measurable. The sets F ⊕ r, r ∈ Q∩ [0, 1), are disjoint:
x ⊕ r = y ⊕ r′ with x, y ∈ F and r 6= r′ forces x − y ∈ Q and x 6= y, two distinct points of S in one
class. Each F ⊕ r is a measurable subset of [0, 1) with |F ⊕ r| = |F |, so countable additivity (2.72) and
2.5 give ∑

r∈Q∩[0,1)

|F | =
∣∣∣ ⋃
r∈Q∩[0,1)

(F ⊕ r)
∣∣∣ ≤ |[0, 1)| = 1,

a sum of countably infinitely many copies of |F |; hence |F | = 0 and µ∗(S) = 0.
So V1, V2, . . . are disjoint subsets of R with

∑
k µ∗(Vk) = 0, whereas by (a)

µ∗

( ∞⋃
k=1

Vk

)
= µ∗

(
[0, 1)

)
=
∣∣[0, 1)∣∣ = 1.

Thus µ∗ is not countably additive on the σ-algebra of all subsets of R.

2.5 Exercises 2E

Problem 2E.1. Suppose X is a finite set. Explain why a sequence of functions from X to R that
converges pointwise on X also converges uniformly on X.

Solution. Take n = max{n1, . . . , nN}: a finite set of thresholds has a largest element, which is again in
Z+.
The case X = ∅ is vacuous, so let X = {x1, . . . , xN} with N ∈ Z+, suppose f1, f2, . . . converges
pointwise on X to f , and let ε > 0. By pointwise convergence (2.82) there is for each j an nj ∈ Z+

with
|fk(xj)− f(xj)| < ε for all integers k ≥ nj .

With n = max{n1, . . . , nN}, every k ≥ n and every x ∈ X satisfy x = xj for some j and k ≥ nj , so
|fk(x)− f(x)| < ε. This single n works for all x ∈ X at once, so the convergence is uniform by 2.82.

Problem 2E.2. Give an example of a sequence of functions from Z+ to R that converges pointwise
on Z+ but does not converge uniformly on Z+.

Solution. Take fk = χ{k}.
For fixed m ∈ Z+ we have fk(m) = 0 whenever k > m, so fk → f ≡ 0 pointwise. A uniform limit must
agree with the pointwise limit, so uniform convergence would have to be to f ; but for ε = 1

2 and any
n ∈ Z+, the index k = n and the point m = n give

|fn(n)− f(n)| = 1 > 1
2 ,

so the condition in 2.82 fails. Hence the convergence is not uniform.

Problem 2E.3. Give an example of a sequence of continuous functions f1, f2, . . . from [0, 1] to R
that converges pointwise to a function f : [0, 1] → R that is not a bounded function.

Solution. Take

fk(x) =

k
2x if 0 ≤ x ≤ 1

k ,
1

x
if 1

k < x ≤ 1,
f(x) =

0 if x = 0,
1

x
if 0 < x ≤ 1.

Each fk is continuous on [0, 1k ] and on [ 1k , 1] (where x ≥ 1
k > 0), and the two formulas agree at 1

k
because k2 · 1

k = k; hence fk is continuous on [0, 1].
Pointwise convergence: fk(0) = 0 = f(0) for every k, while for 0 < x ≤ 1 any k > 1/x gives 1

k < x
and so fk(x) = 1

x = f(x), an eventually constant sequence. Finally f
(
1
k

)
= k for every k, so f is
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unbounded.

Problem 2E.4. Prove or give a counterexample: If A ⊆ R and f1, f2, . . . is a sequence of uniformly
continuous functions from A to R that converges uniformly to a function f : A → R, then f is
uniformly continuous on A.

Solution. The statement is true: f is uniformly continuous, by the ε/3 argument of 2.84 with the δ for
fn now independent of the point.
Suppose ε > 0. Because f1, f2, . . . converges uniformly on A to f , there exists n ∈ Z+ such that

|fn(z)− f(z)| < ε

3
for all z ∈ A.

Because fn is uniformly continuous on A, there exists δ > 0 such that

|fn(x)− fn(y)| <
ε

3
for all x, y ∈ A with |x− y| < δ.

Now suppose x, y ∈ A and |x− y| < δ. Then

|f(x)− f(y)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(y)|+ |fn(y)− f(y)|

<
ε

3
+
ε

3
+
ε

3
= ε.

The δ works for all pairs of points of A at once, so f is uniformly continuous on A.

Problem 2E.5. Give an example to show that Egorov’s Theorem can fail without the hypothesis
that µ(X) <∞.

Solution. Take Lebesgue measure µ on the Borel subsets of X = R (so µ(X) = ∞) and fk = χ[k, k+1],
with ε = 1.
Each x ∈ R has fk(x) = 0 for every k > x, so fk → f ≡ 0 pointwise. Now let E be any Borel set with
µ(R \ E) < 1. For each k ∈ Z+, monotonicity applied to [k, k + 1] \ E ⊆ R \ E gives∣∣[k, k + 1] \ E

∣∣ ≤ ∣∣R \ E
∣∣ < 1 =

∣∣[k, k + 1]
∣∣,

so [k, k + 1] ∩ E 6= ∅; choose xk there. Then for 1
2 and any n, the index k = n and the point xn ∈ E

give |fn(xn)− f(xn)| = 1 > 1
2 . Hence the convergence is uniform on no such E, and the conclusion of

Egorov’s Theorem (2.85) fails for ε = 1 although all its other hypotheses hold.

Problem 2E.6. Suppose (X,S, µ) is a measure space with µ(X) < ∞. Suppose f1, f2, . . . is a
sequence of S-measurable functions from X to R such that limk→∞ fk(x) = ∞ for each x ∈ X.
Prove that for every ε > 0, there exists a set E ∈ S such that µ(X \E) < ε and f1, f2, . . . converges
uniformly to ∞ on E (meaning that for every t > 0, there exists n ∈ Z+ such that fk(x) > t for all
integers k ≥ n and all x ∈ E).
[The exercise above is an Egorov-type theorem for sequences of functions that converge pointwise to
∞.]

Solution. Run the proof of Egorov’s Theorem (2.85) with {x : |fk(x) − f(x)| < 1
n} replaced by {x :

fk(x) > n}.
Suppose ε > 0 and fix n ∈ Z+. For m ∈ Z+ put

Am,n =
∞⋂
k=m

{x ∈ X : fk(x) > n} ∈ S.
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Then A1,n ⊆ A2,n ⊆ · · ·, and
⋃
mAm,n = X because limk→∞ fk(x) = ∞ gives, for each x ∈ X, an

m with fk(x) > n for all k ≥ m. Hence limm→∞ µ(Am,n) = µ(X) by 2.59, and since µ(X) < ∞ we
may choose mn with µ(X) − µ(Amn,n) < ε/2n; as µ(Amn,n) ≤ µ(X) < ∞, 2.57(b) turns this into
µ(X \Amn,n) < ε/2n.
Let E =

⋂∞
n=1Amn,n ∈ S. By countable subadditivity (2.58),

µ(X \ E) ≤
∞∑
n=1

µ(X \Amn,n)

<

∞∑
n=1

ε

2n
= ε.

Given t > 0, choose n ≥ t; then E ⊆ Amn,n gives fk(x) > n ≥ t for all k ≥ mn and all x ∈ E, which is
uniform convergence to ∞ on E.

Problem 2E.7. Suppose F is a closed bounded subset of R and g1, g2, . . . is an increasing se-
quence of continuous real-valued functions on F (thus g1(x) ≤ g2(x) ≤ · · · for all x ∈ F ) such that
sup{g1(x), g2(x), . . . } <∞ for each x ∈ F . Define a real-valued function g on F by

g(x) = lim
k→∞

gk(x).

Prove that g is continuous on F if and only if g1, g2, . . . converges uniformly on F to g.
[The result above is called Dini’s Theorem.]

Solution. Each increasing bounded-above sequence g1(x) ≤ g2(x) ≤ · · · converges to g(x) =
supk gk(x) ∈ R, so gk ≤ g on F for every k.
(i) If g1, g2, . . . converges uniformly to g on F , then g is continuous at each point of F by 2.84, since
each gk is.
(ii) Conversely, suppose g is continuous on F and set hk = g − gk, a continuous real-valued function
on F with hk ≥ 0, h1 ≥ h2 ≥ · · ·, and hk(x) → 0 for each x ∈ F . Uniform convergence means: for
each ε > 0 there is n with hk < ε on F for all k ≥ n; by monotonicity in k it suffices to find one n with
hn < ε on F .
If this fails for some ε > 0, pick xn ∈ F with hn(xn) ≥ ε for every n. As F is bounded, Bolzano-
Weierstrass gives a subsequence xnj → x, and x ∈ F since F is closed. Fix m; for all j with nj ≥ m,
monotonicity in the index gives hm(xnj ) ≥ hnj (xnj ) ≥ ε, so continuity of hm at x yields

hm(x) = lim
j→∞

hm(xnj ) ≥ ε.

This holds for every m, contradicting hm(x) → 0. Hence the convergence is uniform.

Problem 2E.8. Suppose µ is the measure on (Z+, 2Z
+
) defined by

µ(E) =
∑
n∈E

1

2n
.

Prove that for every ε > 0, there exists a set E ⊆ Z+ with µ(Z+ \ E) < ε such that f1, f2, . . .
converges uniformly on E for every sequence of functions f1, f2, . . . from Z+ to R that converges
pointwise on Z+.
[This result does not follow from Egorov’s Theorem because here we are asking for E to depend only
on ε. In Egorov’s Theorem, E depends on ε and on the sequence f1, f2, . . ..]

Solution. Given ε > 0, choose N with 1
2N

< ε and take E = {1, . . . , N}, a set depending only on ε.
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Summing the geometric series,

µ(Z+ \ E) =
∞∑

n=N+1

1

2n
=

1

2N
< ε.

Pointwise convergence on the finite set E is automatically uniform: if fk → f pointwise on Z+ and
δ > 0, pick Mn for each n ∈ E with |fk(n)−f(n)| < δ for all k ≥Mn, and set M = max{M1, . . . ,MN},
a maximum over finitely many indices. Then supn∈E |fk(n)− f(n)| ≤ δ for all k ≥M .

Problem 2E.9. Suppose F1, . . . , Fn are disjoint closed subsets of R. Prove that if

g : F1 ∪ · · · ∪ Fn → R

is a function such that g|Fk
is a continuous function for each k ∈ {1, . . . , n}, then g is a continuous

function.

Solution. Near any x ∈ F = F1 ∪ · · · ∪ Fn the other pieces are a positive distance away, so continuity
of g at x reduces to continuity of the single restriction g|Fj with x ∈ Fj .
Fix x ∈ F and ε > 0, and pick j with x ∈ Fj . The set C =

⋃
k 6=j Fk is closed (a finite union of closed

sets) and misses x (disjointness), so R \ C is open about x and there is δ1 > 0 with

(x− δ1, x+ δ1) ∩ C = ∅.

Continuity of g|Fj at x gives δ2 > 0 with |g(y) − g(x)| < ε for all y ∈ Fj satisfying |y − x| < δ2. Put
δ = min{δ1, δ2}. If y ∈ F and |y − x| < δ, then y /∈ C, so y ∈ Fj , and hence |g(y)− g(x)| < ε. Thus g
is continuous at x.

Problem 2E.10. Suppose F ⊆ R is such that every continuous function from F to R can be extended
to a continuous function from R to R. Prove that F is a closed subset of R.

Solution. If F is not closed, then g(x) = 1
x−b is a continuous function on F with no continuous extension

to R; this contrapositive gives the result.
Not being closed, F omits some limit point b /∈ F of itself, so there are xj ∈ F with xj → b and xj 6= b.
Since b /∈ F we have F ⊆ R \ {b}, so g is the restriction to F of a function continuous on R \ {b}, hence
continuous. If h : R → R were continuous with h|F = g, then h(xj) → h(b) ∈ R, so h(x1), h(x2), . . .
would be bounded; but

|h(xj)| = |g(xj)| =
1

|xj − b|
→ ∞

because 0 < |xj − b| → 0, a contradiction.

Problem 2E.11. Prove or give a counterexample: If F ⊆ R is such that every bounded continuous
function from F to R can be extended to a continuous function from R to R, then F is a closed
subset of R.

Solution. The statement is true: the unbounded witness of Exercise 10 can be replaced by a bounded
function oscillating between 0 and 1 along a sequence tending to the missing limit point.
We again prove the contrapositive, so let b /∈ F be a limit point of F . Then F meets (b, b + δ) for
every δ > 0 or meets (b − δ, b) for every δ > 0 (otherwise the smaller of the two failing radii would
isolate b from F , using b /∈ F ); replacing F, b by −F,−b if necessary — the reflection x 7→ −x is a
homeomorphism of R, and transports a non-extendable bounded continuous function back — we may
assume the first.
Recursively choose x1 ∈ F ∩ (b, b + 1) and xj+1 ∈ F ∩

(
b, b +

xj−b
2

)
, nonempty at each stage. Then

x1 > x2 > · · · > b with 0 < xj − b ≤ 21−j , so xj → b. Let aj = 1 for j odd and aj = 0 for j even, and
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define ϕ : R \ {b} → [0, 1] to be 0 on (−∞, b), equal to 1 on [x1,∞), and affine on each [xj+1, xj ] with

ϕ(xj) = aj for every j ∈ Z+.

These intervals together with [x1,∞) cover (b,∞), since xi → b < x makes {i : x ≤ xi} finite for each
x > b, and consecutive pieces agree at the shared endpoints; so ϕ is well defined. It is constant on the
open set (−∞, b), and each x > b has a neighborhood (xj ,∞) on which ϕ is pasted from the finitely
many closed affine pieces [xj , xj−1], . . . , [x1,∞), continuous by Exercise 9. Hence ϕ is continuous on
R \ {b} ⊇ F .
Set g = ϕ|F , a continuous function on F with 0 ≤ g ≤ 1. A continuous h : R → R with h|F = g would
force

h(b) = lim
j→∞

h(xj) = lim
j→∞

aj ,

but 1, 0, 1, 0, . . . does not converge. So g has no continuous extension, and F must be closed.

Problem 2E.12. Give an example of a Borel measurable function f from R to R such that there
does not exist a set B ⊆ R such that |R \B| = 0 and f |B is a continuous function on B.

Solution. Take f = χA for a Borel set A with |A ∩ I| > 0 and |I \ A| > 0 for every nonempty open
interval I; we build such an A from nowhere dense sets of positive measure. (Note f = χQ fails, since
B = R \Q works for it.)
(i) Every nonempty bounded open interval J = (c, d) contains a closed set K with empty interior
and |K| > 0. Put [c′, d′] ⊆ J with d′ − c′ = d−c

2 , let ε = d′−c′
2 , enumerate Q as q1, q2, . . ., and let

U =
⋃
j(qj − ε2−j−1, qj + ε2−j−1), so |U | ≤ ε by subadditivity (2.8) and 2.14. Then K = [c′, d′] \ U is

closed, contains no rational and so has empty interior, and [c′, d′] ⊆ K ∪ U gives

d′ − c′ ≤ |K|+ |U | ≤ |K|+ d′−c′
2 ,

whence |K| ≥ d′−c′
2 > 0.

(ii) A finite union of closed sets with empty interior is closed with empty interior: for two such sets
E,G and a nonempty open V ⊆ E ∪G, the open set V \E is nonempty (else V ⊆ E) and lies in G, a
contradiction; induct.
(iii) Enumerate the open intervals with rational endpoints as I1, I2, . . ., and choose recursively disjoint
closed sets Kn, Ln of positive measure and empty interior with Kn ∪ Ln ⊆ In: given C = K1 ∪ L1 ∪
· · · ∪ Ln−1, which is closed with empty interior by (ii), the open set In \ C is nonempty, so it contains
(y − r, y + r) for some y, r, and (i) supplies Kn ⊆ (y − r

2 , y) and Ln ⊆ (y, y + r
2). Set A =

⋃
nKn, a

Borel set disjoint from every Ln, and f = χA.
Each nonempty open interval I contains some In, so |A ∩ I| ≥ |Kn| > 0 and |I \ A| ≥ |Ln| > 0 by
monotonicity. Now let |R \ B| = 0. From A ⊆ (A ∩ B) ∪ (R \ B) and |A| ≥ |K1| > 0, subadditivity
gives |A ∩ B| > 0; pick x ∈ A ∩ B, so f(x) = 1. If f |B were continuous at x, then taking ε = 1

2 and
using that f is {0, 1}-valued, there is δ > 0 with B ∩ I ⊆ A for I = (x− δ, x+ δ); hence

I \A ⊆ I \ (B ∩ I) ⊆ R \B,

forcing |I \A| = 0, contrary to |I \A| > 0.

Problem 2E.13. Prove or give a counterexample: If ft : R → R is a Borel measurable function for
each t ∈ R and f : R → (−∞,∞] is defined by

f(x) = sup{ft(x) : t ∈ R},

then f is a Borel measurable function.
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Solution. The statement is false: take a non-Borel set A ⊆ R (2.67) and set ft = χ{t} if t ∈ A, ft = 0 if
t /∈ A. The countable analogue 2.53 holds only because σ-algebras are closed under countable unions.
Each ft is Borel measurable, being constant or the characteristic function of the closed set {t}. For
x ∈ A the choice t = x gives fx(x) = 1, and all ft are {0, 1}-valued, so f(x) = 1; for x /∈ A every t ∈ A
satisfies t 6= x and so ft(x) = 0, giving f(x) = 0. Thus f = χA and

f−1
(
(12 ,∞]

)
= A,

which is not Borel; since (12 ,∞] is a Borel subset of [−∞,∞] by 2.50, the definition 2.51 shows f is not
Borel measurable.

Problem 2E.14. Suppose b1, b2, . . . is a sequence of real numbers. Define f : R → [0,∞] by

f(x) =


∞∑
k=1

1

4k|x− bk|
if x /∈ {b1, b2, . . .},

∞ if x ∈ {b1, b2, . . .}.

Prove that |{x ∈ R : f(x) < 1}| = ∞.
[This exercise is a variation of a problem originally considered by Borel. If b1, b2, . . . contains all the
rational numbers, then it is not even obvious that {x ∈ R : f(x) <∞} 6= ∅.]

Solution. The set N = {x : f(x) ≥ 1} is covered by the intervals Ak = [bk − 21−k, bk + 21−k], of total
length 4, and a set whose complement has finite outer measure has infinite outer measure.
If x /∈

⋃
k Ak, then |x− bk| > 21−k > 0 for every k, so x /∈ {b1, b2, . . . } and f(x) is given by the series,

with

f(x) =
∞∑
k=1

1

4k|x− bk|
<

∞∑
k=1

1

22k · 21−k

=

∞∑
k=1

1

2k+1
=

1

2
.

Hence N ⊆
⋃
k Ak, and countable subadditivity (2.8) with 2.14 gives

|N | ≤
∞∑
k=1

|Ak| =
∞∑
k=1

4

2k
= 4.

Writing E = {x : f(x) < 1} = R \N , for each n ∈ Z+ the inclusion [−n, n] ⊆ (E ∩ [−n, n]) ∪N and
subadditivity give

2n = |[−n, n]| ≤ |E ∩ [−n, n]|+ |N | ≤ |E|+ 4.

Letting n→ ∞ yields |E| = ∞.

Problem 2E.15. Suppose B is a Borel set and f : B → R is a Lebesgue measurable function. Show
that there exists a Borel measurable function g : B → R such that

|{x ∈ B : g(x) 6= f(x)}| = 0.

Solution. Extend f by 0, apply 2.95 to the extension, and restrict the resulting Borel function back to
B.
Define f̃ : R → R by

f̃(x) =

{
f(x) if x ∈ B,

0 if x ∈ R \B.
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Then f̃ is Lebesgue measurable: for a Borel set A ⊆ R,

f̃−1(A) =

{
f−1(A) if 0 /∈ A,

f−1(A) ∪ (R \B) if 0 ∈ A,

a union of Lebesgue measurable sets, since f is Lebesgue measurable and the Borel set R\B is Lebesgue
measurable.
By 2.95 there is a Borel measurable g̃ : R → R with |{x ∈ R : g̃(x) 6= f̃(x)}| = 0. Put g = g̃|B. For
Borel A we have g−1(A) = B ∩ g̃−1(A), Borel because B is; so g is Borel measurable. Finally f̃ = f on
B gives

{x ∈ B : g(x) 6= f(x)} ⊆ {x ∈ R : g̃(x) 6= f̃(x)},

so |{x ∈ B : g(x) 6= f(x)}| = 0 by monotonicity of outer measure (2.5).
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3.1 Exercises 3A

Problem 3A.1. Suppose (X,S, µ) is a measure space and f : X → [0,∞] is an S-measurable
function such that

∫
f dµ <∞. Explain why

inf
E
f = 0

for each set E ∈ S with µ(E) = ∞.

Solution. A positive lower bound on a set of infinite measure would already make one lower Lebesgue
sum infinite.
Suppose µ(E) = ∞ and c = infE f > 0 (note E 6= ∅, since µ(∅) = 0). Taking the S-partition P of X
given by E,X \ E, the definition 3.2 and nonnegativity of the discarded term give

L(f,P) ≥ µ(E) inf
E
f = ∞ · c = ∞.

Hence
∫
f dµ = ∞ by 3.3, contradicting

∫
f dµ <∞. As infE f ≥ 0 always, infE f = 0.

Problem 3A.2. Suppose X is a set, S is a σ-algebra on X, and c ∈ X. Define the Dirac measure
δc on (X,S) by

δc(E) =

{
1 if c ∈ E,

0 if c /∈ E.

Prove that if f : X → [0,∞] is S-measurable, then
∫
f dδc = f(c).

[Careful: {c} may not be in S.]

Solution. Every lower Lebesgue sum for δc collapses to infA f over the one partition piece A containing
c, and the level sets {f > t} supply pieces on which that infimum is nearly f(c).
(i)
∫
f dδc ≤ f(c). If A1, . . . , Am is an S-partition of X, then c lies in exactly one piece Aj0 , so

δc(Aj0) = 1 and the other terms vanish (with 0 · ∞ = 0):

L(f,P) =

m∑
j=1

δc(Aj) inf
Aj

f = inf
Aj0

f ≤ f(c).

Take the supremum over P and use 3.3.
(ii)

∫
f dδc ≥ f(c). Assume f(c) > 0 and take any t ∈ [0, f(c)). Since (t,∞] is a Borel subset of

[−∞,∞] by 2.50 and f is S-measurable, the set A = {x ∈ X : f(x) > t} lies in S by 2.51, and c ∈ A;
this replaces the partition by {c}, X \ {c}, which is unavailable since {c} need not lie in S. For the
partition A,X \A,

L(f,P) = δc(A) inf
A
f = inf

A
f ≥ t.

Letting t ↑ f(c) gives the inequality, also when f(c) = ∞.

Problem 3A.3. Suppose (X,S, µ) is a measure space and f : X → [0,∞] is an S-measurable
function. Prove that ∫

f dµ > 0 if and only if µ
(
{x ∈ X : f(x) > 0}

)
> 0.

Solution. Let E = {f > 0} and Ek = {f > 1
k}, all in S by 2.50 and 2.51.

(i) If µ(E) > 0: the sets Ek increase to E (any x with f(x) > 0 has f(x) > 1
k for some k), so
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µ(Ek) → µ(E) > 0 by 2.59 and µ(Ek) > 0 for some k. Since 1
kχEk

≤ f pointwise, 3.8 and 3.7 give∫
f dµ ≥

∫
1
kχEk

dµ = 1
kµ(Ek) > 0.

(ii) If µ(E) = 0: every term µ(Aj) infAj f of a lower Lebesgue sum vanishes. Either Aj ⊆ E, whence
µ(Aj) = 0 by 2.57(a), or Aj contains a point outside E, whence infAj f = 0; in both cases the convention
0 · ∞ = 0 gives the term 0. So

∫
f dµ = 0 by 3.3.

Problem 3A.4. Give an example of a Borel measurable function f : [0, 1] → (0,∞) such that
L(f, [0, 1]) = 0.
[Recall that L(f, [0, 1]) denotes the lower Riemann integral, which was defined in Section 1A. If λ
is Lebesgue measure on [0, 1], then the previous exercise states that

∫
f dλ > 0 for this function f ,

which is what we expect of a positive function. Thus even though both L(f, [0, 1]) and
∫
f dλ are

defined by taking the supremum of approximations from below, Lebesgue measure captures the right
behavior for this function f and the lower Riemann integral does not.]

Solution. List Q ∩ [0, 1] bijectively as r1, r2, . . . and take

f(x) =


1

k
if x = rk,

1 if x is irrational,

whose values lie in (0, 1]. It is Borel measurable, since for Borel B the set f−1(B) is the union of the
countable set {rk : 1

k ∈ B} with either [0, 1] \Q or ∅.
Every nondegenerate subinterval [xj−1, xj ] contains rk for infinitely many k, so inf[xj−1,xj ] f = 0. Hence
every lower Riemann sum (1.3) of a partition P of [0, 1] is

L(f, P, [0, 1]) =
n∑
j=1

(xj − xj−1) · 0 = 0,

and taking the supremum over P gives L(f, [0, 1]) = 0 by 1.7.

Problem 3A.5. Verify the assertion that integration with respect to counting measure is summation
(Example 3.6).

Solution. The assertion is that
∫
b dµ =

∑∞
k=1 bk for counting measure µ on Z+ (2.55) and b(k) = bk ≥ 0;

both inequalities come from 3.2 and 3.3, with
∑∞

k=1 bk = sup{
∑

k∈F bk : F finite}.
(i)
∫
b dµ ≥

∑∞
k=1 bk. Fix n and take the S-partition Pn of Z+ given by

{1}, {2}, . . . , {n}, {n+ 1, n+ 2, . . .}.

Since µ({k}) = 1 and the final term is nonnegative,

L(b,Pn) =
n∑
k=1

bk + µ({n+ 1, n+ 2, . . .}) inf
k>n

bk ≥
n∑
k=1

bk,

so
∫
b dµ ≥

∑n
k=1 bk for every n; let n→ ∞.

(ii)
∫
b dµ ≤

∑∞
k=1 bk. For an S-partition A1, . . . , Am and cj = infAj b we claim µ(Aj)cj ≤

∑
k∈Aj

bk:
for Aj = ∅ both sides are 0; for Aj finite with nj elements each bk ≥ cj gives njcj ≤

∑
k∈Aj

bk; for Aj
infinite with cj > 0, finite subsets of any size N give

∑
k∈Aj

bk ≥ Ncj , so the right side is ∞ (and if
cj = 0 the left side is ∞ · 0 = 0). Hence

L(b,P) ≤
m∑
j=1

∑
k∈Aj

bk ≤
∞∑
k=1

bk,
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the last step because approximating each
∑

k∈Aj
bk from below by a finite Fj ⊆ Aj and using disjoint-

ness makes F1 ∪ · · · ∪ Fm a finite subset of Z+. Now apply 3.3.
Method (2): with b(n) =

∑n
k=1 bkχ{k} we have 0 ≤ b(1) ≤ b(2) ≤ · · · with b(n)(k) = bk once n ≥ k, so

the Monotone Convergence Theorem 3.11 and 3.7 give∫
b dµ = lim

n→∞

n∑
k=1

bkµ({k}) =
∞∑
k=1

bk.

Problem 3A.6. Suppose (X,S, µ) is a measure space, f : X → [0,∞] is S-measurable, and P
and P ′ are S-partitions of X such that each set in P ′ is contained in some set in P. Prove that
L(f,P) ≤ L(f,P ′).

Solution. Group the pieces of P ′ by the piece of P containing them; refining only raises the infima.
Write P = A1, . . . , Am and P ′ = B1, . . . , Bn, and fix for each k an index j(k) with Bk ⊆ Aj(k). Then
for each j,

Aj =
⋃

{k : j(k)=j}

Bk,

a disjoint union: ⊇ is clear, and if x ∈ Aj then the unique Bk containing x satisfies x ∈ Aj ∩ Aj(k),
forcing j(k) = j by disjointness of P. Finite additivity of µ therefore gives µ(Aj) =

∑
{k:j(k)=j} µ(Bk).

Grouping the terms of L(f,P ′) by j,

L(f,P ′) =
n∑
k=1

µ(Bk) inf
Bk

f

=

m∑
j=1

∑
{k : j(k)=j}

µ(Bk) inf
Bk

f

≥
m∑
j=1

∑
{k : j(k)=j}

µ(Bk) inf
Aj

f

=
m∑
j=1

(
inf
Aj

f
) ∑

{k : j(k)=j}

µ(Bk)

=

m∑
j=1

µ(Aj) inf
Aj

f

= L(f,P).

The third line uses infBk
f ≥ infAj f for Bk ⊆ Aj (multiplication by µ(Bk) ∈ [0,∞] preserving it, with

0 · ∞ = 0); the fourth uses the distributive law
∑

i c ti = c
∑

i ti in [0,∞] (Check!), and the fifth the
additivity above.

Problem 3A.7. Suppose X is a set, S is the σ-algebra of all subsets of X, and w : X → [0,∞] is a
function. Define a measure µ on (X,S) by

µ(E) =
∑
x∈E

w(x)

for E ⊆ X. Prove that if f : X → [0,∞] is a function, then∫
f dµ =

∑
x∈X

w(x)f(x),

where the infinite sums above are defined as the supremum of all sums over finite subsets of E (first
sum) or X (second sum).
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Solution. Write S =
∑

x∈X w(x)f(x), each such sum being the supremum of its finite subsums, and
0 · ∞ = ∞ · 0 = 0; note µ({x}) = w(x).
Two facts are used. (a) If A1, . . . , Am ⊆ A are disjoint and g : X → [0,∞], then

∑
j

∑
x∈Aj

g(x) ≤∑
x∈A g(x): choosing finite Fj ⊆ Aj with

∑
x∈Fj

g close to (or, if infinite, large below)
∑

x∈Aj
g makes

F1 ∪ · · · ∪ Fm a finite subset of A, and taking suprema over such choices gives the claim. (b) If
g(x) ≥ cw(x) on A for some c ∈ [0,∞], then

∑
x∈A g(x) ≥ c

∑
x∈Aw(x), by the distributive law on

finite subsums and supF (c tF ) = c supF tF (Check! in the cases c = 0,∞).
(i)
∫
f dµ ≥ S. For a finite F = {x1, . . . , xp} ⊆ X take the S-partition {x1}, . . . , {xp}, X \F ; discarding

the last nonnegative term,

L(f,P) =

p∑
i=1

w(xi)f(xi) + µ(X \ F ) inf
X\F

f ≥
∑
x∈F

w(x)f(x).

Take suprema over F and apply 3.3.
(ii)

∫
f dµ ≤ S. For an S-partition A1, . . . , Am and cj = infAj f , we have w(x)f(x) ≥ cjw(x) on Aj , so

(b) gives ∑
x∈Aj

w(x)f(x) ≥ cj
∑
x∈Aj

w(x) = µ(Aj) inf
Aj

f.

Summing over j and applying (a) with A = X gives L(f,P) ≤ S; now use 3.3.

Problem 3A.8. Suppose λ denotes Lebesgue measure on R. Give an example of a sequence f1, f2, . . .
of simple Borel measurable functions from R to [0,∞) such that limk→∞ fk(x) = 0 for every x ∈ R
but limk→∞

∫
fk dλ = 1.

Solution. Take fk = χ[k, k+1], a simple Borel measurable function.
Each x ∈ R has fk(x) = 0 for every k > x, so fk → 0 pointwise, while 3.4 gives∫

fk dλ = λ
(
[k, k + 1]

)
= 1

for every k.

Problem 3A.9. Suppose µ is a measure on a measurable space (X,S) and f : X → [0,∞] is an
S-measurable function. Define ν : S → [0,∞] by

ν(A) =

∫
χAf dµ

for A ∈ S. Prove that ν is a measure on (X,S).

Solution. Countable additivity of ν is the Monotone Convergence Theorem 3.11 applied to the partial
sums χA1∪···∪Anf ; the rest is immediate.
Since χ∅f is identically 0, ν(∅) = 0. Let A1, A2, · · · ∈ S be disjoint with union A, and put

gn =
n∑
k=1

χAk
f = χA1∪···∪Anf,

the second equality by disjointness. Each gn is S-measurable, 0 ≤ g1 ≤ g2 ≤ · · ·, and gn → χAf
pointwise (each x ∈ A lies in exactly one Ak, so gn(x) = f(x) for n ≥ k; off A both sides are 0). Hence
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3.11 and additivity 3.16 give

ν(A) = lim
n→∞

∫
gn dµ = lim

n→∞

n∑
k=1

ν(Ak)

=
∞∑
k=1

ν(Ak).

So ν is a measure by 2.54.

Problem 3A.10. Suppose (X,S, µ) is a measure space and f1, f2, . . . is a sequence of nonnegative
S-measurable functions. Define f : X → [0,∞] by f(x) =

∑∞
k=1 fk(x). Prove that∫

f dµ =
∞∑
k=1

∫
fk dµ.

Solution. Apply the Monotone Convergence Theorem 3.11 to the partial sums gn =
∑n

k=1 fk.
Each gn is S-measurable, since for a ≥ 0 the sum of two measurable u, v : X → [0,∞] satisfies

(u+ v)−1
(
(a,∞]

)
=
⋃
q∈Q

(
u−1

(
(q,∞]

)
∩ v−1

(
(a− q,∞]

))
,

a countable union in S (for ⊇ add the inequalities; for ⊆ take rational q between a− v(x) and u(x), or
q > a if u(x) = ∞ and q < 0 if v(x) = ∞), so 2.52 applies; induct. Nonnegativity gives 0 ≤ g1 ≤ g2 ≤ · · ·
with gn(x) → f(x) for every x, so f is S-measurable by 2.53, and 3.11 together with additivity 3.16
gives ∫

f dµ = lim
n→∞

∫
gn dµ = lim

n→∞

n∑
k=1

∫
fk dµ

=

∞∑
k=1

∫
fk dµ.

Problem 3A.11. Suppose (X,S, µ) is a measure space and f1, f2, . . . are S-measurable functions
from X to R such that

∑∞
k=1

∫
|fk| dµ < ∞. Prove that there exists E ∈ S such that µ(X \ E) = 0

and limk→∞ fk(x) = 0 for every x ∈ E.

Solution. Take E = {x ∈ X : g(x) <∞}, where g(x) =
∑∞

k=1 |fk(x)|.
Each |fk| is S-measurable, since for a ≥ 0 we have |fk|−1((a,∞]) = f−1

k ((a,∞))∪ f−1
k ((−∞,−a)) ∈ S,

so 2.52 applies; hence g is S-measurable as the pointwise supremum (2.53) of its partial sums, and
E ∈ S. By Exercise 3A.10 applied to |f1|, |f2|, . . .,∫

g dµ =

∞∑
k=1

∫
|fk| dµ <∞.

For each t ∈ (0,∞) we have g ≥ tχX\E pointwise (the left side is ∞ on X \ E), so 3.8 with 3.4 gives

t µ(X \ E) ≤
∫
g dµ <∞;

letting t→ ∞ yields µ(X \E) = 0. Finally, for x ∈ E the series
∑

k |fk(x)| converges in R, so its terms
tend to 0 and limk→∞ fk(x) = 0.
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Problem 3A.12. Show that there exists a Borel measurable function f : R → (0,∞) such that∫
χIf dλ = ∞ for every nonempty open interval I ⊆ R, where λ denotes Lebesgue measure on R.

Solution. Take an enumeration r1, r2, . . . of Q, put hk(x) = 1/|x− rk| with hk(rk) = ∞, and set

g =
∞∑
k=1

8−khk, S = g−1({∞}), f = gχR\S + χS .

Each hk is Borel measurable (each h−1
k ((a,∞]) is an open interval or R), so g is Borel measurable as the

supremum of its partial sums (2.53) and g > 0 everywhere; hence f : R → (0,∞) is Borel measurable
by 2.52.
λ(S) = 0: with B =

⋂
n

⋃
k≥n(rk − 4−k, rk + 4−k), monotonicity and countable subadditivity (2.57,

2.58) give λ(B) ≤
∑

k≥n 2 · 4−k = 8
34

−n for every n, so λ(B) = 0; and if x /∈ B ∪ Q, choosing N with
|x− rk| ≥ 4−k for all k ≥ N gives 8−khk(x) ≤ 2−k for k ≥ N while the finitely many earlier terms are
finite, so g(x) <∞. Thus S ⊆ B ∪Q and λ(S) = 0.
Fix a nonempty open interval I; by density of Q choose j with rj ∈ I, and δ > 0 with (rj − δ, rj + δ) ⊆
I. The disjoint sets Am = (rj + δ2−m−2, rj + δ2−m−1] lie in I, have λ(Am) = δ2−m−2, and carry
hj ≥ 2m+1/δ, so 3.9 gives

∫
χIhj dλ ≥

M∑
m=0

2m+1

δ
· δ2−m−2 =

M + 1

2

for every M , whence
∫
χIhj dλ = ∞. Since χIg =

∑
k 8

−kχIhk pointwise, 3A.10 and 3.20 give∫
χIg dλ ≥ 8−j

∫
χIhj dλ = ∞. Also

∫
χI∩S g dλ = 0: any

∑
i ciχAi ≤ χI∩S g with the Ai disjoint

Borel sets and ci > 0 forces Ai ⊆ S and hence λ(Ai) = 0, so every lower Lebesgue sum vanishes (3.3).
Therefore additivity 3.16 gives

∞ =

∫
χIg dλ = 0 +

∫
χI\S g dλ,

and χIf ≥ χI\S g pointwise, so
∫
χIf dλ = ∞ by 3.8.

Problem 3A.13. Give an example to show that the Monotone Convergence Theorem (3.11) can
fail if the hypothesis that f1, f2, . . . are nonnegative functions is dropped.

Solution. Take fk = −χ[k,∞) on R with Lebesgue measure λ and the Borel σ-algebra.
Each fk is a Borel measurable simple function, and f1 ≤ f2 ≤ · · · because [k+1,∞) ⊆ [k,∞); only the
hypothesis fk ≥ 0 fails. Given x, we have fk(x) = 0 for all k > x, so fk → 0 pointwise and

∫
f dλ = 0.

But f +
k = 0 and f −

k = χ[k,∞), so
∫
fk dλ is defined by 3.18 and 3.4 gives∫
fk dλ = 0− λ

(
[k,∞)

)
= −∞

for every k. Hence limk→∞
∫
fk dλ = −∞ 6= 0 =

∫
f dλ.

Problem 3A.14. Give an example to show that the Monotone Convergence Theorem can fail if the
hypothesis of an increasing sequence of functions is replaced by a hypothesis of a decreasing sequence
of functions.
[This exercise shows that the Monotone Convergence Theorem should be called the Increasing Con-
vergence Theorem. However, see Exercise 20.]

64



Solution. Take fk = χ[k,∞) on R with Lebesgue measure λ and the Borel σ-algebra.
Each fk is a nonnegative Borel measurable simple function, so every hypothesis of 3.11 holds except
that [k+1,∞) ⊆ [k,∞) makes the sequence decreasing: f1 ≥ f2 ≥ · · · ≥ 0. Given x, we have fk(x) = 0
for all k > x, so fk → 0 pointwise and

∫
f dλ = 0. But 3.4 gives

∫
fk dλ = λ([k,∞)) = ∞ for every k,

so
lim
k→∞

∫
fk dλ = ∞ 6= 0 =

∫
f dλ.

Problem 3A.15. Suppose λ is Lebesgue measure on R and f : R → [−∞,∞] is a Borel measurable
function such that

∫
f dλ is defined.

(a) For t ∈ R, define ft : R → [−∞,∞] by ft(x) = f(x− t). Prove that
∫
ft dλ =

∫
f dλ for all t ∈ R.

(b) For t ∈ R, define ft : R → [−∞,∞] by ft(x) = f(tx). Prove that
∫
ft dλ = 1

|t|
∫
f dλ for all

t ∈ R \ {0}.

Solution. Both parts follow from the fact that A 7→ t+A and A 7→ 1
tA permute the Borel partitions of

R, multiplying lower Lebesgue sums by 1 and by 1
|t| respectively.

Write B for the Borel σ-algebra. Since x 7→ x − t and (for t 6= 0) x 7→ tx are continuous, hence Borel
measurable (2.41), the maps A 7→ t + A and A 7→ 1

tA send B into B; each is a bijection of B onto
B (inverses A 7→ −t + A and A 7→ tA) preserving disjointness and unions, so each carries the Borel
partitions of R bijectively onto themselves. Moreover λ(t+A) = λ(A) by 2.7, and λ(1tA) =

1
|t|λ(A) by

Exercise 2 in Section 2A together with 2.68. Since f−1
t (B) = t+f−1(B) in (a) and f−1

t (B) = 1
t f

−1(B)
in (b), the function ft is Borel measurable in both cases.
(a) Assume first f ≥ 0. For a Borel partition P = A1, . . . , Am put Pt = t + A1, . . . , t + Am. As
x ∈ t+Aj if and only if x− t ∈ Aj , we get inft+Aj ft = infAj f , so

L(ft, Pt) =

m∑
j=1

λ(t+Aj) inf
t+Aj

ft =

m∑
j=1

λ(Aj) inf
Aj

f = L(f, P ).

Because P 7→ Pt is a bijection of the Borel partitions, the two sets of lower Lebesgue sums coincide,
and 3.3 gives

∫
ft dλ =

∫
f dλ.

For general f note (ft)
± = (f±)t pointwise, so the nonnegative case gives

∫
(ft)

±dλ =
∫
f±dλ; one of

the latter is finite because
∫
f dλ is defined, hence

∫
ft dλ is defined and 3.18 gives

∫
ft dλ =

∫
f dλ.

(b) Identically, with P (t) = 1
tA1, . . . ,

1
tAm and inf 1

t
Aj
ft = infAj f ,

L
(
ft, P

(t)
)
=

m∑
j=1

1

|t|
λ(Aj) inf

Aj

f =
1

|t|
L(f, P ),

so the lower Lebesgue sums for ft are exactly 1
|t| times those for f ; multiplication by the positive

constant 1
|t| commutes with suprema in [0,∞], so 3.3 gives

∫
ft dλ = 1

|t|
∫
f dλ for f ≥ 0. The passage

to general f via (ft)
± = (f±)t is as in (a), the final subtraction being legitimate because at most one

of the two terms is infinite.

Problem 3A.16. Suppose S and T are σ-algebras on a set X and S ⊆ T . Suppose µ1 is a measure
on (X,S), µ2 is a measure on (X, T ), and µ1(E) = µ2(E) for all E ∈ S. Prove that if f : X → [0,∞]
is S-measurable, then

∫
f dµ1 =

∫
f dµ2.

Solution. Both integrals are the limit of the same sequence of simple-function integrals.
Every S-measurable function is T -measurable, since its preimages lie in S ⊆ T ; in particular

∫
f dµ2

makes sense. By 2.89 applied to (X,S) there are simple S-measurable u1, u2, . . . with |uk| ≤ |uk+1| ≤ |f |
pointwise and uk → f pointwise; put fk = max{u+1 , . . . , u

+
k }. Each fk takes finitely many values and

f−1
k ((a,∞]) =

⋃
j≤k(u

+
j )

−1((a,∞]) ∈ S, so fk is a nonnegative simple S-measurable function (2.52);
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moreover 0 ≤ f1 ≤ f2 ≤ · · · ≤ f because u+j ≤ |uj | ≤ |f | = f , and fk ≥ u+k → f+ = f , so fk → f
pointwise.
If h =

∑n
k=1 ckχEk

is the standard representation of a nonnegative simple S-measurable function, then
E1, . . . , En are disjoint sets lying in S ⊆ T , so 3.7 applies in each of the two measure spaces and gives∫

h dµ1 =

n∑
k=1

ckµ1(Ek) =

n∑
k=1

ckµ2(Ek) =

∫
h dµ2,

the middle equality because each Ek ∈ S. Applying this to each fk and the Monotone Convergence
Theorem 3.11 in (X,S, µ1) and in (X, T , µ2),∫

f dµ1 = lim
k→∞

∫
fk dµ1 = lim

k→∞

∫
fk dµ2 =

∫
f dµ2.

Problem 3A.17. Suppose that (X,S, µ) is a measure space and f1, f2, . . . is a sequence of nonneg-
ative S-measurable functions on X. Define a function f : X → [0,∞] by

f(x) = lim inf
k→∞

fk(x).

(a) Show that f is an S-measurable function.
(b) Prove that ∫

f dµ ≤ lim inf
k→∞

∫
fk dµ.

(c) Give an example showing that the inequality in (b) can be a strict inequality even when µ(X) <∞
and the family of functions {fk}k∈Z+ is uniformly bounded.
[The result in (b) is called Fatou’s Lemma. Some textbooks prove Fatou’s Lemma and then use it to
prove the Monotone Convergence Theorem. Here we are taking the reverse approach—you should
be able to use the Monotone Convergence Theorem to give a clean proof of Fatou’s Lemma.]

Solution. Put gk = inf{fj : j ≥ k}, so that f = limk→∞ gk.
(a) Each gk is S-measurable by 2.53, and g1 ≤ g2 ≤ · · · because the infimum is taken over a smaller
set as k grows; hence f = lim infk fk = supk gk is S-measurable, again by 2.53.
(b) By (a), 0 ≤ g1 ≤ g2 ≤ · · · are S-measurable with gk → f pointwise, so 3.11 gives

∫
f dµ =

limk

∫
gk dµ. For every j ≥ k we have gk ≤ fj , so 3.8 gives

∫
gk dµ ≤ infj≥k

∫
fj dµ; letting k → ∞,∫

f dµ = lim
k→∞

∫
gk dµ ≤ lim inf

k→∞

∫
fk dµ.

(c) On X = [0, 1] with Borel sets and Lebesgue measure (so µ(X) = 1), take fk = χ[0,1/2] for k odd
and fk = χ(1/2,1] for k even; then 0 ≤ fk ≤ 1, so the family is uniformly bounded. Each x ∈ [0, 1] has
fk(x) = 0 for infinitely many k, so gk = 0 for every k and f = 0, giving

∫
f dλ = 0; while 3.4 gives∫

fk dλ = 1
2 for every k. Thus

0 =

∫
f dλ < lim inf

k→∞

∫
fk dλ = 1

2 .

Problem 3A.18. Give an example of a sequence x1, x2, . . . of real numbers such that

lim
n→∞

n∑
k=1

xk exists in R,

but
∫
x dµ is not defined, where µ is counting measure on Z+ and x is the function from Z+ to R

defined by x(k) = xk.
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Solution. Take xk =
(−1)k

k
.

The sequence 1, 12 ,
1
3 , . . . decreases to 0, so by the alternating series test limn→∞

∑n
k=1 xk exists in R

(its value is − ln 2). But integration with respect to counting measure on Z+ is summation (Example
3.6), and every subset of Z+ is measurable, so∫

x+ dµ =
∞∑
m=1

1

2m
= ∞,

∫
x− dµ =

∞∑
m=1

1

2m− 1
= ∞,

both by divergence of the harmonic series. Since neither is finite, 3.18 assigns no value to
∫
x dµ.

Problem 3A.19. Show that if (X,S, µ) is a measure space and f : X → [0,∞) is S-measurable,
then

µ(X) inf
X
f ≤

∫
f dµ ≤ µ(X) sup

X
f.

Solution. The one-set partition gives the left inequality, and f ≤ (supX f)χX gives the right.
Assume X 6= ∅ (otherwise µ(X) = 0 =

∫
f dµ and both inequalities are trivial), and recall the

convention 0 · ∞ = ∞ · 0 = 0 stated with 3.2. The single set A1 = X is an S-partition P of X, so by
3.2 and the definition 3.3 of the integral as a supremum of lower Lebesgue sums,

µ(X) inf
X
f = L(f, P ) ≤

∫
f dµ.

For the other inequality put c = supX f ∈ [0,∞], so f ≤ cχX pointwise; then 3.8 and 3.15 (with n = 1,
E1 = X, c1 = c) give ∫

f dµ ≤
∫
c χX dµ = c µ(X) = µ(X) sup

X
f.

Problem 3A.20. Suppose (X,S, µ) is a measure space and f1, f2, . . . is a monotone (meaning either
increasing or decreasing) sequence of S-measurable functions. Define f : X → [−∞,∞] by

f(x) = lim
k→∞

fk(x).

Prove that if
∫
|f1| dµ <∞, then

lim
k→∞

∫
fk dµ =

∫
f dµ.

Solution. The increasing case is 3.11 applied to fk − f1; the decreasing case follows by passing to −fk.
Monotonicity makes f(x) = limk fk(x) exist in [−∞,∞] for each x, and f is S-measurable by 2.53,
being the pointwise supremum of the fk in the increasing case and their pointwise infimum in the
decreasing case.
Increasing case: assume f1 ≤ f2 ≤ · · ·. Then f−k ≤ f−1 ≤ |f1| and likewise f− ≤ f−1 , so 3.8 gives∫
f−k dµ ≤

∫
|f1| dµ < ∞ and

∫
f− dµ < ∞; hence every

∫
fk dµ and

∫
f dµ is defined, with values in

(−∞,∞].
Reduction to f1 real valued. Let N = f−1

1 ({−∞,∞}) ∈ S and M = X \N . Since |f1| ≥ nχN pointwise
for every n, 3.8 and 3.15 give nµ(N) ≤

∫
|f1| dµ < ∞, so µ(N) = 0. For nonnegative S-measurable h

we then have
∫
hχN dµ = 0, because any S-partition piece on which hχN has positive infimum lies in N

and so has measure 0, making every lower Lebesgue sum vanish (3.3). Hence for S-measurable g with∫
g dµ defined, gχM is S-measurable (its set (gχM )−1((a,∞]) is g−1((a,∞]) ∩M for a ≥ 0 and that

set union N for a < 0; apply 2.52), and (gχM )± = g±χM with g± = g±χM + g±χN , so additivity 3.16
gives

∫
(gχM )± dµ =

∫
g± dµ and therefore

∫
gχM dµ =

∫
g dµ. Replacing each fk by fkχM and f by

fχM thus changes no integral while preserving monotonicity, the pointwise limit, and
∫
|f1| dµ < ∞;

so assume f1 is real valued.
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Now gk := fk − f1 and g := f − f1 are well defined with values in [0,∞], and they are S-measurable
by 2.52, since for a ∈ R

g−1
k

(
(a,∞]

)
=
⋃
r∈Q

(
f−1
k

(
(r,∞]

)
∩ f−1

1

(
[−∞, r − a)

))
(a rational r separates a + f1(x) < r < fk(x) exactly when gk(x) > a). As 0 ≤ g1 ≤ g2 ≤ · · · with
gk → g pointwise, 3.11 gives

∫
gk dµ→

∫
g dµ.

Next, if h : X → (−∞,∞] is S-measurable with h ≥ f1, then∫
h dµ =

∫
(h− f1) dµ+

∫
f1 dµ.

Indeed h−f1 is S-measurable by the display above with h in place of fk, and substituting h−f1 = h+−
h−−f+1 +f−1 (legitimate pointwise, since f1 is real valued and at most one of h±(x) is nonzero; both sides
are ∞ where h = ∞) gives the identity between [0,∞]-valued functions h++ f−1 = (h− f1)+ f+1 +h−,
which integrates by 3.16 to∫

h+dµ+

∫
f−1 dµ =

∫
(h− f1) dµ+

∫
f+1 dµ+

∫
h−dµ.

Here
∫
f±1 dµ ≤

∫
|f1| dµ <∞, and h ≥ f1 forces h− ≤ f−1 so

∫
h−dµ <∞; subtracting these two finite

numbers and applying 3.18 yields the claim.
Taking h = fk and h = f there, and using that adding the real number

∫
f1 dµ commutes with limits

in (−∞,∞],
lim
k→∞

∫
fk dµ =

∫
g dµ+

∫
f1 dµ =

∫
f dµ.

Decreasing case: assume f1 ≥ f2 ≥ · · ·. Each −fk is S-measurable (2.52), −f1 ≤ −f2 ≤ · · · has
pointwise limit −f , and

∫
| − f1| dµ < ∞; also f+k ≤ f+1 ≤ |f1| and f+ ≤ f+1 , so

∫
fk dµ and

∫
f dµ

are defined and 3.20 with c = −1 applies. The increasing case gives
∫
(−fk) dµ →

∫
(−f) dµ, that is

−
∫
fk dµ→ −

∫
f dµ, which is the assertion.

Problem 3A.21. Henri Lebesgue wrote the following about his method of integration:
I have to pay a certain sum, which I have collected in my pocket. I take the bills and coins out of
my pocket and give them to the creditor in the order I find them until I have reached the total sum.
This is the Riemann integral. But I can proceed differently. After I have taken all the money out of
my pocket I order the bills and coins according to identical values and then I pay the several heaps
one after the other to the creditor. This is my integral.
Use 3.15 to explain what Lebesgue meant and to explain why integration of a function with respect
to a measure can be thought of as partitioning the range of the function, in contrast to Riemann
integration, which depends on partitioning the domain of the function.
[The quote above is taken from page 796 of The Princeton Companion to Mathematics, edited by
Timothy Gowers.]

Solution. Lebesgue’s heaps are the sets Ek = v−1({ck}) of 3.15, and his total is
∑

k ckµ(Ek): a sum
over the finitely many values in the range, not over the many items in the domain.
Model the pocket by the finite set X of bills and coins, S all subsets of X, µ counting measure, and
v : X → [0,∞) the face value. The sum owed is

∫
v dµ =

∑
x∈X v(x) (Example 3.6). Riemann’s

method is “in the order I find them”: fix an enumeration of the domain and accumulate one item at
a time. Lebesgue’s method is 3.15 read from left to right: let c1, . . . , cn be the distinct denominations
present and Ek = v−1({ck}) the heap of items of value ck, so that v =

∑n
k=1 ckχEk

and∫
v dµ =

n∑
k=1

ck µ(Ek) =

n∑
k=1

(denomination)× (size of heap).
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That this is a statement about the range is visible in what 3.15 asks of E1, . . . , En: only that they
lie in S, so that µ(Ek) makes sense. They need not be intervals, nor even disjoint. The ck are values
of the function; the Ek are whatever sets those values cut out. The same reading computes any S-
measurable f : X → [0,∞): chopping the range gives Ej,k = f−1([k2−j , (k + 1)2−j)) for 0 ≤ k < j2j

and Ej,∞ = f−1([j,∞)), all in S precisely because f is S-measurable, and the simple functions

sj =

j2j−1∑
k=0

k2−jχEj,k
+ jχEj,∞

satisfy sj = min{2−jb2jfc, j}, hence increase to f pointwise; 3.15 evaluates each
∫
sj dµ as a sum over

the range, and 3.11 delivers
∫
f dµ.

A Riemann sum, by contrast, starts from a partition a = t0 < · · · < tn = b of the domain and forms∑
j(inf[tj−1,tj ] f)(tj − tj−1) (1.3); its accuracy is governed by the oscillation of f on each subinterval,

and nothing about the range enters the choice of partition. So f = χQ∩[0,1] has L(f, [0, 1]) = 0 6= 1 =
U(f, [0, 1]), while sorting by value produces just two heaps and 3.15 gives at once∫

χQ∩[0,1] dλ = 1 · 0 + 0 · 1 = 0.

The price is that the heaps must be measurable, which is why a theory of measure precedes the
integral, and why the partitions in 3.3 range over arbitrary sets of S rather than intervals: once they
do, a domain partition can follow the level sets of f , and 3.3 becomes the range-partition picture above.

3.2 Exercises 3B

Problem 3B.1. Give an example of a sequence f1, f2, . . . of functions from Z+ to [0,∞) such that

lim
k→∞

fk(m) = 0

for every m ∈ Z+ but limk→∞
∫
fk dµ = 1, where µ is counting measure on Z+.

Solution. Take fk = χ{k}.
Every function on Z+ is measurable here. For fixed m we have fk(m) = 0 whenever k > m, so
limk→∞ fk(m) = 0; and 3.4 gives

∫
fk dµ = µ({k}) = 1 for every k, so limk→∞

∫
fk dµ = 1.

Problem 3B.2. Give an example of a sequence f1, f2, . . . of continuous functions from R to [0, 1]
such that

lim
k→∞

fk(x) = 0

for every x ∈ R but limk→∞
∫
fk dλ = ∞, where λ is Lebesgue measure on R.

Solution. Take the tent functions fk(x) = max
{
0, 1− |x−k2|

k

}
.

Each fk is continuous with values in [0, 1] (a maximum of two continuous functions), hence Borel
measurable by 2.41, and it vanishes outside [k2 − k, k2 + k]. Given x, we have k2 − k > |x| for all
large k, so fk(x) = 0 eventually and fk → 0 pointwise. Being continuous, fk is Riemann integrable on
[k2 − k, k2 + k], so 3.34 identifies its integral with the area of a triangle of base 2k and height 1:∫

fk dλ =

∫
[k2−k, k2+k]

fk dλ = 1
2 · 2k · 1 = k,

whence limk→∞
∫
fk dλ = ∞.
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Problem 3B.3. Suppose λ is Lebesgue measure on R and f : R → R is a Borel measurable function
such that

∫
|f | dλ <∞. Define g : R → R by

g(x) =

∫
(−∞, x)

f dλ.

Prove that g is uniformly continuous on R.

Solution. Uniform continuity comes straight from 3.28: integrals of |f | over sets of small measure are
small.
Each g(x) is a real number: by 3.24 it is

∫
χ(−∞,x)f dλ, and |χ(−∞,x)f | ≤ |f | with 3.8 makes both

(χ(−∞,x)f)
± have finite integral, so 3.18 applies.

Let ε > 0. Since |f | is nonnegative Borel measurable with
∫
|f | dλ < ∞, 3.28 supplies δ > 0 such

that
∫
B |f | dλ < ε for every Borel set B with λ(B) < δ. Suppose x ≤ y with y − x < δ. Then

χ(−∞,y)f = χ(−∞,x)f +χ[x,y)f , both summands having integrable absolute value, so 3.21 and then 3.23
and 3.8 give

|g(y)− g(x)| =
∣∣∣∫

[x, y)
f dλ

∣∣∣ ≤ ∫
[x, y)

|f | dλ < ε,

since λ([x, y)) = y − x < δ. As δ depends only on ε, g is uniformly continuous on R.

Problem 3B.4. (a) Suppose (X,S, µ) is a measure space with µ(X) < ∞. Suppose that f : X →
[0,∞) is a bounded S-measurable function. Prove that∫

f dµ = inf
{ m∑
j=1

µ(Aj) sup
Aj

f : A1, . . . , Am is an S-partition of X
}
.

(b) Show that the conclusion of (a) can fail if the hypothesis that f is bounded is replaced by the
hypothesis that

∫
f dµ <∞.

(c) Show that the conclusion of (a) can fail if the condition that µ(X) <∞ is deleted.
[Part (a) of this exercise shows that if we had defined an upper Lebesgue sum, then it could be
used to define

∫
f dµ when f is bounded and µ(X) <∞. However, parts (b) and (c) show that the

hypotheses that f is bounded and that µ(X) <∞ are needed if defining the integral via the equation
above. The definition of the integral via the lower Lebesgue sum does not require these hypotheses,
showing the advantage of using the lower Lebesgue sum.]

Solution. Write U(f, P ) =
∑

j µ(Aj) supAj
f for an S-partition P = A1, . . . , Am, and U(f) =

infP U(f, P ); part (a) asserts
∫
f dµ = U(f).

(a) Assume X 6= ∅ (otherwise both sides are 0), and discard the empty sets from every partition:
their terms carry the factor µ(∅) = 0, hence vanish by the convention 0 · ∞ = ∞ · 0 = 0 stated before
3.2. All infima and suprema below are then real numbers, because f is bounded; fix c ∈ [0,∞) with
0 ≤ f ≤ c, so that every L(f, P ) and U(f, P ) lies in [0, cµ(X)] ⊆ R.
Refinement. Given S-partitions P = A1, . . . , Am and P ′ = B1, . . . , Bn, let Q consist of the nonempty
sets Ai ∩ Bj , again an S-partition of X. Finite additivity of µ gives µ(Ai) =

∑
j µ(Ai ∩ Bj), and

infAi f ≤ infAi∩Bj f , so

µ(Ai) inf
Ai

f ≤
n∑
j=1

µ(Ai ∩Bj) inf
Ai∩Bj

f ;

summing over i gives L(f, P ) ≤ L(f,Q), and the same computation with Bj in place of Ai and suprema
in place of infima gives U(f,Q) ≤ U(f, P ′). Since L(f,Q) ≤ U(f,Q),

L(f, P ) ≤ L(f,Q) ≤ U(f,Q) ≤ U(f, P ′),

so taking the supremum over P (3.3) and then the infimum over P ′ yields
∫
f dµ ≤ U(f).
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Conversely let ε > 0; we may assume c > 0, since c = 0 makes both quantities 0. Choose n with
c
nµ(X) < ε (possible as µ(X) <∞) and let P be the nonempty sets among

Aj = f−1
([

(j−1)c
n , jcn

))
(j < n), An = f−1

([
(n−1)c
n , c

])
,

which lie in S, are disjoint, and cover X because f(X) ⊆ [0, c]. On each of them f varies by at most
c/n, so

U(f, P )− L(f, P ) ≤ c

n

∑
j

µ(Aj) =
c

n
µ(X) < ε

(the subtraction legitimate as all terms are finite), whence U(f) ≤ U(f, P ) < L(f, P ) + ε ≤
∫
f dµ+ ε

by 3.3. Let ε→ 0.
(b) Take X = Z+, S all subsets, µ(A) =

∑
n∈A 2−n (countably additive, since nonnegative series

may be summed in any order; µ(X) = 1 < ∞), and f(n) = n, which is measurable and unbounded.
Applying 3.11 to fN =

∑
n≤N nχ{n} ↑ f and 3.7,

∫
f dµ = lim

N→∞

N∑
n=1

n

2n
= 2 <∞.

But any S-partition of the infinite set X has an infinite member Ak, for which supAk
f = ∞ and

µ(Ak) ≥ 2−n0 > 0 for any n0 ∈ Ak; so U(f, P ) = ∞ for every P and U(f) = ∞ 6= 2.
(c) Same X and S, now with µ counting measure (so µ(X) = ∞) and f(n) = 2−n, which is measurable
and bounded. As in (b), 3.11 and 3.7 give∫

f dµ =

∞∑
n=1

2−n = 1.

Again every S-partition has an infinite member Ak, now with µ(Ak) = ∞ and supAk
f ≥ f(n0) > 0

for any n0 ∈ Ak, so U(f) = ∞ 6= 1.

Problem 3B.5. Let λ denote Lebesgue measure on R. Suppose f : R → R is a Borel measurable
function such that

∫
|f | dλ <∞. Prove that

lim
k→∞

∫
[−k, k]

f dλ =

∫
f dλ.

Solution. Apply the Dominated Convergence Theorem 3.31 to fk = χ[−k, k]f , with dominating function
|f |.
Each fk is Borel measurable (2.46), |fk| ≤ |f | pointwise with

∫
|f | dλ <∞ by hypothesis, and for each

x we have fk(x) = f(x) once k ≥ |x|, so fk → f pointwise. Hence 3.31 and the definition 3.24 of
integration over a subset give

lim
k→∞

∫
[−k, k]

f dλ = lim
k→∞

∫
fk dλ =

∫
f dλ.

Problem 3B.6. Let λ denote Lebesgue measure on R. Give an example of a continuous function
f : [0,∞) → R such that limt→∞

∫
[0, t] f dλ exists (in R) but

∫
[0,∞) f dλ is not defined.

Solution. Take f =
∑∞

n=1 gn with gn(x) =
(−1)n+1

n ϕ(x − n), where ϕ(s) = max{0, 1 − |2s − 1|} is the
tent function supported on (0, 1) with

∫ 1
0 ϕ = 1

2 .
The supports (n, n + 1) are disjoint, so at most one term is nonzero at each x and f is real valued;
moreover f =

∑N
n=1 gn on [0, N + 1), a finite sum of continuous functions, and these sets cover [0,∞),
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so f is continuous, hence Borel measurable (2.41). Since gn is continuous and vanishes off [n, n + 1],
3.34 gives ∫

gn dλ =
(−1)n+1

n

∫ 1

0
ϕ =

(−1)n+1

2n
,

∫
|gn| dλ =

1

2n
.

The limit exists. On [0, N ] we have f =
∑N−1

n=1 gn, so 3.21 (legitimate since each
∫
|gn| dλ < ∞) gives∫

[0,N ] f dλ =
∑N−1

n=1
(−1)n+1

2n , which converges to ln 2
2 by the alternating series test. For real t ≥ 1 put

N = btc; then (N, t] ⊆ (N,N + 1], where |f | ≤ 1
N , so 3.21 and 3.25 give∣∣∣∫

[0, t]
f dλ−

∫
[0, N ]

f dλ
∣∣∣ ≤ λ

(
(N, t]

)
sup
(N, t]

|f | ≤ 1

N
,

and N → ∞ as t→ ∞, so limt→∞
∫
[0,t] f dλ = ln 2

2 ∈ R.
The integral is not defined. The gn have disjoint supports, with gn ≥ 0 for n odd and gn ≤ 0 for n
even, so f+ =

∑
n odd gn and f− = −

∑
n even gn; hence 3.8 and 3.16 give, for every K ∈ Z+,

∫
f+ dλ ≥

K∑
k=1

1

2(2k − 1)
,

∫
f− dλ ≥

K∑
k=1

1

4k
.

Both sums diverge as K → ∞ (comparison with the harmonic series), so
∫
f+ dλ =

∫
f− dλ = ∞ and

3.18 assigns no value to
∫
[0,∞) f dλ.

Problem 3B.7. Let λ denote Lebesgue measure on R. Give an example of a continuous function
f : (0, 1) → R such that limn→∞

∫
( 1
n
, 1) f dλ exists (in R) but

∫
(0, 1) f dλ is not defined.

Solution. Take f =
∑∞

n=1 hn with hn(x) = (−1)n+1 2(n+1)ϕ
(
n(n+1)x−n

)
, where ϕ(s) = max{0, 1−

|2s− 1|} is the tent function supported on (0, 1).
Since ϕ(n(n + 1)x − n) 6= 0 exactly when 1

n+1 < x < 1
n , the function hn is continuous on (0, 1) and

vanishes off In = ( 1
n+1 ,

1
n), and the graph of |hn| over In is a triangle of base λ(In) = 1

n(n+1) and height
2(n+ 1); as hn is continuous on In, 3.34 gives∫

hn dλ = (−1)n+1 · 1
2 · 1

n(n+1) · 2(n+ 1) =
(−1)n+1

n
,

∫
|hn| dλ =

1

n
.

The In are disjoint, so at most one term is nonzero at each x and f is real valued; moreover f =
∑N

n=1 hn
on ( 1

N+1 , 1), a finite sum of continuous functions, and these sets cover (0, 1), so f is continuous, hence
Borel measurable (2.41).
The limit exists. For n ≥ 2 we have f =

∑n−1
k=1 hk on ( 1n , 1), and Ik ⊆ ( 1n , 1) for k ≤ n − 1, so∫

( 1
n
,1) hk dλ =

∫
hk dλ; since each

∫
|hk| dλ <∞, additivity 3.21 gives

∫
( 1
n
, 1)
f dλ =

n−1∑
k=1

(−1)k+1

k
−→ ln 2 ∈ R

by the alternating series test.
The integral is not defined. The hk have disjoint supports, with hk ≥ 0 for k odd and hk ≤ 0 for k
even, so f+ =

∑
k odd hk and f− = −

∑
k even hk; hence 3.8 and 3.16 give, for every K ∈ Z+,

∫
(0, 1)

f+ dλ ≥
K∑
k=1

1

2k − 1
,

∫
(0, 1)

f− dλ ≥
K∑
k=1

1

2k
.

Both sums diverge as K → ∞, so neither integral is finite and 3.18 assigns no value to
∫
(0,1) f dλ.
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Problem 3B.8. Verify the assertion in 3.38.

Solution. Both inclusions follow from the single formula gn(x) = infJn(x) f , hn(x) = supJn(x) f , where
Jn(x) is the union of the one or two intervals of Pn that contain x.
In the proof of 3.34, Pn cuts [a, b] into 2n closed intervals of length δn = (b − a)2−n; gn and hn are
the corresponding lower and upper step functions, modified at the finitely many shared endpoints to
take the infimum, respectively supremum, of f over the union of the two intervals meeting there; and
fL = limn gn, fU = limn hn, these limits existing since f is bounded and g1 ≤ g2 ≤ · · ·, h1 ≥ h2 ≥ · · ·.
With that modification the displayed formula holds at every x, and Jn(x) is a closed interval containing
x of length δn or 2δn. Hence gn(x) ≤ f(x) ≤ hn(x), so fL ≤ f ≤ fU , and monotonicity of the two
sequences gives

0 ≤ fU (x)− fL(x) ≤ hn(x)− gn(x) = sup
Jn(x)

f − inf
Jn(x)

f

for every n ∈ Z+.
(i) Continuity at x gives fL(x) = fU (x). Let ε > 0; choose η > 0 with |f(y)−f(x)| < ε for all y ∈ [a, b]
with |y − x| < η, then n with 2δn < η. Every y ∈ Jn(x) satisfies |y − x| < η, so the display gives
fU (x)− fL(x) ≤ 2ε; let ε→ 0.
(ii) fL(x) = fU (x) gives continuity at x. Then fL(x) = f(x) = fU (x), so for ε > 0 there is n with
hn(x) − gn(x) < ε. Write Jn(x) = [c, d]. If c > a then c is a partition point of Pn interior to [a, b],
hence lies in two of its intervals, so x = c would put the interval left of c inside Jn(x), contradicting
min Jn(x) = c; thus c > a forces x > c, and symmetrically d < b forces x < d. So x is interior to [c, d]
relative to [a, b], and there is η > 0 with {y ∈ [a, b] : |y − x| < η} ⊆ Jn(x). For such y both f(y) and
f(x) lie in [gn(x), hn(x)], so |f(y)− f(x)| ≤ hn(x)− gn(x) < ε.

Problem 3B.9. Verify the assertion in Example 3.41.

Solution. Both directions run through the identity Ek = f−1({ak}) and 3.7.
Put f = a1χE1 + · · ·+ anχEn . Disjointness makes f = ak on Ek and f = 0 off E1 ∪ · · · ∪En; since the
ak are distinct and nonzero, this says exactly that

Ek = f−1({ak}) (1 ≤ k ≤ n), |f | = |a1|χE1 + · · ·+ |an|χEn .

(Note the Ek are not assumed measurable; that is part of what is proved.)
If every Ek ∈ S with µ(Ek) < ∞, then f is S-measurable by 2.46, and 3.7 applied to |f |, whose sets
Ek are disjoint and in S, gives

‖f‖1 =
∫

|f | dµ = |a1|µ(E1) + · · ·+ |an|µ(En) <∞,

so f ∈ L1(µ) with the asserted norm.
Conversely if f ∈ L1(µ), then by 3.40 f is S-measurable with ‖f‖1 < ∞, so Ek = f−1({ak}) ∈ S
by 2.35, the singleton {ak} being Borel. The same application of 3.7 gives the displayed formula for
‖f‖1; every term on the left lies in [0,∞] and their sum is finite, so |ak|µ(Ek) <∞, and ak 6= 0 forces
µ(Ek) <∞.

Problem 3B.10. (a) Suppose (X,S, µ) is a measure space such that µ(X) < ∞. Suppose p, r are
positive numbers with p < r. Prove that if f : X → [0,∞) is an S-measurable function such that∫
f r dµ <∞, then

∫
fp dµ <∞.

(b) Give an example to show that the result in (a) can be false without the hypothesis that µ(X) <∞.

Solution. (a) The pointwise bound fp ≤ 1 + f r does it; (b) take f(x) = 1/x on (1,∞).
(a) Both fp and f r are S-measurable, being compositions of f with the continuous map s 7→ st on
[0,∞) (2.41 and 2.44). If f(x) ≤ 1 then f(x)p ≤ 1; if f(x) > 1 then f(x)r−p ≥ 1, so f(x)p ≤ f(x)r.

73



Either way fp ≤ 1 + f r pointwise, so 3.8, additivity 3.16, and 3.4 applied to χX give∫
fp dµ ≤

∫
(1 + f r) dµ = µ(X) +

∫
f r dµ <∞.

(b) On X = (1,∞) with the Borel sets and Lebesgue measure, so µ(X) = ∞, take p = 1, r = 2, and
f(x) = 1/x, which is continuous hence Borel measurable. The functions f2χ(1,k) and fχ(1,k) increase
pointwise to f2 and f , so 3.11 together with 3.34 gives∫

f2 dµ = lim
k→∞

(
1− 1

k

)
= 1 <∞,

∫
f dµ = lim

k→∞
ln k = ∞.

Problem 3B.11. Suppose (X,S, µ) is a measure space and f ∈ L1(µ). Prove that the set {x ∈ X :
f(x) 6= 0} is the countable union of sets with finite µ-measure.

Solution. Take Ak = {x ∈ X : |f(x)| > 1
k}; then {x : f(x) 6= 0} =

⋃∞
k=1Ak, with every µ(Ak) <∞.

Each Ak = |f |−1
(
( 1k ,∞)

)
∈ S, since |f | is S-measurable by 2.45. If f(x) 6= 0 then |f(x)| > 1

k for some
k, so x ∈ Ak; conversely x ∈ Ak forces |f(x)| > 0. This is the displayed union. Finally 1

kχAk
≤ |f |

pointwise, so 3.8 and then 3.7 give

1
kµ(Ak) =

∫
1
kχAk

dµ ≤
∫

|f | dµ = ‖f‖1,

and ‖f‖1 <∞ because f ∈ L1(µ); hence µ(Ak) ≤ k‖f‖1 <∞.

Problem 3B.12. Suppose

fk(x) =
(1− x)k cosxk√

x
.

Prove that limk→∞
∫ 1
0 fk = 0.

Solution. Dominate by g(x) = 1/
√
x and apply the Dominated Convergence Theorem 3.31 on (0, 1).

Each fk is continuous on (0, 1), hence Borel measurable (2.41). For x ∈ (0, 1) we have 0 < (1−x)k ≤ 1
and | cosxk| ≤ 1, so |fk| ≤ g for every k; and (1− x)k → 0 for each fixed x, so fk → 0 pointwise. The
functions gχ(1/n,1) increase pointwise to g, and g is continuous on [1/n, 1], so 3.11 with 3.34 gives∫

(0,1)
g dλ = lim

n→∞

∫ 1

1/n

dx√
x
= lim

n→∞

(
2− 2√

n

)
= 2 <∞.

Hence 3.31 applies, and with 3.39,

lim
k→∞

∫ 1

0
fk = lim

k→∞

∫
(0,1)

fk dλ = 0.

Problem 3B.13. Give an example of a sequence of nonnegative Borel measurable functions f1, f2, . . .
on [0, 1] such that both the following conditions hold.
• limk→∞

∫ 1
0 fk = 0;

• supk≥m fk(x) = ∞ for every m ∈ Z+ and every x ∈ [0, 1].

Solution. Take the typewriter sequence: writing k = (n−1)n
2 + j with n ∈ Z+ and j ∈ {1, . . . , n}, a

decomposition that exists and is unique because (n−1)n
2 is strictly increasing to ∞ in n, set

fk =
√
n χ[ j−1

n
, j
n
].

Each fk is a nonnegative multiple of the characteristic function of a closed interval, hence a nonnegative

74



Borel measurable function on [0, 1], and 3.7 gives∫ 1

0
fk =

√
n · 1

n
=

1√
n
.

Only the n indices k ∈ { (n−1)n
2 + 1, . . . , n(n+1)

2 } carry a given n, so n → ∞ as k → ∞, and the first
condition holds.
For the second, fix x ∈ [0, 1] and m ∈ Z+, and let n ∈ Z+ be arbitrary. The intervals [ j−1

n , jn ] for
1 ≤ j ≤ n cover [0, 1], so some j has x ∈ [ j−1

n , jn ], and then kn = (n−1)n
2 + j satisfies fkn(x) =

√
n.

Since kn > (n−1)n
2 → ∞, we have kn ≥ m for all large n, so supk≥m fk(x) ≥

√
n for all large n, that is

supk≥m fk(x) = ∞.

Problem 3B.14. Let λ denote Lebesgue measure on R.
(a) Let f(x) = 1/

√
x. Prove that

∫
[0,1] f dλ = 2.

(b) Let f(x) = 1/(1 + x2). Prove that
∫
R f dλ = π.

(c) Let f(x) = (sinx)/x. Show that the integral
∫
(0,∞) f dλ is not defined but limt→∞

∫
(0,t) f dλ

exists in R.

Solution. The values are 2 in (a) and π in (b); in (c) both
∫
f± dλ = ∞, while integration by parts

makes the truncated integrals converge.
(a) Set f(0) = ∞, which is immaterial since λ({0}) = 0 and makes the approximation below converge
everywhere. Then f is Borel measurable by 2.52, since f−1((a,∞]) is [0, 1] for a < 1 and [0, a−2) for
a ≥ 1. The functions gn = min{f, n} are continuous on [0, 1] (the two formulas n on [0, n−2] and x−1/2

on [n−2, 1] agree at n−2), increase, and converge pointwise to f ; as each is Riemann integrable, 3.34
gives ∫

[0,1]
gn dλ = n · 1

n2
+

∫ 1

1/n2

dx√
x
=

1

n
+
(
2− 2

n

)
= 2− 1

n
,

so 3.11 gives
∫
[0,1] f dλ = 2.

(b) Here f is continuous, hence Borel measurable (2.41), and gn = fχ[−n,n] increases pointwise to f ,
with

∫
R gn dλ =

∫ n
−n

dx
1+x2

= 2 arctann by 3.34. Hence 3.11 gives∫
R
f dλ = lim

n→∞
2 arctann = π.

(c) The function f(x) = (sinx)/x is continuous on (0,∞), so f and hence f± are Borel measurable
(2.41, 2.44).
The integral is not defined. On Ak = (2kπ, (2k + 1)π) we have sinx > 0, so f+ = f ≥ sinx

(2k+1)π there;
and 3.34 with the fundamental theorem of calculus gives

∫
χAk

sinx dλ = [− cosx](2k+1)π
2kπ = 2, the two

endpoints forming a λ-null set on which the integrand is bounded. Hence
∫
f+χAk

dλ ≥ 2
(2k+1)π , and

since the Ak are disjoint, 3.8 and 3.16 give∫
f+ dλ ≥

n−1∑
k=0

2

(2k + 1)π
(n ∈ Z+),

whose right side diverges by comparison with the harmonic series; so
∫
f+ dλ = ∞. The same argument

on Bk = ((2k + 1)π, (2k + 2)π), where f− = −f ≥ − sinx
(2k+2)π and

∫
χBk

(− sinx) dλ = 2, gives
∫
f− dλ ≥∑n−1

k=0
1

(k+1)π for every n, so
∫
f− dλ = ∞ too, and 3.18 assigns no value to

∫
(0,∞) f dλ.

The limit exists. Extend f continuously to [0,∞) by f̃(0) = 1. For t > 0 the function f̃ is bounded on
[0, t] and {0, t} is λ-null, so by 3.8, 3.7 and the last assertion of 3.34∫

(0, t)
f dλ =

∫
[0, t]

f̃ dλ =

∫ t

0

sinx
x

dx ∈ R.
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For t ≥ 1, integration by parts for Riemann integrals gives∫ t

1

sinx
x

dx = cos 1− cos t
t

−
∫ t

1

cosx
x2

dx.

Now h(x) = (cosx)/x2 is continuous with |h| ≤ x−2, and 3.11 with 3.34 gives
∫
(1,∞) x

−2 dλ = 1 < ∞,
so h ∈ L1((1,∞)). For any sequence tn → ∞ in (1,∞) we have hχ(1,tn) → h pointwise with |hχ(1,tn)| ≤
x−2, so 3.31 (with 3.34 identifying

∫
hχ(1,tn) dλ =

∫ tn
1 h) gives that

L = lim
t→∞

∫ t

1

cosx
x2

dx =

∫
(1,∞)

h dλ

exists in R. Since | cos t/t| ≤ 1/t→ 0, letting t→ ∞ in the two displays above gives

lim
t→∞

∫
(0, t)

f dλ =

∫ 1

0

sinx
x

dx+ cos 1− L ∈ R.

Problem 3B.15. Prove or give a counterexample: If G is an open subset of (0, 1), then χG is
Riemann integrable on [0, 1].

Solution. False: with r1, r2, . . . an enumeration of Q ∩ (0, 1), take

G = (0, 1) ∩
∞⋃
k=1

(
rk − 2−k−2, rk + 2−k−2

)
.

Then G is open, and it contains every rk, hence is dense in (0, 1); being open it is Borel, so λ(G) = |G|
(2.68, 2.69) and countable subadditivity of outer measure (2.8) with |I| ≤ `(I) (2.2) gives

λ(G) ≤
∞∑
k=1

2 · 2−k−2 = 1
2 .

Put f = χG on [0, 1]; it is bounded, so L(f, [0, 1]) and U(f, [0, 1]) of 1.7 make sense. Let P : 0 = x0 <
· · · < xn = 1 be any partition of [0, 1].
(i) Each (xj−1, xj)∩(0, 1) is a nonempty open subset of (0, 1), so density gives y ∈ G with xj−1 < y < xj ;
hence sup[xj−1,xj ] f = 1 and, by 1.3,

U(f, P, [0, 1]) =
n∑
j=1

(xj − xj−1) = 1.

(ii) Since f takes only the values 0 and 1, inf[xj−1,xj ] f = 1 exactly when [xj−1, xj ] ⊆ G. Those intervals
have pairwise disjoint interiors, so with J = {j : [xj−1, xj ] ⊆ G}, finite additivity and monotonicity of
λ (the overlaps being finitely many null points) give

L(f, P, [0, 1]) =
∑
j∈J

(xj − xj−1) = λ
(⋃
j∈J

[xj−1, xj ]
)
≤ λ(G) ≤ 1

2 .

As P was arbitrary, L(f, [0, 1]) ≤ 1
2 < 1 = U(f, [0, 1]), so χG is not Riemann integrable on [0, 1] by 1.9.

Problem 3B.16. Suppose f ∈ L1(R).
• (a) For t ∈ R, define ft : R → R by ft(x) = f(x− t). Prove that

lim
t→0

‖f − ft‖1 = 0.

• (b) For t > 0, define ft : R → R by ft(x) = f(tx). Prove that
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lim
t→1

‖f − ft‖1 = 0.

Solution. Both parts are the ε/3 argument over the dense class supplied by 3.48, once we record how
the L1-norm transforms.
Change of variables. If h ∈ L1(R), t ∈ R and c > 0, then x 7→ h(x − t) and x 7→ h(cx) lie in L1(R),
with

‖h(· − t)‖1 = ‖h‖1, ‖h(c ·)‖1 = 1
c‖h‖1.

Indeed the σ-algebra S in question (Borel or Lebesgue, 3.45) is stable under A 7→ t+ A and A 7→ cA,
since open sets are and null sets are, by 2.7 and 2.70; and λ(t+A) = λ(A) by 2.7 while λ(cA) = cλ(A)
because scaling every interval of a cover in 2.2 by c scales its length by c. So {Aj} 7→ {t + Aj} and
{Aj} 7→ {1

cAj} are bijections of the set of S-partitions of R (3.1) onto itself under which each lower
Lebesgue sum (3.2) of |h| is reproduced exactly, respectively multiplied by 1

c ; take suprema (3.3).
Part (a). Let ε > 0. By 3.48 choose g continuous and vanishing outside [−M,M ] with ‖f − g‖1 < ε

3 ;
such a g is bounded and uniformly continuous on R, being uniformly continuous on the compact interval
[−M − 1,M + 1] and zero outside [−M,M ]. Put gt(x) = g(x − t). For |t| ≤ 1 both g and gt vanish
outside [−M − 1,M + 1], so 3.8 and 3.4 give

‖g − gt‖1 ≤ (2M + 2) sup
x∈R

|g(x)− g(x− t)|.

Uniform continuity supplies δ ∈ (0, 1] with that supremum at most ε
3(2M+2) whenever |t| < δ, whence

‖g−gt‖1 ≤ ε
3 . Since ft−gt is the translate of f−g, the change of variables gives ‖ft−gt‖1 = ‖f−g‖1 < ε

3 .
Thus for |t| < δ the triangle inequality (3.43) gives

‖f − ft‖1 ≤ ‖f − g‖1 + ‖g − gt‖1 + ‖gt − ft‖1 < ε.

Part (b). Let ε > 0 and choose g as above with ‖f − g‖1 < ε
4 , and put gt(x) = g(tx). By the change

of variables, ‖ft − gt‖1 = 1
t ‖f − g‖1 ≤ 2‖f − g‖1 < ε

2 for every t ≥ 1
2 . For 1

2 ≤ t ≤ 2 and |x| > 2M
we have |x| > M and |tx| > M , so g − gt vanishes outside [−2M, 2M ], where |x − tx| ≤ 2M |t − 1|.
Uniform continuity supplies η > 0 with |g(u)− g(v)| < ε

16M whenever |u− v| < η; set ρ = min{1
2 ,

η
2M }.

If |t− 1| < ρ then |g − gt| ≤ ε
16Mχ[−2M,2M ], so ‖g − gt‖1 ≤ ε

4 by 3.8 and 3.4. Hence ‖f − ft‖1 < ε for
|t− 1| < ρ by 3.43.
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4.1 Exercises 4A

Problem 4A.1. Suppose (X,S, µ) is a measure space and h : X → R is an S-measurable function.
Prove that

µ({x ∈ X : |h(x)| ≥ c}) ≤ 1

cp

∫
|h|p dµ

for all positive numbers c and p.

Solution. Everything comes from the pointwise inequality cpχE ≤ |h|p on X, where E = {x ∈ X :
|h(x)| ≥ c}: off E the left side is 0, while on E we have |h(x)|p ≥ cp because t 7→ tp is increasing on
[0,∞). Both sides are nonnegative and S-measurable, so 3.8 and 3.15 give

cp µ
(
{x ∈ X : |h(x)| ≥ c}

)
=

∫
cpχE dµ ≤

∫
|h|p dµ.

Divide by cp > 0.

Problem 4A.2. Suppose (X,S, µ) is a measure space with µ(X) = 1 and h ∈ L1(µ). Prove that

µ

({
x ∈ X :

∣∣∣∣h(x)− ∫ h dµ

∣∣∣∣ ≥ c

})
≤ 1

c2

(∫
h2 dµ−

(∫
h dµ

)2
)

for all c > 0.
[The result above is called Chebyshev’s inequality; it plays an important role in probability theory.
Pafnuty Chebyshev (1821-1894) was Markov’s thesis advisor.]

Solution. Write m =
∫
h dµ, a real number because h ∈ L1(µ). Applying Exercise 1 in this section to

the S-measurable function h−m with p = 2 gives

µ
(
{x ∈ X : |h(x)−m| ≥ c}

)
≤ 1

c2

∫
(h−m)2 dµ,

so it suffices to show
∫
(h −m)2 dµ =

∫
h2 dµ −m2. If

∫
h2 dµ = ∞ the desired right side is ∞ and

there is nothing to prove, so assume h2 ∈ L1(µ). Then the constant function m is in L1(µ) too, since∫
|m| dµ = |m|µ(X) = |m| < ∞, and so is −2mh; hence additivity and homogeneity of integration

(3.21, 3.20) applied to the pointwise identity (h−m)2 = h2 − 2mh+m2 yield∫
(h−m)2 dµ =

∫
h2 dµ− 2m

∫
h dµ+m2µ(X)

=

∫
h2 dµ−m2,

using µ(X) = 1 again.

Problem 4A.3. Suppose (X,S, µ) is a measure space. Suppose h ∈ L1(µ) and ‖h‖1 > 0. Prove
that there is at most one number c ∈ (0,∞) such that

µ({x ∈ X : |h(x)| ≥ c}) = 1

c
‖h‖1.

Solution. Call c ∈ (0,∞) an equality point if µ(Ec) = 1
c‖h‖1, where Ec = {x ∈ X : |h(x)| ≥ c}. The

whole point is that an equality point pins down |h| on Ec: we show 0 < µ(Ec) <∞ and |h| = c almost
everywhere on Ec.
Since |h| = χEc |h|+χX\Ec

|h| pointwise and χEc |h| ≥ cχEc , additivity for nonnegative functions (3.16)
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and 3.8 give
‖h‖1 =

∫
Ec

|h| dµ+

∫
X\Ec

|h| dµ ≥ c µ(Ec) +

∫
X\Ec

|h| dµ,

whose first term is ‖h‖1; as ‖h‖1 <∞ we may cancel it, leaving∫
Ec

|h| dµ = c µ(Ec) = ‖h‖1 ∈ (0,∞),

so 0 < µ(Ec) < ∞. Applying 3.16 to χEc |h| = χEc(|h| − c) + cχEc and subtracting the finite number
c µ(Ec) gives

∫
χEc(|h| − c) dµ = 0. A nonnegative S-measurable g with

∫
g dµ = 0 vanishes almost

everywhere, since Exercise 1 in this section with p = 1 gives µ({g ≥ 1
n}) = 0 for every n ∈ Z+ and

{g > 0} =
⋃
n{g ≥ 1

n} is then null by 2.58. Hence |h| = c almost everywhere on Ec.
Now suppose c1 < c2 were both equality points. Then Ec2 ⊆ Ec1 , and no x can have |h(x)| equal to
both c1 and c2, so

Ec2 ⊆ {x ∈ Ec1 : |h(x)| 6= c1} ∪ {x ∈ Ec2 : |h(x)| 6= c2},

a union of two sets of measure 0; thus µ(Ec2) = 0 by 2.58, contradicting µ(Ec2) = ‖h‖1/c2 > 0.

Problem 4A.4. Show that the constant 3 in the Vitali Covering Lemma (4.4) cannot be replaced
by a smaller positive constant.

Solution. Given α ∈ (0, 3), choose ε with 0 < ε < min{2, 3− α} and take the two intervals

I1 = (0, 2), I2 = (2− ε, 4− ε),

writing α ∗ I for the open interval with the same center as I and α times its length (4.2 is the case
α = 3). Since I1 ∩ I2 = (2 − ε, 2) 6= ∅, the only disjoint sublists are the empty one and the two
singletons, and I1 ∪ I2 = (0, 4− ε). The empty sublist fails because I1 ∪ I2 6= ∅. For the singletons,

α ∗ I1 = (1− α, 1 + α), α ∗ I2 = (3− ε− α, 3− ε+ α),

so I1 ∪ I2 ⊆ α ∗ I1 would force 4− ε ≤ 1+α and I1 ∪ I2 ⊆ α ∗ I2 would force 3− ε−α ≤ 0, each saying
α ≥ 3− ε, contrary to ε < 3−α. Hence no disjoint sublist has the covering property, so the conclusion
of 4.4 fails with α in place of 3.

Problem 4A.5. Prove the assertion left as an exercise in the last sentence of the proof of the Vitali
Covering Lemma (4.4).
[The last sentence of that proof asserts: if I and J are bounded nonempty open intervals of R with
I ∩ J 6= ∅ and |I| ≥ |J |, then J ⊆ 3 ∗ I. In the notation of the proof, I = IkL and J = Ij .]

Solution. Write I = (a− r, a+ r) and J = (b− s, b+ s) with r, s > 0, so that the hypothesis |I| ≥ |J |
reads s ≤ r, and 3∗I = (a−3r, a+3r) by 4.2. Choosing x ∈ I∩J gives |a−b| ≤ |a−x|+ |x−b| < r+s,
so every y ∈ J satisfies

|y − a| ≤ |y − b|+ |b− a| < s+ (r + s) = r + 2s ≤ 3r.

Thus J ⊆ 3 ∗ I.

Problem 4A.6. Verify the formula in Example 4.7 for the Hardy-Littlewood maximal function of
χ[0,1].
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[Example 4.7 asserts that, with χ[0,1] the characteristic function of the interval [0, 1],

(χ[0,1])
∗(b) =


1

2(1− b)
if b ≤ 0,

1 if 0 < b < 1,

1

2b
if b ≥ 1.

as you should verify.]

Solution. Write h = χ[0,1] and, following 4.6,

h∗(b) = sup
t>0

ψb(t), ψb(t) =

∣∣[0, 1] ∩ [b− t, b+ t]
∣∣

2t
,

the numerator being
∫ b+t
b−t |h|. Since that intersection lies inside [b− t, b+ t], we always have ψb(t) ≤ 1.

(i) 0 < b < 1. For 0 < t ≤ min{b, 1 − b} we have [b − t, b + t] ⊆ [0, 1], so ψb(t) = 1, and therefore
h∗(b) = 1.
(ii) b ≤ 0. Here b− t < 0 for every t > 0, so the overlap is max{0,min{b+ t, 1}} and

ψb(t) =


0 if 0 < t ≤ −b,
1
2 + b

2t if − b < t ≤ 1− b,
1
2t if t > 1− b.

The middle branch is nondecreasing in t because b ≤ 0, with value 1
2(1−b) at t = 1− b, while the third

branch is smaller than 1
2(1−b) throughout. Hence h∗(b) = 1

2(1−b) .
(iii) b ≥ 1. Here b+ t > 1 for every t > 0, so the overlap is max{0, 1− max{b− t, 0}} and

ψb(t) =


0 if 0 < t ≤ b− 1,
1
2 + 1−b

2t if b− 1 < t ≤ b,
1
2t if t > b.

The middle branch is nondecreasing because 1 − b ≤ 0, with value 1
2b at t = b, and the third branch

stays below that. Hence h∗(b) = 1
2b .

These three values are exactly the formula in Example 4.7.

Problem 4A.7. Find a formula for the Hardy-Littlewood maximal function of the characteristic
function of [0, 1] ∪ [2, 3].
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Solution. With E = [0, 1] ∪ [2, 3] and h = χE ,

h∗(b) =



1

3− b
if b ≤ −1,

1

2(1− b)
if − 1 ≤ b ≤ 0,

1 if 0 < b < 1,

2b− 1

2b
if 1 ≤ b ≤ 3

2 ,

5− 2b

2(3− b)
if 3

2 ≤ b ≤ 2,

1 if 2 < b < 3,

1

2(b− 2)
if 3 ≤ b ≤ 4,

1

b
if b ≥ 4

(the two formulas agree at b = −1, 32 , 4). Put g(y) = |E∩ (−∞, y]|, which is continuous, nondecreasing,
and equal to 0, y, 1, y− 1, 2 on (−∞, 0], [0, 1], [1, 2], [2, 3], [3,∞) respectively. By additivity of Lebesgue
measure and 4.6,

h∗(b) = sup
t>0

ψb(t), ψb(t) =
g(b+ t)− g(b− t)

2t
≤ 1,

the bound because E ∩ [b− t, b+ t] ⊆ [b− t, b+ t].
Reduction to finitely many t. Let t1 < · · · < tN be the positive numbers with b+t or b−t in {0, 1, 2, 3}.
Across any t-interval meeting none of them, both t 7→ g(b± t) are affine, so ψb(t) = α

2 +
β
2t is monotone

there; ψb is continuous, limt↓0 ψb(t) exists in [0, 1] by monotonicity and the bound ψb ≤ 1, and ψb(t) → 0
as t→ ∞ since g(b+ t)− g(b− t) ≤ 2, so on [tN ,∞) the monotone ψb ≥ 0 is maximal at tN . Hence

h∗(b) = max
{

lim
t↓0

ψb(t), ψb(t1), . . . , ψb(tN )
}
.

Also y 7→ 3− y maps E onto E and preserves Lebesgue measure, so ψ3−b = ψb and h∗(3− b) = h∗(b);
it therefore suffices to treat b ≤ 3

2 .
(i) 0 < b < 1. For 0 < t ≤ min{b, 1− b} we have [b− t, b+ t] ⊆ [0, 1], so ψb(t) = 1 and h∗(b) = 1.
(ii) b ≤ 0. Then g(b− t) = 0 for all t > 0, the candidates are t = −b, 1− b, 2− b, 3− b, and

ψb(−b) = 0, ψb(1− b) =
1

2(1− b)
, ψb(2− b) =

1

2(2− b)
, ψb(3− b) =

1

3− b
,

while limt↓0 ψb(t) is 0 if b < 0 and 1
2 = 1

2(1−b) if b = 0. As 1
2(2−b) < 1

2(1−b) , we get h∗(b) =

max{ 1
2(1−b) ,

1
3−b}, and 1

2(1−b) ≥
1

3−b exactly when b ≥ −1. This gives the first two branches.
(iii) 1 ≤ b ≤ 3

2 . The candidates are t = b − 1, b, 2 − b, 3 − b, and since then 2b − 1 ∈ [1, 2], 2b ∈ [2, 3],
2b− 2 ∈ [0, 1], 2b− 3 ≤ 0,

ψb(b− 1) =
1− 1

2(b− 1)
= 0,

ψb(b) =
(2b− 1)− 0

2b
=: A,

ψb(2− b) =
1− (2b− 2)

2(2− b)
=: B,

ψb(3− b) =
2− 0

2(3− b)
=: C,

while limt↓0 ψb(t) is 0 for b > 1 and 1
2 = A at b = 1. Now A ≥ C is equivalent to (2b − 3)(b − 1) ≤ 0,

which holds on [1, 32 ]; and A = 1 − 1
2b is increasing while B = 3−2b

4−2b is decreasing, with A = B = 1
2 at

b = 1, so B ≤ A. Hence h∗(b) = A = 2b−1
2b .

(iv) b ≥ 3
2 . By the symmetry h∗(b) = h∗(3− b), cases (iii), (i), (ii) applied at 3− b give 5−2b

2(3−b) on [32 , 2],
then 1 on (2, 3), then 1

2(b−2) on [3, 4], then 1
b for b ≥ 4.
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Problem 4A.8. Find a formula for the Hardy–Littlewood maximal function of the function h : R →
[0,∞) defined by

h(x) =

{
x if 0 ≤ x ≤ 1,

0 otherwise.

Solution. The answer is

h∗(b) =



1

4(1− b)
if b ≤ 1

2 ,

b if 1
2 ≤ b < 1,

b−
√
b2 − 1

2
=

1

2(b+
√
b2 − 1)

if b ≥ 1

(the first two branches agree at b = 1
2). Since |h| = h, writing F (x) =

∫ x
−∞ h, so that F = 0, x

2

2 ,
1
2 on

(−∞, 0], [0, 1], [1,∞), Definition 4.6 reads

h∗(b) = sup
t>0

Vb(t), Vb(t) =
F (b+ t)− F (b− t)

2t
.

(i) b ≤ 0. Then F (b − t) = 0 for every t > 0. For 0 < t ≤ −b, Vb(t) = 0. For −b ≤ t ≤ 1 − b,
substituting v = b+ t ∈ [0, 1],

Vb(t) =
v2

4(v − b)
,

d

dv

( v2

v − b

)
=
v(v − 2b)

(v − b)2
≥ 0,

so Vb increases to 1
4(1−b) at t = 1− b; for t ≥ 1− b, Vb(t) = 1

4t decreases from that same value. Hence
h∗(b) = 1

4(1−b) .

(ii) 0 < b < 1. For 0 < t ≤ min{b, 1 − b} both b ± t lie in [0, 1], so Vb(t) = (b+t)2−(b−t)2
4t = b. If b ≤ 1

2 ,
then for b ≤ t ≤ 1 − b we get Vb(t) = (b+t)2

4t with derivative (b+t)(t−b)
4t2

≥ 0, so Vb increases to 1
4(1−b) at

t = 1 − b, beyond which Vb(t) =
1
4t decreases; since 1− 4b(1− b) = (2b− 1)2 ≥ 0 gives 1

4(1−b) ≥ b, we
get h∗(b) = 1

4(1−b) . If b ≥ 1
2 , then for 1− b ≤ t ≤ b, substituting u = b− t ∈ [0, 2b− 1],

Vb(t) =
1− u2

4(b− u)
,

d

du

(1− u2

b− u

)
=
u2 − 2bu+ 1

(b− u)2
> 0

because that quadratic has discriminant 4b2 − 4 < 0; so Vb decreases in t from its value b at t = 1− b,
while for t ≥ b we have Vb(t) = 1

4t ≤
1
4b ≤ b. Hence h∗(b) = b.

(iii) b ≥ 1. Then F (b + t) = 1
2 for every t > 0, and Vb(t) = 0 for 0 < t ≤ b − 1. For b − 1 ≤ t < b,

substituting u = b − t, the function g(u) = 1−u2
4(b−u) has g′(u) = u2−2bu+1

4(b−u)2 , whose numerator has roots
b ±

√
b2 − 1 with u0 = b −

√
b2 − 1 ∈ (0, 1] (as (b − 1)2 ≤ (b − 1)(b + 1)) and the other root at

least 1; so g increases on [0, u0) and decreases on (u0, 1], and since b − u0 =
√
b2 − 1 and 1 − u20 =

2
√
b2 − 1 (b−

√
b2 − 1),

g(u0) =
b−

√
b2 − 1

2
.

When b > 1 this value is attained at t =
√
b2 − 1 > 0; when b = 1 we have u0 = 1, i.e. the excluded

t = 0, but g increases on [0, 1) with limu↑1
1+u
4 = 1

2 , again the same number. Finally t ≥ b gives
Vb(t) =

1
4t ≤

1
4b ≤ g(u0), because b−

√
b2 − 1 = 1

b+
√
b2−1

≥ 1
2b . Hence h∗(b) = b−

√
b2−1
2 .
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Problem 4A.9. Suppose h : R → R is Lebesgue measurable. Prove that

{b ∈ R : h∗(b) > c}

is an open subset of R for every c ∈ R.

Solution. Fix c ∈ R and b with h∗(b) > c; it suffices to produce δ > 0 with h∗ > c on (b − δ, b + δ).
By 4.6 there is t > 0 with α > 2tc, where α =

∫ b+t
b−t |h| ∈ [0,∞]. Choose t′ > t with 2t′c < α: for

c ≤ 0 any t′ > t serves (when c = 0 note α > 0), while for c > 0 take t′ = t + 1 if α = ∞ and any
t′ ∈ (t, α2c) otherwise, that interval being nonempty because α

2c > t. Put δ = t′ − t > 0. If |b′ − b| < δ,
then b′ − t′ < b− t and b′ + t′ > b+ t, so (b− t, b+ t) ⊆ (b′ − t′, b′ + t′) and monotonicity of the integral
of |h| ≥ 0 gives

h∗(b′) ≥ 1

2t′

∫ b′+t′

b′−t′
|h| ≥ α

2t′
> c.

Thus every point of {h∗ > c} is an interior point.

Problem 4A.10. Prove or give a counterexample: If h : R → [0,∞) is an increasing function, then
h∗ is an increasing function.

Solution. True: h∗ is increasing. Suppose b1 < b2 and put s = b2 − b1 > 0 (note h is Borel measurable,
each {h > c} being an interval, so h∗ is defined, and |h| = h). Translation invariance of Lebesgue
measure (2.7) passes from characteristic functions through simple functions to all nonnegative Borel
functions, giving

∫ b1+t
b1−t h(x+ s) dx =

∫ b2+t
b2−t h for every t > 0. Since h is increasing and s > 0, we have

h(x) ≤ h(x+ s) pointwise, so monotonicity of the integral gives

1

2t

∫ b1+t

b1−t
|h| ≤ 1

2t

∫ b2+t

b2−t
|h| ≤ h∗(b2)

for every t > 0. Take the supremum over t > 0 on the left.

Problem 4A.11. Give an example of a Borel measurable function h : R → [0,∞) such that h∗(b) <
∞ for all b ∈ R but sup{h∗(b) : b ∈ R} = ∞.

Solution. Take

h =
∞∑
n=1

nχ[n, n+n−3],

a tall thin spike at each positive integer. The intervals are disjoint because n + n−3 < n + 1, so h
is [0,∞)-valued, and it is Borel measurable as a pointwise limit of its partial sums (2.48). By the
Monotone Convergence Theorem (3.11),

‖h‖1 =
∞∑
n=1

n · n−3 =

∞∑
n=1

1

n2
<∞.

Finiteness of h∗: fix b, put R = |b|+ 1, and note MR := sup[−R,R] h ≤ dRe < ∞, only the spikes with
n ≤ R meeting [−R,R]. If 0 < t ≤ 1 then [b− t, b+ t] ⊆ [−R,R], so the average of h over it is at most
MR; if t ≥ 1 that average is at most 1

2t‖h‖1 ≤
1
2‖h‖1. Hence h∗(b) ≤ max{MR,

1
2‖h‖1} <∞.

Unboundedness: taking b = n and t = n−3 gives

h∗(n) ≥ n3

2

∫ n+n−3

n−n−3

h ≥ n3

2
· n · n−3 =

n

2
−→ ∞.
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Problem 4A.12. Show that |{b ∈ R : h∗(b) = ∞}| = 0 for every h ∈ L1(R).

Solution. Write E = {b ∈ R : h∗(b) = ∞}. For every positive integer n we have E ⊆ {b ∈ R :
h∗(b) > n}, so monotonicity of outer measure (2.5) and the Hardy–Littlewood maximal inequality
(4.8), applicable since h ∈ L1(R), give

|E| ≤
∣∣{b ∈ R : h∗(b) > n}

∣∣ ≤ 3

n
‖h‖1.

As ‖h‖1 < ∞, the right side tends to 0, so |E| = 0. (In fact E =
⋂
n{h∗ > n} is Borel, each of those

sets being open by Exercise 9 in this section.)

Problem 4A.13. Show that there exists h ∈ L1(R) such that h∗(b) = ∞ for every b ∈ Q.

Solution. Superimpose translated copies of one function with a single bad point. Define g : R → [0,∞)
by

g(x) =


1

x(logx)2
if 0 < x < 1

2 ,

0 otherwise,

which is Borel measurable, being continuous on (0, 12) and zero elsewhere. Since d
dx

(
− 1

logx
)
= 1

x(logx)2

on (0, 1) and − 1
logx → 0 as x ↓ 0, we get

∫ t
0 g = 1

| log t| for 0 < t < 1
2 ; in particular ‖g‖1 = 1

log 2 < ∞,
and

1

2t

∫ t

−t
g =

1

2t | log t|
−→ ∞ (t ↓ 0),

because t| log t| → 0; hence g∗(0) = ∞.
Let r1, r2, . . . enumerate Q and put h̃ =

∑∞
k=1 2

−kg(· − rk). Each summand is Borel measurable (a
translate of a Borel set is Borel), so h̃ is Borel measurable as the supremum of the partial sums (2.53),
and 3.11 together with translation invariance (2.7) gives∫ ∞

−∞
h̃ =

∞∑
k=1

2−k‖g‖1 =
1

log 2
<∞.

Hence N = {h̃ = ∞} is a null set (otherwise
∫
h̃ ≥ c|N | → ∞), so h = h̃χR\N is a real-valued Borel

function in L1(R) agreeing with h̃ off N . The integral of a nonnegative function over a null set is 0, so∫ b+t
b−t |h| =

∫ b+t
b−t h̃ for all b and t > 0, giving h∗ = h̃∗.

Now fix b ∈ Q, say b = rk. Since h̃ ≥ 2−kg(· − rk) pointwise, and since f1 ≤ f2 implies f∗1 ≤ f∗2 , while
(λf)∗ = λf∗ for λ > 0 and (g(· − r))∗(b) = g∗(b− r) by 2.7 (all immediate from 4.6),

h∗(b) = h̃∗(b) ≥ 2−kg∗(b− rk) = 2−kg∗(0) = ∞.

Problem 4A.14. Suppose h ∈ L1(R). Prove that∣∣{b ∈ R : h∗(b) ≥ c}
∣∣ ≤ 3

c
‖h‖1

for every c > 0.
[This result slightly strengthens the Hardy–Littlewood maximal inequality (4.8) because the set on
the left side above includes those b ∈ R such that h∗(b) = c. A much deeper strengthening comes
from replacing the constant 3 in the Hardy–Littlewood maximal inequality with a smaller constant.
In 2003, Antonios Melas answered what had been an open question about the best constant. He
proved that the smallest constant that can replace 3 in the Hardy–Littlewood maximal inequality is
(11 +

√
61)/12 ≈ 1.56752; see Annals of Mathematics 157 (2003), 647–688.]
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Solution. Approach c from below. For every integer n > 1
c the number c− 1

n is positive and {b : h∗(b) ≥
c} ⊆ {b : h∗(b) > c − 1

n}, so monotonicity of outer measure (2.5) and the Hardy–Littlewood maximal
inequality (4.8), applicable because h ∈ L1(R), give∣∣{b ∈ R : h∗(b) ≥ c}

∣∣ ≤ 3

c− 1
n

‖h‖1.

Since ‖h‖1 <∞, letting n→ ∞ gives the bound 3
c‖h‖1.

4.2 Exercises 4B

Problem 4B.1. Suppose f ∈ L1(R). Prove that

lim
t↓0

1

2t

∫ b+t

b−t
|f − f[b−t, b+t]| = 0

for almost every b ∈ R.
[The book prefixes the exercises of this section with the following notation: for f ∈ L1(R) and I an
interval of R with 0 < |I| <∞, let fI denote the average of f on I. In other words, fI = 1

|I|
∫
I f .]

Solution. The limit holds at every Lebesgue point of f , of which almost every b ∈ R is one by the first
version of the Lebesgue Differentiation Theorem (4.10). So let E be the set of b with limt↓0

1
2t

∫ b+t
b−t |f −

f(b)| = 0, fix b ∈ E and t > 0, and write I = [b − t, b + t]. Since f and the constant f(b) are both
integrable on I, 3.21 and 3.23 give

|fI − f(b)| =
∣∣∣ 1
2t

∫ b+t

b−t

(
f − f(b)

)∣∣∣ ≤ 1

2t

∫ b+t

b−t
|f − f(b)|,

so integrating the pointwise bound |f − fI | ≤ |f − f(b)|+ |f(b)− fI | over I (3.21, 3.22) and dividing
by 2t yields

1

2t

∫ b+t

b−t
|f − fI | ≤ 2 · 1

2t

∫ b+t

b−t
|f − f(b)| −−−→

t↓0
0.

Problem 4B.2. Suppose f ∈ L1(R). Prove that

lim
t↓0

sup
{

1

|I|

∫
I
|f − fI | : I is an interval of length t containing b

}
= 0

for almost every b ∈ R.
[As in the previous exercise, fI denotes the average 1

|I|
∫
I f of f over an interval I with 0 < |I| <∞.]

Solution. Again the limit holds at every b in the full-measure set E of 4.10, that is, where
limt↓0

1
2t

∫ b+t
b−t |f − f(b)| = 0. Fix such a b and t > 0, and let I be any interval of length t con-

taining b; then every x ∈ I has |x − b| ≤ t, so I ⊆ [b − t, b + t]. Exactly the estimate of Exercise 1 in
this section, carried out on I, gives 1

|I|
∫
I |f − fI | ≤ 2

|I|
∫
I |f − f(b)|, whence

1

|I|

∫
I
|f − fI | ≤

2

t

∫ b+t

b−t
|f − f(b)| = 4 · 1

2t

∫ b+t

b−t
|f − f(b)|.

The right side is independent of I, hence bounds the supremum over all such I, and it tends to 0 as
t ↓ 0 because b ∈ E.
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Problem 4B.3. Suppose f : R → R is a Lebesgue measurable function such that f2 ∈ L1(R). Prove
that

lim
t↓0

1

2t

∫ b+t

b−t
|f − f(b)|2 = 0

for almost every b ∈ R.

Solution. Approximate f(b) by rationals, applying a localized form of 4.10 to each (f − q)2.
Localization. If h : R → R is Lebesgue measurable with

∫ n
−n |h| <∞ for every n ∈ Z+, then 1

2t

∫ b+t
b−t h→

h(b) as t ↓ 0 for almost every b. Indeed hn = hχ(−n,n) lies in L1(R), so 4.10 supplies a null set Nn off
which 1

2t

∫ b+t
b−t |hn−hn(b)| → 0; if b /∈ N =

⋃
nNn (null by 2.8) and n > |b|, then h = hn on (b− t, b+ t)

for 0 < t < n− |b|, and | 12t
∫ b+t
b−t h− h(b)| ≤ 1

2t

∫ b+t
b−t |h− h(b)| by 3.23.

For q ∈ Q put hq = (f−q)2, Lebesgue measurable by 2.46. Since (α−β)2 ≤ 2α2+2β2 and f2 ∈ L1(R),∫ n

−n
|hq| ≤ 2

∫ ∞

−∞
f2 + 4nq2 <∞ (n ∈ Z+),

so localization gives a null set Nq with 1
2t

∫ b+t
b−t hq → (f(b) − q)2 for b /∈ Nq. Let N =

⋃
q∈QNq, null

because Q is countable.
Fix b /∈ N and ε > 0, and choose q ∈ Q with |f(b)− q| < ε. Then |f(x)− f(b)|2 ≤ 2(f(x)− q)2+2(q−
f(b))2 for every x, so averaging over (b− t, b+ t) and letting t ↓ 0 gives

lim sup
t↓0

1

2t

∫ b+t

b−t
|f − f(b)|2 ≤ 4

(
f(b)− q

)2
< 4ε2.

As ε > 0 was arbitrary and the averages are nonnegative, the limit is 0.

Problem 4B.4. Prove that the Lebesgue Differentiation Theorem (4.19) still holds if the hypothesis
that

∫∞
−∞ |f | <∞ is weakened to the requirement that

∫ x
−∞ |f | <∞ for all x ∈ R.

Solution. Truncate on the right and use that differentiability at b is a local property. The hypothesis
makes g(x) =

∫ x
−∞ f real valued, and for n ∈ Z+ the function fn = fχ(−∞,n) satisfies

∫∞
−∞ |fn| =∫ n

−∞ |f | < ∞, so fn ∈ L1(R). Hence 4.19 applied to fn gives a set Nn with |Nn| = 0 such that
g′n(b) = fn(b) for b /∈ Nn, where gn(x) =

∫ x
−∞ fn.

For x < n we have f = fn on (−∞, x), so gn = g on (−∞, n). Thus if b < n, the difference quotients
of g and of gn at b coincide for all t 6= 0 with b+ t < n, so 4.16 gives g′(b) = g′n(b) whenever the latter
exists; and fn(b) = f(b). Therefore

b ∈ (−∞, n) \Nn =⇒ g′(b) = fn(b) = f(b).

Now N =
⋃∞
n=1Nn is null by 2.8, and every b /∈ N satisfies b < n for some n ∈ Z+, so g′(b) = f(b) for

almost every b ∈ R.

Problem 4B.5. Suppose f : R → R is a Lebesgue measurable function. Prove that

|f(b)| ≤ f∗(b)

for almost every b ∈ R.

Solution. Split R according to local integrability of |f |: let

F =
{
(p, q) : p, q ∈ Q, p < q,

∫ q

p
|f | <∞

}
, L =

⋃
(p,q)∈F

(p, q),
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so that F is countable.
(i) b /∈ L. Then

∫ b+t
b−t |f | = ∞ for every t > 0: were it finite, rationals p, q with b− t < p < b < q < b+ t

would give (p, q) ∈ F and hence b ∈ L. So f∗(b) = ∞ > |f(b)|, with no exceptional set.
(ii) b ∈ L. Fix (p, q) ∈ F and put h = |f |χ(p,q), which lies in L1(R) since

∫
h =

∫ q
p |f | <∞. By 4.10 and

3.23 there is a null set Np,q off which 1
2t

∫ b+t
b−t h→ h(b). If b ∈ (p, q)\Np,q and 0 < t < min{b−p, q− b},

then (b− t, b+ t) ⊆ (p, q), so h = |f | there and h(b) = |f(b)|; since every such average is at most f∗(b)
by 4.6,

|f(b)| = lim
t↓0

1

2t

∫ b+t

b−t
|f | ≤ f∗(b).

Since F is countable, N =
⋃

(p,q)∈F Np,q is null by 2.8, and every b /∈ N falls under (i) or (ii).

Problem 4B.6. Prove that if h ∈ L1(R) and
∫ s
−∞ h = 0 for all s ∈ R, then h(s) = 0 for almost

every s ∈ R.

Solution. The hypothesis says exactly that g(x) =
∫ x
−∞ h is the zero function, so g′(b) = 0 for every b ∈

R. The Lebesgue Differentiation Theorem in its second version (4.19), applicable because h ∈ L1(R),
gives g′(b) = h(b) for almost every b. Hence h(s) = 0 for almost every s ∈ R.

Problem 4B.7. Give an example of a Borel subset of R whose density at 0 is not defined.

Solution. Take

E =

∞⋃
k=0

([
−4−2k, −4−2k−1

]
∪
[
4−2k−1, 4−2k

])
,

a Borel set symmetric about 0, for which the ratio |E∩(−t,t)|
2t oscillates between 4

5 and 1
5 as t ↓ 0. Its

intervals in (0,∞) are the disjoint [4−2j−1, 4−2j ], j ≥ 0, of length 3
416

−j , and by symmetry the ratio
equals |E∩(0,t)|

t .
(i) tm = 4−2m. The intervals meeting (0, tm) are exactly those with j ≥ m, the one with j = m having
right endpoint tm; so countable additivity gives

|E ∩ (0, tm)| =
∑
j≥m

3
416

−j = 3
4 · 16

15 · 16−m = 4
5 tm.

(ii) sm = 4−2m−1. This is the left endpoint of the interval with j = m, so only the intervals with
j ≥ m+ 1 meet (0, sm), and they lie inside it; by (i) with m+ 1 in place of m,

|E ∩ (0, sm)| = 4
5 4

−2m−2 = 1
5 sm.

Both tm ↓ 0 and sm ↓ 0, yet the ratios are constantly 4
5 and 1

5 , so the limit in 4.22 does not exist.

Problem 4B.8. Give an example of a Borel subset of R whose density at 0 is 1
3 .

Solution. Take E = F ∪ (−F ), where F =
⋃∞
k=1 Jk and

Jk =
[

1
k+1 ,

1
k+1 + 1

3k(k+1)

)
is the left third of

[
1

k+1 ,
1
k

)
, since 1

k −
1

k+1 = 1
k(k+1) . These blocks sit on the harmonic scale rather than

a geometric one, which is what makes the limit exist. As a countable union of intervals together with
its reflection, E is Borel, and F ⊆ (0, 1), −F ⊆ (−1, 0).
Because Lebesgue measure is invariant under x 7→ −x (reflection carries a cover by open intervals to
a cover of the same total length, as in 2.7), and F ∩ (0, t), (−F ) ∩ (−t, 0) are disjoint Borel sets with
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union E ∩ (−t, t),
|E ∩ (−t, t)|

2t
=

|F ∩ (0, t)|
t

,

so it suffices to show the right side tends to 1
3 . Since Jk ⊆

[
1

k+1 ,
1
k

)
, we have F ∩ (0, 1n) =

⋃
k≥n Jk, a

disjoint union, so 2.68 and 2.14 give∣∣∣F ∩
(
0, 1n

)∣∣∣ = 1

3

∞∑
k=n

(1
k
− 1

k + 1

)
=

1

3n

by telescoping. For t ∈ (0, 1] put n = b1/tc, so 1
n+1 < t ≤ 1

n ; then (0, 1
n+1) ⊆ (0, t) ⊆ (0, 1n ] and

monotonicity of outer measure give

n

3(n+ 1)
≤ |F ∩ (0, t)|

t
≤ n+ 1

3n
.

As t ↓ 0 we have n→ ∞ and both bounds tend to 1
3 , so the density of E at 0 is 1

3 .

Problem 4B.9. Prove that if t ∈ [0, 1], then there exists a Borel set E ⊆ R such that the density of
E at 0 is t.

Solution. Write the given number as c ∈ [0, 1], to free the letter t for 4.22, and run the construction of
Exercise 8 in this section with c in place of 1

3 : let E = F ∪ (−F ), where F =
⋃∞
k=1 Jk and

Jk =
[

1
k+1 ,

1
k+1 + c

k(k+1)

)
is the left-hand fraction c of

[
1

k+1 ,
1
k

)
, of length c

k(k+1) (empty if c = 0, the whole block if c = 1;
both are allowed below). As before E is Borel, the blocks are disjoint, F ⊆ (0, 1), −F ⊆ (−1, 0), and
reflection invariance of Lebesgue measure gives

|E ∩ (−s, s)|
2s

=
|F ∩ (0, s)|

s
.

Exactly as in Exercise 8, F ∩ (0, 1n) =
⋃
k≥n Jk with

∣∣∣F ∩
(
0, 1n

)∣∣∣ = c
∞∑
k=n

(1
k
− 1

k + 1

)
=
c

n

by 2.68, 2.14 and telescoping, so taking n = b1/sc for s ∈ (0, 1], whence 1
n+1 < s ≤ 1

n , monotonicity of
outer measure gives

cn

n+ 1
≤ |F ∩ (0, s)|

s
≤ c(n+ 1)

n
.

Both bounds tend to c as s ↓ 0, so the density of E at 0 equals c.

Problem 4B.10. Suppose E is a Lebesgue measurable subset of R such that the density of E equals
1 at every element of E and equals 0 at every element of R \ E. Prove that E = ∅ or E = R.

Solution. Build from E an everywhere-differentiable function with derivative exactly χE ; Darboux’s
argument then forbids that derivative from taking both the values 1 and 0. Define

g(x) = |E ∩ [0, x]| for x ≥ 0, g(x) = −|E ∩ [x, 0]| for x < 0.

Each E ∩ [u, v] is Lebesgue measurable with |E ∩ [u, v]| ≤ v − u by 2.72 and 2.14, so g is real valued,
and additivity of the measure supplied by 2.72 (endpoints being null) gives

g(v)− g(u) = |E ∩ [u, v]| ∈ [0, v − u] (u < v),
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so g is nondecreasing and 1-Lipschitz, hence continuous.
g′ = χE at every point. Fix b and t > 0; the last display gives g(b+t)−g(b)

t = |E∩[b,b+t]|
t and g(b)−g(b−t)

t =
|E∩[b−t,b]|

t .
(i) b ∈ E, so E has density 1 at b. Since [b, b+ t] ⊆ [b− t, b+ t], additivity and monotonicity give

0 ≤ 1− |E ∩ [b, b+ t]|
t

=
|[b, b+ t] \ E|

t
≤ |[b− t, b+ t] \ E|

t
= 2
(
1− |E ∩ (b− t, b+ t)|

2t

)
,

which tends to 0; the same bound holds with [b− t, b] in place of [b, b+ t]. Hence g′(b) = 1.
(ii) b /∈ E, so E has density 0 at b. Then

0 ≤ |E ∩ [b, b+ t]|
t

≤ 2 · |E ∩ (b− t, b+ t)|
2t

−→ 0,

and likewise for [b− t, b], so g′(b) = 0.
Now suppose p ∈ E and q ∈ R \ E. Replacing E by −E if necessary, we may assume p < q: reflection
invariance of Lebesgue measure makes the density of −E at −b equal to that of E at b, so −E satisfies
the same hypotheses and is empty (all of R) exactly when E is. Put ϕ(x) = g(x)− x

2 , continuous and
everywhere differentiable with ϕ′ = χE − 1

2 , so ϕ′(p) = 1
2 > 0 and ϕ′(q) = −1

2 < 0. The maximum of
ϕ over the compact interval [p, q] is attained at some c, not at p (as ϕ′(p) > 0 gives ϕ(p+ t) > ϕ(p) for
some small t > 0) and not at q (as ϕ′(q) < 0 gives ϕ(q + t) > ϕ(q) for some small t < 0); so c ∈ (p, q),
where the one-sided difference quotients force ϕ′(c) ≤ 0 and ϕ′(c) ≥ 0. Then g′(c) = 1

2 , contradicting
g′(c) = χE(c) ∈ {0, 1}. Hence no such pair p, q exists, that is, E = ∅ or E = R.
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5.1 Exercises 5A

Problem 5A.1. Suppose (X,S) and (Y, T ) are measurable spaces. Prove that if A is a nonempty
subset of X and B is a nonempty subset of Y such that A×B ∈ S ⊗ T , then A ∈ S and B ∈ T .

Solution. A ∈ S and B ∈ T , because each is a cross section of A×B.
Because A and B are nonempty, pick a ∈ A and b ∈ B. As A×B ∈ S ⊗ T , 5.6 gives

[A×B]b ∈ S and [A×B]a ∈ T .

By Example 5.5, [A×B]b = A (since b ∈ B) and [A×B]a = B (since a ∈ A). Hence A ∈ S and B ∈ T .

Problem 5A.2. Suppose (X,S) is a measurable space. Prove that if E ∈ S ⊗ S, then

{x ∈ X : (x, x) ∈ E} ∈ S.

Solution. Write ∆(E) = {x ∈ X : (x, x) ∈ E} and let

E = {E ⊆ X ×X : ∆(E) ∈ S};

the assertion is that S ⊗ S ⊆ E .
Every measurable rectangle lies in E , since for A,B ∈ S,

∆(A×B) = A ∩B ∈ S.

Moreover ∆(∅) = ∅ and
∆
(
(X ×X) \ E

)
= X \∆(E),

∆
( ∞⋃
k=1

Ek

)
=

∞⋃
k=1

∆(Ek)

(Check!), so E is a σ-algebra on X × X because S is one on X. As S ⊗ S is the smallest σ-algebra
containing the measurable rectangles, S ⊗ S ⊆ E .

Problem 5A.3. Let B denote the σ-algebra of Borel subsets of R. Show that there exists a set
E ⊆ R× R such that [E]a ∈ B and [E]a ∈ B for every a ∈ R, but E /∈ B ⊗ B.

Solution. Take E = {(x, x) : x ∈ A}, where A ⊆ R is a set that is not Borel (2.67).
For a ∈ R, the relation (a, y) ∈ E forces y = a ∈ A, and (x, a) ∈ E forces x = a ∈ A; hence

[E]a = [E]a =

{
{a} if a ∈ A,

∅ if a /∈ A,

which is closed and therefore in B. But {x ∈ R : (x, x) ∈ E} = A /∈ B, so E /∈ B ⊗ B by Exercise 5A.2
(applied with S = B).

Problem 5A.4. Suppose (X,S) and (Y, T ) are measurable spaces. Prove that if f : X → R is
S-measurable and g : Y → R is T -measurable and h : X × Y → R is defined by h(x, y) = f(x) g(y),
then h is (S ⊗ T )-measurable.

Solution. h = FG, where F (x, y) = f(x) and G(x, y) = g(y), and both factors are (S ⊗T )-measurable.
Indeed, for every Borel set D ⊆ R,

F−1(D) = f−1(D)× Y, G−1(D) = X × g−1(D),
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which are measurable rectangles in S ⊗T (5.2), because f−1(D) ∈ S and g−1(D) ∈ T by the measura-
bility of f and of g. Hence FG is (S ⊗T )-measurable by 2.46(a), and (FG)(x, y) = f(x)g(y) = h(x, y).

Problem 5A.5. Verify the assertion in Example 5.11 that the collection of finite unions of intervals
of R is closed under complementation.

Solution. A subset of R is an interval exactly when it is order convex (meaning that x, z ∈ I and
x < y < z imply y ∈ I), and this makes the complement of an interval a union of two intervals; De
Morgan’s Laws then finish the proof.
Order convexity characterizes intervals. Each form (α, β), [α, β), (α, β], [α, β] (with α = −∞ or β = ∞
allowed at an open end), together with singletons and ∅, is cut out by inequalities that an intermediate
point inherits. Conversely, let I 6= ∅ be order convex, α = inf I, β = sup I. Then

(α, β) ⊆ I ⊆ [α, β] ∩ R :

the right inclusion is the definition of inf and sup, and if α < y < β then y is neither a lower nor an
upper bound of I, so x < y < z for some x, z ∈ I, whence y ∈ I. So I is (α, β) with possibly its finite
endpoints adjoined, hence an interval (a single point when α = β); and ∅ = (0, 0) is an interval.
Let A be the collection of finite unions of intervals.
(i) A is closed under finite intersections. The intersection of two order convex sets is order convex,
hence an interval, and ( n⋃

j=1

Ij

)
∩
( m⋃
k=1

Jk

)
=

n⋃
j=1

m⋃
k=1

(Ij ∩ Jk) ∈ A;

induction extends this to finitely many elements of A.
(ii) The complement of an interval I is a union of two intervals. Put

L = {x ∈ R : x < y for every y ∈ I},

U = {x ∈ R : x > y for every y ∈ I}.

Then R \ I = L∪U : a point of I ∩L would satisfy x < x, and similarly for U , while if x lies in none of
I, L, U , then some y, z ∈ I satisfy y < x < z, forcing x ∈ I. Also L is closed downward and U closed
upward, so both are order convex, hence intervals.
Now let E = I1 ∪ · · · ∪ In ∈ A. By De Morgan’s Laws,

R \ E =
n⋂
j=1

(R \ Ij),

an intersection of finitely many elements of A by (ii), hence in A by (i).

Problem 5A.6. Verify the assertion in Example 5.12 that the collection of countable unions of
intervals of R is not closed under complementation.

Solution. Q is a countable union of intervals but R \Q is not.
Let A be the collection of countable unions of intervals. Then Q =

⋃
q∈Q{q} ∈ A, each {q} counting

as an interval in Example 5.11.
An interval I ⊆ R \ Q has at most one point: if x, z ∈ I with x < z, density of Q gives q ∈ Q with
x < q < z, and every interval contains the points lying between two of its points, so q ∈ I ∩ Q, a
contradiction. So if R \Q =

⋃∞
k=1 Ik with each Ik an interval, then R \Q is a countable union of sets

with at most one element, hence countable, making R = Q ∪ (R \ Q) countable. This contradiction
gives R \Q /∈ A, so A is not closed under complementation.
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Problem 5A.7. Suppose A is a nonempty collection of subsets of a set W . Show that A is an
algebra on W if and only if A is closed under finite intersections and under complementation.

Solution. Both directions are De Morgan’s Laws.
Suppose A is an algebra on W . Closure under complementation is the second condition of 5.10, and
for E,F ∈ A,

E ∩ F =W \
(
(W \ E) ∪ (W \ F )

)
∈ A

by closure under complementation and under unions of two elements; induction gives E1∩· · ·∩En ∈ A.
Conversely, suppose A is nonempty and closed under finite intersections and under complementation.
Choosing any E ∈ A (this is the only use of nonemptiness) gives

∅ = E ∩ (W \ E) ∈ A,

and for E,F ∈ A,
E ∪ F =W \

(
(W \ E) ∩ (W \ F )

)
∈ A.

The three conditions of 5.10 hold, so A is an algebra on W .

Problem 5A.8. Suppose µ is a measure on a measurable space (X,S). Prove that the following are
equivalent.
(a) The measure µ is σ-finite.
(b) There exists an increasing sequence X1 ⊆ X2 ⊆ · · · of sets in S such that X =

⋃∞
k=1Xk and

µ(Xk) <∞ for every k ∈ Z+.
(c) There exists a disjoint sequence X1, X2, X3, . . . of sets in S such that X =

⋃∞
k=1Xk and µ(Xk) <

∞ for every k ∈ Z+.

Solution. (a) ⇒ (b). By 5.18 there are E1, E2, . . . ∈ S with X =
⋃∞
k=1Ek and µ(Ek) < ∞. Put

Xk = E1 ∪ · · · ∪ Ek ∈ S. These increase, satisfy
⋃∞
k=1Xk =

⋃∞
k=1Ek = X, and by finite subadditivity

(2.58 applied to E1, . . . , Ek,∅,∅, . . .),

µ(Xk) ≤ µ(E1) + · · ·+ µ(Ek) <∞.

(b) ⇒ (c). Put Y1 = X1 and Yk = Xk \Xk−1 for k ≥ 2, all in S. If j < k then Yj ⊆ Xj ⊆ Xk−1 while
Yk ∩Xk−1 = ∅, so the sequence is disjoint. Each x ∈ X lies in Ym for the smallest m with x ∈ Xm, so
X =

⋃∞
k=1 Yk. Finally Yk ⊆ Xk gives µ(Yk) ≤ µ(Xk) <∞ by 2.57(a).

(c) ⇒ (a). Such a sequence is in particular a sequence in S with union X and with every term of finite
measure, which is the definition 5.18 of σ-finite.

Problem 5A.9. Suppose µ and ν are σ-finite measures. Prove that µ× ν is a σ-finite measure.

Solution. The sets Aj ×Bk form a countable cover of X × Y by sets of finite µ× ν measure.
Say µ is a measure on (X,S) and ν on (Y, T ); since both are σ-finite, µ × ν is defined on S ⊗ T by
5.25 and is a measure by 5.27. Choose Aj ∈ S with X =

⋃∞
j=1Aj and µ(Aj) < ∞, and Bk ∈ T with

Y =
⋃∞
k=1Bk and ν(Bk) < ∞. Each Aj × Bk is a measurable rectangle (5.2), the index set Z+ × Z+

is countable,

X × Y =
∞⋃
j=1

∞⋃
k=1

(Aj ×Bk),

and by 5.26,
(µ× ν)(Aj ×Bk) = µ(Aj) ν(Bk) <∞.

Thus µ× ν is σ-finite by 5.18.
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Problem 5A.10. Suppose (X,S, µ) and (Y, T , ν) are σ-finite measure spaces. Prove that if ω is a
measure on S ⊗ T such that ω(A×B) = µ(A)ν(B) for all A ∈ S and all B ∈ T , then ω = µ× ν.
[The exercise above means that µ× ν is the unique measure on S ⊗ T that behaves as we expect on
measurable rectangles.]

Solution. The two measures agree on the algebra of finite unions of measurable rectangles, and the
Monotone Class Theorem (5.17) propagates this to S ⊗ T .
By Exercise 5A.8 choose increasing sequences Xn ∈ S and Yn ∈ T with X =

⋃
nXn, Y =

⋃
n Yn,

µ(Xn) < ∞, ν(Yn) < ∞, and set Wn = Xn × Yn. Then W1 ⊆ W2 ⊆ · · · and
⋃
nWn = X × Y (for

(x, y) ∈ Xj × Yk take n = max{j, k}), while the hypothesis on ω and 5.26 give

ω(Wn) = µ(Xn) ν(Yn) = (µ× ν)(Wn) <∞

(here µ× ν is defined by 5.25 and is a measure by 5.27, both spaces being σ-finite). Fix n and set

Mn = {E ∈ S ⊗ T : ω(E ∩Wn) = (µ× ν)(E ∩Wn)}.

(i) Mn contains the collection A of finite unions of measurable rectangles, an algebra by 5.13(a). For
A ∈ S and B ∈ T ,

(A×B) ∩Wn = (A ∩Xn)× (B ∩ Yn),

so the hypothesis on ω and 5.26 give A×B ∈ Mn; a general E ∈ A is a disjoint union E1 ∪ · · · ∪ Em
of measurable rectangles by 5.13(b), and finite additivity of both measures then gives E ∈ Mn.
(ii) Mn is a monotone class. For Ek ↑ E in Mn, apply 2.59 to Ek ∩Wn ↑ E ∩Wn for each measure.
For Ek ↓ E, we have ω(E1 ∩Wn) ≤ ω(Wn) < ∞ and likewise for µ × ν by 2.57(a), so 2.60 applies to
both and

ω(E ∩Wn) = lim
k→∞

ω(Ek ∩Wn) = lim
k→∞

(µ× ν)(Ek ∩Wn) = (µ× ν)(E ∩Wn).

By 5.17, Mn contains the smallest σ-algebra containing A; that σ-algebra is S ⊗ T , since A contains
every measurable rectangle (5.2) and A ⊆ S ⊗ T . As Mn ⊆ S ⊗ T , we get Mn = S ⊗ T . Finally, for
E ∈ S ⊗ T we have E ∩Wn ↑ E, so 2.59 gives

ω(E) = lim
n→∞

ω(E ∩Wn) = lim
n→∞

(µ× ν)(E ∩Wn) = (µ× ν)(E).

Hence ω = µ× ν.

5.2 Exercises 5B

Problem 5B.1. (a) Let λ denote Lebesgue measure on [0, 1]. Show that∫
[0,1]

∫
[0,1]

x2 − y2

(x2 + y2)2
dλ(y) dλ(x) =

π

4

and ∫
[0,1]

∫
[0,1]

x2 − y2

(x2 + y2)2
dλ(x) dλ(y) = −π

4
.

(b) Explain why (a) violates neither Tonelli’s Theorem nor Fubini’s Theorem.

Solution. (a) Everything comes from the pair of antiderivatives

∂

∂y

( y

x2 + y2

)
=

∂

∂x

( −x
x2 + y2

)
=

x2 − y2

(x2 + y2)2
,

valid wherever (x, y) 6= (0, 0). Write f(x, y) = (x2 − y2)/(x2 + y2)2 off the origin and f(0, 0) = 0; note
f(y, x) = −f(x, y).
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For x ∈ (0, 1] the map y 7→ f(x, y) is continuous on [0, 1] (the denominator is at least x4 > 0), so 3.34
and the Fundamental Theorem of Calculus give∫

[0,1]
f(x, y) dλ(y) =

[
y

x2 + y2

]y=1

y=0

=
1

1 + x2
.

For x = 0 we have f(0, ·)+ = 0 and f(0, ·)− = y−2χ(0,1], whose integral is at least
∫
[1/k,1] y

−2 dy = k−1

for every k ∈ Z+ (3.34), hence is ∞; so by 3.18 the inner integral is 0 − ∞ = −∞. Thus the inner
integral is the function g with g(0) = −∞ and g(x) = 1/(1 + x2) for x > 0. Since g− = ∞ · χ{0} has
integral ∞ · λ({0}) = 0, and g+ differs from the continuous function x 7→ 1/(1 + x2) only on the null
set {0}, 3.18 and 3.34 give ∫

[0,1]

∫
[0,1]

f(x, y) dλ(y) dλ(x) =

∫ 1

0

dx

1 + x2
=
π

4
.

Interchanging the two variables (which by f(y, x) = −f(x, y) changes the sign) gives∫
[0,1]

∫
[0,1]

f(x, y) dλ(x) dλ(y) = −π
4
.

(b) Tonelli’s Theorem (5.28) requires a nonnegative integrand, and f takes both signs; its other hy-
pothesis holds, since λ on [0, 1] is finite, hence σ-finite. Fubini’s Theorem (5.32) requires f ∈ L1(λ×λ),
and this fails. Here f is B ⊗ B-measurable: the coordinate maps are B ⊗ B-measurable because their
level sets are measurable rectangles (2.39), so each

fk(x, y) =
x2 − y2

(x2 + y2)2 + 1
k

is measurable by 2.46, and fk → f pointwise, so 2.48 applies. Applying 5.28 to |f | and using f(x, y) ≥ 0
for 0 ≤ y ≤ x, ∫

[0,1]
|f(x, y)| dλ(y) ≥

[
y

x2 + y2

]y=x
y=0

=
1

2x
,

whence for every k ∈ Z+ ∫
[0,1]2

|f | d(λ× λ) ≥ 1

2

∫
[1/k,1]

dx

x
=

ln k
2
,

so
∫
[0,1]2 |f | d(λ× λ) = ∞.

Problem 5B.2. (a) Give an example of a doubly indexed collection {xm,n : m,n ∈ Z+} of real
numbers such that

∞∑
m=1

∞∑
n=1

xm,n = 0 and
∞∑
n=1

∞∑
m=1

xm,n = ∞.

(b) Explain why (a) violates neither Tonelli’s Theorem nor Fubini’s Theorem.

Solution. (a) Take

xm,n =


1 if n = m,

−1 if n = 2m,

0 otherwise.

Row m has exactly the two nonzero terms xm,m = 1 and xm,2m = −1, distinct because m ≥ 1, so every
row sums to 0 and

∞∑
m=1

∞∑
n=1

xm,n = 0.
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Column n receives +1 from m = n and, when n is even, −1 from m = n/2 (a distinct index); so the
column sums are 1 for n odd and 0 for n even, and the partial sums of

∑
n

∑
m xm,n count the odd

integers up to n, giving
∞∑
n=1

∞∑
m=1

xm,n = ∞.

(b) Let µ = ν be counting measure on all subsets of Z+, which is σ-finite since Z+ =
⋃∞
k=1{1, . . . , k},

and let f(m,n) = xm,n. Every subset of the countable set Z+ × Z+ is a countable union of the
measurable rectangles {m} × {n}, so f is S ⊗ T -measurable; integration against counting measure is
summation (3.6, and 3.42 in the real-valued case), so the two sums in (a) are the two iterated integrals
of 5.28 and 5.32 (each inner function has at most two nonzero values, hence lies in L1).
Tonelli’s Theorem (5.28), and likewise its corollary 5.31 on double sums, requires a nonnegative in-
tegrand, and f takes the value −1; the σ-finiteness hypothesis does hold. Fubini’s Theorem (5.32)
requires f ∈ L1(µ× ν), which fails: applying 5.28 to |f |, whose rows each have two entries of absolute
value 1, ∫

Z+×Z+

|f | d(µ× ν) =

∞∑
m=1

∞∑
n=1

|xm,n| =
∞∑
m=1

2 = ∞.

Problem 5B.3. Suppose (X,S) is a measurable space and f : X → [0,∞] is a function. Let B
denote the σ-algebra of Borel subsets of (0,∞). Prove that Uf ∈ S ⊗ B if and only if f is an
S-measurable function.

Solution. Both implications come from a rectangle decomposition of Uf = {(x, t) : 0 < t < f(x)} and
from 5.6.
Suppose f is S-measurable. Then

Uf =
⋃

r∈Q∩(0,∞)

f−1
(
(r,∞]

)
× (0, r] :

for ⊇, such a point satisfies 0 < t ≤ r < f(x); for ⊆, density of Q supplies a rational r with t < r < f(x)
(any rational r > t if f(x) = ∞), and then r > 0. Each f−1((r,∞]) is in S by 2.51, since (r,∞] is Borel
(2.50), and (0, r] ∈ B, so each term is a measurable rectangle; the union is countable, so Uf ∈ S ⊗ B.
Conversely, suppose Uf ∈ S ⊗ B. By 5.6 each cross section [Uf ]

t lies in S, and for t ∈ (0,∞) the
condition (x, t) ∈ Uf says exactly f(x) > t, so

f−1
(
(t,∞]

)
= {x ∈ X : f(x) > t} = [Uf ]

t ∈ S.

Now let a ∈ R. (i) If a > 0, then f−1((a,∞]) = [Uf ]
a ∈ S. (ii) If a < 0, then f−1((a,∞]) = X ∈ S, as

f takes values in [0,∞]. (iii) If a = 0, then f(x) > 0 exactly when f(x) > 1/k for some k, so

f−1
(
(0,∞]

)
=

∞⋃
k=1

[Uf ]
1/k ∈ S.

Hence f is S-measurable by 2.52.

Problem 5B.4. Suppose (X,S) is a measurable space and f : X → R is a function. Let graph(f) ⊆
X × R denote the graph of f :

graph(f) =
{(
x, f(x)

)
: x ∈ X

}
.

Let B denote the σ-algebra of Borel subsets of R. Prove that graph(f) ∈ S⊗B if f is an S-measurable
function.
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Solution. graph(f) = (g − h)−1
(
{0}
)
, where g(x, y) = f(x) and h(x, y) = y.

For every Borel set B ⊆ R,

g−1(B) = f−1(B)× R and h−1(B) = X ×B,

which are measurable rectangles in S ⊗ B because f−1(B) ∈ S by the measurability of f . So g and h
are S ⊗ B-measurable, hence so is g − h by 2.46(a), and {0} is a Borel subset of R. Thus

graph(f) = {(x, y) : f(x)− y = 0} = (g − h)−1
(
{0}
)
∈ S ⊗ B.

Method (2): build the graph from rectangles directly,

graph(f) =
∞⋂
k=1

⋃
j∈Z

(
f−1

(
[ jk ,

j+1
k )
)
× [ jk ,

j+1
k )
)
.

Indeed if y = f(x), then for each k the integer j with j ≤ kf(x) < j + 1 puts both f(x) and y in
[ jk ,

j+1
k ); conversely a point of the right side has f(x) and y in a common interval of length 1/k for every

k, so |y − f(x)| < 1/k for all k and y = f(x). Each term is a measurable rectangle, and a σ-algebra is
closed under countable unions and countable intersections.

5.3 Exercises 5C

Problem 5C.1. Show that a set G ⊆ Rn is open in Rn if and only if for each (b1, . . . , bn) ∈ G, there
exists r > 0 such that

{(a1, . . . , an) ∈ Rn :
√

(a1 − b1)2 + · · ·+ (an − bn)2 < r} ⊆ G.

Solution. The two conditions are equivalent because ‖x‖∞ ≤ ‖x‖2 ≤
√
n ‖x‖∞.

Write ‖x‖2 = (x21 + · · · + x2n)
1/2 and D(b, r) = {a ∈ Rn : ‖a − b‖2 < r} for the set displayed in the

exercise, and recall that G is open means every x ∈ G has an open cube B(x, δ) = {y : ‖y − x‖∞ < δ}
inside G. The first inequality holds because ‖x‖2∞ = x2j ≤ ‖x‖22 for an index j attaining the maximum;
the second because ‖x‖22 ≤ n‖x‖2∞. They say exactly that

D(b, δ) ⊆ B(b, δ) and B(b, r/
√
n ) ⊆ D(b, r)

for all b ∈ Rn and δ, r > 0. So if G is open and b ∈ G, then choosing δ > 0 with B(b, δ) ⊆ G gives
D(b, δ) ⊆ G; and conversely, if D(b, r) ⊆ G, then B(b, r/

√
n ) ⊆ G, so G is open.

Problem 5C.2. Show that there exists a set E ⊆ R2 (thinking of R2 as equal to R× R) such that
the cross sections [E]a and [E]a are open subsets of R for every a ∈ R, but E /∈ B2.

Solution. Take E = EA = R2 \ ΓA for a suitable A ⊆ (0,∞), where ΓA is the graph of

fA(x) =

{
−x if |x| ∈ A,

x if |x| /∈ A;

there are 2c such sets but only c Borel sets, so some EA is not Borel. (Here c = 2ℵ0 .)
(i) Every EA has all cross sections open, and A 7→ EA is injective. Since |fA(x)| = |x|, we get
fA(fA(x)) = x, so fA is a bijection of R equal to its own inverse; hence (a, y) ∈ ΓA exactly when
y = fA(a), and (x, a) ∈ ΓA exactly when x = fA(a), giving

[EA]a = [EA]
a = R \ {fA(a)},

an open subset of R. Injectivity holds because fA(t) = −t for t ∈ A and fA(t) = t for t /∈ A, with
−t 6= t when t > 0, so

A = {t > 0 : (t,−t) ∈ R2 \ EA}.
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(ii) |B2| ≤ c. By the proof of 5.38(a), every open subset of R2 is the union of a subcollection of the
countable collection of open cubes with rational center and rational side length, so the collection Σ0

of open sets satisfies |Σ0| ≤ 2ℵ0 = c. For 0 < α < ω1 (the first uncountable ordinal) let Σα be the
collection of countable unions

⋃
k Fk in which each Fk or its complement lies in

⋃
β<αΣβ, and put

Σ =
⋃
α<ω1

Σα. Taking all Fk equal shows Σβ ⊆ Σα for β < α; Σ is closed under complementation,
and under countable unions because a countable set of countable ordinals has countable supremum.
So Σ is a σ-algebra containing the open sets, whence B2 ⊆ Σ. By transfinite induction |Σα| ≤ c for
every α < ω1: the sets available at stage α number at most ℵ0 · c = c, and each element of Σα is the
union of a sequence of them, so

|Σα| ≤ cℵ0 =
(
2ℵ0
)ℵ0 = 2ℵ0 = c.

Hence |B2| ≤ |Σ| ≤ ℵ1 · c = c, using ℵ1 ≤ c.
By Cantor’s Theorem 2c > c ≥ |B2|, so by (i) the sets EA cannot all be Borel; choose A with E =
EA /∈ B2.

Problem 5C.3. Suppose (X,S), (Y, T ), and (Z,U) are measurable spaces. We can define S⊗T ⊗U
to be the smallest σ-algebra on X × Y × Z that contains

{A×B × C : A ∈ S, B ∈ T , C ∈ U}.

Prove that if we make the obvious identifications of the products (X×Y )×Z and X× (Y ×Z) with
X × Y × Z, then

S ⊗ T ⊗ U = (S ⊗ T )⊗ U = S ⊗ (T ⊗ U).

Solution. Both equalities follow from the fact that the generators of each side lie in the other, the
reverse inclusion being proved by freezing one factor.
Identify ((x, y), z) and (x, (y, z)) with (x, y, z), so that (A×B)×C, A× (B ×C), and A×B ×C are
the same set, and write P = S ⊗ T ⊗ U .
P ⊆ (S ⊗T )⊗U : for A ∈ S, B ∈ T , C ∈ U , the set A×B lies in S ⊗T , so A×B×C = (A×B)×C
is a measurable rectangle in (S ⊗T )⊗U ; thus that σ-algebra contains all generators of P, which is the
smallest one that does.
For the reverse inclusion, fix C ∈ U and set

E = {D ⊆ X × Y : D × C ∈ P}.

Then X × Y ∈ E (as X × Y × C is a generator of P); E is closed under countable unions because
(
⋃
kDk)× C =

⋃
k(Dk × C); and E is closed under complementation because(
(X × Y ) \D

)
× C =

(
(X × Y × Z) \ (D × C)

)
∩
(
X × Y × C

)
,

both sides consisting of the points (x, y, z) with z ∈ C and (x, y) /∈ D. So E is a σ-algebra on X × Y
containing every measurable rectangle A×B, whence S ⊗T ⊆ E ; that is, D×C ∈ P for all D ∈ S ⊗T
and C ∈ U . These sets generate (S ⊗ T )⊗ U , so (S ⊗ T )⊗ U ⊆ P.
The proof of P = S ⊗ (T ⊗ U) is symmetric: fix A ∈ S and let F = {F ⊆ Y × Z : A × F ∈ P},
which is a σ-algebra by the same three verifications (for complementation use A × ((Y × Z) \ F ) =
((X×Y ×Z) \ (A×F ))∩ (A×Y ×Z)) and contains every B×C; hence T ⊗U ⊆ F , so the generators
A× F of S ⊗ (T ⊗ U) all lie in P.

Problem 5C.4. Show that Lebesgue measure on Rn is translation invariant. More precisely, show
that if E ∈ Bn and a ∈ Rn, then a+ E ∈ Bn and λn(a+ E) = λn(E), where

a+ E = {a+ x : x ∈ E}.
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Solution. Fix a ∈ Rn.
(i) a + E ∈ Bn for every E ∈ Bn. The collection {E ∈ Bn : a + E ∈ Bn} contains every open set,
because a+B(x, δ) = B(a+x, δ), and it is closed under complementation and countable unions because
x 7→ a+ x is a bijection of Rn:

a+ (Rn \ E) = Rn \ (a+ E), a+
∞⋃
k=1

Ek =
∞⋃
k=1

(a+ Ek).

So it is a σ-algebra containing the open sets, hence equals Bn.
(ii) Translation invariance of λm forces translation invariance of the integral: if it holds in dimension
m and h : Rm → [0,∞] is Bm-measurable and b ∈ Rm, then x 7→ h(x− b) is Bm-measurable (its inverse
images are b+ h−1(B), measurable by (i)) and∫

Rm

h(x− b) dλm(x) =

∫
Rm

h dλm.

For h = χF this is λm(b+F ) = λm(F ), since χF (x− b) = χb+F (x); for nonnegative simple h it follows
by 3.16 and 3.20; for general h take simple sk ↑ h (2.89), note sk(· − b) ↑ h(· − b), and apply the
Monotone Convergence Theorem (3.11) twice.
(iii) Induction on n. For n = 1, λ1 is the restriction of outer measure to B1, and outer measure is
translation invariant by 2.7. Let n > 1 and assume the result in dimension n−1. View Rn = Rn−1×R,
so Bn = Bn−1 ⊗ B1 by 5.39 and λn = λn−1 × λ1; each λk is σ-finite, since Rk is the union of the
cubes Cm centered at the origin with side m and λk(Cm) = mk < ∞, so 5.20 and 5.25 apply. Write
a = (a′, an). Since (x, y) ∈ a+ E exactly when (x− a′, y − an) ∈ E,

[a+ E]x = an + [E]x−a′ ,

so by the case n = 1 we get λ1([a + E]x) = g(x − a′), where g(x) = λ1([E]x) is Bn−1-measurable by
5.20(a). Hence, by 5.25 and then (ii) with m = n− 1 and b = a′,

λn(a+ E) =

∫
Rn−1

λ1
(
[a+ E]x

)
dλn−1(x)

=

∫
Rn−1

g(x− a′) dλn−1(x)

=

∫
Rn−1

g dλn−1 = λn(E).

Problem 5C.5. Suppose f : Rn → R is Bn-measurable and t ∈ R \ {0}. Define ft : Rn → R by
ft(x) = f(tx).
(a) Prove that ft is Bn-measurable.
(b) Prove that if

∫
Rn f dλn is defined, then∫

Rn

ft dλn =
1

|t|n

∫
Rn

f dλn.

Solution. (a) f−1
t (B) = 1

t f
−1(B) ∈ Bn for every Borel B ⊆ R, so ft is Bn-measurable by 2.35.

Indeed f(tx) ∈ B exactly when tx ∈ f−1(B), that is, when x ∈ 1
t f

−1(B); and f−1(B) ∈ Bn by the
measurability of f , so the following lemma (applied to the nonzero number 1/t) puts 1

t f
−1(B) in Bn.

The same argument applies to [0,∞]-valued measurable functions.
Lemma. If t ∈ R \ {0} and E ∈ Bn, then tE ∈ Bn and λn(tE) = |t|nλn(E).
For t > 0 this is 5.41, and tE = −(|t|E) for t < 0, so only x 7→ −x needs treatment. The collection
{F ∈ Bn : −F ∈ Bn} contains the open sets (−B(x, δ) = B(−x, δ)) and is a σ-algebra (x 7→ −x is a
bijection), hence equals Bn. That λn(−F ) = λn(F ) goes by induction on n. For n = 1, negating a
cover of F by open intervals gives a cover of −F by open intervals of the same lengths, so | −F | = |F |.
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For n > 1, view Rn = Rn−1 ×R, so Bn = Bn−1 ⊗B1 (5.39) and λn = λn−1 × λ1, each λk being σ-finite
(Rk is a union of cubes of finite measure), so 5.20 and 5.25 apply. The induction hypothesis gives∫

Rn−1

h(−x) dλn−1(x) =

∫
Rn−1

h dλn−1

for Bn−1-measurable h : Rn−1 → [0,∞], via χF (−x) = χ−F (x), then 3.16 and 3.20 for simple functions,
then 2.89 and 3.11 in general. Since [−F ]x = −[F ]−x, the function g(x) = λ1([F ]x) (Bn−1-measurable
by 5.20(a)) satisfies λ1([−F ]x) = g(−x), so by 5.25

λn(−F ) =
∫
Rn−1

g(−x) dλn−1(x) =

∫
Rn−1

g dλn−1 = λn(F ).

Finally, for t < 0, λn(tE) = λn(|t|E) = |t|nλn(E) by 5.41.
(b) Write ht(x) = h(tx). For E ∈ Bn we have (χE)t = χ(1/t)E , so the Lemma gives∫

Rn

(χE)t dλn = λn

(
1
tE
)
=

1

|t|n

∫
Rn

χE dλn.

This extends to nonnegative simple functions by 3.16 and 3.20, and then to every Bn-measurable
h : Rn → [0,∞] by taking simple sk ↑ h (2.89), so that (sk)t ↑ ht, and applying 3.11 twice. Since
(ft)

± = (f±)t, ∫
Rn

(ft)
± dλn =

1

|t|n

∫
Rn

f± dλn.

Because 0 < |t|−n < ∞ and
∫
Rn f dλn is defined, at least one of these is finite, so

∫
Rn ft dλn is defined

(3.18) and subtracting gives ∫
Rn

ft dλn =
1

|t|n

∫
Rn

f dλn.

Problem 5C.6. Suppose λ denotes Lebesgue measure on (R,L), where L is the σ-algebra of Lebesgue
measurable subsets of R. Show that there exist subsets E and F of R2 such that
• F ∈ L ⊗ L and (λ× λ)(F ) = 0;
• E ⊆ F but E /∈ L ⊗ L.
[The measure space (R,L, λ) has the property that every subset of a measurable set with measure
0 is measurable. This exercise asks you to show that the measure space (R2,L ⊗ L, λ× λ) does not
have this property.]

Solution. Take F = {0} × R and E = {0} × V , where V ⊆ R is not Lebesgue measurable.
Such a V exists: 2.18 gives disjoint A,B ⊆ R with |A∪B| 6= |A|+ |B|, while outer measure is a measure
on (R,L) by 2.72(b) and so is additive on disjoint sets in L; hence A and B are not both in L. Also
λ is σ-finite, since R =

⋃∞
k=1(−k, k) with λ((−k, k)) = 2k < ∞, so λ × λ is defined by 5.25 and is a

measure by 5.27.
Clearly E ⊆ F . Since {0} and R lie in L, the set F is a measurable rectangle, so F ∈ L ⊗ L and, by
5.26,

(λ× λ)(F ) = λ({0})λ(R) = 0 · ∞ = 0.

But E /∈ L ⊗ L: otherwise 5.6 would give [E]0 = V ∈ L, contradicting the choice of V .

Problem 5C.7. Suppose m ∈ Z+. Verify that the collection of sets Em that appears in the proof of
5.41 is a monotone class.

Solution. Em is closed under countable increasing unions and countable decreasing intersections, which
by 5.15 is what must be checked.
In the proof of 5.41, t > 0 is fixed, Cm is the open cube in Rn centered at the origin with side length
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m, and
Em = {E ∈ Bn : E ⊆ Cm and λn(tE) = tnλn(E)},

the condition making sense because tE ∈ Bn (first paragraph of that proof). Since x 7→ tx is a bijection
of Rn, it carries unions to unions and intersections to intersections and preserves inclusions.
(i) Increasing unions. Let Ek ↑ E with Ek ∈ Em. Then E ∈ Bn, E ⊆ Cm, and tEk ↑ tE, so two
applications of 2.59 give

λn(tE) = lim
k→∞

λn(tEk) = tn lim
k→∞

λn(Ek) = tnλn(E).

(ii) Decreasing intersections. Let Ek ↓ E with Ek ∈ Em. Then E ∈ Bn, E ⊆ Cm, and tEk ↓ tE. The
finiteness needed for 2.60 holds for both sequences, since by 2.57(a)

λn(E1) ≤ λn(Cm) = mn <∞, λn(tE1) ≤ λn(tCm) = (tm)n <∞

(here λn(Cm) = mn by induction on n from λn = λn−1 × λ1 and 5.26, the case n = 1 being the length
of an interval; and tCm is the cube of side tm). So 2.60 gives the same chain of equalities as in (i).
In both cases E ∈ Em, so Em is a monotone class.

Problem 5C.8. Show that the open unit ball in Rn is an open subset of Rn.

Solution. Given x in the open unit ball Bn, the open cube B(x, δ) with δ = (1 − ‖x‖2)/
√
n > 0 is

contained in Bn, where ‖y‖2 = (y1
2 + · · ·+ yn

2)1/2.
Indeed ‖y‖2 ≤

√
n ‖y‖∞, because |yj | ≤ ‖y‖∞ for each j; so ‖y − x‖∞ < δ gives

‖y − x‖2 ≤
√
n ‖y − x‖∞ <

√
n δ = 1− ‖x‖2.

The triangle inequality for ‖ · ‖2, which follows from the Cauchy–Schwarz inequality since

‖u+ v‖22 = ‖u‖22 + 2

n∑
j=1

ujvj + ‖v‖22 ≤ (‖u‖2 + ‖v‖2)2,

then gives ‖y‖2 ≤ ‖x‖2 + ‖y − x‖2 < 1, so y ∈ Bn. Hence Bn is open.

Problem 5C.9. Suppose G1 is a nonempty subset of Rm and G2 is a nonempty subset of Rn. Prove
that G1 ×G2 is an open subset of Rm × Rn if and only if G1 is an open subset of Rm and G2 is an
open subset of Rn.
[One direction of this result was already proved (see 5.36); both directions are stated here to make
the result look prettier and to be comparable to the next exercise, where neither direction has been
proved.]

Solution. If G1 and G2 are open, then G1 ×G2 is open by 5.36 (nonemptiness is not needed here).
Conversely, suppose G1 ×G2 is open in Rm+n, and recall B(x, δ)×B(y, δ) = B((x, y), δ), which holds
because ‖(u, v)‖∞ = max{‖u‖∞, ‖v‖∞}. Fix y0 ∈ G2, possible since G2 6= ∅. Given x ∈ G1, openness
supplies δ > 0 with B((x, y0), δ) ⊆ G1 ×G2; then for every u ∈ B(x, δ),

(u, y0) ∈ B(x, δ)×B(y0, δ) = B
(
(x, y0), δ

)
⊆ G1 ×G2,

so u ∈ G1. Thus B(x, δ) ⊆ G1 and G1 is open. The argument for G2 is symmetric, using a fixed
x0 ∈ G1.

Problem 5C.10. Suppose F1 is a nonempty subset of Rm and F2 is a nonempty subset of Rn. Prove
that F1 × F2 is a closed subset of Rm × Rn if and only if F1 is a closed subset of Rm and F2 is a
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closed subset of Rn.

Solution. If F1 and F2 are closed, then

Rm+n \ (F1 × F2) =
[
(Rm \ F1)× Rn

]
∪
[
Rm × (Rn \ F2)

]
,

since (x, y) /∈ F1 ×F2 exactly when x /∈ F1 or y /∈ F2; each bracket is open by 5.36, so the complement
of F1 × F2 is open and F1 × F2 is closed. (Nonemptiness is not needed here.)
Conversely, suppose F1 × F2 is closed, and fix y0 ∈ F2, possible since F2 6= ∅. Given x ∈ Rm \ F1, we
have (x, y0) /∈ F1 × F2, so openness of the complement supplies δ > 0 with

B
(
(x, y0), δ

)
∩ (F1 × F2) = ∅.

For u ∈ B(x, δ), the identity B(x, δ)×B(y0, δ) = B((x, y0), δ) puts (u, y0) outside F1×F2, and y0 ∈ F2

then forces u /∈ F1. Hence B(x, δ) ⊆ Rm \ F1, so that complement is open and F1 is closed. The
argument for F2 is symmetric, using a fixed x0 ∈ F1.

Problem 5C.11. Suppose E is a subset of Rm × Rn and

A = {x ∈ Rm : (x, y) ∈ E for some y ∈ Rn}.

(a) Prove that if E is an open subset of Rm × Rn, then A is an open subset of Rm.
(b) Prove or give a counterexample: If E is a closed subset of Rm ×Rn, then A is a closed subset of
Rm.

Solution. (a) Yes. (b) False: for m = n = 1 the hyperbola E = {(x, y) ∈ R2 : xy = 1} is closed while
A = R \ {0} is not.
Throughout we identify Rm × Rn with Rm+n and use B(x, δ)×B(y, δ) = B((x, y), δ).
(a) Let x ∈ A, so (x, y) ∈ E for some y. Openness of E supplies δ > 0 with

B
(
(x, y), δ

)
= B(x, δ)×B(y, δ) ⊆ E,

so every u ∈ B(x, δ) has (u, y) ∈ E and hence lies in A. Thus B(x, δ) ⊆ A, and A is open.
(b) The hyperbola is closed: if x0y0 6= 1, put ε = |x0y0 − 1| > 0 and choose δ > 0 with δ ≤ 1 and
δ(|x0|+ |y0|+ 1) < ε; then ‖(x, y)− (x0, y0)‖∞ < δ gives |y| < |y0|+ 1 and

|xy − x0y0| ≤ |y| |x− x0|+ |x0| |y − y0| < δ(|x0|+ |y0|+ 1) < ε,

so xy 6= 1. Every x 6= 0 has (x, 1/x) ∈ E, while 0 · y = 0 6= 1, so A = R \ {0}, whose complement {0}
is not open.
For general m and n, take

E = {(x, y) : x1y1 = 1, x2 = · · · = xm = 0, y2 = · · · = yn = 0},

a finite intersection of closed sets: {(x, y) : x1y1 = 1} is closed by the estimate above (since ‖(x, y) −
(x0, y0)‖∞ < δ controls |x1 − x1

0| and |y1 − y1
0|), and each {(x, y) : xj = 0} is closed because a point

with xj 6= 0 has B((x, y), |xj |) in the complement, similarly for yk. Then

A = {x ∈ Rm : x1 6= 0, x2 = · · · = xm = 0},

which is not closed: the origin is in Rm \A, yet every B(0, δ) contains (δ/2, 0, . . . , 0) ∈ A.

Problem 5C.12. (a) Prove that limn→∞ λn(Bn) = 0.
(b) Find the value of n that maximizes λn(Bn).
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Solution. (a) The limit is 0; (b) the maximum is at n = 5, where λ5(B5) = 8π2/15.
Both parts run on the recursion established in the proof of 5.44, valid for every integer n > 2, together
with the values 5.44 supplies:

λn(Bn) =
2π

n
λn−2(Bn−2),

λ1(B1) = 2, λ2(B2) = π, λ3(B3) =
4π

3
,

λ4(B4) =
π2

2
, λ5(B5) =

8π2

15
, λ6(B6) =

π3

6
.

(a) Put r = 2π/7, so 0 < r < 1 because π < 3.5. If n ≥ 5 then n+ 2 ≥ 7, so

λn+2(Bn+2) =
2π

n+ 2
λn(Bn) ≤ r λn(Bn).

Iterating from n = 5 and from n = 6, and setting M = max{λ5(B5), λ6(B6)}, we get for all n ≥ 5

0 ≤ λn(Bn) ≤M r (n−6)/2,

since n = 5 + 2j or n = 6 + 2j with j = b(n− 5)/2c ≥ (n− 6)/2. As 0 < r < 1, the squeeze theorem
gives limn→∞ λn(Bn) = 0.
(b) For n ≥ 5 we have n + 2 ≥ 7 > 2π, so the recursion and λn(Bn) > 0 give λn+2(Bn+2) < λn(Bn);
each parity chain therefore decreases strictly from its start at n = 5 and n = 6, and the supremum is
the largest of the first six values. Using 3 < π < 3.2, and abbreviating λj = λj(Bj):

λ2
λ1

=
π

2
> 1,

λ3
λ2

=
4

3
> 1,

λ4
λ3

=
3π

8
>

9

8
> 1,

λ5
λ4

=
16

15
> 1,

λ5
λ6

=
48

15π
=

16

5π
> 1 since 5π < 16.

Thus λ5(B5) = 8π2/15 is the unique maximum.

Problem 5C.13. For readers familiar with the gamma function Γ: Prove that

λn(Bn) =
πn/2

Γ
(
n
2 + 1

)
for every positive integer n.

Solution. Induct in steps of 2, using the recursion λn(Bn) = 2π
n λn−2(Bn−2) for n > 2 from the proof of

5.44 and the gamma identities Γ(x+ 1) = xΓ(x), Γ(1) = 1, Γ(12) =
√
π.

The two base cases, n = 1 and n = 2, start the two parity chains that together reach every positive
integer:

π1/2

Γ
(
3
2

) =

√
π

1
2

√
π
= 2 = λ1(B1),

π

Γ(2)
=
π

1
= π = λ2(B2).

For n > 2, the recursion, the induction hypothesis for n− 2, and Γ(n2 + 1) = n
2Γ(

n
2 ) give

λn(Bn) =
2π

n
· π

(n−2)/2

Γ
(
n
2

) =
2πn/2

nΓ
(
n
2

) =
πn/2

Γ
(
n
2 + 1

) ,
completing the induction.
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Problem 5C.14. Define f : R2 → R by

f(x, y) =


xy(x2 − y2)

x2 + y2
if (x, y) 6= (0, 0),

0 if (x, y) = (0, 0).

(a) Prove that D1(D2f) and D2(D1f) exist everywhere on R2.
(b) Show that

(
D1(D2f)

)
(0, 0) 6=

(
D2(D1f)

)
(0, 0).

(c) Explain why (b) does not violate 5.48.

Solution. (a) On the open set G = R2 \ {(0, 0)} the formula f(x, y) = (x3y − xy3)/(x2 + y2) is a
quotient of polynomials with nonvanishing denominator, hence infinitely differentiable there; so both
mixed partials exist at every point of G, and the quotient rule gives

(D1f)(x, y) =
x4y + 4x2y3 − y5

(x2 + y2)2
, (D2f)(x, y) =

x5 − 4x3y2 − xy4

(x2 + y2)2

on G. (Check!) Since f(t, 0) = f(0, t) = 0 for all t, the difference quotients at the origin give
(D1f)(0, 0) = (D2f)(0, 0) = 0, so D1f and D2f exist on all of R2, and the displayed formulas evaluated
on the axes yield

(D1f)(0, y) = −y (y ∈ R), (D2f)(x, 0) = x (x ∈ R),

the value 0 at the origin being consistent with both. Hence the two mixed partials also exist at the
origin: (

D1(D2f)
)
(0, 0) = lim

t→0

(D2f)(t, 0)− 0

t
= lim

t→0

t

t
= 1,

(
D2(D1f)

)
(0, 0) = lim

t→0

(D1f)(0, t)− 0

t
= lim

t→0

−t
t

= −1.

(b) Those two limits are 1 and −1, so the mixed partials differ at the origin.
(c) Result 5.48 requires the four functions D1f , D2f , D1(D2f), D2(D1f) to be continuous on the
open set, not merely to exist there. All four are continuous on G, where f is smooth, so 5.48 does
apply on G and gives D1(D2f) = D2(D1f) there; if both mixed partials were also continuous at (0, 0),
letting (x, y) → (0, 0) within G in that identity would force equality of the two values at the origin,
contradicting (b). So the continuity hypothesis of 5.48 fails on every open set containing (0, 0).
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6.1 Exercises 6A

Problem 6A.1. Verify that each of the claimed metrics in Example 6.2 is indeed a metric.

Solution. In each of the five examples the first three conditions of 6.1 follow at once from the corre-
sponding property of | · |, coordinatewise or termwise. (Check!) What remains is finiteness of d and
the triangle inequality.
(i) Discrete metric on a nonempty set V . The values lie in {0, 1}. If f = h then d(f, h) = 0 ≤
d(f, g) + d(g, h); if f 6= h then g differs from at least one of f, h, so d(f, g) + d(g, h) ≥ 1 = d(f, h).
(ii) R with d(x, y) = |x− y|.

d(x, z) = |(x− y) + (y − z)| ≤ |x− y|+ |y − z| = d(x, y) + d(y, z).

(iii) Rn with the max metric. Finite, as a maximum of n nonnegative reals. For each j,

|xj − zj | ≤ |xj − yj |+ |yj − zj | ≤ d(x, y) + d(y, z),

and the right side is independent of j, so the maximum of the left side over j obeys the same bound.
(iv) C([0, 1]) with the sup metric. Finite because |f − g| is continuous on the closed bounded interval
[0, 1], hence bounded. For each t ∈ [0, 1],

|f(t)− h(t)| ≤ |f(t)− g(t)|+ |g(t)− h(t)| ≤ d(f, g) + d(g, h),

so d(f, g) + d(g, h) is an upper bound for the set whose supremum is d(f, h).
(v) `1. Finite because |ak − bk| ≤ |ak|+ |bk| termwise gives d(a, b) ≤

∑
k |ak|+

∑
k |bk| <∞. For every

n ∈ Z+,
n∑
k=1

|ak − ck| ≤
n∑
k=1

|ak − bk|+
n∑
k=1

|bk − ck| ≤ d(a, b) + d(b, c),

the last step because a nonnegative series dominates its partial sums; let n → ∞ to get d(a, c) ≤
d(a, b) + d(b, c).

Problem 6A.2. Prove that every finite subset of a metric space is closed.

Solution. For E = {f1, . . . , fn} finite in a metric space (V, d) and g ∈ V \ E, the witness is

r = min{d(g, f1), . . . , d(g, fn)},

which is positive because g 6= fj forces d(g, fj) > 0 for each j (second bullet of 6.1, contrapositive, with
d ≥ 0) and the minimum is over finitely many terms. If some h ∈ B(g, r) lay in E, say h = fj , then
d(g, fj) = d(g, h) < r ≤ d(g, fj), a contradiction; hence B(g, r) ⊆ V \ E. So V \ E is open by 6.4 (for
E = ∅ take r = 1), and E is closed by 6.6.

Problem 6A.3. Prove that every closed ball in a metric space is closed.

Solution. For h outside the closed ball B(f, r) = {g : d(f, g) ≤ r} of 6.3, the witness is s = d(f, h)−r >
0. If g ∈ B(h, s), then the triangle inequality and the symmetry of d (6.1) give

d(f, g) ≥ d(f, h)− d(g, h) > d(f, h)− s = r,

so g /∈ B(f, r). Thus B(h, s) ⊆ V \ B(f, r), the complement is open by 6.4, and B(f, r) is closed by
6.6.
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Problem 6A.4. Suppose V is a metric space.
(a) Prove that the union of each collection of open subsets of V is an open subset of V .
(b) Prove that the intersection of each finite collection of open subsets of V is an open subset of V .

Solution. Both parts produce the ball required by 6.4 at an arbitrary point of the set.
(a) Let G =

⋃
A∈AA with each A ∈ A open, and let f ∈ G. Choose A ∈ A with f ∈ A; openness of A

gives r > 0 with
B(f, r) ⊆ A ⊆ G.

Hence G is open.
(b) Let G = G1 ∩ · · · ∩ Gn with each Gj open, and let f ∈ G. Openness of Gj gives rj > 0 with
B(f, rj) ⊆ Gj , and r = min{r1, . . . , rn} > 0 because the collection is finite. If g ∈ B(f, r) and
j ∈ {1, . . . , n}, then d(f, g) < r ≤ rj , so

B(f, r) ⊆ B(f, rj) ⊆ Gj for every j,

whence B(f, r) ⊆ G and G is open.

Problem 6A.5. Suppose V is a metric space.
(a) Prove that the intersection of each collection of closed subsets of V is a closed subset of V .
(b) Prove that the union of each finite collection of closed subsets of V is a closed subset of V .

Solution. Both parts are Exercise 6A.4 read through complements, using 6.6 (a set is closed exactly
when its complement is open) and De Morgan’s laws.
(a) For F a collection of closed subsets of V and F =

⋂
A∈F A,

V \ F =
⋃
A∈F

(V \A),

a union of open sets, hence open by 6A.4(a). So F is closed.
(b) For closed F1, . . . , Fn and F = F1 ∪ · · · ∪ Fn,

V \ F =

n⋂
j=1

(V \ Fj),

an intersection of finitely many open sets, hence open by 6A.4(b). So F is closed.

Problem 6A.6. (a) Prove that if V is a metric space, f ∈ V , and r > 0, then B(f, r) ⊆ B(f, r).
(b) Give an example of a metric space V , f ∈ V , and r > 0 such that B(f, r) 6= B(f, r).

Solution. (a) The closed ball B(f, r) is a closed set containing B(f, r) (closed by 6A.3, containing it
because d(f, g) < r implies d(f, g) ≤ r), and by 6.9(b) the closure B(f, r) is the intersection of all such
sets; hence B(f, r) ⊆ B(f, r).
Method (2): If g ∈ B(f, r) and ε > 0, pick h ∈ B(g, ε) ∩B(f, r) (6.7); then the triangle inequality and
symmetry (6.1) give

d(f, g) ≤ d(f, h) + d(h, g) < r + ε.

Letting ε ↓ 0 gives d(f, g) ≤ r.
(b) Take V = {0, 1} with the discrete metric of 6.2, f = 0, r = 1. Then d(0, 1) = 1 is not less than 1
but is at most 1, so

B(0, 1) = {0}, B(0, 1) = {0, 1}.

The finite set {0} is closed by 6A.2, hence equals its own closure by 6.9(d), so B(0, 1) = {0} 6= B(0, 1).
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Problem 6A.7. Show that each sequence in a metric space has at most one limit.

Solution. Two limits of the same sequence are at distance 0, hence equal. Suppose fk → f and fk → g
in a metric space (V, d), and let ε > 0. By 6.8 both d(fk, f) → 0 and d(fk, g) → 0, so some single index
n (the larger of the two the definitions supply) satisfies d(fn, f) < ε/2 and d(fn, g) < ε/2; the triangle
inequality with the symmetry of d (6.1) then gives

d(f, g) ≤ d(f, fn) + d(fn, g) <
ε
2 + ε

2 = ε.

Thus 0 ≤ d(f, g) < ε for every ε > 0, forcing d(f, g) = 0 and hence f = g by the second bullet of 6.1.

Problem 6A.8. Prove 6.9.
[6.9 states: Suppose V is a metric space and E ⊆ V . Then
(a) E = {g ∈ V : there exist f1, f2, . . . in E such that limk→∞ fk = g};
(b) E is the intersection of all closed subsets of V that contain E;
(c) E is a closed subset of V ;
(d) E is closed if and only if E = E;
(e) E is closed if and only if E contains the limit of every convergent sequence of elements of E.]

Solution. Throughout, E = {g ∈ V : B(g, ε) ∩ E 6= ∅ for every ε > 0} is the closure as defined in 6.7,
and E ⊆ E because f ∈ B(f, ε) ∩E for every f ∈ E and ε > 0. The parts are proved in the order (a),
(c), (b), (d), (e).
(a) If g ∈ E, choose fk ∈ B(g, 1/k) ∩ E for each k ∈ Z+; then d(fk, g) < 1/k → 0, so fk → g by
6.8. Conversely, if f1, f2, . . . lie in E with fk → g, then each ε > 0 admits a k with d(fk, g) < ε, so
fk ∈ B(g, ε) ∩ E and g ∈ E.
(c) Suppose g ∈ V \ E, and take ε > 0 with B(g, ε) ∩ E = ∅. For h ∈ B(g, ε) put δ = ε− d(g, h) > 0;
the triangle inequality gives

d(g, u) ≤ d(g, h) + d(h, u) < d(g, h) + δ = ε (u ∈ B(h, δ)),

so B(h, δ) ⊆ B(g, ε) misses E and h /∈ E. Hence B(g, ε) ⊆ V \E, so V \E is open and E is closed by
6.6.
(b) First, (∗): every closed F ⊇ E contains E. Indeed, for g ∈ V \F the openness of V \F gives ε > 0
with B(g, ε) ⊆ V \ F ⊆ V \ E, so g /∈ E. Thus E is contained in the intersection C of all closed sets
containing E; and E is itself one of those sets, by (c) and E ⊆ E, so C ⊆ E. Hence C = E.
(d) If E = E, then E is closed by (c). If E is closed, then (∗) with F = E gives E ⊆ E ⊆ E.
(e) If E is closed and f1, f2, . . . ∈ E converge to g, then g ∈ E = E by (a) and (d). Conversely, if E
contains every such limit, then (a) gives E ⊆ E, so E = E and E is closed by (d).

Problem 6A.9. Prove that each open subset of a metric space V is the union of some sequence of
closed subsets of V .

Solution. For G open in V , take the sets of points at distance at least 1/k from the complement:

Fk = V \
⋃

h∈V \G

B
(
h, 1k

)
=
{
f ∈ V : d(f, h) ≥ 1

k for all h ∈ V \G
}

for k ∈ Z+ (so Fk = V when G = V , the union being empty).
Each Fk is closed, since each B(h, 1/k) is open by 6.5, their union is open by 6A.4(a), and 6.6 applies.
Each Fk ⊆ G, since f /∈ G gives f ∈ B(f, 1/k) and hence f /∈ Fk. Conversely, if f ∈ G, choose
r > 0 with B(f, r) ⊆ G and then k with 1/k ≤ r: were f ∈ B(h, 1/k) for some h ∈ V \ G, then
d(f, h) < 1/k ≤ r would put h ∈ B(f, r) ⊆ G, a contradiction, so f ∈ Fk. Hence G =

⋃∞
k=1 Fk.
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Problem 6A.10. Prove or give a counterexample: If V is a metric space and U,W are subsets of
V , then U ∪W = U ∪W .

Solution. The statement is true.
Closure is order preserving: if E1 ⊆ E2 and g ∈ E1, then ∅ 6= B(g, ε) ∩ E1 ⊆ B(g, ε) ∩ E2 for every
ε > 0, so g ∈ E2 by 6.7. Applying this to U ⊆ U ∪W and W ⊆ U ∪W gives U ∪W ⊆ U ∪W .
For the reverse inclusion, suppose g /∈ U∪W and pick ε1, ε2 > 0 withB(g, ε1)∩U = ∅ andB(g, ε2)∩W =
∅. With ε = min{ε1, ε2} > 0,

B(g, ε) ∩ (U ∪W ) =
(
B(g, ε) ∩ U

)
∪
(
B(g, ε) ∩W

)
= ∅,

so g /∈ U ∪W . Hence U ∪W ⊆ U ∪W , and the two inclusions give equality.
Method (2) for the reverse inclusion: U ∪W is closed, being a union of two closed sets (6.9(c) and
6A.5(b)), and it contains U ∪W ; now apply 6.9(b).

Problem 6A.11. Prove or give a counterexample: If V is a metric space and U,W are subsets of
V , then U ∩W = U ∩W .

Solution. False: in V = R with d(x, y) = |x− y|, take

U = (0, 1), W = (1, 2).

Here U ∩W = ∅, and ∅ = ∅ because no ball meets ∅ (6.7), so U ∩W = ∅. But 1 ∈ U ∩W : given ε > 0,
the points

t = max
{
1
2 , 1−

ε
2

}
∈ U, s = min

{
3
2 , 1 +

ε
2

}
∈W

both lie in B(1, ε), since |1 − t| ≤ ε/2 < ε and |s − 1| ≤ ε/2 < ε. (Check!) Hence 1 ∈ U ∩W while
1 /∈ U ∩W .

Problem 6A.12. Suppose (U, dU ), (V, dV ), and (W,dW ) are metric spaces. Suppose also that
T : U → V and S : V →W are continuous functions.
(a) Using the definition of continuity, show that S ◦ T : U →W is continuous.
(b) Using the equivalence of 6.11(a) and 6.11(b), show that S ◦ T : U →W is continuous.
(c) Using the equivalence of 6.11(a) and 6.11(c), show that S ◦ T : U →W is continuous.

Solution. (a) Fix f ∈ U and ε > 0. Continuity of S at T (f) supplies γ > 0 with dW (S(T (f)), S(v)) < ε
whenever dV (T (f), v) < γ, and continuity of T at f then supplies (with γ as the tolerance) δ > 0 with
dV (T (f), T (g)) < γ whenever dU (f, g) < δ. Taking v = T (g), we get for all g ∈ U with dU (f, g) < δ

dW
(
(S ◦ T )(f), (S ◦ T )(g)

)
= dW

(
S(T (f)), S(T (g))

)
< ε,

so S ◦ T is continuous at f by 6.10, and f was arbitrary.
(b) If fk → f in U , then 6.11(a) ⇒ (b) applied to the continuous T gives T (fk) → T (f) in V , and the
same implication applied to the continuous S with the convergent sequence T (f1), T (f2), . . . gives

lim
k→∞

(S ◦ T )(fk) = lim
k→∞

S
(
T (fk)

)
= S

(
T (f)

)
= (S ◦ T )(f).

So S ◦ T satisfies 6.11(b), hence is continuous by 6.11(b) ⇒ (a).
(c) For every G ⊆ W we have (S ◦ T )−1(G) = T−1(S−1(G)), since S(T (f)) ∈ G exactly when T (f) ∈
S−1(G). If G is open, then 6.11(a) ⇒ (c) applied to S makes S−1(G) open in V , and the same
implication applied to T with that open set makes

(S ◦ T )−1(G) = T−1
(
S−1(G)

)
open in U . So S ◦ T satisfies 6.11(c), hence is continuous by 6.11(c) ⇒ (a).
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Problem 6A.13. Prove the parts of 6.11 that were not proved in the text.
[6.11 states: Suppose V and W are metric spaces and T : V →W is a function. Then the following
are equivalent.
(a) T is continuous.
(b) limk→∞ fk = f in V implies limk→∞ T (fk) = T (f) in W .
(c) T−1(G) is an open subset of V for every open set G ⊆W .
(d) T−1(F ) is a closed subset of V for every closed set F ⊆W .
The text proves that (b) implies (d), and that (c) and (d) are equivalent.]

Solution. Since the text gives (b) ⇒ (d) and (c) ⇔ (d), only (a) ⇒ (b) and (c) ⇒ (a) are missing;
with them the cycle (a) ⇒ (b) ⇒ (d) ⇒ (c) ⇒ (a) makes all four equivalent. Write dV , dW for the two
metrics.
(a) ⇒ (b). Suppose T is continuous, fk → f in V , and ε > 0. Continuity at f gives δ > 0 with
dW (T (f), T (g)) < ε whenever dV (f, g) < δ (6.10), and dV (fk, f) → 0 (6.8) gives n ∈ Z+ with
dV (fk, f) < δ for all k ≥ n. Hence

dW
(
T (fk), T (f)

)
< ε for all k ≥ n,

so dW (T (fk), T (f)) → 0, that is, T (fk) → T (f).
(c) ⇒ (a). Let f ∈ V and ε > 0. The ball B(T (f), ε) is open in W by 6.5, so

G = T−1
(
B(T (f), ε)

)
is open in V by (c), and f ∈ G. By 6.4 there is δ > 0 with B(f, δ) ⊆ G; then dV (f, g) < δ forces
T (g) ∈ B(T (f), ε), that is, dW (T (f), T (g)) < ε. So T is continuous at each f ∈ V .

Problem 6A.14. Suppose a Cauchy sequence in a metric space has a convergent subsequence. Prove
that the Cauchy sequence converges.

Solution. The Cauchy sequence converges to the limit f of its subsequence fk1 , fk2 , . . ., where k1 <
k2 < · · ·; note km ≥ m for every m (induction: k1 ≥ 1, and km+1 > km ≥ m forces km+1 ≥ m+ 1).
Let ε > 0. Being Cauchy (6.12) gives n ∈ Z+ with d(fp, fq) < ε/2 for all p, q ≥ n, and d(fkm , f) → 0
(6.8) gives M with d(fkm , f) < ε/2 for all m ≥M . Fix an integer m ≥ max{M,n} and put j = km, so
that j ≥ m ≥ n and d(fj , f) < ε/2. Then for every k ≥ n,

d(fk, f) ≤ d(fk, fj) + d(fj , f) <
ε
2 + ε

2 = ε,

the first term being bounded by the Cauchy estimate since k, j ≥ n. Hence d(fk, f) → 0, which by 6.8
says fk → f .

Problem 6A.15. Verify that all five of the metric spaces in Example 6.2 are complete metric spaces.

Solution. Each space is complete; (ii) is proved from the least-upper-bound property of R and then
drives (iii), (iv), (v).
(i) Discrete metric. Taking ε = 1 in 6.12 gives n with d(fj , fk) < 1, hence d(fj , fk) = 0 and fj = fk,
for all j, k ≥ n. The sequence is eventually constant, so fk → fn ∈ V .
(ii) R. A Cauchy sequence x1, x2, . . . is bounded: ε = 1 in 6.12 gives n with |xk| ≤ |xn|+ 1 for k ≥ n,
so |xk| ≤ M for all k, where M = max{|x1|, . . . , |xn−1|, |xn|+ 1}. Hence sm = sup{xk : k ≥ m} exists
for each m, with s1 ≥ s2 ≥ · · · ≥ −M , so L = infm sm exists. Given ε > 0, take n with |xp − xq| < ε/2
for p, q ≥ n. Then xk ≤ xn + ε/2 for k ≥ n gives L ≤ sn ≤ xn + ε/2, while sm ≥ xm > xn − ε/2 for
m ≥ n together with the monotonicity of (sm) gives L = infm≥n sm ≥ xn − ε/2; so |xn − L| ≤ ε/2 and

|xj − L| ≤ |xj − xn|+ |xn − L| < ε
2 + ε

2 = ε (j ≥ n).
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(iii) Rn, max metric. Each coordinate sequence is Cauchy, since |x(j)i −x(k)i | ≤ d(x(j), x(k)), so converges
to some yi by (ii). Given ε > 0, let N be the largest of the n thresholds mi beyond which |x(k)i −yi| < ε;
then for k ≥ N ,

d
(
x(k), y

)
= max

1≤i≤n
|x(k)i − yi| < ε.

(iv) C([0, 1]), sup metric. Since |fj(t) − fk(t)| ≤ d(fj , fk), each f1(t), f2(t), . . . is Cauchy in R; put
f(t) = limk fk(t), which exists by (ii). Given ε > 0, take n with d(fj , fk) < ε/3 for j, k ≥ n; letting
j → ∞ in |fj(t)− fk(t)| < ε/3 gives

|f(t)− fk(t)| ≤ ε
3 (t ∈ [0, 1], k ≥ n).

Moreover f is continuous: given t, continuity of fn at t gives δ > 0 with |fn(t)− fn(s)| < ε/3 whenever
|s− t| < δ, and then

|f(t)− f(s)| ≤ |f(t)− fn(t)|+ |fn(t)− fn(s)|+ |fn(s)− f(s)| < ε.

So f ∈ C([0, 1]), and the previous display gives d(fk, f) ≤ ε/3 < ε for k ≥ n.
(v) `1. Since |a(j)k − a

(m)
k | ≤ d(a(j), a(m)), each coordinate sequence is Cauchy and converges by (ii) to

some bk; set b = (b1, b2, . . . ). Given ε > 0, take n with d(a(j), a(m)) < ε/2 for j,m ≥ n. For m ≥ n and
N ∈ Z+, letting j → ∞ in the finite sum

∑N
k=1 |a

(j)
k − a

(m)
k | ≤ ε/2 gives

∑N
k=1 |bk − a

(m)
k | ≤ ε/2, and

taking the supremum over N gives

d
(
a(m), b

)
=

∞∑
k=1

|bk − a
(m)
k | ≤ ε

2 < ε (m ≥ n).

With m = n this puts b− a(n) in `1, so b ∈ `1 because a(n) ∈ `1; the display then says a(m) → b in `1.

Problem 6A.16. Suppose (U, d) is a metric space. Let W denote the set of all Cauchy sequences
of elements of U .
(a) For (f1, f2, . . . ) and (g1, g2, . . . ) in W , define (f1, f2, . . . ) ≡ (g1, g2, . . . ) to mean that

lim
k→∞

d(fk, gk) = 0.

Show that ≡ is an equivalence relation on W .
(b) Let V denote the set of equivalence classes of elements of W under the equivalence relation
above. For (f1, f2, . . . ) ∈ W , let ̂(f1, f2, . . . ) denote the equivalence class of (f1, f2, . . . ). Define
dV : V × V → [0,∞) by

dV
( ̂(f1, f2, . . . ), ̂(g1, g2, . . . )

)
= lim

k→∞
d(fk, gk).

Show that this definition of dV makes sense and that dV is a metric on V .
(c) Show that (V, dV ) is a complete metric space.
(d) Show that the map from U to V that takes f ∈ U to ̂(f, f, f, . . . ) preserves distances, meaning
that

d(f, g) = dV
( ̂(f, f, f, . . . ), ̂(g, g, g, . . . )

)
for all f, g ∈ U .
(e) Explain why (d) shows that every metric space is a subset of some complete metric space.

Solution. Completeness of R (6.15, verified in 6A.15) is used throughout.
(a) The three properties hold termwise, from the first, third, and fourth bullets of 6.1: d(fk, fk) = 0;
d(gk, fk) = d(fk, gk); and

0 ≤ d(fk, hk) ≤ d(fk, gk) + d(gk, hk) → 0
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when (fk) ≡ (gk) ≡ (hk).
(b) Everything follows from the quadrilateral inequality, which two applications of the triangle inequal-
ity give for f, f ′, g, g′ ∈ U : ∣∣d(f, g)− d(f ′, g′)

∣∣ ≤ d(f, f ′) + d(g, g′).

Existence. Taking f = fj , f ′ = fk, g = gj , g′ = gk and choosing n beyond which d(fj , fk) < ε/2
and d(gj , gk) < ε/2 (both sequences being Cauchy) shows d(f1, g1), d(f2, g2), . . . is Cauchy in R, hence
convergent, with limit in [0,∞).
Representatives. Taking f = fk, f ′ = f ′k, g = gk, g′ = g′k makes the right side tend to 0 when
(fk) ≡ (f ′k) and (gk) ≡ (g′k), so the two limits agree and dV is well defined.
Metric axioms. Write F,G,H for the classes of (fk), (gk), (hk). Then dV (F, F ) = limk d(fk, fk) = 0;
dV (F,G) = 0 says precisely (fk) ≡ (gk), that is, F = G; symmetry is termwise; and since all three
limits exist, letting k → ∞ in d(fk, hk) ≤ d(fk, gk) + d(gk, hk) gives

dV (F,H) ≤ dV (F,G) + dV (G,H).

(c) Write ι(f) = ̂(f, f, f, . . . ), so dV (ι(f), ι(g)) = d(f, g) by (d). Let F (1), F (2), . . . be Cauchy in V , with
representatives (f

(m)
1 , f

(m)
2 , . . . ) ∈ W . For each m pick km with d(f

(m)
j , f

(m)
k ) < 1/m for all j, k ≥ km

and set hm = f
(m)
km

; since d(f (m)
k , hm) < 1/m for k ≥ km,

dV
(
F (m), ι(hm)

)
= lim

k→∞
d
(
f
(m)
k , hm

)
≤ 1

m .

Then h1, h2, . . . is Cauchy in U : by (d) and the triangle inequality in V ,

d(hj , hm) = dV
(
ι(hj), ι(hm)

)
≤ 1

j + dV
(
F (j), F (m)

)
+ 1

m ,

which is < ε for j,m ≥ n once n ≥ n0 (where dV (F (j), F (m)) < ε/3 for j,m ≥ n0) and n > 3/ε. Put
H = ̂(h1, h2, . . . ). Given ε > 0, take n1 with d(hm, hk) < ε/3 for m, k ≥ n1; letting k → ∞ gives
dV (ι(hm),H) ≤ ε/3 for m ≥ n1, so for every integer m ≥ n1 with m > 3/ε,

dV
(
F (m),H

)
≤ dV

(
F (m), ι(hm)

)
+ dV

(
ι(hm),H

)
≤ 1

m + ε
3 < ε.

Hence F (m) → H, and (V, dV ) is complete by 6.14.
(d) The constant sequence (f, f, f, . . . ) is Cauchy, so ι is defined on all of U , and the real sequence
with k-th term d(f, g) is constant, so

dV
( ̂(f, f, f, . . . ), ̂(g, g, g, . . . )

)
= lim

k→∞
d(f, g) = d(f, g).

(e) Distance preservation makes ι injective (if ι(f) = ι(g) then d(f, g) = 0, so f = g by the second
bullet of 6.1), hence a bijection of U onto ι(U) ⊆ V carrying d to the metric ι(U) inherits from dV .
Identifying each f with ι(f) exhibits U , with its own metric, as a subset of the complete space V of
(c).

6.2 Exercises 6B

Problem 6B.1. Show that if a, b ∈ R with a+ bi 6= 0, then

1

a+ bi
=

a

a2 + b2
− b

a2 + b2
i.

Solution. Set w = a
a2+b2

− b
a2+b2

i, which makes sense because a + bi 6= 0 forces a2 + b2 > 0. The
multiplication rule of 6.17 gives

(a+ bi)w =
a2 + b2

a2 + b2
+

−ab+ ab

a2 + b2
i = 1,
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and the multiplicative inverse of a nonzero element of the field C is unique, so 1/(a+ bi) = w.
Method (2): By 6.24, zz̄ = |z|2; taking z = a+ bi, so |z|2 = a2 + b2 6= 0, and dividing by z|z|2 gives

1

a+ bi
=

a+ bi

|a+ bi|2
=

a

a2 + b2
− b

a2 + b2
i.

Problem 6B.2. Suppose z ∈ C. Prove that

max{|Re z|, | Im z|} ≤ |z| ≤
√
2max{|Re z|, | Im z|}.

Solution. Both inequalities are one squared chain. Write z = a+ bi with a, b ∈ R, so |z| =
√
a2 + b2 by

6.18, and put M = max{|a|, |b|}. Then

M2 = max{a2, b2} ≤ a2 + b2 = |z|2 ≤ 2M2 =
(√

2M
)2
,

the first equality because t 7→ t2 is increasing on [0,∞) and the last inequality because a2, b2 ≤ M2.
All the quantities squared are nonnegative, so taking square roots preserves the order and gives M ≤
|z| ≤

√
2M .

Problem 6B.3. Suppose z ∈ C. Prove that

|Re z|+ | Im z|√
2

≤ |z| ≤ |Re z|+ | Im z|.

Solution. Write z = a + bi with a, b ∈ R, so |z| =
√
a2 + b2 by 6.18. Since 2|a| |b| ≥ 0, and since

(|a| − |b|)2 ≥ 0 expands to 2|a| |b| ≤ a2 + b2,

|z|2 = a2 + b2 ≤
(
|a|+ |b|

)2
= a2 + 2|a| |b|+ b2 ≤ 2

(
a2 + b2

)
=
(√

2 |z|
)2
.

All the quantities squared are nonnegative, so taking square roots gives |z| ≤ |a|+ |b| ≤
√
2 |z|, which

is the assertion.

Problem 6B.4. Suppose w, z ∈ C. Prove that |wz| = |w| |z| and |w + z| ≤ |w|+ |z|.

Solution. Write w = a + bi and z = c + di with a, b, c, d ∈ R. By the multiplication rule 6.17 and the
formula |u+ vi|2 = u2 + v2 of 6.18,

|wz|2 = (ac− bd)2 + (ad+ bc)2

= a2c2 + b2d2 + a2d2 + b2c2

=
(
a2 + b2

) (
c2 + d2

)
= (|w| |z|)2 ,

the cross terms ∓2abcd cancelling; both sides are nonnegative, so |wz| = |w| |z|.
For the triangle inequality, 6.24 supplies uū = |u|2, u + ū = 2Reu, |ū| = |u|, and the additivity and
multiplicativity of conjugation, so

|w + z|2 = (w + z)(w̄ + z̄) = |w|2 + |z|2 + wz̄ + wz̄

= |w|2 + |z|2 + 2Re(wz̄)
≤ |w|2 + 2|wz̄|+ |z|2 = (|w|+ |z|)2 ,

using wz̄ = w̄z, then Reu ≤ |Reu| ≤ |u| (6B.2), then |wz̄| = |w| |z̄| = |w| |z| by the first part. Taking
square roots of nonnegative quantities gives |w + z| ≤ |w|+ |z|.
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Problem 6B.5. Suppose (X,S) is a measurable space and f : X → C is a complex-valued function.
For conditions (b) and (c) below, identify C with R2. Prove that the following are equivalent.
(a) f is S-measurable.
(b) f−1(G) ∈ S for every open set G in R2.
(c) f−1(B) ∈ S for every Borel set B ∈ B2.

Solution. Write u = Re f and v = Im f , so that f(x) = (u(x), v(x)) under the identification and, by
6.19, condition (a) says exactly that u and v are S-measurable. We prove (a) ⇒ (c) ⇒ (b) ⇒ (a).
(a) ⇒ (c). The collection T = {B ⊆ R2 : f−1(B) ∈ S} is a σ-algebra on R2, since f−1(∅) = ∅ and
inverse images commute with complements and countable unions (2.33). It contains every open cube
C = I1 × I2 (two bounded open intervals of equal length), because

f−1(C) = u−1(I1) ∩ v−1(I2) ∈ S :

the intervals are Borel sets, so the two inverse images lie in S by 2.35, and S is closed under finite
intersections (2.25(b)). Since B2 is the smallest σ-algebra containing the open cubes (5.38(b)), B2 ⊆ T .
(c) ⇒ (b). Every open subset of R2 lies in B2 by 5.37.
(b) ⇒ (a). For each a ∈ R the sets (a,∞)× R and R× (a,∞) are open in R2, and

u−1
(
(a,∞)

)
= f−1

(
(a,∞)× R

)
, v−1

(
(a,∞)

)
= f−1

(
R× (a,∞)

)
,

both in S by (b). Hence u and v are S-measurable by 2.39, and f is S-measurable by 6.19.

Problem 6B.6. Suppose (X,S) is a measurable space and f, g : X → C are S-measurable. Prove
that
(a) f + g, f − g, and fg are S-measurable functions;
(b) if g(x) 6= 0 for all x ∈ X, then f

g is an S-measurable function.

Solution. Write f = u1 + iv1 and g = u2 + iv2 with real and imaginary parts as named; by 6.19
the hypothesis says u1, v1, u2, v2 are S-measurable, and the same result reduces each claim to the
measurability of two real-valued functions. Sums, differences, products, and quotients with nowhere-
vanishing denominators of such functions are S-measurable by 2.46.
(a) The definitions of addition and multiplication in C (6.17) give, pointwise on X,

Re(f ± g) = u1 ± u2, Im(f ± g) = v1 ± v2,

Re(fg) = u1u2 − v1v2, Im(fg) = u1v2 + v1u2,

and every right side is S-measurable by 2.46(a).
(b) Put h = |g|2 = u 2

2 + v 2
2 , which is S-measurable by 2.45 and 2.46(a) and never 0, since h(x) = 0

would force u2(x) = v2(x) = 0 and hence g(x) = 0. By 6.24 we have gḡ = h, so f/g = fḡ/h pointwise,
and ḡ = u2− iv2 (6.23) with the rule 6.17 gives fḡ = (u1u2+v1v2)+(v1u2−u1v2)i. Dividing a complex
number by the nonzero real h divides both parts by h, so

Re f
g
=
u1u2 + v1v2
u 2
2 + v 2

2

, Im f

g
=
v1u2 − u1v2
u 2
2 + v 2

2

,

both S-measurable by 2.46(a) for the numerators and 2.46(b) for the quotients.

Problem 6B.7. Suppose (X,S) is a measurable space and f1, f2, . . . is a sequence of S-measurable
functions from X to C. Suppose limk→∞ fk(x) exists for each x ∈ X. Define f : X → C by

f(x) = lim
k→∞

fk(x).
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Prove that f is an S-measurable function.

Solution. Split into real and imaginary parts: each Re fk and Im fk is S-measurable by 6.19. Fix x ∈ X
and put zk = fk(x), L = f(x), so |zk − L| → 0 by 6.18. Since Re and Im are additive, Exercise 6B.2
gives ∣∣Re zk − ReL

∣∣ ≤ |zk − L| and
∣∣Im zk − ImL

∣∣ ≤ |zk − L|,

so (Re fk)(x) → (Re f)(x) and (Im fk)(x) → (Im f)(x) for every x ∈ X. Thus Re f and Im f are
everywhere-existing pointwise limits of S-measurable real-valued functions, hence S-measurable by
2.48. Therefore f is S-measurable by 6.19.

Problem 6B.8. Suppose (X,S, µ) is a measure space and f : X → C is an S-measurable function
such that

∫
|f | dµ <∞. Prove that if α ∈ C, then∫

αf dµ = α

∫
f dµ.

Solution. Both sides equal (aIu − bIv) + i(aIv + bIu), where f = u+ iv and α = a+ bi with u = Re f ,
v = Im f S-measurable by 6.19, and Iu =

∫
u dµ, Iv =

∫
v dµ.

Because |u| ≤ |f | and |v| ≤ |f | pointwise, 3.8 gives
∫
|u| dµ < ∞ and

∫
|v| dµ < ∞, so Iu and Iv are

real numbers and
∫
f dµ = Iu + iIv by 6.21. Multiplying out with 6.17,

Re(αf) = au− bv and Im(αf) = av + bu,

while |αf | = |α| |f | (Exercise 6B.4) and 3.20 give
∫
|αf | dµ = |α|

∫
|f | dµ < ∞, so

∫
αf dµ is defined.

Each of au, bv, av, bu has absolute value with finite integral by 3.20, so additivity 3.21 and homogeneity
3.20 apply termwise: ∫

αf dµ =

∫
(au− bv) dµ+ i

∫
(av + bu) dµ

= (aIu − bIv) + i(aIv + bIu),

the first equality by 6.21. Expanding with 6.17,

α

∫
f dµ = (a+ bi)(Iu + iIv) = (aIu − bIv) + i(aIv + bIu).

Problem 6B.9. Suppose V is a vector space. Show that the intersection of every collection of
subspaces of V is a subspace of V .

Solution. The intersection inherits each of the three conditions of 6.31 memberwise. Let A be a
collection of subspaces of V and set

U =
⋂
U ′∈A

U ′,

so U ⊆ V (with the convention that the empty intersection inside V is V itself). Every U ′ ∈ A contains
0 by 6.31, so 0 ∈ U . If f, g ∈ U and α ∈ F, then f, g ∈ U ′ for each U ′ ∈ A, whence f + g ∈ U ′ and
αf ∈ U ′ by 6.31; as U ′ was arbitrary, f + g ∈ U and αf ∈ U . Hence U is a subspace of V by 6.31.

Problem 6B.10. Suppose V and W are vector spaces. Define V ×W by

V ×W = {(f, g) : f ∈ V and g ∈W}.

Define addition and scalar multiplication on V ×W by

(f1, g1) + (f2, g2) = (f1 + f2, g1 + g2) and α(f, g) = (αf, αg).
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Prove that V ×W is a vector space with these operations.

Solution. Every axiom of 6.27 holds coordinatewise, inherited from V and W (vector spaces over the
same F), because two ordered pairs are equal exactly when both pairs of coordinates are.
The operations land in V ×W , since f1 + f2 ∈ V , g1 + g2 ∈ W , αf ∈ V , αg ∈ W . A typical axiom
check reads

α
(
(f1, g1) + (f2, g2)

)
=
(
α(f1 + f2), α(g1 + g2)

)
= (αf1 + αf2, αg1 + αg2)

= α(f1, g1) + α(f2, g2),

the middle equality being distributivity in V and in W ; commutativity, associativity of addition,
(αβ)(f, g) = α(β(f, g)), 1(f, g) = (f, g), and (α + β)(f, g) = α(f, g) + β(f, g) go identically. (Check!)
The additive identity is (0V , 0W ), and (f, g) has additive inverse (f ′, g′), where f + f ′ = 0V in V and
g + g′ = 0W in W . Hence V ×W is a vector space over F.

6.3 Exercises 6C

Problem 6C.1. Show that the map f 7→ ‖f‖ from a normed vector space V to F is continuous
(where the norm on F is the usual absolute value).

Solution. The map N(f) = ‖f‖ is Lipschitz with constant 1, hence continuous. Indeed, the triangle
inequality of 6.33 gives

‖f‖ ≤ ‖f − g‖+ ‖g‖ and ‖g‖ ≤ ‖g − f‖+ ‖f‖,

while homogeneity (6.33, with α = −1) gives ‖g− f‖ = ‖f − g‖; since
∣∣‖f‖− ‖g‖

∣∣ is one of ‖f‖− ‖g‖,
‖g‖ − ‖f‖, the two inequalities yield∣∣N(f)−N(g)

∣∣ = ∣∣‖f‖ − ‖g‖
∣∣ ≤ ‖f − g‖

for all f, g ∈ V . Given f ∈ V and ε > 0, take δ = ε in 6.10 (the metrics being ‖f − g‖ on V and |s− t|
on F, by 6.36): ‖g − f‖ < δ forces |N(g)−N(f)| < ε.

Problem 6C.2. Prove that if V is a normed vector space, f ∈ V , and r > 0, then

B(f, r) = B(f, r).

Solution. Both inclusions follow from the sequential description 6.9(a) of the closure, taken in the
metric d(g, h) = ‖g − h‖ of 6.36.
(i) B(f, r) ⊆ B(f, r). If gk ∈ B(f, r) and gk → g, then for each k

‖f − g‖ ≤ ‖f − gk‖+ ‖gk − g‖ < r + ‖gk − g‖,

and letting k → ∞ gives ‖f − g‖ ≤ r.
(ii) B(f, r) ⊆ B(f, r). Given ‖f − g‖ ≤ r, put gk = f +

(
1− 1

k

)
(g− f). Homogeneity of the norm gives

‖gk − f‖ = (1− 1
k )‖g − f‖ ≤ (1− 1

k )r < r,

‖gk − g‖ = 1
k‖g − f‖ ≤ r

k ,

so each gk ∈ B(f, r) and gk → g.

Problem 6C.3. Show that the functions defined in the last two bullet points of Example 6.35 are
not norms.
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Solution. One-point vectors in Fn break a condition of 6.33 in each case.
(i) For ‖(a1, . . . , an)‖ = |a1|1/2 + · · ·+ |an|1/2, homogeneity fails: with f = (1, 0, . . . , 0) and α = 4,

‖αf‖ = ‖(4, 0, . . . , 0)‖ = |4|1/2 = 2 6= 4 = |α| ‖f‖.

(ii) For ‖(a1, . . . , an)‖1/2 =
(
|a1|1/2 + · · · + |an|1/2

)2, the triangle inequality fails whenever n > 1 (for
n = 1 this is the absolute value): with f = (1, 0, . . . , 0) and g = (0, 1, 0, . . . , 0), so that f + g =
(1, 1, 0, . . . , 0),

‖f + g‖1/2 =
(
|1|1/2 + |1|1/2

)2
= 4

> 2 = ‖f‖1/2 + ‖g‖1/2.

Problem 6C.4. Prove that each Cauchy sequence in a normed vector space is bounded (meaning
that there is a real number that is greater than the norm of every element in the Cauchy sequence).

Solution. Take M = max
{
‖f1‖, . . . , ‖fn−1‖, 1 + ‖fn‖

}
+ 1, where n ∈ Z+ is supplied by the Cauchy

condition 6.12 with ε = 1, so that ‖fj − fk‖ < 1 for all j, k ≥ n. (The maximum is over a finite
nonempty set of reals, so M ∈ R.)
If k ≥ n, then the triangle inequality gives

‖fk‖ = ‖(fk − fn) + fn‖ ≤ ‖fk − fn‖+ ‖fn‖ < 1 + ‖fn‖ ≤M − 1,

and if k < n, then ‖fk‖ ≤M − 1 by the definition of M . Hence ‖fk‖ < M for every k ∈ Z+.

Problem 6C.5. Show that if n ∈ Z+, then Fn is a Banach space with both the norms used in the
first bullet point of Example 6.34.

Solution. Both ‖ · ‖1 and ‖ · ‖∞ reduce convergence in Fn to convergence of each coordinate in the
complete space F, so Fn is a Banach space for each.
Each is a norm: positive definiteness and homogeneity follow from |αam| = |α| |am|, and |am + bm| ≤
|am| + |bm| gives the triangle inequality on summing over m, respectively on maximizing over m.
(Check!) They are comparable: for a = (a1, . . . , an) ∈ Fn and each m,

|am| ≤ ‖a‖∞ ≤ ‖a‖1 ≤ n‖a‖∞,

since the maximum is one of the n summands of ‖a‖1, each of which is at most ‖a‖∞.
Now let ‖ · ‖ be either norm and let fk = (ak,1, . . . , ak,n) be Cauchy for ‖ · ‖. Fix m; the comparison
gives

|aj,m − ak,m| ≤ ‖fj − fk‖∞ ≤ ‖fj − fk‖

(the last step an equality when ‖ · ‖ = ‖ · ‖∞), so a1,m, a2,m, . . . is Cauchy in F and hence converges to
some bm ∈ F by completeness of F. Put b = (b1, . . . , bn). Given ε > 0, pick Nm with |ak,m− bm| < ε/n
for all k ≥ Nm and set N = max{N1, . . . , Nn}; then for every k ≥ N ,

‖fk − b‖∞ ≤ ‖fk − b‖1 =
n∑

m=1

|ak,m − bm| < ε.

Hence fk → b in (Fn, ‖ · ‖) for both choices of ‖ · ‖, so each is a Banach space by 6.37.

Problem 6C.6. Suppose X is a nonempty set and b(X) is the vector space of bounded functions
from X to F. Prove that if ‖ · ‖ is defined on b(X) by ‖f‖ = supX |f |, then b(X) is a Banach space.

Solution. The limit of a ‖ · ‖-Cauchy sequence is its pointwise limit, which exists because F is complete
and is bounded because Cauchy sequences are bounded.
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That ‖ · ‖ is a norm on b(X) is the third bullet point of 6.34: ‖f‖ = 0 forces |f(x)| ≤ 0 hence f = 0;
‖αf‖ = supX |α| |f | = |α| ‖f‖; and |(f + g)(x)| ≤ ‖f‖+ ‖g‖ for each x ∈ X gives ‖f + g‖ ≤ ‖f‖+ ‖g‖
on taking the supremum. (Check!)
Let f1, f2, . . . be Cauchy in b(X). For each x ∈ X we have |fj(x)−fk(x)| ≤ ‖fj−fk‖, so f1(x), f2(x), . . .
is Cauchy in F; set f(x) = limk→∞ fk(x), which exists by completeness of F. By 6C.4 there is M ∈ R
with ‖fk‖ < M for every k, so |f(x)| = limk→∞ |fk(x)| ≤M for each x ∈ X and hence f ∈ b(X).
Given ε > 0, pick n with ‖fj − fk‖ < ε/2 for all j, k ≥ n. Fixing k ≥ n and x ∈ X and letting j → ∞
in |fj(x)− fk(x)| < ε/2,

|f(x)− fk(x)| = lim
j→∞

|fj(x)− fk(x)| ≤
ε

2
,

so the supremum over x ∈ X gives ‖f − fk‖ ≤ ε/2 < ε for all k ≥ n. Thus fk → f in b(X), which is
therefore a Banach space by 6.37.

Problem 6C.7. Show that `1 with the norm defined by ‖(a1, a2, . . .)‖∞ = supk∈Z+ |ak| is not a
Banach space.

Solution. The truncated harmonic sequences

fk =
(
1, 12 ,

1
3 , . . . ,

1
k , 0, 0, . . .

)
∈ `1

form a ‖ · ‖∞-Cauchy sequence with no limit in `1. (Each fk has finitely many nonzero coordinates, so
lies in `1; write h(m) for the mth coordinate of h.)
Cauchy: for j > k the coordinates of fj − fk vanish except in positions k + 1, . . . , j, where they are
1

k+1 , . . . ,
1
j , so ‖fj − fk‖∞ = 1

k+1 ; hence ‖fj − fk‖∞ ≤ 1
n+1 < ε for all j, k ≥ n once n > 1/ε (the cases

j = k and j < k being trivial and symmetric).
No limit: suppose ‖fk − g‖∞ → 0 for some g = (b1, b2, . . .) ∈ `1. Fix m; for every k ≥ m we have
fk(m) = 1

m , so ∣∣ 1
m − bm

∣∣ = |fk(m)− bm| ≤ ‖fk − g‖∞ → 0,

and the left side is independent of k, forcing bm = 1
m for every m. Then

∑∞
m=1 |bm| =

∑∞
m=1

1
m = ∞,

so g /∈ `1, a contradiction. Hence (`1, ‖ · ‖∞) is not complete.

Problem 6C.8. Show that `1 with the norm defined by ‖(a1, a2, . . .)‖1 =
∑∞

k=1 |ak| is a Banach
space.

Solution. The coordinatewise limit of an ‖ · ‖1-Cauchy sequence lies in `1 and is its limit there.
First, ‖ · ‖1 is a norm:

∑∞
k=1 |ak| = 0 forces every ak = 0, homogeneity is

∑
k |αak| = |α|

∑
k |ak|, and

for a = (a1, a2, . . .), b = (b1, b2, . . .) ∈ `1 and each n ∈ Z+,
n∑
k=1

|ak + bk| ≤
n∑
k=1

|ak|+
n∑
k=1

|bk| ≤ ‖a‖1 + ‖b‖1,

so n→ ∞ gives ‖a+ b‖1 ≤ ‖a‖1 + ‖b‖1 (and a+ b ∈ `1).
Now let fn = (an1 , a

n
2 , . . .) be Cauchy in `1. For fixed k we have |ank −amk | ≤ ‖fn−fm‖1, so a1k, a2k, . . . is

Cauchy in the complete space F and converges to some ak; put f = (a1, a2, . . .). Given ε > 0, choose
N with ‖fn − fm‖1 < ε for all m,n ≥ N . Fix n ≥ N and M ∈ Z+; the finite sum

∑M
k=1 |ank − amk | ≤

‖fn − fm‖1 < ε may be passed to the limit m→ ∞ term by term, giving
∑M

k=1 |ank − ak| ≤ ε, and the
partial sums increase in M , so

∞∑
k=1

|ank − ak| ≤ ε for all n ≥ N.

Hence fN − f ∈ `1, so f = fN − (fN − f) ∈ `1, and the display reads ‖fn − f‖1 ≤ ε for all n ≥ N .
Thus fn → f in `1, which is therefore a Banach space by 6.37.
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Problem 6C.9. Show that the vector space C([0, 1]) of continuous functions from [0, 1] to F with
the norm defined by ‖f‖ =

∫ 1
0 |f | is not a Banach space.

Solution. The ramps fk ∈ C([0, 1]), k ≥ 3, defined by

fk(x) =


0 if 0 ≤ x ≤ 1

2 ,

k(x− 1
2) if 1

2 ≤ x ≤ 1
2 + 1

k ,

1 if 1
2 + 1

k ≤ x ≤ 1,

are Cauchy for ‖f‖ =
∫ 1
0 |f | but have no limit in C([0, 1]). (The formulas agree at both junctions, so

each fk is continuous, and 0 ≤ fk ≤ 1.)
Used twice below: if g is continuous on [a, b] with a < b and

∫ b
a |g| = 0, then g = 0 on [a, b], since

otherwise continuity puts |g| > c/2 on an interval of positive length δ about a point where |g| = c > 0,
forcing

∫ b
a |g| ≥ cδ/2 > 0.

Cauchy: for j, k ≥ 3 with m = min{j, k}, both fj and fk vanish on [0, 12 ] and both equal 1 on [12+
1
m , 1],

so fj − fk vanishes off an interval of length 1
m on which |fj − fk| ≤ 1; hence

‖fj − fk‖ ≤ 1

min{j, k}
< ε for all j, k ≥ n > 1/ε.

No limit: suppose f ∈ C([0, 1]) with ‖fk − f‖ → 0. Since fk = 0 on [0, 12 ],∫ 1/2

0
|f | =

∫ 1/2

0
|f − fk| ≤ ‖fk − f‖ −→ 0,

and the left side is independent of k, so f = 0 on [0, 12 ]. Fixing δ ∈ (0, 12) and using fk = 1 on [12 + δ, 1]
for k > 1/δ, ∫ 1

1/2+δ
|f − 1| =

∫ 1

1/2+δ
|f − fk| ≤ ‖fk − f‖ −→ 0,

so f = 1 on [12 + δ, 1] and hence, δ being arbitrary, on (12 , 1]. Then limx↓1/2 f(x) = 1 6= 0 = f(12),
contradicting continuity at 1

2 .

Problem 6C.10. Suppose U is a subspace of a normed vector space V such that some open ball of
V is contained in U . Prove that U = V .

Solution. Shrink each f ∈ V into the ball, then scale back. Suppose B(h, r) = {g ∈ V : ‖g−h‖ < r} ⊆
U . If ‖g‖ < r, then h+ g and h both lie in B(h, r) ⊆ U , so g = (h+ g)− h ∈ U ; thus B(0, r) ⊆ U .
Now let f ∈ V with f 6= 0 (the case f = 0 holding since U is a subspace), so ‖f‖ > 0 by positive
definiteness, and set α = r/(2‖f‖) > 0. Homogeneity gives ‖αf‖ = r/2 < r, so αf ∈ B(0, r) ⊆ U and
therefore

f =
1

α
(αf) ∈ U.

Hence V ⊆ U , and U = V .

Problem 6C.11. Prove that the only subsets of a normed vector space V that are both open and
closed are ∅ and V .

Solution. The segment joining a point of E to a point outside E cannot leave E. Both ∅ and V are
open, and each is the complement of the other, so both are also closed.
Suppose E ⊆ V is open and closed with f ∈ E and g ∈ V \E, so ‖g− f‖ > 0. Put γ(t) = f + t(g− f)
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for t ∈ [0, 1], so homogeneity of the norm gives

‖γ(s)− γ(t)‖ = ‖(s− t)(g − f)‖ = |s− t| ‖g − f‖,

and let c = supA, where A = {t ∈ [0, 1] : γ(t) ∈ E} contains 0 and is bounded above by 1.
Then c ∈ A: choosing tk ∈ A with tk → c, the display gives γ(tk) → γ(c), and γ(c) ∈ E by 6.9(e) since
E is closed. Also c < 1, because γ(1) = g /∈ E. But E is open, so B(γ(c), ε) ⊆ E for some ε > 0, and
any

t ∈
(
c, min

{
1, c+

ε

‖g − f‖

})
(a nonempty interval, as c < 1) satisfies ‖γ(t)− γ(c)‖ = (t− c)‖g− f‖ < ε, so γ(t) ∈ E and t ∈ A with
t > supA, a contradiction.

Problem 6C.12. Suppose V is a normed vector space. Prove that the closure of each subspace of
V is a subspace of V .

Solution. Limits of sums are sums of limits. Let U be a subspace of V ; by 6.9(a), U is exactly the set
of limits of sequences in U , and 0 ∈ U ⊆ U .
Suppose f, g ∈ U and α ∈ F; choose fk → f and gk → g with all fk, gk ∈ U , so fk + gk ∈ U and
αfk ∈ U . The triangle inequality and homogeneity give

‖(fk + gk)− (f + g)‖ ≤ ‖fk − f‖+ ‖gk − g‖ → 0 and ‖αfk − αf‖ = |α| ‖fk − f‖ → 0,

so f + g ∈ U and αf ∈ U by 6.9(a). Hence U is a subspace of V by 6.31.

Problem 6C.13. Suppose U is a normed vector space. Let d be the metric on U defined by
d(f, g) = ‖f − g‖ for f, g ∈ U . Let V be the complete metric space constructed in Exercise 16 in
Section 6A.
(a) Show that the set V is a vector space under natural operations of addition and scalar multipli-
cation.
(b) Show that there is a natural way to make V into a normed vector space and that with this norm,
V is a Banach space.
(c) Explain why (b) shows that every normed vector space is a subspace of some Banach space.

Solution. Everything is defined termwise on Cauchy sequences:

(fk)
∧ + (gk)

∧ = (fk + gk)
∧, α(fk)

∧ = (αfk)
∧,∥∥(fk)∧∥∥V = lim

k→∞
‖fk‖,

where (fk)
∧ denotes the class of the Cauchy sequence (f1, f2, . . .) in the construction of 6A.16, equiv-

alence meaning limk→∞ d(fk, gk) = 0 with d(f, g) = ‖f − g‖.
(a) The two operations produce Cauchy sequences and respect equivalence, by

‖(fj + gj)− (fk + gk)‖ ≤ ‖fj − fk‖+ ‖gj − gk‖, ‖αfj − αfk‖ = |α| ‖fj − fk‖,

read first for large j, k, then with (f ′k), (g
′
k) equivalent to (fk), (gk) in place of the second entries. Each

axiom of 6.27 then holds because it holds at every index in U ; the zero is (0, 0, . . .)∧ and (fk)
∧ has

additive inverse (−fk)∧. (Check!)
(b) The limit defining ‖ · ‖V exists because

∣∣‖fj‖ − ‖fk‖
∣∣ ≤ ‖fj − fk‖ makes ‖f1‖, ‖f2‖, . . . Cauchy in

the complete space R, and the same inequality applied to equivalent sequences shows it depends only
on the class. It is a norm: limk ‖fk‖ = 0 says exactly that (fk) ≡ (0, 0, . . .), i.e. (fk)

∧ is the zero of V ,
while homogeneity and the triangle inequality pass to the limit from U . Moreover∥∥(fk)∧ − (gk)

∧∥∥
V
=
∥∥(fk − gk)

∧∥∥
V
= lim

k→∞
‖fk − gk‖

= dV
(
(fk)

∧, (gk)
∧),
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so the metric that 6.36 attaches to ‖ · ‖V is dV , which is complete by 6A.16(c). Hence V is a Banach
space by 6.37.
(c) The map ϕ(f) = (f, f, f, . . .)∧ is linear by the definitions in (a) and norm preserving, since
‖ϕ(f)‖V = limk→∞ ‖f‖ = ‖f‖; in particular ϕ is injective, and ϕ(U) is a subspace of V . Thus U
is isometrically isomorphic to a subspace of the Banach space V .

Problem 6C.14. Suppose U is a subspace of a normed vector space V . Suppose also that W is a
Banach space and S : U →W is a bounded linear map.
(a) Prove that there exists a unique continuous function T : U →W such that T |U = S.
(b) Prove that the function T in (a) is a bounded linear map from U to W and ‖T‖ = ‖S‖.
(c) Give an example to show that (a) can fail if the assumption that W is a Banach space is replaced
by the assumption that W is a normed vector space.

Solution. The extension is Tf = limk→∞ Sfk for any fk ∈ U with fk → f ∈ U . Throughout, U is a
subspace of V by 6C.12, and ‖Sh‖ ≤ ‖S‖ ‖h‖ for h ∈ U by 6C.16(c), with ‖S‖ <∞ as S is bounded.
(a) Uniqueness: if T1, T2 are continuous on U with Ti|U = S, pick fk ∈ U with fk → f (6.9(a)); then
6.11 gives

T1f = lim
k→∞

Sfk = T2f.

Existence: such a sequence is Cauchy (6.13), and

‖Sfj − Sfk‖ = ‖S(fj − fk)‖ ≤ ‖S‖ ‖fj − fk‖

makes Sf1, Sf2, . . . Cauchy in the Banach space W , hence convergent. The limit does not depend on
the sequence: for another gk → f in U ,

‖Sfk − Sgk‖ ≤ ‖S‖
(
‖fk − f‖+ ‖f − gk‖

)
→ 0.

Constant sequences give T |U = S. Finally, for f, g ∈ U with fk → f and gk → g in U we have
Sfk − Sgk → Tf − Tg (triangle inequality), so letting k → ∞ in ‖Sfk − Sgk‖ ≤ ‖S‖ ‖fk − gk‖ and
using continuity of the norm (6C.1),

‖Tf − Tg‖ ≤ ‖S‖ ‖f − g‖;

thus T is Lipschitz, hence continuous.
(b) Linearity: fk+gk → f +g and αfk → αf in U (as in 6C.12), so evaluating T along these sequences
and using linearity of S,

T (f + g) = lim
k→∞

(Sfk + Sgk) = Tf + Tg, T (αf) = lim
k→∞

αSfk = αTf.

Putting g = 0 in the Lipschitz estimate (with T0 = S0 = 0) gives ‖Tf‖ ≤ ‖S‖ ‖f‖ on U , so ‖T‖ ≤
‖S‖ < ∞; conversely ‖S‖ = sup{‖Tf‖ : f ∈ U, ‖f‖ ≤ 1} ≤ ‖T‖, the supremum for ‖T‖ being over
the larger set U . Hence ‖T‖ = ‖S‖.
(c) Take V = `1 with ‖ · ‖1, let U be the subspace of sequences with only finitely many nonzero
coordinates, let W = U with the inherited norm, and let S : U → W be the identity, so ‖S‖ = 1.
Truncations a(n) = (a1, . . . , an, 0, 0, . . .) ∈ U satisfy

‖a− a(n)‖1 =
∞∑

k=n+1

|ak| → 0,

so U = `1 by 6.9(a), while f = (1/2, 1/4, 1/8, . . .) ∈ `1 \ U . If T : `1 → W were continuous with
T |U = S, then 6.11 applied to the truncations fk → f would give Tf = limk→∞ fk in W , hence in `1

since the norm of W is the restriction of ‖ · ‖1, so Tf = f by uniqueness of limits. That is impossible:
Tf ∈W = U but f /∈ U .
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Problem 6C.15. For readers familiar with the quotient of a vector space and a subspace: Suppose
V is a normed vector space and U is a subspace of V . Define ‖ · ‖ on V /U by

‖f + U‖ = inf{‖f + g‖ : g ∈ U}.

(a) Prove that ‖ · ‖ is a norm on V /U if and only if U is a closed subspace of V .
(b) Prove that if V is a Banach space and U is a closed subspace of V , then V /U (with the norm
defined above) is a Banach space.
(c) Prove that if U is a Banach space (with the norm it inherits from V ) and V /U is a Banach space
(with the norm defined above), then V is a Banach space.

Solution. The quotient norm is the distance to U : replacing g by −g in the infimum gives ‖f + U‖ =
dist(f, U), which depends only on the coset and satisfies 0 ≤ ‖f + U‖ ≤ ‖f‖ (take g = 0).
(a) Homogeneity and the triangle inequality hold for any subspace U , so positive definiteness carries
the whole statement. For α 6= 0 the map g 7→ αg is a bijection of U , so

‖α(f + U)‖ = inf
h∈U

‖αf + αh‖ = |α| ‖f + U‖,

while ‖0(f + U)‖ = ‖0 + U‖ = 0; and for f, h ∈ V , g1, g2 ∈ U ,

‖(f + h) + U‖ ≤ ‖(f + h) + (g1 + g2)‖ ≤ ‖f + g1‖+ ‖h+ g2‖,

whose infimum over g1 and then g2 is the triangle inequality. Since ‖0 + U‖ = 0 always, ‖ · ‖ is a
norm exactly when dist(f, U) = 0 forces f ∈ U ; and dist(f, U) = 0 says precisely that f is a limit of a
sequence in U , i.e. f ∈ U . So ‖ · ‖ is a norm if and only if U ⊆ U , i.e. if and only if U is closed.
(b) By (a), V /U is a normed vector space; apply the series criterion 6.41. Suppose

∑∞
k=1 ‖fk+U‖ <∞

and choose gk ∈ U with ‖fk + gk‖ ≤ ‖fk + U‖ + 2−k, so
∑∞

k=1 ‖fk + gk‖ < ∞. Since V is a Banach
space, 6.41 gives f ∈ V with

∑n
k=1(fk+ gk) → f ; as

∑n
k=1 gk ∈ U , the cosets agree and ‖h+U‖ ≤ ‖h‖

yields ∥∥∥ n∑
k=1

(fk + U)− (f + U)
∥∥∥ ≤

∥∥∥ n∑
k=1

(fk + gk)− f
∥∥∥ −→ 0.

Thus every absolutely convergent series in V /U converges, so V /U is a Banach space by 6.41.
(c) First U is closed: if gk ∈ U and gk → f in V , then (gk) is Cauchy by 6.13, so completeness of U
gives gk → g ∈ U , and f = g ∈ U by uniqueness of limits; hence ‖ · ‖ is a norm on V /U by (a). Now
let f1, f2, . . . be Cauchy in V . Since

‖(fj + U)− (fk + U)‖ = ‖(fj − fk) + U‖ ≤ ‖fj − fk‖,

the cosets are Cauchy in V /U and so converge to some f + U , that is, ‖(fk − f) + U‖ → 0. Choose
hk ∈ U with ‖fk − f + hk‖ ≤ ‖(fk − f) + U‖ + 1

k and put uk = fk + hk, so uk → f in V . Then
hk = uk − fk obeys ‖hj − hk‖ ≤ ‖uj − uk‖ + ‖fj − fk‖, and both sequences on the right are Cauchy
(6.13 for uk), so (hk) is Cauchy in U and converges to some h ∈ U . Therefore

‖fk − (f − h)‖ = ‖(uk − hk)− (f − h)‖ ≤ ‖uk − f‖+ ‖hk − h‖ −→ 0,

so fk → f − h in V , and V is a Banach space.

Problem 6C.16. Suppose V and W are normed vector spaces with V 6= {0} and T : V → W is a
linear map.
(a) Show that ‖T‖ = sup{‖Tf‖ : f ∈ V and ‖f‖ < 1}.
(b) Show that ‖T‖ = sup{‖Tf‖ : f ∈ V and ‖f‖ = 1}.
(c) Show that ‖T‖ = inf{c ∈ [0,∞) : ‖Tf‖ ≤ c‖f‖ for all f ∈ V }.
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(d) Show that

‖T‖ = sup
{‖Tf‖

‖f‖
: f ∈ V and f 6= 0

}
.

Solution. Rescaling moves each defining set onto the closed unit ball. Write A = ‖T‖ = sup{‖Tf‖ :
‖f‖ ≤ 1} (6.43) and let B,C,D,E be the quantities on the right in (a), (b), (c), (d); no boundedness
is assumed, so all lie in [0,∞], with inf ∅ = ∞. Used throughout: T0 = 0 and ‖T (αf)‖ = |α| ‖Tf‖,
and V 6= {0} makes the sets for C and E nonempty.
(a) B ≤ A since {‖f‖ < 1} ⊆ {‖f‖ ≤ 1}. Conversely, if ‖f‖ ≤ 1 and t ∈ (0, 1), then ‖tf‖ ≤ t < 1, so
t‖Tf‖ = ‖T (tf)‖ ≤ B; this gives ‖Tf‖ ≤ B trivially when B = ∞, and when B < ∞ by letting t ↑ 1
in ‖Tf‖ ≤ B/t. Hence A ≤ B.
(b) C ≤ A since {‖f‖ = 1} ⊆ {‖f‖ ≤ 1}. Conversely, let ‖f‖ ≤ 1; then ‖Tf‖ = 0 ≤ C if f = 0, and
otherwise u = f/‖f‖ has ‖u‖ = 1 and

‖Tf‖ =
∥∥T (‖f‖u)∥∥ = ‖f‖ ‖Tu‖ ≤ ‖Tu‖ ≤ C.

Hence A ≤ C.
(c) Put S = {c ∈ [0,∞) : ‖Tf‖ ≤ c‖f‖ for all f ∈ V }, so D = infS. If c ∈ S and ‖f‖ ≤ 1, then
‖Tf‖ ≤ c‖f‖ ≤ c, so A ≤ c and S ⊆ [A,∞). Also ‖Tf‖ ≤ A‖f‖ for every f ∈ V , both sides vanishing
at f = 0 and otherwise

‖Tf‖ = ‖f‖ ‖T (f/‖f‖)‖ ≤ A‖f‖.

So if A < ∞, then A ∈ S and D = infS = A; and if A = ∞, then S ⊆ [∞,∞) is empty, so
D = inf ∅ = ∞ = A.
(d) The two sets {‖Tf‖/‖f‖ : f 6= 0} and {‖Tu‖ : ‖u‖ = 1} are equal: ‖u‖ = 1 gives ‖Tu‖ = ‖Tu‖/‖u‖,
and f 6= 0 gives u = f/‖f‖ of norm 1 with ‖Tu‖ = ‖Tf‖/‖f‖. Hence E = C = A by (b).

Problem 6C.17. Suppose U , V , and W are normed vector spaces and T : U → V and S : V →W
are linear. Prove that ‖S ◦ T‖ ≤ ‖S‖ ‖T‖.

Solution. Apply ‖Rf‖ ≤ ‖R‖ ‖f‖ (6C.16(c)) twice, to S at Tf and to T at f . The composition S ◦ T
is linear, so ‖S ◦ T‖ is defined by 6.43.
(i) ‖S‖ 6= 0 and ‖T‖ 6= 0. If either is ∞, then ‖S‖ ‖T‖ = ∞ and there is nothing to prove; so let
‖S‖, ‖T‖ ∈ (0,∞) and f ∈ U with ‖f‖ ≤ 1. Then

‖(S ◦ T )f‖ = ‖S(Tf)‖ ≤ ‖S‖ ‖Tf‖ ≤ ‖S‖ ‖T‖ ‖f‖ ≤ ‖S‖ ‖T‖,

and the supremum over such f gives ‖S ◦ T‖ ≤ ‖S‖ ‖T‖.
(ii) ‖S‖ = 0 or ‖T‖ = 0, where the convention 0 · ∞ = 0 makes the claim ‖S ◦ T‖ = 0. If ‖T‖ = 0, the
cited inequality forces Tf = 0 for every f ∈ U , so (S ◦ T )f = S0 = 0; if ‖S‖ = 0, it forces Sg = 0 for
every g ∈ V , so again (S ◦ T )f = 0. Either way ‖S ◦ T‖ = 0 ≤ ‖S‖ ‖T‖.

Problem 6C.18. Suppose V and W are normed vector spaces and T : V → W is a linear map.
Prove that the following are equivalent.
(a) T is bounded.
(b) There exists f ∈ V such that T is continuous at f .
(c) T is uniformly continuous (which means that for every ε > 0, there exists δ > 0 such that
‖Tf − Tg‖ < ε for all f, g ∈ V with ‖f − g‖ < δ).
(d) T−1

(
B(0, r)

)
is an open subset of V for some r > 0.

Solution. We run (a) ⇒ (c) ⇒ (b) ⇒ (a) and (a) ⇒ (d) ⇒ (a), with V and W metrized by 6.36 and
T−1

(
B(0, r)

)
= {f ∈ V : ‖Tf‖ < r}. The engine for both returns to (a): if ‖Th‖ ≤ M < ∞ for all

‖h‖ < δ, then ‖T‖ ≤ 2M/δ, since ‖f‖ ≤ 1 gives ‖(δ/2)f‖ < δ and hence (δ/2)‖Tf‖ = ‖T ((δ/2)f)‖ ≤
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M .
(a) ⇒ (c). By 6C.16(c), ‖Th‖ ≤ ‖T‖ ‖h‖; given ε > 0, set δ = ε/(1 + ‖T‖) > 0. If ‖f − g‖ < δ, then

‖Tf − Tg‖ = ‖T (f − g)‖ ≤ ‖T‖ ‖f − g‖ ≤ ‖T‖ δ = ‖T‖
1 + ‖T‖

ε < ε

(the second ≤ rather than < because ‖T‖ may be 0).
(c) ⇒ (b). Uniform continuity gives, for each ε > 0, a δ > 0 with ‖Tg−T0‖ < ε whenever ‖g−0‖ < δ;
by 6.10 this is continuity at f = 0.
(b) ⇒ (a). Continuity at f with ε = 1 in 6.10 gives δ > 0 with ‖Tg − Tf‖ < 1 whenever ‖g − f‖ < δ.
For ‖h‖ < δ, take g = f + h:

‖Th‖ = ‖T (g − f)‖ = ‖Tg − Tf‖ < 1,

so the engine with M = 1 gives ‖T‖ ≤ 2/δ <∞.
(a) ⇒ (d). A bounded T is continuous by 6.48, and B(0, 1) is open in W by 6.5, so T−1

(
B(0, 1)

)
is

open in V by 6.11(a) ⇔ 6.11(c); thus (d) holds with r = 1.
(d) ⇒ (a). Since T0 = 0, the open set T−1

(
B(0, r)

)
contains 0, so 6.4 supplies δ > 0 with ‖Th‖ < r

whenever ‖h‖ < δ; the engine with M = r gives ‖T‖ ≤ 2r/δ <∞.

6.4 Exercises 6D

Problem 6D.1. Suppose V is a normed vector space and ϕ is a linear functional on V . Suppose
α ∈ F \ {0}. Prove that the following are equivalent.
(a) ϕ is a bounded linear functional.
(b) ϕ−1(α) is a closed subset of V .
(c) ϕ−1(α) 6= V .

Solution. Write S = ϕ−1(α), a translate of nullϕ. Translation τh(f) = h + f is a bijection of V with
‖τh(f)− τh(g)‖ = ‖f − g‖, hence a homeomorphism, so h+A = h+A for every A ⊆ V .
(i) ϕ identically 0. Then S = ∅ because α 6= 0, and all three statements hold: ‖ϕ‖ = 0, ∅ is closed,
and ∅ = ∅ 6= V .
(ii) ϕ not identically 0, so 6.52 applies. Pick g with ϕ(g) = β 6= 0 and set h = (α/β)g, so ϕ(h) = α
and, since ϕ(f) = α exactly when f − h ∈ nullϕ,

S = h+ nullϕ.

(a) ⇒ (b): a bounded ϕ is continuous by 6.48, and {α} is closed in F, so S = ϕ−1({α}) is closed by
6.11(d).
(b) ⇒ (c): ϕ(0) = 0 6= α, so 0 /∈ S = S and hence S 6= V .
(c) ⇒ (a), contrapositively: if ϕ is unbounded, then statement (a) of 6.52 fails, hence so does its
equivalent statement (d), giving nullϕ = V and

S = h+ nullϕ = h+ V = V.

Problem 6D.2. Suppose ϕ is a linear functional on a vector space V . Prove that if U is a subspace
of V such that nullϕ ⊆ U , then U = nullϕ or U = V .

Solution. If U 6= nullϕ, a single vector of U outside nullϕ sweeps out V . Pick u ∈ U with β = ϕ(u) 6= 0,
and let g ∈ V . Then

ϕ
(
g − ϕ(g)

β
u
)
= ϕ(g)− ϕ(g)

β
ϕ(u) = 0,

so g − ϕ(g)
β u ∈ nullϕ ⊆ U , while ϕ(g)

β u ∈ U because U is a subspace containing u; adding gives g ∈ U .
Hence V ⊆ U , so U = V .
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Problem 6D.3. Suppose ϕ and ψ are linear functionals on the same vector space. Prove that

nullϕ ⊆ nullψ

if and only if there exists α ∈ F such that ψ = αϕ.

Solution. The scalar is α = ψ(h) for any h with ϕ(h) = 1. Let V be the common domain.
If ψ = αϕ and ϕ(f) = 0, then ψ(f) = α · 0 = 0, so nullϕ ⊆ nullψ.
Conversely, suppose nullϕ ⊆ nullψ.
(i) ϕ identically 0. Then V = nullϕ ⊆ nullψ, so ψ is identically 0 and ψ = 0 · ϕ.
(ii) ϕ(g) 6= 0 for some g ∈ V . Put h = g/ϕ(g), so ϕ(h) = 1, and set α = ψ(h). For f ∈ V ,

ϕ
(
f − ϕ(f)h

)
= ϕ(f)− ϕ(f)ϕ(h) = 0,

so f − ϕ(f)h ∈ nullϕ ⊆ nullψ, and linearity of ψ gives

0 = ψ
(
f − ϕ(f)h

)
= ψ(f)− ϕ(f)ψ(h) = ψ(f)− αϕ(f).

Hence ψ = αϕ.

Problem 6D.4. [For this exercise and the next, Fn should be endowed with the norm ‖ · ‖∞ as
defined in Example 6.34.]
Suppose n ∈ Z+ and V is a normed vector space. Prove that every linear map from Fn to V is
continuous.

Solution. Every linear map T : Fn → V is bounded, hence continuous by 6.48.
Let e1, . . . , en be the standard basis of Fn and put c =

∑n
k=1 ‖Tek‖ < ∞. For x = (a1, . . . , an) ∈ Fn

we have x =
∑n

k=1 akek and |ak| ≤ ‖x‖∞, so

‖Tx‖ =
∥∥∥ n∑
k=1

ak Tek

∥∥∥ ≤
n∑
k=1

|ak| ‖Tek‖

≤
(

max
1≤k≤n

|ak|
) n∑
k=1

‖Tek‖ = c ‖x‖∞.

Thus ‖T‖ ≤ c <∞, so T is bounded and therefore continuous by 6.48.

Problem 6D.5. [For this exercise and the preceding one, Fn should be endowed with the norm
‖ · ‖∞ as defined in Example 6.34.]
Suppose n ∈ Z+, V is a normed vector space, and T : Fn → V is a linear map that is one-to-one and
onto V .
(a) Show that

inf{‖Tx‖ : x ∈ Fn and ‖x‖∞ = 1} > 0.

(b) Prove that T−1 : V → Fn is a bounded linear map.

Solution. (a) Were the infimum 0, a Bolzano-Weierstrass extraction would produce a nonzero element
of nullT .
Write S = {x ∈ Fn : ‖x‖∞ = 1} and c = inf{‖Tx‖ : x ∈ S} ≥ 0, and suppose c = 0. Choose xk ∈ S
with ‖Txk‖ < 1

k . Every coordinate of every xk has absolute value at most 1, so applying Bolzano-
Weierstrass successively in each of the n coordinates (to real and imaginary parts when F = C) yields
a subsequence converging coordinatewise to some x ∈ Fn; coordinatewise convergence of finitely many
coordinates is convergence in ‖ ·‖∞, so ‖xkm −x‖∞ → 0, and the reverse triangle inequality then forces

126



‖x‖∞ = 1. By 6D.4 the map T is continuous, so

‖Tx‖ = lim
m→∞

‖Txkm‖ ≤ lim
m→∞

1
km

= 0.

Thus x is a nonzero element of nullT , contradicting that T is one-to-one. Hence c > 0.
(b) T−1 is bounded with ‖T−1‖ ≤ 1/c, where c > 0 is the infimum from (a).
Linearity of T−1: applying T−1 to T (T−1g + αT−1h) = g + αh gives T−1(g + αh) = T−1g + αT−1h.
Next, ‖Tx‖ ≥ c‖x‖∞ for every x ∈ Fn: this is trivial for x = 0, and for x 6= 0 the vector x/‖x‖∞ lies
in S, so homogeneity gives c ≤ ‖Tx‖/‖x‖∞. Hence for g ∈ V , taking x = T−1g,

‖T−1g‖∞ ≤ 1
c‖Tx‖ = 1

c‖g‖,

so T−1 is a bounded linear map with ‖T−1‖ ≤ 1/c.

Problem 6D.6. Suppose n ∈ Z+.
(a) Prove that all norms on Fn have the same convergent sequences, the same open sets, and the
same closed sets.
(b) Prove that all norms on Fn make Fn into a Banach space.

Solution. Both parts follow from the comparison: for every norm ‖ · ‖ on Fn there are c, C ∈ (0,∞)
with

c ‖x‖∞ ≤ ‖x‖ ≤ C ‖x‖∞ for all x ∈ Fn.

For the upper bound, take C = 1 +
∑n

k=1 ‖ek‖ with e1, . . . , en the standard basis; the computation of
6D.4, applied to the identity map I from (Fn, ‖ · ‖∞) to (Fn, ‖ · ‖), gives ‖x‖ ≤ C‖x‖∞. For the lower
bound, I is linear, one-to-one, and onto the normed vector space (Fn, ‖ · ‖), so 6D.5(a) gives

c := inf{‖x‖ : ‖x‖∞ = 1} > 0;

then c‖x‖∞ ≤ ‖x‖ for all x, trivially at x = 0 and by applying the definition of c to x/‖x‖∞ otherwise.
Consequently any two norms ‖ · ‖a, ‖ · ‖b on Fn satisfy λ‖x‖b ≤ ‖x‖a ≤ Λ‖x‖b for all x, with Λ = Ca/cb
and λ = ca/Cb.
(a) Because λ‖xk − x‖b ≤ ‖xk − x‖a ≤ Λ‖xk − x‖b, one side tends to 0 exactly when the other does,
so the two norms have the same convergent sequences with the same limits. For open sets, the same
bounds give

Bb(y, r/Λ) ⊆ Ba(y, r) and Ba(y, λr) ⊆ Bb(y, r),

so a set open for one norm is open for the other. Complements then give the same closed sets.
(b) Let ‖ · ‖ be a norm on Fn with c, C as above, and let x1, x2, . . . be ‖ · ‖-Cauchy. From ‖xj−xk‖∞ ≤
1
c‖xj−xk‖ the sequence is ‖·‖∞-Cauchy, hence each of its n coordinate sequences (ak,m)k∈Z+ is Cauchy
in F and so converges to some am, the field F being complete. With x = (a1, . . . , an),

‖xk − x‖ ≤ C ‖xk − x‖∞
= C max

1≤m≤n
|ak,m − am| −→ 0.

Thus (Fn, ‖ · ‖) is a Banach space.

Problem 6D.7. Suppose V and W are normed vector spaces and V is finite-dimensional. Prove
that every linear map from V to W is continuous.

Solution. Every linear map T : V →W is bounded, hence continuous by 6.48.
Assume V 6= {0} (otherwise T = 0), let e1, . . . , en be a basis of V , and define S : Fn → V by
S(a1, . . . , an) = a1e1 + · · ·+ anen, where Fn carries ‖ · ‖∞. Because e1, . . . , en spans V and is linearly
independent, S is linear, one-to-one, and onto V ; hence S−1 is bounded by 6D.5(b), and the linear
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map T ◦ S is bounded by 6D.4 together with 6.48. Set M = ‖S−1‖ and K = ‖T ◦ S‖. For f ∈ V ,
applying ‖Rg‖ ≤ ‖R‖ ‖g‖ (immediate from 6.43) twice,

‖Tf‖ = ‖(T ◦ S)(S−1f)‖ ≤ K ‖S−1f‖∞ ≤ KM ‖f‖.

Hence ‖T‖ ≤ KM <∞, so T is bounded and therefore continuous by 6.48.

Problem 6D.8. Prove that every finite-dimensional normed vector space is a Banach space.

Solution. Suppose V is a finite-dimensional normed vector space; completeness transfers to V from Fn

through a coordinate map.
If V = {0} then V is trivially complete. Otherwise 6.54, after discarding from a finite spanning family
each element lying in the span of the others, supplies a basis e1, . . . , en of V ; define T : Fn → V by
T (a1, . . . , an) = a1e1 + · · ·+ anen, with Fn carrying ‖ · ‖∞. Then T is linear, and one-to-one and onto
V because e1, . . . , en is a basis. By 6D.4 the map T is bounded; set M = ‖T‖. By 6D.5(b) the map
T−1 is bounded; set N = ‖T−1‖.
Let f1, f2, . . . be Cauchy in V and put xj = T−1fj . Then

‖xj − xk‖∞ ≤ N‖fj − fk‖,

so x1, x2, . . . is ‖ · ‖∞-Cauchy; each of its n coordinate sequences is then Cauchy in the complete field
F, so ‖xj − x‖∞ → 0 for the coordinatewise limit x. Hence

‖fj − Tx‖ = ‖T (xj − x)‖ ≤M‖xj − x‖∞ → 0,

so fj → Tx ∈ V and V is a Banach space.

Problem 6D.9. Prove that every finite-dimensional subspace of each normed vector space is closed.

Solution. Suppose U is a finite-dimensional subspace of a normed vector space V ; with the inherited
norm, U is a Banach space by Exercise 8 in this section.
Suppose f ∈ U . By 6.7 the ball of radius 1

j about f meets U , so there is a sequence f1, f2, . . . in
U with ‖fj − f‖ → 0. A convergent sequence is Cauchy, so completeness of U supplies g ∈ U with
‖fj − g‖ → 0, whence

‖f − g‖ ≤ ‖f − fj‖+ ‖fj − g‖ → 0.

Thus f = g ∈ U , so U = U and U is closed in V .

Problem 6D.10. Give a concrete example of an infinite-dimensional normed vector space and a
basis of that normed vector space.

Solution. Take
V = {(a1, a2, . . .) ∈ `∞ : ak = 0 for all but finitely many k},

with the norm ‖·‖∞ inherited from `∞, and let ek ∈ V be the sequence with 1 in slot k and 0 elsewhere;
then {ek}k∈Z+ is a basis of V in the sense of 6.54.
V is a subspace of `∞, since the coordinates of a+ αb vanish off the union of the two finite sets where
those of a and b are nonzero, so V is a normed vector space. The family {ek} spans V : if a ∈ V has
ak = 0 for k > n, then a =

∑n
k=1 akek. It is linearly independent: if Ω is finite and

∑
k∈Ω αkek = 0,

reading off the jth coordinate gives αj = 0 for each j ∈ Ω.
Finally V is infinite-dimensional: given f1, . . . , fm ∈ V , all their coordinates past some index N vanish,
as then do those of every element of span(f1, . . . , fm), whereas eN+1 ∈ V has (N + 1)st coordinate 1.
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Problem 6D.11. Show that the collection A = {kZ : k = 2, 3, 4, . . .} of subsets of Z satisfies the
hypothesis of Zorn’s Lemma (6.60).

Solution. The union of a chain C ⊆ A is its largest member mZ ∈ A, where m is the smallest k with
kZ ∈ C. (Chains are understood nonempty, the only reading under which 6.60 can apply to a collection
omitting ∅.)
For j, k ∈ {2, 3, 4, . . .} we have the divisibility criterion

kZ ⊆ jZ ⇐⇒ j divides k :

if kZ ⊆ jZ then k ∈ jZ, so k = jm for some m ∈ Z; conversely k = jm gives kn = j(mn) ∈ jZ.
Now let C ⊆ A be a chain, put S = {k ≥ 2 : kZ ∈ C}, and let m = minS, which exists by the
well-ordering of Z+. Then mZ ⊆

⋃
E∈C E. Conversely let k ∈ S; since C is a chain, either kZ ⊆ mZ,

or mZ ⊆ kZ, in which case k divides m, so k ≤ m and minimality forces k = m. Either way kZ ⊆ mZ,
so ⋃

E∈C
E =

⋃
k∈S

kZ = mZ ∈ A,

which is the hypothesis of 6.60.

Problem 6D.12. Prove that every linearly independent family in a vector space can be extended
to a basis of the vector space.

Solution. Apply Zorn’s Lemma (6.60) to the collection A of all linearly independent subsets of V
containing A = {fj : j ∈ Λ}, where {fj}j∈Λ is the given linearly independent family.
Linear independence forces j 7→ fj to be one-to-one (otherwise fi − fj = 0 is a nontrivial vanishing
combination), so, as in the convention preceding 6.57, the family may be identified with the set A; note
A ∈ A.
Hypothesis of 6.60: let C ⊆ A be a chain (nonempty, as in Exercise 11; when A = ∅ the empty union
∅ lies in A too) and let U =

⋃
E∈C E, so A ⊆ U . Every finite subset of U lies in a single element of C:

choosing Ek ∈ C with uk ∈ Ek, an induction on n using the chain condition makes one of E1, . . . , En
contain the others. Since linear independence involves only finitely many elements at a time, a relation∑

u∈Ω αuu = 0 over a finite Ω ⊆ U takes place inside one linearly independent E ∈ C, so every αu = 0.
Hence U ∈ A.
By 6.60 there is a maximal Γ ∈ A, and Γ is maximal among all linearly independent subsets of V : any
linearly independent Γ′ ) Γ contains A and so lies in A. Therefore 6.57 makes Γ a basis of V , and
A ⊆ Γ says it extends the given family.

Problem 6D.13. Suppose V is a normed vector space, U is a subspace of V , and ψ : U → R is a
bounded linear functional. Prove that ψ has a unique extension to a bounded linear functional ϕ on
V with ‖ϕ‖ = ‖ψ‖ if and only if

sup
f∈U

(
− ‖ψ‖ ‖f + h‖ − ψ(f)

)
= inf

g∈U

(
‖ψ‖ ‖g + h‖ − ψ(g)

)
for every h ∈ V \ U .

Solution. The bridge is that the norm-preserving extensions of ψ to U + Rh are exactly the ϕc with
s(h) ≤ c ≤ t(h), so uniqueness on V is equivalent to s(h) = t(h) throughout V \U . Here F = R, since
ψ is real-valued and over C the identity iψ(f) = ψ(if) ∈ R would force ψ = 0; for h ∈ V \ U write

s(h) = sup
f∈U

(
− ‖ψ‖ ‖f + h‖ − ψ(f)

)
, t(h) = inf

g∈U

(
‖ψ‖ ‖g + h‖ − ψ(g)

)
.

Taking f = g = 0 and invoking 6.66 gives −‖ψ‖ ‖h‖ ≤ s(h) ≤ t(h) ≤ ‖ψ‖ ‖h‖, so s(h) and t(h) are real
and the displayed condition says exactly s(h) = t(h).
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Claim. For c ∈ R, the linear functional ϕc(f + αh) = ψ(f) + αc on U +Rh (well defined since h /∈ U)
extends ψ with ‖ϕc‖ = ‖ψ‖ if and only if s(h) ≤ c ≤ t(h). Indeed ϕc|U = ψ gives ‖ϕc‖ ≥ ‖ψ‖, so
‖ϕc‖ = ‖ψ‖ is exactly 6.64; as in the proof of 6.63, 6.64 is equivalent to 6.65, since 6.64 at α = 1 is
6.65 while 6.64 is trivial at α = 0 and follows for α 6= 0 from 6.65 applied to f/α after multiplying by
|α|. Finally 6.65 reads (

−‖ψ‖ ‖f + h‖ − ψ(f)
)
≤ c ≤

(
‖ψ‖ ‖f + h‖ − ψ(f)

)
for all f ∈ U , whose supremum and infimum over U are s(h) ≤ c ≤ t(h).
(i) Suppose s(h) = t(h) for all h ∈ V \ U . At least one norm-preserving extension exists by the
Hahn-Banach Theorem (6.69). If ϕ1, ϕ2 are two of them and h ∈ V \ U , then cj = ϕj(h) satisfies

|ψ(f) + cj | = |ϕj(f + h)| ≤ ‖ψ‖ ‖f + h‖ (f ∈ U),

which is 6.65, so the claim’s computation gives s(h) ≤ cj ≤ t(h) and hence c1 = c2. As ϕ1 = ψ = ϕ2

on U , we get ϕ1 = ϕ2.
(ii) Conversely, suppose s(h) 6= t(h) for some h ∈ V \ U , so s(h) < t(h) by 6.66. By the claim, ϕs(h)
and ϕt(h) are norm-‖ψ‖ extensions of ψ to U + Rh taking different values at h; applying 6.69 to each
yields Φ1,Φ2 on V with ‖Φj‖ = ‖ψ‖, both restricting to ψ on U , and Φ1(h) = s(h) 6= t(h) = Φ2(h).
So the extension is not unique.

Problem 6D.14. Show that there exists a linear functional ϕ : `∞ → F such that

|ϕ(a1, a2, . . .)| ≤ ‖(a1, a2, . . .)‖∞

for all (a1, a2, . . .) ∈ `∞ and
ϕ(a1, a2, . . .) = lim

k→∞
ak

for all (a1, a2, . . .) ∈ `∞ such that the limit above on the right exists.

Solution. Take for ϕ a norm-preserving Hahn-Banach extension of the limit functional on the subspace
of convergent sequences.
Let U = {a ∈ `∞ : limk→∞ ak exists} and ψ(a) = limk→∞ ak. Every convergent sequence is bounded
and the limit laws are exactly additivity and homogeneity, so U is a subspace of `∞ and ψ is a linear
functional on it. Continuity of the absolute value gives

|ψ(a)| = lim
k→∞

|ak| ≤ sup
k∈Z+

|ak| = ‖a‖∞,

so ‖ψ‖ ≤ 1, with equality because ψ(1, 1, 1, . . .) = 1 and ‖(1, 1, 1, . . .)‖∞ = 1.
By the Hahn-Banach Theorem (6.69), applied to the bounded linear functional ψ on the subspace U
of `∞, there is a bounded linear functional ϕ on `∞ with ϕ|U = ψ and ‖ϕ‖ = 1. Hence |ϕ(a)| ≤
‖ϕ‖ ‖a‖∞ = ‖a‖∞ for every a ∈ `∞, while ϕ(a) = ψ(a) = limk→∞ ak whenever that limit exists.

Problem 6D.15. Suppose B is an open ball in a normed vector space V such that 0 /∈ B. Prove
that there exists ϕ ∈ V ′ such that

Reϕ(f) > 0

for all f ∈ B.

Solution. Take ϕ ∈ V ′ with ‖ϕ‖ = 1 and ϕ(g) = ‖g‖, where g is the center of B = {f ∈ V : ‖f−g‖ < r}
and r > 0 its radius.
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Such a ϕ is supplied by 6.72, since 0 /∈ B forces ‖g‖ ≥ r > 0 and in particular g 6= 0. For f ∈ B,

Reϕ(f) = Reϕ(g) + Reϕ(f − g)

= ‖g‖+ Reϕ(f − g)

≥ ‖g‖ − |ϕ(f − g)|
≥ ‖g‖ − ‖ϕ‖ ‖f − g‖
= ‖g‖ − ‖f − g‖
> ‖g‖ − r

≥ 0,

using ϕ(g) = ‖g‖ ∈ R, then Re z ≥ −|z|, then the definition of ‖ϕ‖, then ‖f − g‖ < r, and finally
‖g‖ ≥ r.

Problem 6D.16. Show that the dual space of each infinite-dimensional normed vector space is
infinite-dimensional.

Solution. For each n ∈ Z+ the dual space V ′ of an infinite-dimensional V contains a linearly independent
list of length n, which is impossible for a space spanned by fewer than n elements; hence V ′ is infinite-
dimensional.
First, V contains linearly independent f1, . . . , fn: starting from any f1 6= 0, if f1, . . . , fk is linearly
independent then span{f1, . . . , fk} 6= V (else V would be finite-dimensional by 6.54), and any fk+1

outside that span extends the list, since a vanishing combination must have αk+1 = 0 and then all
αj = 0.
Let W = span{f1, . . . , fn} carry the norm inherited from V , and let ψj :W → F be the jth coordinate
functional for the basis f1, . . . , fn of W , so ψj(fk) = 1 if j = k and 0 otherwise. Each ψj is bounded
because W is finite-dimensional (Exercise 7 in Section 6D), so 6.69 extends it to some ϕj ∈ V ′ with
ϕj(fk) = ψj(fk).
If α1ϕ1 + · · · + αnϕn = 0, evaluating at fk gives αk = 0 for each k. Thus ϕ1, . . . , ϕn is linearly
independent in V ′.

Problem 6D.17. Suppose V is a separable normed vector space. Explain how the Hahn-Banach
Theorem (6.69) for V can be proved without using any results (such as Zorn’s Lemma) that depend
on the Axiom of Choice.

Solution. Replace the maximal element that Zorn’s Lemma supplies in the proof of 6.69 by an explicitly
defined recursion: extend one dimension at a time along a fixed enumeration of a countable dense set,
then extend by continuity. Every step is given by a formula (a least index, a supremum, a limit), so
no choices are made.
Fix an enumeration g1, g2, . . . of a countable dense subset of V , indexed by all of Z+ (repeat elements
if it is finite; if it is empty then V = {0} and 6.69 is trivial). Fixing one such enumeration is a
single existential instantiation, not an application of the Axiom of Choice. Let ψ be a bounded linear
functional on a subspace U of V .
Case (i): F = R. The Extension Lemma (6.63) becomes choice-free once c is specified: for a bounded
linear functional ρ on a subspace W and h ∈ V \W , put

c = sup
f∈W

(
−‖ρ‖ ‖f + h‖ − ρ(f)

)
,

a real number, since f = 0 bounds it below by −‖ρ‖ ‖h‖ and 6.66 bounds it above by ‖ρ‖ ‖h‖; with
this c, the computation in the proof of 6.63 makes ρh(f +αh) = ρ(f)+αc a norm-preserving extension
of ρ to W + Rh.
Recursively set U0 = U , ϕ0 = ψ, and given (Un, ϕn): if every gk lies in Un, keep (Un+1, ϕn+1) =
(Un, ϕn); otherwise let mn be the least index with gmn /∈ Un, put Un+1 = Un + Rgmn , and let ϕn+1
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be the explicit extension above with h = gmn . Each ingredient is determined by (Un, ϕn) and the
enumeration, so the recursion theorem produces the sequence, and ‖ϕn‖ = ‖ψ‖ throughout.
Every gk lies in some Un: otherwise mn is defined for all n and strictly increases (as gmn ∈ Un+1),
so mn ≥ m0 + n → ∞. Hence W =

⋃
n Un, a subspace because the Un increase, is dense in V ,

and ϕ(f) = ϕn(f) for any n with f ∈ Un is a well-defined linear functional on W extending ψ with
|ϕ(f)| ≤ ‖ψ‖ ‖f‖.
For f ∈ V let kn(f) be the least k with ‖gk − f‖ < 1

n , which exists by density. Then

∣∣ϕ(gkn(f))− ϕ(gkm(f))
∣∣ ≤ ‖ψ‖

( 1
n
+

1

m

)
,

so ϕ̃(f) = limn→∞ ϕ(gkn(f)) exists by completeness of R (itself choice-free, the limit being supn infj≥n
of the sequence). The same estimate shows ϕ(hj) → ϕ̃(f) for every sequence hj → f in W ; applying
this along the explicit sequences hj = gkj(f) and h′j = gkj(f ′) gives

ϕ̃(f + αf ′) = lim
j→∞

(
ϕ(hj) + αϕ(h′j)

)
= ϕ̃(f) + αϕ̃(f ′).

Taking hj = f for f ∈ W shows ϕ̃|W = ϕ, so ϕ̃ extends ψ; and |ϕ(gkn(f))| ≤ ‖ψ‖ ‖gkn(f)‖ with
gkn(f) → f gives ‖ϕ̃‖ ≤ ‖ψ‖, hence ‖ϕ̃‖ = ‖ψ‖.
Case (ii): F = C. The reduction in the proof of 6.69 uses no choice: set ψ1 = Reψ, apply case (i) to
the real normed vector space V (same norm, hence the same countable dense set, so separable) to get
ϕ1 extending ψ1 with ‖ϕ1‖ = ‖ψ1‖, and put ϕ(f) = ϕ1(f)− iϕ1(if); the verifications in 6.69 that ϕ is
C-linear, extends ψ, and has ‖ϕ‖ ≤ ‖ψ‖ are computations.

Problem 6D.18. Suppose V is a normed vector space such that the dual space V ′ is a separable
Banach space. Prove that V is separable.

Solution. Take a countable dense {ϕ1, ϕ2, . . .} in V ′ and vectors fn ∈ V with ‖fn‖ ≤ 1 and |ϕn(fn)| >
1
2‖ϕn‖ (possible by the definition of ‖ϕn‖ as a supremum when ϕn 6= 0; put fn = 0 otherwise); then
the rational span of {fn} is a countable dense subset of V .
Let W = span{fn : n ∈ Z+} and let D consist of the finite combinations

∑
n∈Ω αnfn with all αn ∈ Q

(in Q+ iQ when F = C), a countable set. Then W ⊆ D, because∥∥∥∑
n∈Ω

(αn − βn)fn

∥∥∥ ≤
∑
n∈Ω

|αn − βn| ‖fn‖

is arbitrarily small for suitable rational βn; so it suffices to show W = V .
If not, take h ∈ V \ W . Since W is a subspace, 6.73 gives ϕ ∈ V ′ with ϕ|W = 0 and ϕ(h) 6= 0,
and dividing by ‖ϕ‖ 6= 0 we may take ‖ϕ‖ = 1. By density choose n with ‖ϕ − ϕn‖ < 1

4 , so
‖ϕn‖ ≥ ‖ϕ‖ − ‖ϕ − ϕn‖ > 3

4 ; in particular ϕn 6= 0, so fn is as displayed above. But fn ∈ W forces
ϕ(fn) = 0, whence

1
2‖ϕn‖ < |ϕn(fn)− ϕ(fn)| ≤ ‖ϕn − ϕ‖ ‖fn‖ < 1

4 ,

contradicting ‖ϕn‖ > 3
4 . Hence D ⊇W = V and V is separable.

Problem 6D.19. Prove that the dual of the Banach space C([0, 1]) is not separable; here the norm
on C([0, 1]) is defined by ‖f‖ = sup[0,1] |f |.

Solution. The evaluation functionals ϕt(f) = f(t), for t ∈ [0, 1], form an uncountable family in C([0, 1])′
that is pairwise at distance 2, leaving no room for a countable dense subset.
Each ϕt is linear with |ϕt(f)| = |f(t)| ≤ ‖f‖, so ϕt ∈ C([0, 1])′ with ‖ϕt‖ = 1, the constant function 1
attaining the supremum. For s 6= t put δ = |s− t| > 0 and

f(x) = max
{
−1, 1− 2|x− s|

δ

}
,
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continuous with ‖f‖ ≤ 1, f(s) = 1, and f(t) = −1; hence

2 = |f(s)− f(t)| ≤ ‖ϕs − ϕt‖ ≤ ‖ϕs‖+ ‖ϕt‖ = 2.

Suppose {µ1, µ2, . . .} were dense in C([0, 1])′, and let κ(t) be the least j with ‖µj − ϕt‖ < 1 (such j
exists by density). If κ(s) = κ(t) = j then

‖ϕs − ϕt‖ ≤ ‖ϕs − µj‖+ ‖µj − ϕt‖ < 2,

so s = t by the previous paragraph. Thus κ is a one-to-one map from the uncountable set [0, 1] into
Z+, which is impossible.

Problem 6D.20. Define Φ : V → V ′′ by

(Φf)(ϕ) = ϕ(f)

for f ∈ V and ϕ ∈ V ′. Show that ‖Φf‖ = ‖f‖ for every f ∈ V .
[The map Φ defined above is called the canonical isometry of V into V ′′.]

Solution. Each Φf is linear on V ′ by the definition of the vector space operations on V ′, and the
definition of ‖ϕ‖ gives

|(Φf)(ϕ)| = |ϕ(f)| ≤ ‖ϕ‖ ‖f‖ for all ϕ ∈ V ′,

so Φf ∈ V ′′ with ‖Φf‖ ≤ ‖f‖.
For the reverse inequality, both sides vanish when f = 0; and when f 6= 0, 6.72 supplies ϕ ∈ V ′ with
‖ϕ‖ = 1 and ϕ(f) = ‖f‖, whence

‖Φf‖ ≥ |(Φf)(ϕ)| = |ϕ(f)| = ‖f‖.

Thus ‖Φf‖ = ‖f‖ for every f ∈ V .

Problem 6D.21. Suppose V is an infinite-dimensional normed vector space. Show that there is a
convex subset U of V such that U = V and such that the complement V \U is also a convex subset
of V with V \ U = V .
[See 8.25 for the definition of a convex set. This exercise should stretch your geometric intuition
because this behavior cannot happen in finite dimensions.]

Solution. Take U = {f ∈ V : ρ(f) > 0}, where ρ : V → R is a discontinuous R-linear functional.
Convexity (8.25) involves only real scalars, so regard V as a real normed vector space; it is still
infinite-dimensional, since a finite real spanning list would span V over C as well. Hence 6.62 supplies
a discontinuous linear functional ρ : V → R, which is unbounded by 6.48 and in particular is not
identically 0.
null ρ is dense in V (this is (d) ⇒ (a) of 6.52 in contrapositive form): unboundedness gives hj with
‖hj‖ ≤ 1 and |ρ(hj)| > j, obtained by normalizing any fj with |ρ(fj)| > j‖fj‖, and then for g ∈ V the
vectors kj = g − ρ(g)

ρ(hj)
hj satisfy ρ(kj) = 0 and

‖kj − g‖ =
|ρ(g)|
|ρ(hj)|

‖hj‖ ≤ |ρ(g)|
j

−→ 0.

Both U and V \ U = {f : ρ(f) ≤ 0} are convex: for t ∈ [0, 1],

ρ
(
(1− t)f + tg

)
= (1− t)ρ(f) + tρ(g),

which is > 0 when ρ(f), ρ(g) > 0 (both terms are ≥ 0 and one of t, 1− t is nonzero) and is ≤ 0 when
ρ(f), ρ(g) ≤ 0.
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Density of V \U is immediate from null ρ ⊆ V \U . For U , fix h = h0/ρ(h0) with ρ(h0) 6= 0, so ρ(h) = 1
and h 6= 0; given g ∈ V and ε > 0, pick k ∈ null ρ with ‖k − g‖ < ε/2 and set δ = ε

2‖h‖+2 > 0 and
u = k + δh. Then ρ(u) = δ > 0, so u ∈ U , while

‖u− g‖ ≤ ‖k − g‖+ δ‖h‖ < ε

2
+
ε

2
= ε.

Hence U = V = V \ U .

6.5 Exercises 6E

Problem 6E.1. Suppose U is a subset of a metric space V . Show that U is dense in V if and only
if every nonempty open subset of V contains at least one element of U .

Solution. Both directions are 6.7, which says U consists of the g ∈ V with B(g, ε) ∩ U 6= ∅ for every
ε > 0.
(i) Suppose U = V and let G be a nonempty open subset of V . Pick f ∈ G and, by 6.4, an r > 0 with
B(f, r) ⊆ G. Then f ∈ U gives B(f, r) ∩ U 6= ∅, and any of its elements lies in G ∩ U .
(ii) Conversely, let f ∈ V and ε > 0. The ball B(f, ε) is open (6.5) and contains f , so by hypothesis it
meets U ; as ε was arbitrary, 6.7 gives f ∈ U . Hence U = V .

Problem 6E.2. Suppose U is a subset of a metric space V . Show that U has an empty interior if
and only if V \ U is dense in V .

Solution. Both directions run through Exercise 1: V \ U is dense exactly when every nonempty open
subset of V meets V \ U , that is, when no nonempty open set is contained in U .
(i) Suppose intU = ∅ and some nonempty open G satisfies G ⊆ U . Any f ∈ G then has B(f, r) ⊆ G ⊆
U for some r > 0 by 6.4, so f ∈ intU by 6.74, a contradiction. Hence every nonempty open set meets
V \ U , and Exercise 1 gives density.
(ii) Conversely, suppose V \U is dense and f ∈ intU , so B(f, r) ⊆ U for some r > 0. The ball B(f, r)
is nonempty and open (6.5), so by Exercise 1 it contains an element of V \ U , a contradiction. Hence
intU = ∅.

Problem 6E.3. Prove or give a counterexample: If V is a metric space and U,W are subsets of V ,
then (intU) ∪ (intW ) = int(U ∪W ).

Solution. False: in V = R take U = Q and W = R \ Q. Each is dense in R and is the complement of
the other, so Exercise 2 gives intU = intW = ∅, whereas

int(U ∪W ) = intR = R 6= ∅ = (intU) ∪ (intW ).

Only the inclusion ⊆ holds in general: if f ∈ intU then B(f, r) ⊆ U ⊆ U ∪W for some r > 0, so
f ∈ int(U ∪W ) by 6.74, and symmetrically with W in place of U .

Problem 6E.4. Prove or give a counterexample: If V is a metric space and U,W are subsets of V ,
then (intU) ∩ (intW ) = int(U ∩W ).

Solution. True; by 6.74, f ∈ intE means f ∈ E and B(f, r) ⊆ E for some r > 0.
(i) If f ∈ (intU) ∩ (intW ), choose r1, r2 > 0 with B(f, r1) ⊆ U and B(f, r2) ⊆ W ; then f ∈ U ∩W
and B(f,min{r1, r2}) ⊆ U ∩W , so f ∈ int(U ∩W ).
(ii) If f ∈ int(U ∩W ), choose r > 0 with B(f, r) ⊆ U ∩W ; since U ∩W is contained in each of U and
W , this gives f ∈ intU and f ∈ intW .
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Problem 6E.5. Suppose

X = {0} ∪
∞⋃
k=1

{
1
k

}
and d(x, y) = |x− y| for x, y ∈ X.
(a) Show that (X, d) is a complete metric space.
(b) Each set of the form {x} for x ∈ X is a closed subset of R that has an empty interior as a subset
of R. Clearly X is a countable union of such sets. Explain why this does not violate the statement
of Baire’s Theorem that a complete metric space is not the countable union of closed subsets with
empty interior.

Solution. (a) X is a closed subset of the complete metric space R, hence complete.
Closedness: since X ⊆ [0, 1] and every x ∈ (0, 1) not of the form 1/k satisfies 1

k+1 < x < 1
k for exactly

one k ∈ Z+,

R \X = (−∞, 0) ∪ (1,∞) ∪
∞⋃
k=1

(
1

k+1 ,
1
k

)
,

a union of open sets, so X is closed by 6.6. A Cauchy sequence in X is Cauchy in R, hence converges
to some x ∈ R, and x ∈ X by 6.9(e); as d is the restriction of the metric of R, this is convergence in
(X, d).
(b) Baire’s Theorem [6.76(a)] concerns empty interior in the complete space at hand, here X rather
than R, and each singleton { 1

k} has nonempty interior in X.
Indeed, with r = 1

k(k+1) the only element of X within r of 1
k is 1

k itself: | 1k − 0| = 1
k > r, while

| 1k − 1
j | ≥

1
k − 1

k+1 = r for j > k and | 1k − 1
j | ≥

1
k−1 − 1

k > r for j < k. So B( 1k , r) = { 1
k}, which by

6.74 gives int{ 1
k} = { 1

k} in X. (Only {0} has empty interior in X, since every B(0, r) contains some
1
k 6= 0.) Thus the displayed decomposition is not a union of closed sets with empty interior in X, and
6.76(a) is not contradicted.

Problem 6E.6. Give an example of a metric space that is the countable union of closed subsets
with empty interior.
[This exercise shows that the completeness hypothesis in Baire’s Theorem cannot be dropped.]

Solution. Take Q with d(x, y) = |x− y| and an enumeration r1, r2, . . . of its elements, so that

Q =

∞⋃
j=1

{rj}.

Each {rj} is closed in Q by 6.6, since B(x, |x−rj |) ⊆ Q\{rj} for every rational x 6= rj . Each has empty
interior in Q: given r > 0, density of Q in R puts a rational q 6= rj in (rj , rj + r), so B(rj , r) 6⊆ {rj}
and 6.74 applies.

Problem 6E.7. (a) Define f : R → R as follows:

f(a) =


0 if a is irrational,
1
n if a is rational and n is the smallest

positive integer such that a = m
n for some integer m.

At which numbers in R is f continuous?
(b) Show that there does not exist a countable collection of open subsets of R whose intersection
equals Q.
(c) Show that there does not exist a function f : R → R such that f is continuous at each element
of Q and discontinuous at each element of R \Q.
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Solution. (a) f is continuous exactly at the irrational numbers. Write n(a) for the least positive integer
with a = m/n(a) for some m ∈ Z, so f(a) = 1/n(a) > 0 for rational a and f = 0 on the irrationals.
Discontinuity at rational a: take ε = f(a) > 0. Every interval (a − δ, a + δ) contains an irrational x,
by density of R \Q, and then |f(x)− f(a)| = f(a) = ε, so no δ works in 6.10.
Continuity at irrational a: here f(a) = 0. Given ε > 0, choose N ∈ Z+ with 1

N < ε and let

S = {x ∈ (a− 1, a+ 1) : f(x) ≥ ε} .

Each x ∈ S has f(x) > 0, hence is rational with 1
n(x) ≥ ε > 1

N , so n(x) < N ; and for each fixed n ≤ N

the condition m
n ∈ (a − 1, a + 1) confines m to an interval of length 2n ≤ 2N , so at most 2N + 1

integers. Hence S is finite, and a /∈ S because a is irrational. Put

δ = min ({1} ∪ {|a− s| : s ∈ S}) > 0.

If |x− a| < δ then x ∈ (a− 1, a+ 1) \ S, so |f(x)− f(a)| = f(x) < ε.
(b) Suppose G1, G2, . . . are open with

⋂
kGk = Q. Each Gk contains Q, hence is dense. Enumerating

Q = {r1, r2, . . .}, each Hj = R \ {rj} is open, and dense because every nonempty open subset of R
is infinite (Exercise 1). But then G1,H1, G2,H2, . . . are countably many dense open subsets of the
complete metric space R with ( ∞⋂

k=1

Gk

)
∩
( ∞⋂
j=1

Hj

)
= Q ∩ (R \Q) = ∅,

contradicting Baire’s Theorem [6.76(b)].
(c) The set of continuity points of any f : R → R is a countable intersection of open sets, so by (b) it
is never Q.
For a ∈ R and δ > 0 let ω(a, δ) = sup{|f(x) − f(y)| : x, y ∈ (a − δ, a + δ)} ∈ [0,∞] and ω(a) =
infδ>0 ω(a, δ). Then f is continuous at a if and only if ω(a) = 0: continuity gives δ with |f(x)−f(a)| <
ε/3 on (a − δ, a + δ), so ω(a) ≤ ω(a, δ) ≤ 2ε/3 < ε for every ε > 0; conversely ω(a, δ) < ε gives
|f(x)− f(a)| ≤ ω(a, δ) < ε for |x− a| < δ, taking y = a in the supremum.
Each Gn = {a : ω(a) < 1

n} is open: choosing δ with ω(a, δ) < 1
n , any b with |b − a| < δ/2 has

(b− δ
2 , b+

δ
2) ⊆ (a− δ, a+ δ) and hence ω(b) ≤ ω(b, δ/2) ≤ ω(a, δ) < 1

n , so B(a, δ/2) ⊆ Gn (6.4). The
set of continuity points is therefore

⋂∞
n=1Gn, which by (b) cannot equal Q.

Problem 6E.8. Suppose (X, d) is a complete metric space and G1, G2, . . . is a sequence of dense
open subsets of X. Prove that

⋂∞
k=1Gk is a dense subset of X.

Solution. By Exercise 1 in Section 6E, density of
⋂∞
k=1Gk amounts to: every nonempty open U ⊆ X

meets it. So fix such a U , pick f ∈ U , and use the fact proved just before 6.76 to get r > 0 with

B(f, r) ⊆ Y := B(f, r) ⊆ U.

Then Y is nonempty and closed in X, so (Y, d) is a complete metric space by 6.16(b).
Set Hk = Gk ∩ Y , open in Y because Gk is open in X. Each Hk is dense in Y : given y ∈ Y and
ε > 0, the point y lies in the closure of B(f, r), so there is x ∈ B(f, r) with d(x, y) < ε/2; the set
B(f, r) ∩ B(x, ε/2) is open and nonempty, so density of Gk supplies a point z of it lying in Gk, and
then z ∈ Gk ∩B(f, r) ⊆ Hk with

d(z, y) ≤ d(z, x) + d(x, y) < ε
2 + ε

2 = ε.

Baire’s Theorem [6.76(b)], applied to the dense open subsets H1,H2, . . . of the complete metric space
Y , produces

g ∈
∞⋂
k=1

Hk = Y ∩
∞⋂
k=1

Gk ⊆ U ∩
∞⋂
k=1

Gk,

as required.
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Problem 6E.9. Prove that there does not exist an infinite-dimensional Banach space with a count-
able basis.
[This exercise implies, for example, that there is not a norm that makes the vector space of polyno-
mials with coefficients in F into a Banach space.]

Solution. Suppose V is an infinite-dimensional Banach space with a countable basis in the sense of
6.54. The basis cannot be finite (else V would be finite-dimensional), so relabel it as e1, e2, . . . and put
Vn = span{e1, . . . , en}.
(i) V =

⋃∞
n=1 Vn, because every f ∈ V is a finite linear combination

∑
j∈Ω αjej , so f ∈ Vn for

n = maxΩ.
(ii) Each Vn is closed in V by Exercise 9 in Section 6D.
(iii) Each Vn has empty interior. Otherwise B(g, ρ) ⊆ Vn for some g ∈ Vn and ρ > 0; then for f ∈ V
with f 6= 0, ∥∥∥(g + ρ

2‖f‖f
)
− g
∥∥∥ =

ρ

2
< ρ,

so g+ ρ
2‖f‖f ∈ Vn, and subtracting g ∈ Vn and rescaling gives f ∈ Vn. Thus V = Vn is finite-dimensional,

a contradiction.
Because V is a Banach space, (V, d) with d(f, g) = ‖f−g‖ is a complete metric space, so (i)–(iii) exhibit
V as a countable union of closed sets with empty interior, contradicting Baire’s Theorem [6.76(a)].

Problem 6E.10. Give an example of a Banach space V , a normed vector space W , a bounded linear
map T of V onto W , and an open subset G of V such that T (G) is not an open subset of W .
[This exercise shows that the hypothesis in the Open Mapping Theorem that W is a Banach space
cannot be relaxed to the hypothesis that W is a normed vector space.]

Solution. Take V = `1 with ‖a‖1 =
∑∞

k=1 |ak|, take W = `1 with ‖a‖∞ = supk |ak|, let T : V → W be
the identity map, and let G = {a ∈ `1 : ‖a‖1 < 1} be the open unit ball of V .
Then V is a Banach space (second bullet of Example 6.38) and W is a normed vector space (second
bullet of Example 6.39). The map T is linear and onto W , being the identity on the common underlying
vector space, and |ak| ≤

∑
j |aj | for each k gives

‖Ta‖∞ ≤ ‖a‖1,

so T is bounded with ‖T‖ ≤ 1.
But T (G) = G contains no ‖ · ‖∞-ball about 0: given ε > 0, choose n > 2/ε and let a have n entries
equal to ε/2 followed by zeros. Then

‖a‖∞ =
ε

2
< ε, ‖a‖1 = n · ε

2
>

2

ε
· ε
2
= 1,

so a /∈ T (G). Hence T (G) is not an open subset of W .

Problem 6E.11. Show that there exists a normed vector space V , a Banach space W , a bounded
linear map T of V onto W , and an open subset G of V such that T (G) is not an open subset of W .
[This exercise shows that the hypothesis in the Open Mapping Theorem that V is a Banach space
cannot be relaxed to the hypothesis that V is a normed vector space.]

Solution. Take W = `1 with ‖f‖1 =
∑∞

k=1 |fk|, a Banach space by the second bullet of Example 6.38
and infinite-dimensional (the coordinate vectors e1, e2, . . . form an infinite linearly independent family,
so no finite list spans `1). By 6.62 there is a discontinuous linear functional ϕ :W → F, which by 6.48
means: no c ∈ (0,∞) satisfies |ϕ(f)| ≤ c‖f‖1 for all f ∈W . Now take

V = `1 with ‖f‖V = ‖f‖1 + |ϕ(f)|

(a norm, by linearity of ϕ and because ‖f‖V = 0 forces ‖f‖1 = 0), let T : V →W be the identity map,
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and let G = {f ∈ V : ‖f‖V < 1}.
Then T is linear and onto W , and bounded with ‖T‖ ≤ 1 since ‖Tf‖1 ≤ ‖f‖V .
Suppose T (G) = {f ∈ `1 : ‖f‖1 + |ϕ(f)| < 1} were open in W . Since 0 ∈ T (G), there would be ε > 0
with ‖f‖1 < ε =⇒ |ϕ(f)| < 1. Applying this to g = ε

2‖f‖1 f for f 6= 0, which has ‖g‖1 = ε/2 < ε, and
using homogeneity of ϕ gives

|ϕ(f)| ≤ 2

ε
‖f‖1 for all f ∈W

(the case f = 0 being trivial), contradicting the unboundedness of ϕ. Hence T (G) is not open in W .

Problem 6E.12. Suppose T : V →W is a bounded linear map from a Banach space V to a Banach
space W . Prove that T is bounded below if and only if T is injective and the range of T is a closed
subspace of W .

Solution. Write R = T (V ), a subspace of W by linearity of T .
(i) Suppose ‖f‖ ≤ c‖Tf‖ for all f ∈ V , where c ∈ (0,∞). Then Tf = 0 forces f = 0, so T is injective.
For closedness of R, let gk = Tfk → g in W . The sequence g1, g2, . . . is Cauchy (6.13), and

‖fj − fk‖ ≤ c‖T (fj − fk)‖ = c‖gj − gk‖

makes f1, f2, . . . Cauchy in the Banach space V , say fk → f . Since T is bounded it is continuous (6.48),
so g = limk Tfk = Tf ∈ R; thus R is closed by 6.9(e).
(ii) Conversely, suppose T is injective with R closed. Being a closed subset of the Banach space W , R
is complete [6.16(b)], hence itself a Banach space under the inherited norm. Viewed as a map V → R,
T is a bounded linear bijection between Banach spaces, so the Bounded Inverse Theorem (6.83) gives
b ∈ [0,∞) with ‖T−1g‖ ≤ b‖g‖ for all g ∈ R. Taking g = Tf yields

‖f‖ ≤ b‖Tf‖ ≤ c‖Tf‖, c := max{b, 1} ∈ (0,∞),

so T is bounded below.

Problem 6E.13. Give an example of a Banach space V , a normed vector space W , and a one-to-one
bounded linear map T of V onto W such that T−1 is not a bounded linear map of W onto V .
[This exercise shows that the hypothesis in the Bounded Inverse Theorem (6.83) that W is a Banach
space cannot be relaxed to the hypothesis that W is a normed vector space.]

Solution. Take the example of Exercise 10: V = `1 with ‖a‖1 =
∑∞

k=1 |ak|, a Banach space by the
second bullet of Example 6.38; W = `1 with ‖a‖∞ = supk |ak|, a normed vector space by the second
bullet of Example 6.39; and T : V → W the identity map, which is linear, one-to-one, onto, and
bounded with ‖T‖ ≤ 1 since ‖Ta‖∞ ≤ ‖a‖1.
Its inverse T−1 : W → V is again the identity, and it is unbounded: for a(n) = (1, . . . , 1, 0, 0, . . .) with
n ones,

‖a(n)‖∞ = 1, ‖T−1a(n)‖1 = n,

so ‖T−1g‖1 ≤ c‖g‖∞ for all g ∈W would force n ≤ c for every n.

Problem 6E.14. Show that there exists a normed space V , a Banach space W , and a one-to-one
bounded linear map T of V onto W such that T−1 is not a bounded linear map of W onto V .
[This exercise shows that the hypothesis in the Bounded Inverse Theorem (6.83) that V is a Banach
space cannot be relaxed to the hypothesis that V is a normed vector space.]

Solution. Take the construction of Exercise 11: W = `1 with ‖ ·‖1, a Banach space by the second bullet
of Example 6.38 and infinite-dimensional, so 6.62 and 6.48 supply an unbounded linear functional
ϕ : W → F; V = `1 with the norm ‖f‖V = ‖f‖1 + |ϕ(f)|; and T : V → W the identity map, which is
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linear, one-to-one, onto, and bounded with ‖T‖ ≤ 1 since ‖Tf‖1 ≤ ‖f‖V .
Its inverse T−1 : W → V is again the identity, and it is unbounded: were ‖T−1g‖V ≤ c‖g‖1 for all
g ∈W , then

|ϕ(f)| ≤ ‖f‖1 + |ϕ(f)| = ‖f‖V ≤ c‖f‖1
for all f ∈ `1, making ϕ bounded.

Problem 6E.15. Prove 6.84.

Solution. Give V ×W the coordinatewise operations and ‖(f, g)‖ = max{‖f‖, ‖g‖}.
Norm. Here ‖(f, g)‖ = 0 forces ‖f‖ = ‖g‖ = 0, and ‖λ(f, g)‖ = |λ|max{‖f‖, ‖g‖} because multiplica-
tion by |λ| ≥ 0 commutes with maxima. For the triangle inequality,

‖f1 + f2‖ ≤ ‖f1‖+ ‖f2‖ ≤ ‖(f1, g1)‖+ ‖(f2, g2)‖,

and the same bound holds for ‖g1 + g2‖, hence for their maximum.
Coordinatewise convergence. Because (fk, gk)− (f, g) = (fk − f, gk − g),

‖(fk, gk)− (f, g)‖ = max{‖fk − f‖, ‖gk − g‖},

and a, b ≤ max{a, b} ≤ a + b for a, b ≥ 0 shows this tends to 0 precisely when ‖fk − f‖ → 0 and
‖gk − g‖ → 0.
Completeness. If (f1, g1), (f2, g2), . . . is Cauchy in V ×W , the same display makes f1, f2, . . . Cauchy in
V and g1, g2, . . . Cauchy in W ; as V and W are Banach spaces, fk → f and gk → g, so (fk, gk) → (f, g)
by the previous paragraph.

Problem 6E.16. Suppose V is a Banach space with norm ‖ · ‖ and that ϕ : V → F is a linear
functional. Define another norm ‖ · ‖ϕ on V by

‖f‖ϕ = ‖f‖+ |ϕ(f)|.

Prove that if V is a Banach space with the norm ‖ · ‖ϕ, then ϕ is a continuous linear functional on
V (with the original norm).

Solution. Write Vϕ for V with the norm ‖ · ‖ϕ, a Banach space by hypothesis, and let I : Vϕ → V be
the identity map. It is a one-to-one linear map onto V , bounded with ‖I‖ ≤ 1 because

‖If‖ = ‖f‖ ≤ ‖f‖+ |ϕ(f)| = ‖f‖ϕ.

Both Vϕ and V are Banach spaces, so the Bounded Inverse Theorem (6.83) makes I−1 bounded; with
c = ‖I−1‖ <∞ this says ‖f‖ϕ ≤ c‖f‖ for all f ∈ V . Hence

|ϕ(f)| ≤ ‖f‖+ |ϕ(f)| = ‖f‖ϕ ≤ c‖f‖,

so ϕ is bounded on (V, ‖ · ‖) with ‖ϕ‖ ≤ c, and therefore continuous by 6.48.
Remark. The converse is also true and easy: if ϕ is continuous on V with ‖ϕ‖ = c′, then ‖f‖ ≤ ‖f‖ϕ ≤
(1 + c′)‖f‖, so the two norms are equivalent and Vϕ is complete. Thus Vϕ is a Banach space if and
only if ϕ is continuous.

Problem 6E.17. Suppose V is a Banach space, W is a normed vector space, and T1, T2, . . . is a
sequence of bounded linear maps from V to W such that limk→∞ Tkf exists for each f ∈ V . Define
T : V →W by

Tf = lim
k→∞

Tkf

for f ∈ V . Prove that T is a bounded linear map from V to W .
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[This result states that the pointwise limit of a sequence of bounded linear maps on a Banach space
is a bounded linear map.]

Solution. T is linear because limits in a normed vector space respect sums and scalar multiples (the
triangle inequality and homogeneity of the norm): Tk(f + h) = Tkf + Tkh → Tf + Th and Tk(λf) =
λTkf → λTf , while these same sequences converge to T (f + h) and T (λf), and limits in a metric
space are unique.
For boundedness, fix f ∈ V . The convergent sequence T1f, T2f, . . . is bounded: choosing n with
‖Tkf − Tf‖ ≤ 1 for k ≥ n gives

sup
k

‖Tkf‖ ≤ max
(
{‖Tjf‖ : j < n} ∪ {‖Tf‖+ 1}

)
<∞,

a maximum over a finite set. So {Tk : k ∈ Z+} is a pointwise bounded family of bounded linear
maps from the Banach space V to W , and the Principle of Uniform Boundedness (6.86) gives M :=
supk ‖Tk‖ <∞. Since ‖Tkf‖ ≤M‖f‖ for each k and

∣∣ ‖Tkf‖ − ‖Tf‖
∣∣ ≤ ‖Tkf − Tf‖ → 0,

‖Tf‖ = lim
k→∞

‖Tkf‖ ≤M‖f‖,

so T is bounded with ‖T‖ ≤ supk ‖Tk‖.

Problem 6E.18. Suppose that V is a normed vector space and B is a subset of V such that
supf∈B |ϕ(f)| <∞ for every ϕ ∈ V ′. Prove that supf∈B ‖f‖ <∞.

Solution. Run the Principle of Uniform Boundedness on V ′ rather than on V : by 6.71 and 6.47,
V ′ = B(V,F) is a Banach space because F is complete, whereas V is only normed.
For f ∈ V define f̂ : V ′ → F by f̂(ϕ) = ϕ(f), which is linear because the operations on V ′ are
pointwise. Then |f̂(ϕ)| = |ϕ(f)| ≤ ‖ϕ‖ ‖f‖ puts f̂ ∈ (V ′)′ with ‖f̂‖ ≤ ‖f‖; conversely ‖f̂‖ ≥ ‖f‖,
trivially for f = 0 and otherwise by taking the ϕ ∈ V ′ that 6.72 supplies with ‖ϕ‖ = 1 and ϕ(f) = ‖f‖.
Hence ‖f̂‖ = ‖f‖.
The hypothesis says exactly that the family {f̂ : f ∈ B} of bounded linear maps from V ′ to F is
pointwise bounded, since

sup
f∈B

|f̂(ϕ)| = sup
f∈B

|ϕ(f)| <∞

for each ϕ ∈ V ′. So 6.86 gives supf∈B ‖f̂‖ <∞, that is, supf∈B ‖f‖ <∞.

Problem 6E.19. Suppose T : V → W is a linear map from a Banach space V to a Banach space
W such that

ϕ ◦ T ∈ V ′ for all ϕ ∈W ′.

Prove that T is a bounded linear map.

Solution. Apply the Closed Graph Theorem (6.85): V and W are Banach spaces, and graph(T ) =
{(f, Tf) : f ∈ V } is a subspace of V ×W by 6.68(a), so it suffices to show the graph is closed in the
norm ‖(f, g)‖ = max{‖f‖, ‖g‖} of 6.84.
Suppose (fk, T fk) → (f, g), which by the convergence criterion of 6.84 means fk → f in V and Tfk → g
in W . Fix ϕ ∈ W ′. Being bounded, ϕ is continuous (6.48), so ϕ(Tfk) → ϕ(g); and ϕ ◦ T ∈ V ′ is
likewise continuous, so ϕ(Tfk) → ϕ(Tf). Uniqueness of limits in F gives

ϕ(g − Tf) = 0 for every ϕ ∈W ′.

Were g − Tf 6= 0, then 6.72 would supply ϕ ∈W ′ with ϕ(g − Tf) = ‖g − Tf‖ > 0. Hence g = Tf , so
(f, g) ∈ graph(T ) and the graph is closed by 6.9(e); 6.85 now makes T bounded.
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7.1 Exercises 7A

Problem 7A.1. Suppose µ is a measure. Prove that

‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞ and ‖αf‖∞ = |α| ‖f‖∞

for all f, g ∈ L∞(µ) and all α ∈ F. Conclude that with the usual operations of addition and scalar
multiplication of functions, L∞(µ) is a vector space.

Solution. Everything follows from the fact that the infimum in 7.1 is attained. Indeed, put c = ‖f‖∞ <
∞; for each n there is tn < c+ 1

n with µ({|f | > tn}) = 0, whence µ({|f | > c+ 1
n}) = 0, and countable

subadditivity (2.58) applied to

{|f | > c} =
∞⋃
n=1

{|f | > c+ 1
n}

gives µ({|f | > ‖f‖∞}) = 0; that is, |f | ≤ ‖f‖∞ almost everywhere.
Triangle inequality. For f, g ∈ L∞(µ) the set

E = {|f | > ‖f‖∞} ∪ {|g| > ‖g‖∞}

has µ(E) = 0 by the above and subadditivity, and off E we have |f + g| ≤ |f |+ |g| ≤ ‖f‖∞+ ‖g‖∞. So
every t > ‖f‖∞ + ‖g‖∞ has {|f + g| > t} ⊆ E and hence measure 0; taking the infimum over such t,

‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞ <∞.

Since f + g is S-measurable (2.46, applied to real and imaginary parts when F = C), f + g ∈ L∞(µ).
Homogeneity. For α = 0 both sides are 0. For α 6= 0 and every t > 0 we have {|αf | > t} = {|f | > t/|α|},
so writing Af = {t > 0 : µ({|f | > t}) = 0} we get Aαf = |α|Af , and multiplication by |α| > 0 commutes
with infima:

‖αf‖∞ = infAαf = |α| infAf = |α| ‖f‖∞
(both sides being ∞ when Af = ∅). With αf measurable (2.46), αf ∈ L∞(µ).
As 0 ∈ L∞(µ), these two closure properties make L∞(µ) a subspace of FX , hence a vector space.

Problem 7A.2. Suppose a ≥ 0, b ≥ 0, and 1 < p <∞. Prove that

ab =
ap

p
+
bp

′

p′

if and only if ap = bp
′ [compare to Young’s inequality (7.8)].

Solution. By 7.6, p′ = p
p−1 , so p′

p = p′ − 1 = 1
p−1 .

(i) b = 0. The equation reads 0 = ap

p and the condition reads ap = 0; both say a = 0.
(ii) b > 0. As in the proof of Young’s inequality (7.8), set

f(a) =
ap

p
+
bp

′

p′
− ab,

so the equation in question says f(a) = 0. Here f ′(a) = ap−1 − b, and since a 7→ ap−1 is strictly
increasing on (0,∞) this is negative for 0 < a < a0 and positive for a > a0, where a0 = b1/(p−1) > 0.
Hence f(a) > f(a0) for all a ≥ 0 with a 6= a0. Because a p0 = bp/(p−1) = bp

′ and a0b = b
1

p−1
+1

= bp
′ ,

f(a0) = bp
′
(1
p
+

1

p′

)
− bp

′
= 0,

so f(a) = 0 if and only if a = a0. Finally a = b1/(p−1) gives ap = bp/(p−1) = bp
′ , and conversely

ap = bp
′
> 0 gives a = bp

′/p = b1/(p−1).
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Problem 7A.3. Suppose a1, . . . , an are nonnegative numbers. Prove that

(a1 + · · ·+ an)
5 ≤ n4

(
a 5
1 + · · ·+ a 5

n

)
.

Solution. Apply Hölder’s inequality (7.9) with p = 5 and p′ = 5/4 (by 7.6) on X = {1, . . . , n} with
counting measure, where every function is measurable and integration is summation (3.6 and 3.7).
Take f(k) = ak and h(k) = 1, so that

‖fh‖1 =
n∑
k=1

ak, ‖h‖5/4 = n4/5, ‖f‖5 =
( n∑
k=1

a 5
k

)1/5
,

all finite. Hölder’s inequality then gives

n∑
k=1

ak ≤ n4/5
( n∑
k=1

a 5
k

)1/5
,

and raising both nonnegative sides to the fifth power yields the claim.
Method (2): t 7→ t5 is convex on [0,∞) (its second derivative 20t3 is nonnegative), so the finite form
of Jensen’s inequality with equal weights 1

n gives(a1 + · · ·+ an
n

)5
≤ a 5

1 + · · ·+ a 5
n

n
;

multiply by n5.

Problem 7A.4. Prove Hölder’s inequality (7.9) in the cases p = 1 and p = ∞.

Solution. By 7.7 we have 1′ = ∞ and ∞′ = 1, and |fh| = |hf |, so the case p = ∞ is the case
p = 1 with f and h interchanged. Thus it suffices to prove ‖fh‖1 ≤ ‖f‖1‖h‖∞. Two facts recur:
µ(E) = 0 forces

∫
u dµ = 0 for any u ≥ 0 vanishing off E, because u ≤ ∞ · χE and 3.8 with 3.7 give∫

u dµ ≤ ∞ · µ(E) = 0; and µ({|h| > ‖h‖∞}) = 0 whenever ‖h‖∞ <∞, by Exercise 1 in this section.
(i) ‖f‖1 = 0. With En = {|f | > 1

n}, the bound 1
nχEn ≤ |f | and 3.8, 3.7 give 1

nµ(En) ≤ 0, so µ(En) = 0;
as {f 6= 0} =

⋃
nEn, countable subadditivity (2.58) makes µ({f 6= 0}) = 0. Since |fh| vanishes off

that set, ‖fh‖1 = 0.
(ii) ‖h‖∞ = 0. Then µ({|h| > 0}) = 0, and |fh| vanishes off that set, so ‖fh‖1 = 0.
(iii) ‖f‖1 > 0, ‖h‖∞ > 0, and one of them is ∞. Then the right side is ∞.
(iv) 0 < ‖f‖1 <∞ and 0 < ‖h‖∞ <∞. Put E = {|h| > ‖h‖∞}, so µ(E) = 0. Pointwise

|fh| ≤ ‖h‖∞|f |+∞ · χE

(on E the right side is ∞; off E we have |h| ≤ ‖h‖∞), so 3.8, additivity 3.16, homogeneity 3.20, and
3.7 give

‖fh‖1 ≤ ‖h‖∞‖f‖1 +∞ · µ(E) = ‖f‖1‖h‖∞.

Problem 7A.5. Suppose that (X,S, µ) is a measure space, 1 < p <∞, f ∈ Lp(µ), and h ∈ Lp
′
(µ).

Prove that Hölder’s inequality (7.9) is an equality if and only if there exist nonnegative numbers a
and b, not both 0, such that

a|f(x)|p = b|h(x)|p′

for almost every x ∈ X.

Solution. Both ‖f‖p and ‖h‖p′ are finite, and three facts from Chapter 3 are used throughout.
(F1) If u ≥ 0 is measurable with

∫
u dµ = 0, then u = 0 almost everywhere: with En = {u > 1

n}, the
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bound 1
nχEn ≤ u and 3.8, 3.7 give µ(En) = 0, and {u > 0} =

⋃
nEn is null by 2.58.

(F2) Nonnegative measurable functions agreeing outside a null set E have equal integrals, since u ≤
v +∞ · χE with 3.8, 3.16, 3.7 gives

∫
u dµ ≤

∫
v dµ, and symmetrically.

(F3) Hence ‖f‖p = 0 if and only if f = 0 almost everywhere.
(i) Suppose a|f |p = b|h|p′ almost everywhere, with a, b ≥ 0 not both 0. If b = 0 then a > 0, so
f = 0 almost everywhere and both sides of Hölder’s inequality vanish by (F2) and (F3); the case
a = 0 is symmetric. So let a, b > 0 and c = b/a, giving |f |p = c|h|p′ almost everywhere and hence
‖f‖ pp = c‖h‖ p

′

p′ by (F2). If ‖h‖p′ = 0 both sides vanish again, so assume ‖h‖p′ > 0; then ‖f‖p > 0 too.
Put F = |f |/‖f‖p and H = |h|/‖h‖p′ , so that

∫
F p dµ =

∫
Hp′ dµ = 1 and, almost everywhere,

F p =
|f |p

‖f‖ pp
=

c |h|p′

c ‖h‖ p
′

p′

= Hp′ .

By Exercise 2 in this section, Young’s inequality is therefore an equality almost everywhere, and
integrating

FH =
F p

p
+
Hp′

p′

via (F2), 3.16, and 3.20 gives
∫
FH dµ = 1

p +
1
p′ = 1. Since |fh| = ‖f‖p‖h‖p′FH, homogeneity yields

‖fh‖1 = ‖f‖p‖h‖p′ .
(ii) Conversely, suppose ‖fh‖1 = ‖f‖p‖h‖p′ . If ‖f‖p = 0 take a = 1, b = 0, and if ‖h‖p′ = 0 take
a = 0, b = 1; in each case (F3) makes both sides vanish almost everywhere. Otherwise both norms lie
in (0,∞); with F,H as above,

∫
F p dµ =

∫
Hp′ dµ = 1 and homogeneity turns the assumed equality

into
∫
FH dµ = 1. The function

g =
F p

p
+
Hp′

p′
− FH

is nonnegative by Young’s inequality (7.8), and g + FH = F p

p + Hp′

p′ with 3.16 and 3.20 gives
∫
g dµ+∫

FH dµ = 1
p +

1
p′ = 1; subtracting the finite quantity

∫
FH dµ = 1 leaves

∫
g dµ = 0, so g = 0 almost

everywhere by (F1). By Exercise 2 this forces F p = Hp′ almost everywhere, that is,

a|f |p = b|h|p′ almost everywhere, where a = ‖h‖ p
′

p′ > 0, b = ‖f‖ pp > 0.

Problem 7A.6. Suppose (X,S, µ) is a measure space, f ∈ L1(µ), and h ∈ L∞(µ). Prove that
‖fh‖1 = ‖f‖1‖h‖∞ if and only if

|h(x)| = ‖h‖∞
for almost every x ∈ X such that f(x) 6= 0.

Solution. Write M = ‖h‖∞ < ∞ and N = ‖f‖1 < ∞, and use facts (F1) and (F2) from Exercise 5 in
this section.
Reduction. The set E0 = {|h| > M} is null by Exercise 1 in this section, so replacing h by hχX\E0

changes neither ‖h‖∞ (the essential supremum is unaffected by modification on a null set; see the
discussion following 7.1), nor ‖fh‖1 (by (F2)), nor the measure of {f 6= 0 and |h| 6= M}. So assume
|h| ≤M everywhere.
Then u := (M − |h|)|f | is nonnegative and measurable with u + |fh| = M |f | pointwise, so additivity
(3.16) and homogeneity (3.20) give∫

u dµ+ ‖fh‖1 =M‖f‖1 =MN.

Hölder’s inequality (7.9) for p = 1, proved in Exercise 4 of this section, makes ‖fh‖1 ≤ MN < ∞, so
that term may be subtracted: ∫

u dµ = ‖f‖1‖h‖∞ − ‖fh‖1.
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Hence ‖fh‖1 = ‖f‖1‖h‖∞ if and only if
∫
u dµ = 0, which by (F1) holds if and only if u = 0 almost

everywhere. Because |h| ≤M ,

{u > 0} = {f 6= 0 and |h| < M} = {f 6= 0 and |h| 6=M},

so that condition says exactly that |h(x)| = ‖h‖∞ for almost every x ∈ X with f(x) 6= 0.

Problem 7A.7. Suppose (X,S, µ) is a measure space and f, h : X → F are S-measurable. Prove
that

‖fh‖r ≤ ‖f‖p ‖h‖q
for all positive numbers p, q, r such that 1

p +
1
q = 1

r .

Solution. Apply Hölder’s inequality (7.9) to |f |r and |h|r with exponent P = p/r. Here 1 < P < ∞,
since 1

r = 1
p +

1
q >

1
p forces r < p, and Q := q/r is the dual exponent of P because

1

P
+

1

Q
= r
(1
p
+

1

q

)
= 1,

so Q = P ′ by 7.6. As |f |r and |h|r are measurable by 6.20, 7.9 gives∥∥ |f |r|h|r ∥∥
1
≤
∥∥ |f |r ∥∥

P

∥∥ |h|r ∥∥
Q
.

By 7.1 the left side is
∫
|fh|r dµ = ‖fh‖ rr , while rP = p gives

∥∥ |f |r ∥∥
P
=
(∫

|f |p dµ
)r/p

= ‖f‖ rp ,

and likewise
∥∥ |h|r ∥∥

Q
= ‖h‖ rq from rQ = q. Hence

‖fh‖ rr ≤
(
‖f‖p ‖h‖q

)r
(using the convention 0 ·∞ = 0 under which 7.9 is stated), and taking r-th roots, which preserves order
on [0,∞], completes the proof.

Problem 7A.8. Suppose (X,S, µ) is a measure space and n ∈ Z+. Prove that

‖f1f2 · · · fn‖1 ≤ ‖f1‖p1‖f2‖p2 · · · ‖fn‖pn

for all positive numbers p1, . . . , pn such that 1
p1

+ 1
p2

+ · · · + 1
pn

= 1 and all S-measurable functions
f1, f2, . . . , fn : X → F.

Solution. Induct on n, with Exercise 7 in this section as the two-factor step. The statement to prove
is: if p1, . . . , pn, r are positive numbers with

∑n
k=1

1
pk

= 1
r , then

‖f1f2 · · · fn‖r ≤ ‖f1‖p1‖f2‖p2 · · · ‖fn‖pn .

For n = 1 we have r = p1 and the two sides agree. Assume the statement for n, and let p1, . . . , pn+1, r
be positive with

∑n+1
k=1

1
pk

= 1
r . Define s by 1

s =
∑n

k=1
1
pk

, a positive finite number, so that 1
s+

1
pn+1

= 1
r .

The induction hypothesis bounds ‖f1 · · · fn‖s, and Exercise 7 applied to f1 · · · fn and fn+1 gives

‖f1 · · · fnfn+1‖r ≤ ‖f1 · · · fn‖s ‖fn+1‖pn+1 ≤
n+1∏
k=1

‖fk‖pk ,

the second inequality because multiplication by a fixed element of [0,∞] preserves order under the
convention 0 · ∞ = 0 used in 7.9. Taking r = 1 yields the exercise.
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Problem 7A.9. Show that the formula in 7.12 holds for p = ∞ if µ is a σ-finite measure.

Solution. With p = ∞ and p′ = 1 (7.6 and 7.7), the formula in 7.12 reads

‖f‖∞ = sup
{∫

fh dµ : h ∈ L1(µ) and ‖h‖1 ≤ 1
}
.

For any admissible h, Hölder’s inequality (7.9) with p = ∞, p′ = 1 gives∫
fh dµ ≤

∫
|fh| dµ = ‖fh‖1 ≤ ‖f‖∞‖h‖1 ≤ ‖f‖∞,

so the supremum is at most ‖f‖∞; as h = 0 is admissible the supremum is also at least 0, settling the
case ‖f‖∞ = 0. Assume now ‖f‖∞ > 0 and fix t ∈ (0, ‖f‖∞).
Then E = {|f | > t} ∈ S has µ(E) > 0, since t lies below the infimum in 7.1. Writing X =

⋃∞
j=1Xj

with each µ(Xj) <∞ by σ-finiteness, countable subadditivity (2.58) rules out µ(E ∩Xj) = 0 for every
j, so A := E ∩Xj satisfies 0 < µ(A) <∞ for some j. Put

h =
f

µ(A) |f |
χA,

which is defined because |f | > t > 0 on A. Then |h| = 1
µ(A)χA, so ‖h‖1 = 1 by 3.15 and h is admissible;

moreover fh = |f |
µ(A)χA ≥ t

µ(A)χA pointwise, so 3.8 and 3.15 give∫
fh dµ ≥ t µ(A)

µ(A)
= t.

Hence the supremum is at least t for every t < ‖f‖∞, and the two bounds give equality.

Problem 7A.10. Suppose 0 < p < q ≤ ∞.
(a) Prove that `p ⊆ `q.
(b) Prove that ‖(a1, a2, . . .)‖p ≥ ‖(a1, a2, . . .)‖q for every sequence a1, a2, . . . of elements of F.

Solution. Here µ is counting measure on Z+, so by 7.2 and 7.4 we have ‖a‖p = (
∑

k |ak|p)1/p for p <∞,
‖a‖∞ = supk |ak|, and `p = {a : ‖a‖p <∞}.
(a) Immediate from (b): if a ∈ `p then ‖a‖q ≤ ‖a‖p <∞, so a ∈ `q.
(b) If ‖a‖p = ∞ there is nothing to prove, and if ‖a‖p = 0 then every ak = 0 and both sides vanish.
So assume 0 < ‖a‖p < ∞ and put b = a/‖a‖p, which has ‖b‖p = 1 by homogeneity (7.5(b)); thus∑∞

k=1 |bk|p = 1, and in particular |bk| ≤ 1 for every k.
(i) q = ∞. Then ‖b‖∞ = supk |bk| ≤ 1.
(ii) q <∞. Then 0 ≤ |bk| ≤ 1 and q > p give |bk|q ≤ |bk|p, so

‖b‖ qq =
∞∑
k=1

|bk|q ≤
∞∑
k=1

|bk|p = 1.

Either way ‖b‖q ≤ 1, so homogeneity of the q-norm (7.5(b), or Exercise 1 in this section when q = ∞)
gives

‖a‖q =
∥∥ ‖a‖p b∥∥q = ‖a‖p ‖b‖q ≤ ‖a‖p.

Problem 7A.11. Show that ⋂
p>1

`p 6= `1.
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Solution. Take a = (a1, a2, . . .) with ak = 1
k . Since `1 ⊆ `p for every p > 1 by Exercise 10(a) in this

section, it suffices to show a lies in every `p with p > 1 but not in `1.
Not in `1. The block {2m, . . . , 2m+1− 1} has 2m terms, each at least 2−(m+1), so it contributes at least
1
2 ; summing the blocks m = 0, . . . ,M − 1,

2M−1∑
k=1

1

k
≥ M

2
.

The partial sums are unbounded, so ‖a‖1 = ∞.
In `p for p > 1. For p = ∞ this is clear, as supk 1

k = 1. For 1 < p < ∞ the same block has 2m terms,
each at most 2−mp, so it contributes at most (21−p)m; since 0 < 21−p < 1, summing the geometric
series bounds the partial sums of the nonnegative series:

∞∑
k=1

1

kp
≤

∞∑
m=0

(
21−p

)m
=

1

1− 21−p
<∞.

Problem 7A.12. Show that ⋂
p<∞

Lp([0, 1]) 6= L∞([0, 1]).

Solution. Take f =
∑∞

n=1 nχAn on [0, 1] (with f(0) = 0), where An = (2−n, 2−n+1] are disjoint Borel
sets with λ(An) = 2−n; here f is Borel measurable because f−1((t,∞)) is the union of those An with
n > t, together with {0} when t < 0.
The containment. If g ∈ L∞([0, 1]) and 0 < p < ∞, then N = {|g| > ‖g‖∞} is null by Exercise 1 in
this section, so |g|p ≤ ‖g‖ p∞χ[0,1] +∞ · χN pointwise and 3.8, 3.16, 3.15 give∫

|g|p dλ ≤ ‖g‖ p∞λ([0, 1]) +∞ · λ(N) = ‖g‖ p∞ <∞.

Thus L∞([0, 1]) ⊆
⋂
p<∞ Lp([0, 1]), and it suffices to place f in the right side but not the left.

f /∈ L∞([0, 1]). Given t > 0, any integer n > t gives λ({|f | > t}) ≥ λ(An) > 0, so the set whose
infimum defines ‖f‖∞ in 7.1 is empty and ‖f‖∞ = ∞.
f ∈ Lp([0, 1]) for 0 < p < ∞. Disjointness gives |f |p =

∑
n n

pχAn , whose increasing partial sums are
simple with integrals

∑
n≤N n

p2−n by 3.15, so the Monotone Convergence Theorem (3.11) gives∫
|f |p dλ =

∞∑
n=1

np

2n
<∞,

the series converging because cn = np2−n satisfies cn+1

cn
= 1

2(1 +
1
n)
p → 1

2 , hence cn+1 ≤ 3
4cn for large

n, which dominates the tail by a geometric series.

Problem 7A.13. Show that ⋃
p>1

Lp([0, 1]) 6= L1([0, 1]).

Solution. Take f =
∑∞

n=1
2n

n2 χAn on [0, 1], with An = (2−n, 2−n+1] as in Exercise 12 in this section:
disjoint Borel sets with λ(An) = 2−n, and f(0) = 0; as there, f is Borel measurable because f−1((t,∞))
is a union of An’s together with {0} when t < 0.
The containment

⋃
p>1 Lp([0, 1]) ⊆ L1([0, 1]) holds by 7.10 when 1 < p < ∞, since λ[0,1] is a finite

measure, and by the first paragraph of Exercise 12 when p = ∞. So it suffices that f lie in L1([0, 1])
but in no Lp([0, 1]) with p > 1. Exactly as in Exercise 12 (disjointness, 3.15, and the Monotone
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Convergence Theorem 3.11), for 0 < p <∞,∫
|f |p dλ =

∞∑
n=1

(2n
n2

)p
λ(An) =

∞∑
n=1

2n(p−1)

n2p
.

(i) p = 1. The sum is
∑

n
1
n2 <∞, since 1

n2 ≤ 1
n−1 −

1
n for n ≥ 2 bounds the partial sums by 2. Hence

f ∈ L1([0, 1]).
(ii) 1 < p <∞. Choose an integer m > 2p; then et ≥ tm/m! with t = n(p− 1) ln 2 gives

2n(p−1)

n2p
≥ ((p− 1) ln 2)m

m!
nm−2p −→ ∞,

so the terms of the series do not tend to 0 and
∫
|f |p dλ = ∞.

(iii) p = ∞. The same device with m = 3 and t = n ln 2 gives 2n ≥ (ln 2)3n3/6, so 2n/n2 → ∞ and
every t > 0 admits n with λ({|f | > t}) ≥ λ(An) > 0; hence ‖f‖∞ = ∞.

Problem 7A.14. Suppose p, q ∈ (0,∞], with p 6= q. Prove that neither of the sets Lp(R) and Lq(R)
is a subset of the other.

Solution. By symmetry assume p < q, so p ∈ (0,∞); put r = q if q < ∞ and r = p+ 1 if q = ∞, and
take

f = x−1/rχ(0,1), g = x−1/pχ(1,∞).

Each is continuous and nonnegative on the interval carrying it, so its Lebesgue integrals are the
improper Riemann integrals∫

|f |s dλ =

∫ 1

0
x−s/r dx,

∫
|g|s dλ =

∫ ∞

1
x−s/p dx,

the first finite exactly when s < r, the second exactly when s > p.
(i) f ∈ Lp(R) \ Lq(R). Since p < r, ‖f‖p < ∞. If q < ∞, then r = q and

∫
|f |q dλ =

∫ 1
0 dx/x = ∞.

If q = ∞, then for every t > 0 the set {|f | > t} contains an interval (0, δ) of positive measure, so
‖f‖∞ = ∞.
(ii) g ∈ Lq(R) \ Lp(R). Here

∫
|g|p dλ =

∫∞
1 dx/x = ∞. If q < ∞, then q > p gives ‖g‖q < ∞; if

q = ∞, then |g| ≤ 1.
Thus Lp(R) 6⊆ Lq(R) and Lq(R) 6⊆ Lp(R).

Problem 7A.15. Show that there exists f ∈ L2(R) such that f /∈ Lp(R) for all p ∈ (0,∞] \ {2}.

Solution. Take f(x) = 1/
(√
x |lnx|

)
for x ∈

(
0, 12
)
∪ (2,∞) and f(x) = 0 otherwise; on each of those

intervals f is continuous and nonnegative, so its Lebesgue integrals are the improper Riemann integrals
below.
(i) p = 2. The substitution u = lnx, du = dx/x, gives

‖f‖ 2
2 =

∫ 1/2

0

dx

x(lnx)2
+

∫ ∞

2

dx

x(lnx)2
=

∫ − ln 2

−∞

du

u2
+

∫ ∞

ln 2

du

u2
=

2

ln 2
,

so f ∈ L2(R).
(ii) 0 < p < 2; put q = p/2 ∈ (0, 1). On (2,∞) we have |f |p = x−q(lnx)−p, and (lnx)p ≤ x(1−q)/2 for
all x ≥M , some M ≥ 2, whence

|f(x)|p ≥ x−(1+q)/2 (x ≥M), 1+q
2 < 1,

so
∫
|f |p dλ = ∞.

(iii) 2 < p < ∞; put q = p/2 > 1 and fix r ∈ (1, q). On
(
0, 12
)

we have |f |p = x−q|lnx|−p, and
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xq−r|lnx|p → 0 as x ↓ 0 (a positive power of x beats any power of |lnx|), so |lnx|p ≤ x−(q−r) on some
(0, δ); there |f(x)|p ≥ x−r with r > 1, so

∫
|f |p dλ = ∞.

(iv) p = ∞. Since
√
x |lnx| → 0 as x ↓ 0, each set {|f | > t} contains an interval (0, δt) of positive

measure, so the infimum in 7.1 is over the empty set and ‖f‖∞ = ∞.

Problem 7A.16. Suppose (X,S, µ) is a finite measure space. Prove that

lim
p→∞

‖f‖p = ‖f‖∞

for every S-measurable function f : X → F.

Solution. The two bounds ‖f‖p ≤ ‖f‖∞µ(X)1/p and ‖f‖p ≥ t µ({|f | > t})1/p give the limit, since both
measure factors tend to 1. In detail: if µ(X) = 0, then every set is null, so ‖f‖p = 0 = ‖f‖∞ for all p;
assume henceforth 0 < µ(X) <∞.
(i) lim supp→∞ ‖f‖p ≤ ‖f‖∞. Only ‖f‖∞ < ∞ needs proof. Then |f | ≤ ‖f‖∞ almost everywhere,
because {

|f | > ‖f‖∞
}
=

∞⋃
n=1

{
|f | > ‖f‖∞ + 1

n

}
and each set on the right is null by the definition of the infimum in 7.1; countable subadditivity finishes
it. Hence

∫
|f |p dµ ≤ ‖f‖ p∞ µ(X), so ‖f‖p ≤ ‖f‖∞µ(X)1/p, and µ(X)1/p → 1 because 0 < µ(X) <∞.

(ii) lim infp→∞ ‖f‖p ≥ ‖f‖∞. Only ‖f‖∞ > 0 needs proof. Fix t ∈ (0, ‖f‖∞); then t fails the defining
condition in 7.1, so c := µ({|f | > t}) satisfies 0 < c ≤ µ(X) <∞, and∫

|f |p dµ ≥ tpc for every p ∈ (0,∞).

Thus ‖f‖p ≥ t c1/p → t, giving lim infp→∞ ‖f‖p ≥ t; now let t ↑ ‖f‖∞.

Problem 7A.17. Suppose µ is a measure, 0 < p ≤ ∞, and f ∈ Lp(µ). Prove that for every ε > 0,
there exists a simple function g ∈ Lp(µ) such that ‖f − g‖p < ε.
[This exercise extends 3.44.]

Solution. Take g from the simple approximations supplied by 2.89, applied to Re f and Im f . Precisely,
2.89(b) and (c) give simple S-measurable uk → Re f and vk → Im f pointwise on X with |uk| ≤ |Re f |
and |vk| ≤ |Im f |; then gk := uk + ivk is simple and S-measurable, with

|gk| ≤ |Re f |+ |Im f | ≤ 2|f | and gk → f pointwise,

so ‖gk‖p ≤ 2‖f‖p <∞ and gk ∈ Lp(µ) for every p ∈ (0,∞].
(i) 0 < p < ∞. Then |f − gk|p ≤ 3p|f |p, which is integrable because f ∈ Lp(µ), and |f − gk|p → 0
pointwise, so the Dominated Convergence Theorem 3.31 gives ‖f − gk‖p → 0; take g = gk for k large.
(ii) p = ∞. Put M = ‖f‖∞ < ∞, E = {|f | ≤ M}, and f̃ = fχE ; as in 7A.16(i), µ(X \ E) = 0,
so ‖f − f̃‖∞ = 0. Since Re f̃ and Im f̃ are bounded, 2.89(d) supplies simple S-measurable a, b with
supX |Re f̃ − a| < ε/4 and supX |Im f̃ − b| < ε/4. Then g = a + ib is simple with |g| ≤ M + ε/2, so
g ∈ L∞(µ), and by the triangle inequality of 7A.1,

‖f − g‖∞ ≤ ‖f − f̃‖∞ + ‖f̃ − g‖∞ ≤ 0 +
ε

2
< ε.

Problem 7A.18. Suppose 0 < p < ∞ and f ∈ Lp(R). Prove that for every ε > 0, there exists a
step function g ∈ Lp(R) such that ‖f − g‖p < ε.
[This exercise extends 3.47.]
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Solution. Approximate f first by a simple function using 7A.17, then replace each of its level sets by
a finite union of intervals; with q = min{p, 1}, the errors add through the q-triangle inequality∥∥∥ m∑

k=1

fk

∥∥∥ q
p
≤

m∑
k=1

‖fk‖ qp .

That inequality is Minkowski 7.14 with induction on m when p ≥ 1 (so q = 1); when 0 < p < 1 it is
q = p and follows by integrating

(∑
k|fk|

)p ≤
∑

k|fk|p, which iterates (a + b)p ≤ ap + bp for a, b ≥ 0
(divide by (a+ b)p and use sp ≥ s for s ∈ [0, 1]).
Interval approximation. If A ⊆ R is Lebesgue measurable with |A| < ∞ and δ > 0, there is a union
E of finitely many disjoint bounded open intervals with ‖χA − χE‖ pp = |A \ E|+ |E \A| < δ. Indeed,
2.71(e) gives an open G ⊇ A with |G \A| < δ/2, so |G| <∞; writing G =

⋃∞
j=1 Jj with the Jj disjoint

open intervals (bounded, as |G| <∞), choose N with
∑

j>N |Jj | < δ/2 and set E = J1 ∪ · · · ∪JN ; then

A \ E ⊆
⋃
j>N

Jj and E \A ⊆ G \A.

Now let ε > 0. By 7A.17 there is a simple function h ∈ Lp(R) with

‖f − h‖ qp <
εq

2
.

If h = 0, take g = 0. Otherwise write h = a1χA1 + · · · + anχAn in the standard representation
following 2.88, the ak distinct and nonzero and the Ak disjoint and measurable; disjointness gives
‖h‖ pp =

∑
k|ak|p|Ak| < ∞, so each |Ak| < ∞. Choose δk > 0 with |ak|qδ

q/p
k < εq/(2n) and then Ek as

above with ‖χAk
− χEk

‖ pp < δk, and set

g = a1χE1 + · · ·+ anχEn .

Expanding each χEk
over its finitely many bounded intervals exhibits g as a step function; it is bounded

with bounded support, so g ∈ Lp(R). By the q-triangle inequality and the homogeneity 7.5(b),

‖h− g‖ qp ≤
n∑
k=1

|ak|q ‖χAk
− χEk

‖ qp <
n∑
k=1

|ak|qδ
q/p
k <

εq

2
.

Therefore
‖f − g‖ qp ≤ ‖f − h‖ qp + ‖h− g‖ qp <

εq

2
+
εq

2
= εq,

which gives ‖f − g‖p < ε.

Problem 7A.19. Suppose 0 < p < ∞ and f ∈ Lp(R). Prove that for every ε > 0, there exists a
continuous function g : R → F such that ‖f − g‖p < ε and the set {x ∈ R : g(x) 6= 0} is bounded.
[This exercise extends 3.48.]

Solution. Round off the corners of the step function supplied by 7A.18: replace each χI by a continuous
trapezoid. Throughout, q = min{p, 1} and errors add through the q-triangle inequality ‖

∑
k fk‖

q
p ≤∑

k ‖fk‖
q
p proved in 7A.18.

Let ε > 0. By 7A.18 there is a step function h ∈ Lp(R) with

‖f − h‖ qp <
εq

2
.

If h = 0, take g = 0. Otherwise write h = a1χI1 + · · ·+anχIn with the ak nonzero and the Ik intervals,
which may be taken disjoint: the finitely many endpoints cut R into finitely many pieces on each
of which h is constant, and we discard the pieces where h = 0 and relabel. Disjointness then gives
‖h‖ pp =

∑
k|ak|p|Ik| <∞, so each Ik is bounded, say with endpoints bk ≤ ck.
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Trapezoids. For a bounded interval I with endpoints b ≤ c and for δ > 0, let ϕ = 0 if c − b ≤ 2δ,
and otherwise let ϕ be the continuous piecewise-linear function that equals 1 on [b+ δ, c− δ], equals 0
off (b, c), and is linear on [b, b + δ] and on [c − δ, c]. In the first case ‖χI − ϕ‖ pp = c − b ≤ 2δ; in the
second, χI −ϕ is bounded by 1 and vanishes off [b, b+ δ]∪ [c− δ, c], a set of measure 2δ. Either way ϕ
is continuous, vanishes off [b, c], and

‖χI − ϕ‖ pp ≤ 2δ.

Choose δ > 0 small enough that

|ak|q(2δ)q/p <
εq

2n
for k = 1, . . . , n,

possible since (2δ)q/p → 0 as δ ↓ 0; let ϕk be the trapezoid for Ik and this δ, and set

g = a1ϕ1 + · · ·+ anϕn.

Then g is continuous and vanishes outside the bounded set [b1, c1]∪ · · · ∪ [bn, cn], hence is bounded and
lies in Lp(R). By the q-triangle inequality and 7.5(b),

‖h− g‖ qp ≤
n∑
k=1

|ak|q ‖χIk − ϕk‖ qp ≤
n∑
k=1

|ak|q(2δ)q/p <
εq

2
,

so ‖f − g‖ qp ≤ ‖f − h‖ qp + ‖h− g‖ qp < εq.

Problem 7A.20. Suppose (X,S, µ) is a measure space, 1 < p < ∞, and f, g ∈ Lp(µ). Prove that
Minkowski’s inequality (7.14) is an equality if and only if there exist nonnegative numbers a and b,
not both 0, such that

af(x) = bg(x)

for almost every x ∈ X.

Solution. Normalize and use strict convexity of t 7→ tp. Two pointwise facts do the work.
Fact 1. For z, w ∈ F, |z + w| = |z|+ |w| if and only if zw ∈ [0,∞): comparing

|z + w|2 = |z|2 + 2Re(zw) + |w|2, (|z|+ |w|)2 = |z|2 + 2|zw|+ |w|2,

equality holds exactly when Re(zw) = |zw|, that is, when zw ≥ 0.
Fact 2. For p > 1, s ∈ (0, 1), and α, β ≥ 0 we have

(
sα+ (1− s)β

)p ≤ sαp + (1− s)βp, with equality
if and only if α = β; indeed t 7→ tp has second derivative p(p− 1)tp−2 > 0 on (0,∞), hence is strictly
convex there, while for α = 0 < β the left side is (1− s)pβp < (1− s)βp.
(⇐) Suppose af = bg almost everywhere with a, b ≥ 0 not both 0. If b = 0, then a > 0, so f = 0
almost everywhere and ‖f + g‖p = ‖g‖p = ‖f‖p + ‖g‖p. If b > 0, then g = cf almost everywhere with
c = a/b ≥ 0, so 7.5(b) gives ‖f + g‖p = (1 + c)‖f‖p = ‖f‖p + ‖g‖p.
(⇒) Suppose ‖f + g‖p = ‖f‖p + ‖g‖p. If ‖f‖p = 0, take (a, b) = (1, 0); if ‖g‖p = 0, take (a, b) = (0, 1).
Otherwise A := ‖f‖p and B := ‖g‖p lie in (0,∞); put u = f/A, v = g/B, and s = A/(A+B) ∈ (0, 1),
so that ‖u‖p = ‖v‖p = 1 by 7.5(b) and f + g = (A + B)

(
su + (1 − s)v

)
. The hypothesis becomes

‖su+ (1− s)v‖p = 1, while pointwise∣∣su+ (1− s)v
∣∣p ≤ (s|u|+ (1− s)|v|

)p ≤ s|u|p + (1− s)|v|p

by the triangle inequality in F and Fact 2. Integrating turns this chain into 1 ≤ 1 ≤ 1, so each of the
two differences is a nonnegative function of integral 0 (all three terms are integrable, being dominated
by the right-hand side) and hence vanishes almost everywhere by the second bullet point of 3.43. Thus
for almost every x ∈ X:

(i)
∣∣su(x) + (1− s)v(x)

∣∣ = s|u(x)|+ (1− s)|v(x)|,

(ii)
(
s|u(x)|+ (1− s)|v(x)|

)p
= s|u(x)|p + (1− s)|v(x)|p.
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where (i) uses the injectivity of t 7→ tp on [0,∞). At such an x, Fact 2 turns (ii) into |u(x)| = |v(x)|,
and Fact 1 (with z = su(x), w = (1− s)v(x)) turns (i) into u(x)v(x) ≥ 0. If u(x) = 0, then v(x) = 0;
otherwise

u(x)v(x) = |u(x)| |v(x)| = |u(x)|2 = u(x)u(x),

and dividing by u(x) gives v(x) = u(x). Hence u = v almost everywhere, that is, Bf = Ag almost
everywhere; take a = B and b = A.

Problem 7A.21. Suppose (X,S, µ) is a measure space and f, g ∈ L1(µ). Prove that

‖f + g‖1 = ‖f‖1 + ‖g‖1

if and only if f(x)g(x) ≥ 0 for almost every x ∈ X.

Solution. The two sides differ by the integral of the nonnegative function

ψ = |f |+ |g| − |f + g|,

so the equality holds if and only if ψ = 0 almost everywhere. Indeed ψ ≥ 0 by the triangle inequality
in F, and |f |, |g|, |f + g| all have finite integral (as f, g ∈ L1(µ)), so additivity of the integral gives∫

ψ dµ = ‖f‖1 + ‖g‖1 − ‖f + g‖1,

and a nonnegative function has integral 0 exactly when it vanishes almost everywhere, by the second
bullet point of 3.43.
Finally ψ(x) = 0 says |f(x) + g(x)| = |f(x)| + |g(x)|, which holds if and only if f(x)g(x) ≥ 0 by the
equality case of the triangle inequality in F established as Fact 1 in 7A.20.

Problem 7A.22. Suppose (X,S, µ) and (Y, T , ν) are σ-finite measure spaces and 0 < p <∞. Prove
that if f ∈ Lp(µ× ν), then

[f ]x ∈ Lp(ν) for almost every x ∈ X

and
[f ]y ∈ Lp(µ) for almost every y ∈ Y,

where [f ]x and [f ]y are the cross sections of f as defined in 5.7.

Solution. Apply Tonelli’s Theorem 5.28 to |f |p. That function is nonnegative and S ⊗ T -measurable,
and directly from the definition 5.7 of cross sections,[

|f |p
]
x
=
∣∣[f ]x∣∣p and

[
|f |p

]y
=
∣∣[f ]y∣∣p.

Both measure spaces are σ-finite, so 5.28 says that

h : X → [0,∞], h(x) =

∫
Y

∣∣[f ]x∣∣p dν
is S-measurable with

∫
X h dµ =

∫
X×Y |f |p d(µ × ν) = ‖f‖pp < ∞. Writing E = {h = ∞} ∈ S, the

bound cχE ≤ h gives
c µ(E) ≤

∫
X
h dµ = ‖f‖pp for every c > 0,

so µ(E) = 0. Thus for every x /∈ E the cross section [f ]x is T -measurable (5.9) with
∫
Y |[f ]x|p dν <∞,

that is, [f ]x ∈ Lp(ν) for almost every x ∈ X. Part (b) of 5.28 gives [f ]y ∈ Lp(µ) for almost every y ∈ Y
by the same argument.
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Problem 7A.23. Suppose 1 ≤ p <∞ and f ∈ Lp(R).
(a) For t ∈ R, define ft : R → R by ft(x) = f(x − t). Prove that the function t 7→ ‖f − ft‖p is

bounded and uniformly continuous on R.
(b) For t > 0, define ft : R → R by ft(x) = f(tx). Prove that

lim
t→1

‖f − ft‖p = 0.

Solution. Both parts reduce, via the density result 7A.19, to a continuous function vanishing off a
bounded set; the reduction runs on the two invariance identities∫ ∞

−∞
h(x− t) dx =

∫ ∞

−∞
h,

∫ ∞

−∞
h(tx) dx =

1

t

∫ ∞

−∞
h

for measurable h ≥ 0, with t ∈ R in the first and t > 0 in the second. Both hold for h = χE because
|t + E| = |E| by 2.7 and |t−1E| = t−1|E| by the definition 2.2 of outer measure applied to dilated
covers (translates and dilates of measurable sets are measurable, by 2.70 in the Lebesgue case), hence
for simple h by 3.7, hence for all measurable h ≥ 0 by 2.89 and the Monotone Convergence Theorem
3.11. Taking h = |f |p gives ft ∈ Lp(R) with

‖ft‖p = ‖f‖p in (a), ‖ft‖p = t−1/p‖f‖p in (b).

Also, for each ε > 0, 7A.19 supplies a continuous g vanishing outside some [−M,M ] with ‖f −g‖p < ε;
such a g is uniformly continuous on R, being uniformly continuous on the compact set [−M −2,M +2]
and zero on a neighbourhood of the complement. (Check!)
(a) Put ϕ(t) = ‖f −ft‖p. Minkowski 7.14 and translation invariance give ϕ(t) ≤ ‖f‖p+‖ft‖p = 2‖f‖p,
so ϕ is bounded. Since (fa)b = fa+b, we have ft − fs = (f − fs−t)t, whence ‖ft − fs‖p = ϕ(s− t), and
7.14 applied twice gives

|ϕ(t)− ϕ(s)| ≤ ‖ft − fs‖p = ϕ(s− t).

So uniform continuity follows once ϕ(u) → 0 as u→ 0. Given ε > 0, take g as above with ‖f−g‖p < ε/3;
then ‖fu − gu‖p = ‖f − g‖p, so 7.14 gives ϕ(u) ≤ 2ε

3 + ‖g − gu‖p. For |u| ≤ 1 the function g − gu
vanishes outside [−M − 1,M + 1], so

‖g − gu‖ pp ≤ (2M + 2)
(

sup
x∈R

|g(x)− g(x− u)|
)p
,

and the supremum tends to 0 as u→ 0 by uniform continuity of g. Hence ϕ(u) < ε for all small |u|.
(b) Given ε > 0, take g as above with ‖f −g‖p < ε. For t ∈ [12 , 2], dilation invariance gives ‖ft−gt‖p =
t−1/p‖f − g‖p ≤ 21/pε ≤ 2ε (here p ≥ 1), so by 7.14

‖f − ft‖p ≤ ‖f − g‖p + ‖g − gt‖p + ‖gt − ft‖p < 3ε+ ‖g − gt‖p.

For such t, if |x| > 2M then |x| > M and |tx| ≥ |x|/2 > M , so g − gt vanishes outside [−2M, 2M ] and

‖g − gt‖ pp ≤ 4M
(

sup
|x|≤2M

|g(x)− g(tx)|
)p
.

Since |tx− x| ≤ 2M |t− 1| for |x| ≤ 2M , uniform continuity of g sends that supremum to 0 as t → 1.
Hence lim supt→1 ‖f − ft‖p ≤ 3ε for every ε > 0.

Problem 7A.24. Suppose 1 ≤ p <∞ and f ∈ Lp(R). Prove that

lim
t↓0

1

2t

∫ b+t

b−t
|f − f(b)|p = 0

for almost every b ∈ R.
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Solution. Apply the Lebesgue Differentiation Theorem 4.10 to the countably many localized functions

hr,n = |f − r|p χ(−n,n), r ∈ D, n ∈ Z+,

where D is a countable dense subset of F (take Q or Q + iQ), and then let r → f(b). Convexity of
s 7→ sp on [0,∞) (here p ≥ 1) gives

|u+ v|p ≤
(
|u|+ |v|

)p ≤ 2p−1
(
|u|p + |v|p

)
(u, v ∈ F),

so
∫
hr,n ≤ 2p−1

(
‖f‖pp + 2n|r|p

)
< ∞ and hr,n ∈ L1(R). Hence 4.10 supplies null sets Nr,n off which

the averages of |hr,n − hr,n(b)| over (b− t, b+ t) tend to 0; put N =
⋃
r,nNr,n, which is null by 2.8.

Fix b /∈ N and r ∈ D, and choose n > |b| + 1. For 0 < t < 1 we have (b − t, b + t) ⊆ (−n, n), so
hr,n = |f − r|p there and hr,n(b) = |f(b)− r|p, whence∣∣∣∣ 12t

∫ b+t

b−t
|f − r|p − |f(b)− r|p

∣∣∣∣ ≤ 1

2t

∫ b+t

b−t

∣∣hr,n − hr,n(b)
∣∣ −→ 0.

Now let ε > 0 and pick r ∈ D with |f(b) − r| < ε. The displayed inequality with u = f(x) − r and
v = r − f(b), integrated over (b− t, b+ t), gives

1

2t

∫ b+t

b−t
|f − f(b)|p ≤ 2p−1

(
1

2t

∫ b+t

b−t
|f − r|p + |r − f(b)|p

)
,

so by the previous paragraph

lim sup
t↓0

1

2t

∫ b+t

b−t
|f − f(b)|p ≤ 2p|f(b)− r|p < 2pεp.

As ε > 0 was arbitrary and the averages are nonnegative, the limit is 0 for every b /∈ N .

7.2 Exercises 7B

Problem 7B.1. Suppose n > 1 and 0 < p < 1. Prove that if ‖ · ‖ is defined on Fn by

‖(a1, . . . , an)‖ =
(
|a1|p + · · ·+ |an|p

)1/p
,

then ‖ · ‖ is not a norm on Fn.

Solution. The triangle inequality fails. Take a = (1, 0, . . . , 0) and b = (0, 1, 0, . . . , 0), available because
n > 1. Then ‖a‖ = ‖b‖ = 1, while 1/p > 1 gives

‖a+ b‖ = (1p + 1p)1/p = 21/p > 2 = ‖a‖+ ‖b‖.

Problem 7B.2. (a) Suppose 1 ≤ p <∞. Prove that there is a countable subset of `p whose closure
equals `p.
(b) Prove that there does not exist a countable subset of `∞ whose closure equals `∞.

Solution. (a) Yes: the sequences with finitely many nonzero terms, all of them in D, where D = Q
or Q + iQ is a countable dense subset of F. Call this set D; it is countable, being

⋃∞
n=1Dn with Dn

(vanishing after coordinate n) in bijection with Dn, and D ⊆ `p. Given a ∈ `p and ε > 0, convergence
of
∑

k |ak|p gives n with
∑

k>n |ak|p < εp/2; choosing bk ∈ D with |ak − bk|p < εp/(2n) for k ≤ n and
setting b = (b1, . . . , bn, 0, 0, . . .) ∈ D gives

‖a− b‖pp =
n∑
k=1

|ak − bk|p +
∑
k>n

|ak|p < εp.
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(b) No: the set S of sequences with entries in {0, 1} lies in `∞, is uncountable (it is in bijection with
the subsets of Z+), and any two distinct members are at distance exactly 1. If C ⊆ `∞ has closure `∞,
choose for each a ∈ S some c(a) ∈ C with ‖a − c(a)‖∞ < 1

2 . This map is injective, since c(a) = c(b)
would give

‖a− b‖∞ ≤ ‖a− c(a)‖∞ + ‖c(b)− b‖∞ < 1,

forcing a = b. So C is uncountable.

Problem 7B.3. (a) Suppose 1 ≤ p < ∞. Prove that there is a countable subset of Lp(R) whose
closure equals Lp(R).
(b) Prove that there does not exist a countable subset of L∞(R) whose closure equals L∞(R).

Solution. (a) Yes: with D = Q or Q+ iQ (countable and dense in F), take

D =
{∑m

j=1 cjχ(aj ,bj) : m ∈ Z+, cj ∈ D, aj < bj rational
}
.

For each m these sums form the image of the countable set (D×Q×Q)m, so D is countable, and each
of its elements is bounded with bounded support, so D ⊆ Lp(R).
Let f ∈ Lp(R) and ε > 0. By 7A.18 there is a step function h with ‖f − h‖p < ε/2, and as in 7A.19
we may write h =

∑m
j=1 ajχIj with the Ij disjoint bounded intervals. Given δ ∈ (0, 1), enlarge each

Ij to an interval Jj with rational endpoints within δ of those of Ij , so that λ(Jj \ Ij) < 2δ and hence
‖χIj − χJj‖p ≤ (2δ)1/p, and pick qj ∈ D with |aj − qj | < δ. Then u =

∑m
j=1 qjχJj ∈ D, and Minkowski

7.14 gives

‖h− u‖p ≤ (2δ)1/p
m∑
j=1

|aj | + δ

m∑
j=1

λ(Jj)
1/p,

which is less than ε/2 once δ is small (the λ(Jj) ≤ λ(Ij) + 2 stay bounded). Hence ‖f − u‖p < ε, so
the closure of D is Lp(R).
(b) No: for t ∈ (0, 1) put gt = χ(0,t) ∈ L∞(R). If 0 < s < t < 1, then gt − gs = χ[s,t), whose every
level set {| · | > r} with r ∈ (0, 1) has measure t − s > 0, so ‖gt − gs‖∞ = 1 by 7.1. Thus {gt} is an
uncountable family at pairwise distance 1. If C ⊆ L∞(R) had closure L∞(R), choosing ct ∈ C with
‖gt − ct‖∞ < 1

2 would give an injection t 7→ ct of (0, 1) into C, since cs = ct forces

‖gs − gt‖∞ ≤ ‖gs − cs‖∞ + ‖ct − gt‖∞ < 1,

hence s = t. So C is uncountable.

Problem 7B.4. Suppose (X,S, µ) is a σ-finite measure space and 1 ≤ p ≤ ∞. Prove that if
f : X → F is an S-measurable function such that fh ∈ L1(µ) for every h ∈ Lp′(µ), then f ∈ Lp(µ).

Solution. If f /∈ Lp(µ), a single h ∈ Lp′(µ) built from a σ-finite exhaustion violates the hypothesis. Fix
X1 ⊆ X2 ⊆ · · · in S with µ(Xn) <∞ and

⋃
nXn = X, and recall 1

p +
1
p′ = 1 (7.6). We use once and for

all that
∫
uχN dµ = 0 for measurable u ≥ 0 and µ(N) = 0, so that

∫
u dµ =

∫
uχX\N dµ (Check!); this

converts a nonnegative function that is finite almost everywhere into an F-valued one with the same
norm.
(i) p = 1, so p′ = ∞. The constant function 1 lies in L∞(µ), so f = f · 1 ∈ L1(µ) by hypothesis.
(ii) p = ∞, so p′ = 1. Suppose ‖f‖∞ = ∞. By 7.1 each Ak = {|f | > 4k} has µ(Ak) > 0, so continuity
from below supplies nk with Bk = Ak∩Xnk

satisfying 0 < µ(Bk) <∞. Put h =
∑∞

k=1 2
−kµ(Bk)

−1χBk
;

the Monotone Convergence Theorem 3.11 applied to the partial sums gives
∫
h dµ = 1, so h <∞ almost

everywhere and ĥ = hχX\N , with N = {h = ∞}, lies in L1(µ). But for every k,∫
|fĥ| dµ =

∫
|f |h dµ ≥ 2−k

µ(Bk)

∫
Bk

|f | dµ ≥ 2−k4k = 2k,
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contradicting fĥ ∈ L1(µ). Hence f ∈ L∞(µ).
(iii) 1 < p <∞. Put En = {x ∈ Xn : |f(x)| ≤ n} and gn = |f |χEn . The En increase with union X, so
3.11 gives ‖gn‖pp →

∫
|f |p dµ, while gn ≤ nχXn gives ‖gn‖pp ≤ npµ(Xn) < ∞. Suppose

∫
|f |p dµ = ∞.

Choose n1 < n2 < · · · with ck := ‖gnk
‖p ≥ 4k, write Gk = gnk

, and set hk = G p−1
k /c p−1

k . Since
(p− 1)p′ = p,

‖hk‖p
′

p′ =
1

c pk

∫
G p
k dµ = 1 and

∫
Gkhk dµ =

c pk
c p−1
k

= ck ≥ 4k.

Put h =
∑∞

k=1 2
−khk. Minkowski 7.14 bounds the p′-norm of each partial sum by

∑
k 2

−k = 1, so 3.11
gives ‖h‖p′ ≤ 1; hence h < ∞ almost everywhere and ĥ = hχX\N lies in Lp′(µ). But |f | ≥ Gk and
ĥ ≥ 2−khkχX\N give ∫

|fĥ| dµ ≥ 2−k
∫
Gkhk dµ ≥ 2−k4k = 2k

for every k, a contradiction. Hence
∫
|f |p dµ <∞.

Problem 7B.5. (a) Prove that if µ is a measure, 1 < p <∞, and f, g ∈ Lp(µ) are such that

‖f‖p = ‖g‖p =
∥∥∥∥f + g

2

∥∥∥∥
p

,

then f = g.
(b) Give an example to show that (a) can fail if p = 1.
(c) Give an example to show that (a) can fail if p = ∞.

Solution. (a) Everything follows from the strict convexity inequality∣∣∣∣a+ b

2

∣∣∣∣p ≤ ( |a|+ |b|
2

)p
≤ |a|p + |b|p

2
(a, b ∈ F),

in which equality forces a = b. The first step is the triangle inequality in F with t 7→ tp increasing; the
second is convexity of t 7→ tp on [0,∞), strict because ϕ′(u) = pup−1 is strictly increasing there (this
is where p > 1 enters). So overall equality forces |a| = |b| =: r from the second step and |a + b| = 2r
from the first; if r > 0, then expanding |a + b|2 = 2r2 + 2Re(ab) = 4r2 gives Re(ab) = r2 = |ab|, so
ab = r2 and a = r2b/|b|2 = b; and if r = 0, then a = b = 0.
Now let c = ‖f‖p = ‖g‖p =

∥∥f+g
2

∥∥
p
<∞ and put

u =
|f |p + |g|p

2
−
∣∣∣∣f + g

2

∣∣∣∣p ≥ 0.

Additivity 3.16 gives
∫
u dµ + cp = cp, and cp < ∞ permits the subtraction, so

∫
u dµ = 0. By the

second bullet point of 3.43, u = 0 almost everywhere, and by the equality case above this says f = g
almost everywhere, that is, f = g in Lp(µ).
(b) Counting measure on {1, 2}, with f = (1, 0) and g = (0, 1): here ‖f‖1 = ‖g‖1 = 1 and f+g

2 = (12 ,
1
2)

also has 1-norm 1, yet f 6= g.
(c) The same space with f = (1, 1) and g = (1, 0): here ‖f‖∞ = ‖g‖∞ = 1 and f+g

2 = (1, 12) has
∞-norm 1, yet f 6= g.

Problem 7B.6. Suppose (X,S, µ) is a measure space and 0 < p < 1. Show that

‖f + g‖pp ≤ ‖f‖pp + ‖g‖pp

for all S-measurable functions f, g : X → F.
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Solution. Integrate the pointwise inequality |f + g|p ≤ |f |p + |g|p. For that, it suffices that

(a+ b)p ≤ ap + bp (a, b ≥ 0),

since |f + g| ≤ |f |+ |g| and t 7→ tp is increasing. To prove it, assume a+ b > 0 and put s = a/(a+ b),
t = b/(a+ b); then s, t ∈ [0, 1] with s+ t = 1, and up ≥ u for u ∈ [0, 1] (as up−1 ≥ 1 there, p < 1), so

ap + bp

(a+ b)p
= sp + tp ≥ s+ t = 1.

Integrating the pointwise bound, 3.8 and additivity 3.16 give

‖f + g‖pp =
∫

|f + g|p dµ ≤
∫

|f |p dµ+

∫
|g|p dµ = ‖f‖pp + ‖g‖pp,

an inequality in [0,∞].

Problem 7B.7. Prove that Lp(µ), with addition and scalar multiplication as defined in 7.16 and
norm defined as in 7.17, is a normed vector space. In other words, prove 7.18.

Solution. Everything rests on two facts: Z(µ) is a subspace of Lp(µ), and ‖ ·‖p is constant on its cosets.
Then Lp(µ) is the quotient Lp(µ)/Z(µ) with the operations of 7.16.
(i) Lp(µ) is a vector space: this is 7.5 for p <∞, and for p = ∞ it follows from the triangle inequality
and homogeneity of ‖ · ‖∞ proved in 7A.1. Its subset Z(µ) of functions vanishing almost everywhere
is a subspace, the union of two null sets being null, and Z(µ) ⊆ Lp(µ) because such functions have
‖ · ‖p = 0.
(ii) f̃ = F̃ if and only if f −F ∈ Z(µ), that is, f = F almost everywhere: one direction uses that Z(µ)
is closed under addition and negation, the other that f ∈ f̃ . (Check!) Consequently, if f̃ = F̃ and
g̃ = G̃, then

(f + g)− (F +G) = (f − F ) + (g −G) ∈ Z(µ), αf − αF = α(f − F ) ∈ Z(µ),

so the operations of 7.16 do not depend on the representatives. Each vector space axiom for Lp(µ)
then transfers from the corresponding axiom in Lp(µ) through f 7→ f̃ , which by definition carries sums
to sums and scalar multiples to scalar multiples; the additive identity is 0̃ = Z(µ) and −f̃ = (−f)∼.
(Check!)
(iii) ‖ · ‖p is well defined on Lp(µ). Suppose f = F off a set N with µ(N) = 0. If p < ∞, then
|f |pχX\N = |F |pχX\N and a null set contributes nothing to an integral of a nonnegative function, so∫
|f |p dµ =

∫
|F |p dµ. If p = ∞, then {|f | > t} and {|F | > t} differ only inside N , so one is null exactly

when the other is, and the two infima in 7.1 agree. Since f ∈ Lp(µ), the common value ‖f̃‖p = ‖f‖p
lies in [0,∞), as 6.33 requires.
(iv) The three conditions of 6.33. Homogeneity is 7.5(b) for p < ∞ and 7A.1 for p = ∞, read on
representatives; the triangle inequality is Minkowski 7.14 likewise. For positive definiteness, ‖f̃‖p = 0
forces f = 0 almost everywhere: for p < ∞ apply the second bullet point of 3.43 to |f |p; for p = ∞
each set {|f | > 1

n} is null by 7.1, and {f 6= 0} is their union. Hence f̃ = 0̃, and the converse is (iii)
with F = 0.

Problem 7B.8. Prove 7.20 for the case p = ∞.

Solution. Take f to be the pointwise limit of f1, f2, . . . off the null set where the essential suprema fail
to bound. As in 7A.16(i), µ({|g| > ‖g‖∞}) = 0 for every S-measurable g, so

E =
⋃
j,k

{
|fj − fk| > ‖fj − fk‖∞

}
∪
⋃
k

{
|fk| > ‖fk‖∞

}
is a countable union of null sets, hence E ∈ S with µ(E) = 0. On X\E we have |fj−fk| ≤ ‖fj−fk‖∞ for
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all j, k, so the Cauchy hypothesis makes f1, f2, . . . uniformly Cauchy there, hence pointwise convergent
by completeness of F. Define f = limk→∞ fkχX\E , which is S-measurable by 2.48.
Given ε > 0, choose n with ‖fj − fk‖∞ < ε for all j, k ≥ n. For k ≥ n and x ∈ X \ E,

|fk(x)− f(x)| = lim
j→∞

|fk(x)− fj(x)| ≤ ε,

so {|fk − f | > t} ⊆ E is null for every t > ε and thus ‖fk − f‖∞ ≤ ε; hence ‖fk − f‖∞ → 0. Taking
ε = 1 with its n, we get |f | ≤ |fn| + 1 ≤ ‖fn‖∞ + 1 on X \ E, so ‖f‖∞ ≤ ‖fn‖∞ + 1 < ∞ and
f ∈ L∞(µ).

Problem 7B.9. Prove that 7.20 also holds for p ∈ (0, 1).

Solution. The telescoping proof of 7.20 runs unchanged with ‖ · ‖ pp in place of the norm, because 7B.6
gives ‖u+ v‖pp ≤ ‖u‖pp + ‖v‖pp and hence, by induction, ‖

∑m
k=1 uk‖

p
p ≤

∑m
k=1 ‖uk‖

p
p.

It suffices to find a convergent subsequence: if ‖fkm−f‖p → 0, then given ε > 0 and n with ‖fj−fk‖pp <
ε/2 for j, k ≥ n, choosing km ≥ n with ‖fkm − f‖pp < ε/2 gives ‖fk − f‖pp < ε for all k ≥ n. So pick
n1 < n2 < · · · with ‖fj − fk‖pp < 2−m for j, k ≥ nm, pass to the subsequence (fnm) without relabelling,
and set f0 = 0; then

∞∑
k=1

‖fk − fk−1‖pp <∞.

Let g =
∑∞

k=1 |fk−fk−1| with partial sums gm. Finite subadditivity gives
∫
g pm dµ ≤

∑m
k=1 ‖fk−fk−1‖pp,

and g pm ↑ gp pointwise, so the Monotone Convergence Theorem 3.11 gives∫
gp dµ ≤

∞∑
k=1

‖fk − fk−1‖pp <∞.

Hence A = {g < ∞} satisfies µ(X \ A) = 0, since cχX\A ≤ gp for every c > 0. On A the series∑
k(fk − fk−1) converges absolutely with m-th partial sum fm, so f := limm→∞ fmχA exists pointwise

on X and is S-measurable by 2.48; and |f | ≤ g on A gives ‖f‖pp ≤
∫
gp dµ <∞, so f ∈ Lp(µ).

Finally, let ε > 0 and take n with ‖fj − fk‖pp < ε for j, k ≥ n. For k ≥ n the functions |fk − fj |p
converge almost everywhere to |fk − f |p, so Fatou’s Lemma (3A.17) gives

‖fk − f‖pp ≤ lim inf
j→∞

‖fk − fj‖pp ≤ ε.

Problem 7B.10. Prove that 7.23 also holds for p ∈ (0, 1).

Solution. Choose k1 < k2 < · · · with
∫
|fkm − f |p dµ < 4−m, possible because ‖fk − f‖pp → 0. Markov’s

inequality 4.1, applied to hm = |fkm − f |p ∈ L1(µ) with constant 2−m, gives

µ(Em) ≤ 2m‖hm‖1 < 2−m, Em = {hm ≥ 2−m}.

Put F =
⋂∞
M=1

⋃
m≥M Em. Monotonicity 2.57 and countable subadditivity 2.58 give µ(F ) ≤∑

m≥M 2−m = 2−M+1 for every M , so µ(F ) = 0.
If x /∈ F , then x /∈ Em for all m beyond some M , so |fkm(x) − f(x)| < 2−m/p → 0. Hence fkm → f
pointwise on X \ F , that is, almost everywhere.

Problem 7B.11. Suppose 1 ≤ p ≤ ∞. Prove that

{(a1, a2, . . .) ∈ `p : ak 6= 0 for every k ∈ Z+}

is not an open subset of `p.
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Solution. Take a = (2−1, 2−2, . . .), which lies in the set A in question: every term is nonzero, and
‖a‖pp =

∑
k 2

−kp < ∞ for p < ∞ while ‖a‖∞ = 1
2 . Given ε > 0, pick n with 2−n < ε and let b agree

with a except that bn = 0. Then b ∈ `p, b /∈ A, and a− b = 2−nen, so

‖a− b‖p = 2−n‖en‖p = 2−n < ε

for every p ∈ [1,∞]. So no ball centred at a lies in A; as a ∈ A, the set A is not open.

Problem 7B.12. Show that there exists a sequence f1, f2, . . . of functions in L1([0, 1]) such that
limk→∞ ‖fk‖1 = 0 but

sup{fk(x) : k ∈ Z+} = ∞

for every x ∈ [0, 1].
[This exercise shows that the conclusion of 7.23 cannot be improved to conclude that limk→∞ fk(x) =
f(x) for almost every x ∈ X.]

Solution. Take the typewriter sequence with growing heights. For n ∈ Z+ and j ∈ {0, 1, . . . , 2n − 1}
put In,j = [j2−n, (j + 1)2−n], and index the pairs by

k = 2n − 1 + j, fk = nχIn,j ,

which is a bijection onto Z+ because the blocks {2n− 1, . . . , 2n+1− 2} partition Z+; write n(k) for the
resulting n. Then

‖fk‖1 = n(k)λ
(
In(k),j(k)

)
=
n(k)

2n(k)
,

so each fk ∈ L1([0, 1]); and k ≥ 2n(k) − 1 forces n(k) → ∞, whence ‖fk‖1 → 0 because n2−n → 0.
Fix x ∈ [0, 1] and n ∈ Z+. The intervals In,0, . . . , In,2n−1 cover [0, 1], so x ∈ In,j for some j, and the
corresponding k = 2n − 1 + j gives fk(x) = n. Hence supk fk(x) = ∞.

Problem 7B.13. Suppose (X,S, µ) is a measure space, 1 ≤ p ≤ ∞, f ∈ Lp(µ), and f1, f2, . . . is a
sequence in Lp(µ) such that limk→∞ ‖fk − f‖p = 0. Show that if g : X → F is a function such that
limk→∞ fk(x) = g(x) for almost every x ∈ X, then f(x) = g(x) for almost every x ∈ X.

Solution. By 7.23 some subsequence satisfies fkm → f off a set E with µ(E) = 0, while by hypothesis
fk → g off a set F with µ(F ) = 0. For x /∈ E ∪ F , a null set by 2.58, the full sequence fk(x) converges
to g(x), hence so does the subsequence; since limits in F are unique and fkm(x) → f(x), we get
f(x) = g(x). Thus f = g almost everywhere.

Problem 7B.14. (a) Give an example of a measure µ such that 7.25 fails for p = 1.
(b) Show that if µ is a σ-finite measure, then 7.25 holds for p = 1.

Solution. (a) Take X = {1}, S = {∅, X}, and µ(X) = ∞. Then
∫
|f | dµ is 0 or ∞ according as f(1) = 0

or not, so
L1(µ) = {0} and hence

(
L1(µ)

)′
= {0},

whereas ‖f‖∞ = |f(1)| by 7.1 and ∅ is the only null set, so L∞(µ) is one-dimensional. For h with
h(1) = 1 we get ‖ϕh‖ = 0 6= 1 = ‖h‖∞, and ϕh = ϕ0 with h 6= 0, so h 7→ ϕh is not one-to-one either.
(This µ is not semifinite: X has infinite measure but no subset of positive finite measure.)
(b) For every measure, Holder’s inequality 7.9 with p = 1, p′ = ∞ gives ‖fh‖1 ≤ ‖f‖1‖h‖∞, so ϕh
is a bounded linear functional on L1(µ) with ‖ϕh‖ ≤ ‖h‖∞, and h 7→ ϕh is linear; only the reverse
inequality needs σ-finiteness.
Assume ‖h‖∞ > 0 and fix t ∈ (0, ‖h‖∞). Then E = {|h| > t} has µ(E) > 0, since µ(E) = 0 would give
‖h‖∞ ≤ t by 7.1. Writing X =

⋃
nXn with µ(Xn) < ∞, countable subadditivity 2.58 supplies n with
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A = E ∩Xn satisfying 0 < µ(A) ≤ µ(Xn) <∞. Put

f =
1

µ(A)
· h
|h|

χA,

well defined because |h| > t > 0 on A. Then |f | = χA/µ(A), so ‖f‖1 = 1, while fh = |h|/µ(A) on A
and 0 elsewhere gives

ϕh(f) =
1

µ(A)

∫
A
|h| dµ ≥ t,

whence ‖ϕh‖ ≥ t. Letting t ↑ ‖h‖∞ gives ‖ϕh‖ = ‖h‖∞. One-to-oneness follows: ϕh1 = ϕh2 gives
‖h1 − h2‖∞ = ‖ϕh1−h2‖ = 0.

Problem 7B.15. Let
c0 = {(a1, a2, . . .) ∈ `∞ : lim

k→∞
ak = 0}.

Give c0 the norm that it inherits as a subspace of `∞.
(a) Prove that c0 is a Banach space.
(b) Prove that the dual space of c0 can be identified with `1.

Solution. (a) c0 is a closed subspace of `∞, which is a Banach space by 7.24 (it is L∞(µ) for µ counting
measure on Z+, where no nonempty set is null, so the essential supremum is the supremum). It is a
subspace because limk→∞(ak + αa′k) = 0 whenever a, a′ ∈ c0. For closedness, suppose a(n) ∈ c0 and
‖a(n) − a‖∞ → 0; given ε > 0, choose n with ‖a(n) − a‖∞ < ε/2 and then K with |a(n)k | < ε/2 for
k > K, so that

|ak| ≤ |ak − a
(n)
k |+ |a(n)k | < ε for k > K,

giving a ∈ c0. A Cauchy sequence in c0 is Cauchy in `∞, hence converges there, and the limit lies in
the closed set c0; thus c0 is a Banach space.
(b) The identification is b 7→ ϕb from `1 onto (c0)

′, where

ϕb(a) =
∞∑
k=1

akbk (a ∈ c0).

This map is linear, and
∑∞

k=1 |akbk| ≤ ‖a‖∞‖b‖1 shows the series converges absolutely and ‖ϕb‖ ≤ ‖b‖1.
For the reverse, fix n and let a(n) have kth term bk/|bk| when k ≤ n and bk 6= 0, and 0 otherwise; then
a(n) ∈ c0 (finitely many nonzero terms) with ‖a(n)‖∞ ≤ 1, and

n∑
k=1

|bk| = ϕb
(
a(n)

)
≤ ‖ϕb‖ ‖a(n)‖∞ ≤ ‖ϕb‖.

Let n→ ∞: ‖ϕb‖ = ‖b‖1, so b 7→ ϕb is a linear isometry, in particular one-to-one.
For surjectivity, let ϕ ∈ (c0)

′ and set bk = ϕ(ek), where ek is the kth standard basis sequence. Since a(n)
above is a linear combination of e1, . . . , en, the same display with ϕ in place of ϕb gives ‖b‖1 ≤ ‖ϕ‖ <∞,
so b ∈ `1. Now ϕ and ϕb agree at each ek, hence on the finitely supported sequences, which are dense
in c0 because ‖a− (a1, . . . , an, 0, 0, . . .)‖∞ = supk>n |ak| → 0. Both are continuous by 6.48, so ϕ = ϕb.

Problem 7B.16. Suppose 1 ≤ p ≤ 2.
(a) Prove that if w, z ∈ C, then

|w + z|p + |w − z|p

2
≤ |w|p + |z|p ≤ |w + z|p + |w − z|p

2p−1
.
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(b) Prove that if µ is a measure and f, g ∈ Lp(µ), then

‖f + g‖pp + ‖f − g‖pp
2

≤ ‖f‖pp + ‖g‖pp ≤
‖f + g‖pp + ‖f − g‖pp

2p−1
.

Solution. (a) Put r = p/2 ∈ (0, 1], α = |w + z|2, β = |w − z|2; the parallelogram equality gives
α + β = 2(|w|2 + |z|2). Concavity of t 7→ tr on [0,∞) for r ≤ 1 (second derivative r(r − 1)tr−2 ≤ 0),
applied at α, β with equal weights, together with the subadditivity (σ + τ)r ≤ σr + τ r for σ, τ ≥ 0,
yields

|w + z|p + |w − z|p

2
=
αr + βr

2
≤
(α+ β

2

)r
=
(
|w|2 + |z|2

)r ≤ |w|p + |z|p,

which is the left-hand inequality. (Subadditivity: with t = σ/(σ + τ) ∈ [0, 1] one has tr ≥ t and
(1− t)r ≥ 1− t, so tr + (1− t)r ≥ 1; multiply by (σ+ τ)r.) Applying this with w+ z, w− z in place of
w, z, and using (w + z) + (w − z) = 2w, (w + z)− (w − z) = 2z, gives

2p−1
(
|w|p + |z|p

)
=

|2w|p + |2z|p

2
≤ |w + z|p + |w − z|p;

divide by 2p−1 for the right-hand inequality.
(b) Apply (a) at each x with w = f(x) and z = g(x):

|f(x) + g(x)|p + |f(x)− g(x)|p ≤ 2
(
|f(x)|p + |g(x)|p

)
and

2p−1
(
|f(x)|p + |g(x)|p

)
≤ |f(x) + g(x)|p + |f(x)− g(x)|p.

Each of |f + g|p, |f − g|p, |f |p, |g|p is nonnegative, measurable, and has finite integral, since Lp(µ) is a
vector space by 7.18 and p <∞. Integrating the two displays, using that integration is order preserving
(3.8) and additive on nonnegative measurable functions (3.16), gives

‖f + g‖pp + ‖f − g‖pp ≤ 2
(
‖f‖pp + ‖g‖pp

)
and 2p−1(‖f‖pp + ‖g‖pp) ≤ ‖f + g‖pp + ‖f − g‖pp. Divide the first by 2 and the second by 2p−1.

Problem 7B.17. Suppose 2 ≤ p <∞.
(a) Prove that if w, z ∈ C, then

|w + z|p + |w − z|p

2p−1
≤ |w|p + |z|p ≤ |w + z|p + |w − z|p

2
.

(b) Prove that if µ is a measure and f, g ∈ Lp(µ), then

‖f + g‖pp + ‖f − g‖pp
2p−1

≤ ‖f‖pp + ‖g‖pp ≤
‖f + g‖pp + ‖f − g‖pp

2
.

[The inequalities in the two previous exercises are called Clarkson’s inequalities. They were discovered
by James Clarkson in 1936.]

Solution. (a) Put r = p/2 ≥ 1, α = |w + z|2, β = |w − z|2; the parallelogram equality gives α + β =
2(|w|2 + |z|2). Convexity of t 7→ tr on [0,∞) for r ≥ 1 (second derivative r(r − 1)tr−2 ≥ 0), applied at
α, β with equal weights, together with the superadditivity σr + τ r ≤ (σ + τ)r for σ, τ ≥ 0, yields

|w + z|p + |w − z|p

2
=
αr + βr

2
≥
(α+ β

2

)r
=
(
|w|2 + |z|2

)r ≥ |w|p + |z|p,

which is the right-hand inequality. (Superadditivity: with t = σ/(σ + τ) ∈ [0, 1] one has tr ≤ t and
(1− t)r ≤ 1− t, so tr + (1− t)r ≤ 1; multiply by (σ+ τ)r.) Applying this with w+ z, w− z in place of
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w, z, and using (w + z) + (w − z) = 2w, (w + z)− (w − z) = 2z, gives

|w + z|p + |w − z|p ≤ |2w|p + |2z|p

2
= 2p−1

(
|w|p + |z|p

)
;

divide by 2p−1 for the left-hand inequality.
(b) Apply (a) at each x with w = f(x) and z = g(x):

|f(x) + g(x)|p + |f(x)− g(x)|p ≤ 2p−1
(
|f(x)|p + |g(x)|p

)
and

2
(
|f(x)|p + |g(x)|p

)
≤ |f(x) + g(x)|p + |f(x)− g(x)|p.

Each of |f + g|p, |f − g|p, |f |p, |g|p is nonnegative, measurable, and has finite integral, since Lp(µ) is a
vector space by 7.18 and p <∞. Integrating the two displays, using that integration is order preserving
(3.8) and additive on nonnegative measurable functions (3.16), gives

‖f + g‖pp + ‖f − g‖pp ≤ 2p−1
(
‖f‖pp + ‖g‖pp

)
and 2(‖f‖pp + ‖g‖pp) ≤ ‖f + g‖pp + ‖f − g‖pp. Divide the first by 2p−1 and the second by 2.

Problem 7B.18. Suppose (X,S, µ) is a measure space, 1 ≤ p, q ≤ ∞, and h : X → F is an S-
measurable function such that hf ∈ Lq(µ) for every f ∈ Lp(µ). Prove that f 7→ hf is a continuous
linear map from Lp(µ) to Lq(µ).

Solution. Apply the Closed Graph Theorem 6.85 to Tf = hf , which by hypothesis maps Lp(µ) into
Lq(µ) and is linear because h(f1 +αf2) = hf1 +αhf2 pointwise; both spaces are Banach by 7.24, so it
remains only to show graph(T ), a subspace by linearity, is closed.
Suppose (fk, hfk) → (f, g), that is (by 6.84) ‖fk − f‖p → 0 and ‖hfk − g‖q → 0. By 7.23 some
subsequence has fkm → f pointwise almost everywhere, hence

h(x)fkm(x) −→ h(x)f(x) for a.e. x.

Since ‖hfkm − g‖q → 0 as well, 7.23 gives a further subsequence with hfkmj
→ g almost everywhere.

Off the union of the two exceptional null sets, uniqueness of limits in F forces g = hf ; thus g = Tf in
Lq(µ) and the graph is closed.
Hence T is bounded by 6.85, so there is c < ∞ with ‖hf‖q ≤ c‖f‖p for all f ∈ Lp(µ), and T is
continuous by 6.48.

Problem 7B.19. Prove that if 1 < p <∞, then `p is reflexive.
[A Banach space is called reflexive if the canonical isometry of the Banach space into its double dual
space is surjective (see Exercise 20 in Section 6D for the definitions of the double dual space and the
canonical isometry).]

Solution. Let p′ = p/(p − 1), so 1 < p′ < ∞ and (p′)′ = p. By 7.26 the map Λpb = ϕb, where
ϕb(a) =

∑∞
k=1 akbk, is a norm-preserving linear bijection from `p

′ onto (`p)′; since 1 ≤ p′ < ∞, 7.26
applies equally with p′ in place of p, giving a norm-preserving linear bijection

Λp′ : `
p → (`p

′
)′, (Λp′a)(b) =

∞∑
k=1

bkak.

The canonical isometry Φ : `p → (`p)′′, (Φa)(ϕ) = ϕ(a), is norm preserving by Exercise 20 in Section
6D, so only surjectivity is at issue.
Given ψ ∈ (`p)′′, the composition ψ ◦Λp is linear and bounded, since |ψ(Λpb)| ≤ ‖ψ‖‖Λpb‖ = ‖ψ‖‖b‖p′ ;
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hence ψ ◦ Λp ∈ (`p
′
)′. Surjectivity of Λp′ gives a ∈ `p with Λp′a = ψ ◦ Λp, and evaluating at b ∈ `p

′ ,

(Φa)(ϕb) = ϕb(a) =

∞∑
k=1

bkak = (Λp′a)(b) = ψ(ϕb).

Every ϕ ∈ (`p)′ is some ϕb because Λp is onto, so Φa = ψ.

Problem 7B.20. Prove that `1 is not reflexive.

Solution. The element ψ = τ ◦ Λ−1 of (`1)′′ constructed below is not in the range of the canonical
isometry. Here Λb = ϕb, with ϕb(a) =

∑∞
k=1 akbk, is the norm-preserving linear bijection of `∞ onto

(`1)′ supplied by 7.26 with p = 1, so Λ−1 is linear with ‖Λ−1ϕ‖∞ = ‖ϕ‖.
Let c0 be as in Exercise 15 and 1 = (1, 1, 1, . . .). Then c0 is closed in `∞ by Exercise 15(a) and 1 /∈ c0,
so 6.73 (with V = `∞, U = c0) gives τ ∈ (`∞)′ with τ |c0 = 0 and τ(1) 6= 0. Then ψ = τ ◦Λ−1 is linear
with |ψ(ϕ)| ≤ ‖τ‖‖ϕ‖, so ψ ∈ (`1)′′ and ψ(ϕb) = τ(b) for all b ∈ `∞.
If Φa = ψ for some a ∈ `1, where (Φa)(ϕ) = ϕ(a), then for every b ∈ `∞

∞∑
k=1

akbk = ϕb(a) = (Φa)(ϕb) = ψ(ϕb) = τ(b).

Taking b = ej , the jth standard basis sequence, which lies in c0, gives aj = τ(ej) = 0 for every j; so
a = 0 and hence τ ≡ 0, contradicting τ(1) 6= 0. Thus Φ is not surjective.

Problem 7B.21. Show that with the natural identifications, the canonical isometry of c0 into its
double dual space is the inclusion map of c0 into `∞ (see Exercise 15 for the definition of c0 and an
identification of its dual space).

Solution. The claim is that
(
Λ−1
∞ ◦ Γ

)
(Φa) = a for every a ∈ c0, where the three identifications are as

follows. By Exercise 15(b), Λ1b = ψb with ψb(a) =
∑∞

k=1 akbk is a norm-preserving linear bijection
of `1 onto (c0)

′. By 7.26 with p = 1, Λ∞d = ϕd with ϕd(b) =
∑∞

k=1 bkdk is a norm-preserving linear
bijection of `∞ onto (`1)′. Finally

Γ : (c0)
′′ → (`1)′, Γθ = θ ◦ Λ1

is linear, is surjective (Γ(σ ◦Λ−1
1 ) = σ), and is norm preserving because Λ1 carries the closed unit ball

of `1 onto that of (c0)′:
‖Γθ‖ = sup

‖b‖1≤1
|θ(Λ1b)| = sup

‖ψ‖≤1
|θ(ψ)| = ‖θ‖.

Now fix a ∈ c0 ⊆ `∞ and let Φ be the canonical isometry, (Φa)(ψ) = ψ(a). For every b ∈ `1,

(
Γ(Φa)

)
(b) = (Φa)(ψb) = ψb(a) =

∞∑
k=1

akbk = ϕa(b) = (Λ∞a)(b).

Hence Γ(Φa) = Λ∞a, so Φ becomes a 7→ a from c0 into `∞: the inclusion map.

Problem 7B.22. Suppose 1 ≤ p <∞ and V,W are Banach spaces. Show that V ×W is a Banach
space if the norm on V ×W is defined by

‖(f, g)‖ =
(
‖f‖p + ‖g‖p

)1/p
for f ∈ V and g ∈W .
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Solution. The norm is squeezed between two constant multiples of the product norm |(f, g)|∞ =
max{‖f‖, ‖g‖} of 6.84:

|(f, g)|∞ ≤ ‖(f, g)‖ ≤ 21/p |(f, g)|∞,

call this (∗); it follows from max{a, b}p ≤ ap + bp ≤ 2max{a, b}p and the monotonicity of t 7→ t1/p.
Here V ×W carries the componentwise operations of Exercise 10 in Section 6B.
Positivity holds because ‖f‖p + ‖g‖p = 0 forces ‖f‖ = ‖g‖ = 0, and homogeneity because

‖α(f, g)‖ =
(
|α|p‖f‖p + |α|p‖g‖p

)1/p
= |α| ‖(f, g)‖,

by homogeneity of the norms on V and W .
For the triangle inequality, let ν be counting measure on X = {1, 2} with σ-algebra 2X ; integration
against ν is summation (Example 3.6), so every h : X → R lies in Lp(ν) with ‖h‖p = (|h(1)|p +
|h(2)|p)1/p. Given (f1, g1), (f2, g2), define u, v : X → R by

u(1) = ‖f1‖, u(2) = ‖g1‖, v(1) = ‖f2‖, v(2) = ‖g2‖.

Then ‖f1 + f2‖ ≤ (u+ v)(1) and ‖g1 + g2‖ ≤ (u+ v)(2) by the triangle inequalities in V and W , and
t 7→ tp, t 7→ t1/p are increasing, so

‖(f1, g1) + (f2, g2)‖ =
(
‖f1 + f2‖p + ‖g1 + g2‖p

)1/p
≤
((

(u+ v)(1)
)p

+
(
(u+ v)(2)

)p)1/p
= ‖u+ v‖p
≤ ‖u‖p + ‖v‖p
= ‖(f1, g1)‖+ ‖(f2, g2)‖,

the second inequality being Minkowski’s inequality 7.14 for ν.
For completeness, let (fk, gk) be Cauchy in V ×W . The left half of (∗) applied to the differences makes
(fk) Cauchy in V and (gk) Cauchy in W , so fk → f ∈ V and gk → g ∈ W ; the right half of (∗) then
gives

‖(fk, gk)− (f, g)‖ ≤ 21/p max{‖fk − f‖, ‖gk − g‖} −→ 0.
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8.1 Exercises 8A

Problem 8A.1. Let V denote the vector space of bounded continuous functions from R to F. Let
r1, r2, . . . be a list of the rational numbers. For f, g ∈ V , define

〈f, g〉 =
∞∑
k=1

f(rk) g(rk)

2k
.

Show that 〈·, ·〉 is an inner product on V .

Solution. All four conditions of 8.1 hold. Writing ‖h‖∞ = supR |h|, finite since the elements of V are
bounded, the estimate ∣∣∣∣∣f(rk) g(rk)2k

∣∣∣∣∣ ≤ ‖f‖∞‖g‖∞
2k

together with
∑

k 2
−k = 1 makes every series below absolutely convergent, which legitimizes splitting

sums and pulling out scalars.
Positivity. 〈f, f〉 =

∑∞
k=1 |f(rk)|2/2k ∈ [0,∞).

Definiteness. If 〈f, f〉 = 0, every term of that nonnegative series vanishes, so f = 0 on Q; since Q is
dense and f is continuous, f = 0. (Continuity is used only here.)
Linearity in the first slot. For f, g, h ∈ V and α ∈ F,

〈f + g, h〉 =
∞∑
k=1

f(rk)h(rk)

2k
+

∞∑
k=1

g(rk)h(rk)

2k
= 〈f, h〉+ 〈g, h〉,

〈αf, h〉 = α

∞∑
k=1

f(rk)h(rk)

2k
= α〈f, h〉.

Conjugate symmetry. Conjugation is continuous and additive, so it passes through the partial sums,
and 2k is real:

〈g, f〉 =
∞∑
k=1

(
g(rk)f(rk)

2k

)
=

∞∑
k=1

f(rk)g(rk)

2k
= 〈f, g〉.

Problem 8A.2. Prove that if µ is a measure and f, g ∈ L2(µ), then

‖f‖2‖g‖2 − |〈f, g〉|2 = 1

2

∫ ∫
|f(x)g(y)− g(x)f(y)|2 dµ(y) dµ(x).

Solution. Write A = ‖f‖2 =
∫
|f |2dµ, B = ‖g‖2 =

∫
|g|2dµ, and C = 〈f, g〉 =

∫
fg dµ (8.2, 8.5); then

A,B < ∞, and fg, gf ∈ L1(µ) with
∫
gf dµ = C by Cauchy–Schwarz 8.14 and conjugate symmetry.

Both integrations below use only linearity of the integral, so Tonelli is not needed.
Fix x; expanding |w|2 = ww with w = f(x)g(y)− g(x)f(y) gives, for each y,

|f(x)g(y)− g(x)f(y)|2 = |f(x)|2|g(y)|2 + |g(x)|2|f(y)|2

− f(x)g(x) g(y)f(y) − f(x) g(x) f(y)g(y),

a linear combination in y, with finite scalar coefficients, of |g|2, |f |2, gf , fg ∈ L1(µ). Hence by linearity∫
|f(x)g(y)− g(x)f(y)|2 dµ(y) = |f(x)|2B + |g(x)|2A − f(x)g(x)C − f(x)g(x)C.

This is in turn a linear combination in x of the same four L1(µ) functions, so integrating again by
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linearity, ∫ ∫
|f(x)g(y)− g(x)f(y)|2 dµ(y) dµ(x) = AB +BA− C C − C C

= 2AB − 2|C|2.

Halving gives AB − |C|2 = ‖f‖2‖g‖2 − |〈f, g〉|2.

Problem 8A.3. Suppose f and g are elements of an inner product space and

‖f + g‖2 = ‖f‖2 + ‖g‖2.

(a) Prove that if F = R, then f and g are orthogonal.
(b) Give an example to show that if F = C, then f and g can satisfy the equation above without
being orthogonal.

Solution. The hypothesis says exactly that Re〈f, g〉 = 0, since by 8.4, linearity in the first slot, 8.3(b),
and conjugate symmetry,

‖f + g‖2 = 〈f + g, f + g〉
= 〈f, f〉+ 〈g, f〉+ 〈f, g〉+ 〈g, g〉
= ‖f‖2 + ‖g‖2 + 〈f, g〉+ 〈f, g〉
= ‖f‖2 + ‖g‖2 + 2Re〈f, g〉,

(a) If F = R then 〈f, g〉 is real, so 〈f, g〉 = Re〈f, g〉 = 0: orthogonal by 8.7.
(b) Take V = C with 〈w, z〉 = wz (8.2 with n = 1), f = 1, g = i. Then ‖f‖2 = ‖g‖2 = 1 and
‖f + g‖2 = |1 + i|2 = 2, so the displayed equation holds, while 〈f, g〉 = i = −i 6= 0.

Problem 8A.4. Find a, b ∈ R3 such that a is a scalar multiple of (1, 6, 3), b is orthogonal to (1, 6, 3),
and (5, 4,−2) = a+ b.

Solution. Take
a =

(
1
2 , 3,

3
2

)
, b =

(
9
2 , 1, −

7
2

)
.

These come from the orthogonal decomposition 8.10 applied to u = (5, 4,−2) and v = (1, 6, 3) 6= 0 in
R3 with its standard inner product (8.2): a = 〈u,v〉

‖v‖2 v and b = u− a, where 〈u, v〉 = 5+ 24− 6 = 23 and
‖v‖2 = 1 + 36 + 9 = 46, so the scalar is 23

46 = 1
2 . Then 〈b, v〉 = 9

2 + 6 − 21
2 = 0 and a + b = (5, 4,−2).

(Check!)

Problem 8A.5. Prove that

16 ≤ (a+ b+ c+ d)

(
1

a
+

1

b
+

1

c
+

1

d

)
for all positive numbers a, b, c, d, with equality if and only if a = b = c = d.

Solution. Apply Cauchy–Schwarz 8.11 in R4 with its standard inner product (8.2) to the nonzero vectors

u =
(√
a,
√
b,
√
c,
√
d
)
, v =

(
1√
a
, 1√

b
, 1√

c
, 1√

d

)
,

which are defined because a, b, c, d > 0. Since 〈u, v〉 = 4, ‖u‖2 = a+b+c+d, and ‖v‖2 = 1
a +

1
b +

1
c +

1
d ,

squaring |〈u, v〉| ≤ ‖u‖‖v‖ gives

16 ≤ (a+ b+ c+ d)

(
1

a
+

1

b
+

1

c
+

1

d

)
.

By 8.11 equality holds if and only if one of u, v is a scalar multiple of the other; as both are nonzero this
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means v = λu with λ 6= 0, and comparing coordinates gives λ = 1
a = 1

b =
1
c =

1
d , that is, a = b = c = d.

Conversely a = b = c = d gives (4a)(4/a) = 16.

Problem 8A.6. Prove that the square of the average of each finite list of real numbers containing
at least two distinct real numbers is less than the average of the squares of the numbers in that list.

Solution. Apply Cauchy–Schwarz 8.11 in Rn (8.2) to u = (x1, . . . , xn) and v = (1, . . . , 1), where
x1, . . . , xn is the list (so n ≥ 2). Since 〈u, v〉 = x1 + · · · + xn, ‖u‖2 = x21 + · · · + x2n, and ‖v‖2 = n,
squaring |〈u, v〉| ≤ ‖u‖‖v‖ and dividing by n2 gives(

x1 + · · ·+ xn
n

)2

≤ x21 + · · ·+ x2n
n

.

Equality would force, by 8.11 and v 6= 0, that u = λv, that is x1 = · · · = xn, contradicting the presence
of two distinct entries. Hence the inequality is strict.

Problem 8A.7. Suppose f and g are elements of an inner product space and ‖f‖ ≤ 1 and ‖g‖ ≤ 1.
Prove that √

1− ‖f‖2
√

1− ‖g‖2 ≤ 1− |〈f, g〉|.

Solution. Write s = ‖f‖ and t = ‖g‖, both in [0, 1] by hypothesis, so the square roots are defined.
Cauchy–Schwarz 8.11 gives |〈f, g〉| ≤ st, so it suffices to prove

√
1− s2

√
1− t2 ≤ 1− st. Both sides are

nonnegative (1− st ≥ 0 since s, t ≤ 1), so this is equivalent to the squared form, and

(1− s2)(1− t2) ≤ (1− st)2 ⇐⇒ 2st ≤ s2 + t2 ⇐⇒ 0 ≤ (s− t)2.

Hence √
1− ‖f‖2

√
1− ‖g‖2 ≤ 1− st ≤ 1− |〈f, g〉|.

Problem 8A.8. Suppose a and b are nonzero elements of R2. Prove that

〈a, b〉 = ‖a‖ ‖b‖ cos θ,

where θ is the angle between a and b (thinking of a as the vector whose initial point is the origin
and whose end point is a, and similarly for b).
Hint: Draw the triangle formed by a, b, and a− b; then use the law of cosines.

Solution. Compare two evaluations of ‖a− b‖2. Algebraically, by additivity in each slot and symmetry
of the standard (real) inner product on R2,

‖a− b‖2 = 〈a− b, a− b〉
= 〈a, a〉 − 〈a, b〉 − 〈b, a〉+ 〈b, b〉
= ‖a‖2 + ‖b‖2 − 2〈a, b〉.

Geometrically, when O, A = a, B = b are not collinear the triangle OAB has sides ‖a‖, ‖b‖, ‖a − b‖
with angle θ at O, so the law of cosines gives

‖a− b‖2 = ‖a‖2 + ‖b‖2 − 2‖a‖ ‖b‖ cos θ.

Cancelling ‖a‖2 + ‖b‖2 and dividing by −2 gives 〈a, b〉 = ‖a‖‖b‖ cos θ.
In the collinear case write b = ta with t 6= 0, and use ‖b‖ = |t|‖a‖ (8.6).
(i) t > 0: θ = 0 and 〈a, b〉 = t‖a‖2 = ‖a‖ ‖b‖ = ‖a‖‖b‖ cos θ.
(ii) t < 0: θ = π and 〈a, b〉 = t‖a‖2 = −‖a‖ ‖b‖ = ‖a‖‖b‖ cos θ.
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Problem 8A.9. The angle between two vectors (thought of as arrows with initial point at the origin)
in R2 or R3 can be defined geometrically. However, geometry is not as clear in Rn for n > 3. Thus
the angle between two nonzero vectors a, b ∈ Rn is defined to be

arccos 〈a, b〉
‖a‖ ‖b‖

,

where the motivation for this definition comes from the previous exercise. Explain why the Cauchy–
Schwarz inequality is needed to show that this definition makes sense.

Solution. Because arccos, the inverse of the bijection cos : [0, π] → [−1, 1], has domain [−1, 1]. So the
definition makes sense only if

〈a, b〉
‖a‖ ‖b‖

∈ [−1, 1],

which, since ‖a‖‖b‖ > 0 for nonzero a, b, says exactly that |〈a, b〉| ≤ ‖a‖‖b‖ — the Cauchy–Schwarz
inequality 8.11 in Rn. Granted it, each pair of nonzero vectors gets a unique angle in [0, π].

Problem 8A.10. (a) Suppose f and g are elements of a real inner product space. Prove that f and
g have the same norm if and only if f + g is orthogonal to f − g.
(b) Use (a) to show that the diagonals of a parallelogram are perpendicular to each other if and only
if the parallelogram is a rhombus.

Solution. (a) Both conditions say ‖f‖2 = ‖g‖2. Indeed, symmetry of the real inner product (8.1),
additivity, and 8.3(b),(c) give

〈f + g, f − g〉 = 〈f, f〉 − 〈f, g〉 + 〈g, f〉 − 〈g, g〉
= ‖f‖2 − 〈f, g〉+ 〈f, g〉 − ‖g‖2

= ‖f‖2 − ‖g‖2.

By 8.7, orthogonality of f+g and f−g means this vanishes, that is ‖f‖2 = ‖g‖2, equivalently ‖f‖ = ‖g‖
since norms are nonnegative.
(b) Translate the parallelogram so its vertices are 0, f, f + g, g, where f, g ∈ R2 are the nonzero non-
parallel spanning vectors (orthogonality in R2 is perpendicularity, by the discussion after 8.8). Its
diagonals are the arrows f + g and g − f , and by 8.3(c) with α = −1,

〈f + g, g − f〉 = −〈f + g, f − g〉,

so the diagonals are perpendicular exactly when 〈f + g, f − g〉 = 0, which by (a) means ‖f‖ = ‖g‖.
The four side lengths are ‖f‖, ‖g‖, ‖ − f‖ = ‖f‖, ‖ − g‖ = ‖g‖ by 8.6, so they are all equal — the
parallelogram is a rhombus — under the same condition ‖f‖ = ‖g‖.

Problem 8A.11. Suppose f and g are elements of an inner product space. Prove that ‖f‖ = ‖g‖
if and only if ‖sf + tg‖ = ‖tf + sg‖ for all s, t ∈ R.

Solution. Everything follows from the identity

‖sf + tg‖2 − ‖tf + sg‖2 = (s2 − t2)
(
‖f‖2 − ‖g‖2

)
(s, t ∈ R).

To prove it, expand by additivity in each slot, homogeneity in the first, and 8.3(c) in the second (the
real scalars s, t are their own conjugates):

‖sf + tg‖2 = s2〈f, f〉+ st〈f, g〉 + ts〈g, f〉+ t2〈g, g〉
= s2‖f‖2 + t2‖g‖2 + st

(
〈f, g〉+ 〈f, g〉

)
= s2‖f‖2 + t2‖g‖2 + 2stRe〈f, g〉,
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using 〈g, f〉 = 〈f, g〉; interchanging s and t leaves the cross term 2stRe〈f, g〉 fixed, so subtracting gives
the identity.
If ‖f‖ = ‖g‖, the right side vanishes for all s, t, so ‖sf + tg‖ = ‖tf + sg‖. Conversely, taking s = 1,
t = 0 in the hypothesis gives ‖f‖ = ‖g‖ at once.

Problem 8A.12. Suppose f and g are elements of an inner product space and ‖f‖ = ‖g‖ = 1 and
〈f, g〉 = 1. Prove that f = g.

Solution. ‖f − g‖ = 0, so f = g by the definiteness requirement in 8.1. Indeed 〈g, f〉 = 〈f, g〉 = 1 by
conjugate symmetry, so expanding by additivity in each slot and 8.3(c) with α = −1,

‖f − g‖2 = 〈f − g, f − g〉
= 〈f, f〉 − 〈f, g〉 − 〈g, f〉+ 〈g, g〉
= ‖f‖2 − 〈f, g〉 − 〈g, f〉+ ‖g‖2

= 1− 1− 1 + 1

= 0.

Method (2): the hypotheses give |〈f, g〉| = 1 = ‖f‖‖g‖, equality in Cauchy–Schwarz 8.11, so one
of f, g is a scalar multiple of the other; both being nonzero, f = αg for some scalar α, and then
1 = 〈f, g〉 = α‖g‖2 = α.

Problem 8A.13. Suppose f and g are elements of a real inner product space. Prove that

〈f, g〉 = ‖f + g‖2 − ‖f − g‖2

4
.

Solution. Expand both squared norms. Conjugate symmetry over R reads 〈g, f〉 = 〈f, g〉, so by addi-
tivity in each slot and 8.3(b),

‖f + g‖2 = 〈f + g, f + g〉
= 〈f, f〉+ 〈f, g〉+ 〈g, f〉+ 〈g, g〉
= ‖f‖2 + ‖g‖2 + 2〈f, g〉.

Replacing g by −g (and using 8.3(c) with α = −1, so that 〈f,−g〉 = −〈f, g〉, together with ‖−g‖ = ‖g‖
from 8.6) gives

‖f − g‖2 = ‖f‖2 + ‖g‖2 − 2〈f, g〉.

Subtracting, ‖f‖2 + ‖g‖2 cancels and ‖f + g‖2 − ‖f − g‖2 = 4〈f, g〉; divide by 4.

Problem 8A.14. Suppose f and g are elements of a complex inner product space. Prove that

〈f, g〉 = ‖f + g‖2 − ‖f − g‖2 + ‖f + ig‖2 i− ‖f − ig‖2 i
4

.

Solution. The four terms recover the real and imaginary parts of 〈f, g〉 = x+yi separately. Throughout,
〈g, f〉 = 〈f, g〉 and 〈f, αg〉 = α〈f, g〉 by 8.3(c). Expanding as in the proof of 8.15,

‖f + g‖2 = 〈f, f〉+ 〈f, g〉+ 〈g, f〉+ 〈g, g〉
= ‖f‖2 + ‖g‖2 + 2Re〈f, g〉,

‖f − g‖2 = 〈f, f〉 − 〈f, g〉 − 〈g, f〉+ 〈g, g〉
= ‖f‖2 + ‖g‖2 − 2Re〈f, g〉,

since 〈f, g〉+ 〈g, f〉 = 2Re〈f, g〉; subtracting gives ‖f + g‖2 − ‖f − g‖2 = 4x.
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Applying the first identity with ig in place of g, where ‖ig‖ = ‖g‖ by 8.6 and 〈f, ig〉 = i〈f, g〉 =
−i(x+ yi) has real part y, gives ‖f + ig‖2 = ‖f‖2 + ‖g‖2 + 2y; with −ig in place of g the real part is
−y, so ‖f − ig‖2 = ‖f‖2 + ‖g‖2 − 2y. Subtracting, ‖f + ig‖2 − ‖f − ig‖2 = 4y. Hence

‖f + g‖2 − ‖f − g‖2 + ‖f + ig‖2 i− ‖f − ig‖2 i = 4x+ 4yi = 4〈f, g〉.

Problem 8A.15. Suppose f, g, h are elements of an inner product space. Prove that

∥∥h− 1
2(f + g)

∥∥2 = ‖h− f‖2 + ‖h− g‖2

2
− ‖f − g‖2

4
.

Solution. Apply the parallelogram equality 8.20 to u = h − f and v = h − g, for which u + v =
2
(
h− 1

2(f + g)
)

and u− v = g − f :

4
∥∥h− 1

2(f + g)
∥∥2 + ‖f − g‖2 = 2‖h− f‖2 + 2‖h− g‖2,

using ‖2w‖ = 2‖w‖ and ‖g − f‖ = ‖f − g‖ (8.6). Solve for the first term and divide by 4.

Problem 8A.16. Prove that a norm satisfying the parallelogram equality comes from an inner
product. In other words, show that if V is a normed vector space whose norm ‖ · ‖ satisfies the
parallelogram equality, then there is an inner product 〈·, ·〉 on V such that ‖f‖ = 〈f, f〉1/2 for all
f ∈ V .

Solution. Take the polarization formulas of 8A.13 and 8A.14 — the only candidates — and verify the
axioms 8.1; here ‖ · ‖ satisfies ‖u+ v‖2 + ‖u− v‖2 = 2‖u‖2 + 2‖v‖2 throughout.
(1) Real case. For F = R define

〈f, g〉 = ‖f + g‖2 − ‖f − g‖2

4
for f, g ∈ V.

(i) Taking g = f gives 〈f, f〉 = 1
4‖2f‖

2 = ‖f‖2, which is nonnegative and vanishes only for f = 0, and
gives ‖f‖ = 〈f, f〉1/2.
(ii) Symmetry: ‖g − f‖ = ‖f − g‖, and all values are real.
(iii) Additivity in the first slot. Applying the parallelogram equality to the pairs f1+g, f2 and f1−g, f2
gives

‖f1 + f2 + g‖2 + ‖f1 − f2 + g‖2 = 2‖f1 + g‖2 + 2‖f2‖2,
‖f1 + f2 − g‖2 + ‖f1 − f2 − g‖2 = 2‖f1 − g‖2 + 2‖f2‖2.

Subtracting the second equation from the first and dividing by 4 gives

〈f1 + f2, g〉+ 〈f1 − f2, g〉 =
‖f1 + g‖2 − ‖f1 − g‖2

2
= 2〈f1, g〉. (∗)

Since 〈0, g〉 = 0, taking f2 = f1 in (∗) gives 〈2f, g〉 = 2〈f, g〉. Now (∗) with f1 = u+v
2 , f2 = u−v

2 , so
that f1 + f2 = u and f1 − f2 = v, gives

〈u, g〉+ 〈v, g〉 = 2
〈
u+v
2 , g

〉
= 〈u+ v, g〉

by that doubling identity: additivity.
(iv) Homogeneity in the first slot. From the definition,

〈−f, g〉 = ‖−f + g‖2 − ‖−f − g‖2

4
=

‖f − g‖2 − ‖f + g‖2

4
= −〈f, g〉.

With additivity and induction this gives 〈nf, g〉 = n〈f, g〉 for n ∈ Z, whence (applying it to 1
mf)

〈tf, g〉 = t〈f, g〉 for all rational t. Both t 7→ 〈tf, g〉 and t 7→ t〈f, g〉 are continuous on R, the first
because

∣∣‖tf ± g‖ − ‖sf ± g‖
∣∣ ≤ |t− s|‖f‖, so agreeing on the dense set Q they agree on R.
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By (i)-(iv) the requirements of 8.1 hold, so this is an inner product with associated norm ‖ · ‖.
(2) Complex case. Restricting scalars to R leaves the norm and the parallelogram equality intact, so
by (1)

〈f, g〉R =
‖f + g‖2 − ‖f − g‖2

4

is a real inner product on V as a real vector space: real valued, symmetric, additive and R-homogeneous
in each slot, with 〈f, f〉R = ‖f‖2. Define

〈f, g〉 = 〈f, g〉R + i 〈f, ig〉R.

Since ‖iu‖ = ‖u‖, we have 〈if, ig〉R = 〈f, g〉R; call this (†). Replacing g by ig there and using
i(ig) = −g gives 〈f, ig〉R = −〈if, g〉R, call it (‡).
(i) 〈f, if〉R = 1

4(|1 + i|2 − |1 − i|2)‖f‖2 = 0, so 〈f, f〉 = ‖f‖2: nonnegative, zero only at f = 0, and
‖f‖ = 〈f, f〉1/2.
(ii) f 7→ 〈f, g〉 is additive and R-homogeneous, since f 7→ 〈f, g〉R and f 7→ 〈f, ig〉R are, by (1).
(iii) By the definition, then (†), then (‡),

〈if, g〉 = 〈if, g〉R + i〈if, ig〉R = −〈f, ig〉R + i〈f, g〉R = i〈f, g〉.

Hence for α = s+ it with s, t ∈ R,

〈αf, g〉 = 〈sf, g〉+ 〈t(if), g〉 = s〈f, g〉+ t i〈f, g〉 = α〈f, g〉,

so the first slot is C-linear.
(iv) Conjugate symmetry, by symmetry of 〈·, ·〉R, then (‡), the two real terms being real:

〈g, f〉 = 〈f, g〉R + i〈if, g〉R = 〈f, g〉R − i〈f, ig〉R = 〈f, g〉.

Problem 8A.17. Let λ denote Lebesgue measure on [1,∞).
(a) Prove that if f : [1,∞) → [0,∞) is Borel measurable, then(∫ ∞

1
f(x) dλ(x)

)2

≤
∫ ∞

1
x2
(
f(x)

)2
dλ(x).

(b) Describe the set of Borel measurable functions f : [1,∞) → [0,∞) such that the inequality in (a)
is an equality.

Solution. (a) This is Cauchy–Schwarz 8.14 applied to g(x) = xf(x) and h(x) = 1/x, for which gh = f ,
g2(x) = x2f(x)2, and

‖h‖22 =
∫ ∞

1

1

x2
dλ(x) = lim

n→∞

(
1− 1

n

)
= 1

by the Monotone Convergence Theorem 3.11 applied to x−2χ[1,n], the integral over [1, n] being the
Riemann integral there (3.34). We may assume g ∈ L2(λ), as otherwise the right side is ∞. Since
g, h ≥ 0, 〈g, h〉 =

∫∞
1 f dλ ≥ 0, so∫ ∞

1
f dλ =

∣∣〈g, h〉∣∣ ≤ ‖g‖2‖h‖2 =
(∫ ∞

1
x2f(x)2 dλ(x)

)1/2

;

square both sides.
(b) Equality holds exactly when

∫∞
1 f dλ = ∞, or f(x) = c/x2 for almost every x and some c ∈ [0,∞).

(i) If
∫∞
1 f dλ = ∞, then (a) forces both sides to be ∞. If f = c/x2 a.e., both sides equal c2, by the

computation of
∫∞
1 x−2dλ = 1 above.

(ii) Conversely, suppose equality holds with
∫∞
1 f dλ <∞; then ‖g‖22 = (

∫∞
1 fdλ)2 <∞, so g ∈ L2(λ)

and the equality reads |〈g, h〉| = ‖g‖2‖h‖2. By the equality condition in 8.11, and since h 6= 0, we get
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g = αh in L2(λ), where

α = α‖h‖22 = 〈αh, h〉 = 〈g, h〉 =
∫ ∞

1
f dλ ≥ 0.

Thus xf(x) = α/x, that is f(x) = α/x2, for almost every x.

Problem 8A.18. Suppose µ is a measure. For f, g ∈ L2(µ), define 〈f, g〉 by

〈f, g〉 =
∫
fg dµ.

(a) Using the inequality ∣∣f(x) g(x)∣∣ ≤ 1
2

(
|f(x)|2 + |g(x)|2

)
,

verify that the integral above makes sense and the map sending f, g to 〈f, g〉 defines an inner product
on L2(µ) (without using Hölder’s inequality).
(b) Show that the Cauchy–Schwarz inequality implies that

‖fg‖1 ≤ ‖f‖2 ‖g‖2

for all f, g ∈ L2(µ) (again, without using Hölder’s inequality).

Solution. (a) The integral converges absolutely, because 0 ≤ (|f |−|g|)2 gives |fg| = |f | |g| ≤ 1
2(|f |

2+|g|2)
pointwise, whence by 3.8 ∫

|fg| dµ ≤ 1
2

(
‖f‖22 + ‖g‖22

)
<∞

for f, g ∈ L2(µ); thus 〈f, g〉 ∈ F (6.21). Now check the four requirements of 8.1. Linearity in the first
slot is homogeneity and additivity of the integral (3.20, 3.21), all three integrands being absolutely
integrable by the display:

〈αf1 + f2, g〉 = α

∫
f1g dµ+

∫
f2g dµ

= α〈f1, g〉+ 〈f2, g〉.

Conjugate symmetry follows from fg = gf and 6.24, and positivity from 〈f, f〉 =
∫
|f |2dµ = ‖f‖22 ≥ 0.

For definiteness, suppose
∫
|f |2dµ = 0 and put En = {|f |2 > 1/n}; then 1

nχEn ≤ |f |2 forces µ(En) = 0
by 3.8, so {f 6= 0} =

⋃
nEn is null by 2.58 and f is the 0 element of L2(µ). Hence 〈·, ·〉 is an inner

product, with associated norm (8.4) equal to ‖ · ‖2; Hölder’s inequality was nowhere used.
(b) Apply Cauchy–Schwarz (8.11) to |f |, |g| ∈ L2(µ), which are real valued, so

〈
|f |, |g|

〉
=
∫
|f | |g| dµ:

‖fg‖1 =
∫

|f | |g| dµ ≤
∥∥|f |∥∥

2

∥∥|g|∥∥
2
= ‖f‖2 ‖g‖2,

the first equality because |f ||g| = |fg|.

Problem 8A.19. Suppose V1, . . . , Vm are inner product spaces. Show that the equation〈
(f1, . . . , fm), (g1, . . . , gm)

〉
= 〈f1, g1〉+ · · ·+ 〈fm, gm〉

defines an inner product on V1 × · · · × Vm.
[Each of the inner product spaces V1, . . . , Vm may have a different inner product, even though the
same inner product notation is used on all these spaces.]

Solution. Each of the four requirements of 8.1 for V = V1 × · · · × Vm (a vector space over the common
field F under coordinatewise operations) reduces coordinatewise to the same requirement in Vk. Write
f = (f1, . . . , fm), g = (g1, . . . , gm), h = (h1, . . . , hm).
Positivity and definiteness: 〈f, f〉 =

∑m
k=1〈fk, fk〉 =

∑m
k=1 ‖fk‖2 ≥ 0, and this sum of nonnegative
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terms vanishes exactly when every ‖fk‖ = 0, which by definiteness in Vk says fk = 0 for each k, that
is, f = 0.
Linearity in the first slot, from linearity of u 7→ 〈u, gk〉 on each Vk and αf+h = (αf1+h1, . . . , αfm+hm):

〈αf + h, g〉 =
m∑
k=1

(
α〈fk, gk〉+ 〈hk, gk〉

)
= α〈f, g〉+ 〈h, g〉.

Conjugate symmetry, from conjugate symmetry in each Vk and additivity of conjugation (6.24):

〈g, f〉 =
m∑
k=1

〈fk, gk〉 = 〈f, g〉.

Hence 〈·, ·〉 is an inner product on V , with associated norm ‖f‖ =
(
‖f1‖2 + · · ·+ ‖fm‖2

)1/2.
Problem 8A.20. Suppose V is an inner product space. Make V × V an inner product space as in
the exercise above. Prove that the function that takes an ordered pair (f, g) ∈ V × V to the inner
product 〈f, g〉 ∈ F is a continuous function from V × V to F.

Solution. Fix (f, g) ∈ V × V and ε > 0; the required δ is

δ = min
{
1,

ε

‖f‖+ ‖g‖+ 1

}
> 0.

By Exercise 19 the norm on V × V is ‖(f1, f2)‖ = (‖f1‖2 + ‖f2‖2)1/2, so ‖(u, v) − (f, g)‖ < δ forces
both ‖u− f‖ < δ and ‖v− g‖ < δ. Linearity in the first slot together with 8.3(b) gives 〈u, v〉− 〈f, g〉 =
〈u−f, v〉+ 〈f, v−g〉, so Cauchy–Schwarz (8.11) and ‖v‖ ≤ ‖g‖+‖v−g‖ < ‖g‖+1 (by 8.15 and δ ≤ 1)
yield ∣∣〈u, v〉 − 〈f, g〉

∣∣ ≤ ‖u− f‖ ‖v‖+ ‖f‖ ‖v − g‖ < δ
(
‖f‖+ ‖g‖+ 1

)
≤ ε.

Thus (f, g) 7→ 〈f, g〉 is continuous at each point of V × V .

Problem 8A.21. Suppose 1 ≤ p ≤ ∞.
(a) Show the norm on `p comes from an inner product if and only if p = 2.
(b) Show the norm on Lp(R) comes from an inner product if and only if p = 2.

Solution. In both parts the answer is p = 2: for p = 2 the norm is the one associated with the
standard inner product (8.2 and 8.5), and for p 6= 2 two disjointly supported unit vectors violate the
parallelogram equality 8.20,

‖u+ v‖2 + ‖u− v‖2 = 2‖u‖2 + 2‖v‖2,

which every norm coming from an inner product satisfies.
(a) Take u = (1, 0, 0, . . .) and v = (0, 1, 0, . . .) in `p, so ‖u‖p = ‖v‖p = 1.
(i) p < ∞: here ‖u+ v‖p = ‖u− v‖p = 21/p, so 8.20 reads 2 · 22/p = 4, that is 21+2/p = 22; injectivity
of t 7→ 2t forces p = 2.
(ii) p = ∞: here ‖u+ v‖∞ = ‖u− v‖∞ = 1, so the left side of 8.20 is 2 and the right side is 4.
(b) Take u = χ(0,1) and v = χ(1,2), which lie in Lp(R) for every p ∈ [1,∞] and satisfy ‖u‖p = ‖v‖p = 1.
Since λ({1}) = 0,

u+ v = χ(0,2) and |u− v| = χ(0,2) almost everywhere,

so ‖u + v‖p = ‖u − v‖p = 21/p when p < ∞ and = 1 when p = ∞. Cases (i) and (ii) of part (a) now
apply verbatim.

174



Problem 8A.22. Use inner products to prove Apollonius’s identity:
In a triangle with sides of length a, b, and c, let d be the length of the line segment from the midpoint
of the side of length c to the opposite vertex. Then

a2 + b2 = 1
2c

2 + 2d2.

Solution. The identity is the parallelogram equality 8.20 applied to the two sides emanating from the
vertex opposite the side of length c. Work in R2 with the standard inner product, whose associated
norm is Euclidean distance (8.5), and label the vertices P,Q,R so that

c = ‖P −Q‖, b = ‖P −R‖, a = ‖Q−R‖.

Setting f = P − R and g = Q − R gives ‖f‖ = b, ‖g‖ = a, and ‖f − g‖ = ‖P − Q‖ = c; moreover
the midpoint M = 1

2(P + Q) satisfies M − R = 1
2(f + g), so homogeneity of the norm (8.6) gives

‖f + g‖ = 2d. Hence 8.20 reads
(2d)2 + c2 = 2b2 + 2a2,

and dividing by 2 gives a2 + b2 = 1
2c

2 + 2d2.

8.2 Exercises 8B

Problem 8B.1. Show that each of the inner product spaces in Example 8.23 is not a Hilbert space.

Solution. Each of the two spaces in 8.23 carries a Cauchy sequence with no limit in it, so by 8.21 neither
is a Hilbert space.
(i) `1 with ‖a‖ =

(∑
k |ak|2

)1/2. Take a(n) = (1, 12 , . . . ,
1
n , 0, 0, . . .) ∈ `1. For m < n,

‖a(n) − a(m)‖2 =
n∑

k=m+1

1

k2
≤

∞∑
k=m+1

1

k2
→ 0

as m→ ∞, so the sequence is Cauchy. If b ∈ `1 had ‖a(n) − b‖ → 0, then |a(n)j − bj | ≤ ‖a(n) − b‖ forces
bj = 1/j for every j, contradicting

∑
j 1/j = ∞.

(ii) C([0, 1]) with ‖f‖ =
(∫ 1

0 |f |2
)1/2. Take the continuous ramps

fn(x) =


0 if 0 ≤ x ≤ 1

2 ,

n
(
x− 1

2

)
if 1

2 ≤ x ≤ 1
2 + 1

n ,

1 if 1
2 + 1

n ≤ x ≤ 1,

for n ≥ 3. Since fn = fm off
(
1
2 ,

1
2 + 1

m

)
and |fn − fm| ≤ 1, we get ‖fn − fm‖2 ≤ 1

m for 3 ≤ m ≤ n, so
the sequence is Cauchy. Suppose f ∈ C([0, 1]) and ‖fn − f‖ → 0. Because fn = 0 on [0, 12 ] and fn = 1
on [a, 1] once 1

2 + 1
n < a,∫ 1/2

0
|f |2 ≤ ‖fn − f‖2 → 0,

∫ 1

a
|1− f |2 ≤ ‖fn − f‖2 → 0,

so both integrals vanish; continuity of the nonnegative integrands then gives f = 0 on [0, 12 ] and f = 1
on [a, 1] for every a ∈ (12 , 1). Continuity of f at 1

2 forces f(12) = 1 as well as f(12) = 0, a contradiction.

Problem 8B.2. Prove or disprove: The inner product space in Exercise 1 in Section 8A is a Hilbert
space.
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Solution. Disproof: the ramps

ϕn(x) =


0 if x ≤ 0,

nx if 0 ≤ x ≤ 1
n ,

1 if x ≥ 1
n

form a Cauchy sequence with no limit in the space V of bounded continuous functions on R with
‖f‖2 =

∑
k 2

−k|f(rk)|2, so ‖ · ‖ is not complete and 8.21 rules out a Hilbert space. Each ϕn is
continuous with 0 ≤ ϕn ≤ 1, hence lies in V .
Cauchy: for m ≤ n the functions ϕn and ϕm agree outside (0, 1

m) and differ by at most 1, so with
Am = {k : 0 < rk <

1
m},

‖ϕn − ϕm‖2 ≤
∑
k∈Am

2−k −→ 0 as m→ ∞,

since the Am decrease with
⋂
mAm = ∅ and

∑
k 2

−k <∞.
No limit: if f ∈ V had ‖ϕn−f‖ → 0, then 2−j/2|ϕn(rj)−f(rj)| ≤ ‖ϕn−f‖ forces f(rj) = limn ϕn(rj),
which is 0 for rj ≤ 0 and 1 for rj > 0. Taking rationals −1/n ↑ 0 and 1/n ↓ 0, continuity of f at 0
gives both f(0) = 0 and f(0) = 1.

Problem 8B.3. Suppose V1, V2, . . . are Hilbert spaces. Let

V =
{
(f1, f2, . . .) ∈ V1 × V2 × · · · :

∞∑
k=1

‖fk‖2 <∞
}
.

Show that the equation

〈(f1, f2, . . .), (g1, g2, . . .)〉 =
∞∑
k=1

〈fk, gk〉

defines an inner product on V that makes V a Hilbert space.
[Each of the Hilbert spaces V1, V2, . . . may have a different inner product, even though the same
notation is used for the norm and inner product on all these Hilbert spaces.]

Solution. First, V is a subspace of V1 × V2 × · · ·: it is closed under scalar multiplication because∑
k ‖αfk‖2 = |α|2

∑
k ‖fk‖2, and under addition because 8.15 gives ‖fk + gk‖2 ≤ (‖fk‖ + ‖gk‖)2 ≤

2‖fk‖2 + 2‖gk‖2.
Second, the defining series converges absolutely for f, g ∈ V , by Cauchy–Schwarz (8.11) in Vk and
st ≤ 1

2(s
2 + t2):

∞∑
k=1

∣∣〈fk, gk〉∣∣ ≤ ∞∑
k=1

‖fk‖ ‖gk‖ ≤ 1
2

∞∑
k=1

(
‖fk‖2 + ‖gk‖2

)
<∞.

The four requirements of 8.1 now hold termwise exactly as in Exercise 19 of Section 8A, absolutely
convergent series being added and conjugated termwise; in particular 〈f, f〉 =

∑
k ‖fk‖2, which vanishes

only when every fk = 0, and the associated norm is ‖f‖ =
(∑

k ‖fk‖2
)1/2.

Completeness. Let f (1), f (2), . . . be Cauchy in V . Since ‖f (n)k − f
(m)
k ‖ ≤ ‖f (n) − f (m)‖ for each k,

completeness of Vk supplies fk ∈ Vk with f
(n)
k → fk. Given ε > 0, choose N with ‖f (n) − f (m)‖ ≤ ε

for m,n ≥ N ; for n ≥ N and each K, letting m → ∞ in the finite sum
∑K

k=1 ‖f
(n)
k − f

(m)
k ‖2 ≤ ε2

(legitimate since
∣∣‖u‖ − ‖v‖

∣∣ ≤ ‖u− v‖) and then K → ∞ gives

∞∑
k=1

‖f (n)k − fk‖2 ≤ ε2 for all n ≥ N.

Thus f (N) − f ∈ V , so f = f (N) − (f (N) − f) ∈ V and the display reads ‖f (n) − f‖ ≤ ε for n ≥ N .
Hence V is complete, so by 8.21 it is a Hilbert space.
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Problem 8B.4. Suppose V is a real Hilbert space. The complexification of V is the complex vector
space VC defined by VC = V × V , but we write a typical element of VC as f + ig instead of (f, g).
Addition and scalar multiplication are defined on VC by

(f1 + ig1) + (f2 + ig2) = (f1 + f2) + i(g1 + g2)

and
(α+ iβ)(f + ig) = (αf − βg) + i(αg + βf)

for f1, f2, f, g1, g2, g ∈ V and α, β ∈ R. Show that

〈f1 + ig1, f2 + ig2〉 = 〈f1, f2〉+ 〈g1, g2〉+ i
(
〈g1, f2〉 − 〈f1, g2〉

)
defines an inner product on VC that makes VC into a complex Hilbert space.

Solution. Write [·, ·] for the proposed form and A = 〈f1, f2〉 + 〈g1, g2〉, B = 〈g1, f2〉 − 〈f1, g2〉, so
[f1 + ig1, f2 + ig2] = A + iB with A,B ∈ R; here 〈·, ·〉 is the inner product of V , symmetric and
R-bilinear.
Positivity and definiteness: taking f1 = f2 = f , g1 = g2 = g makes B = 0 by symmetry, so

[f + ig, f + ig] = ‖f‖2 + ‖g‖2,

which is nonnegative and vanishes exactly when f = g = 0.
Additivity in the first slot is additivity of each 〈·, f2〉 and 〈·, g2〉 in its first argument, since (f1+ ig1)+
(f ′1 + ig′1) = (f1 + f ′1) + i(g1 + g′1). Complex homogeneity: for λ = α + iβ we have λ(f1 + ig1) =
(αf1 − βg1) + i(αg1 + βf1), so R-bilinearity gives[

λ(f1 + ig1), f2 + ig2
]
= 〈αf1 − βg1, f2〉+ 〈αg1 + βf1, g2〉

+ i
(
〈αg1 + βf1, f2〉 − 〈αf1 − βg1, g2〉

)
= (αA− βB) + i(αB + βA) = λ(A+ iB).

Conjugate symmetry: swapping the two arguments fixes A and negates B, by symmetry of 〈·, ·〉, so
[f2+ ig2, f1+ ig1] = A− iB = [f1 + ig1, f2 + ig2]. Hence [·, ·] is an inner product on VC, with associated
norm ‖f + ig‖C = (‖f‖2 + ‖g‖2)1/2.
Completeness: since (f1 + ig1) − (f2 + ig2) = (f1 − f2) + i(g1 − g2), a Cauchy sequence fn + ign has
‖fn − fm‖, ‖gn − gm‖ ≤ ‖(fn + ign) − (fm + igm)‖C, so fn → f and gn → g for some f, g ∈ V by
completeness of V , and then

‖(fn + ign)− (f + ig)‖2C = ‖fn − f‖2 + ‖gn − g‖2 → 0.

By 8.21, VC is a complex Hilbert space.

Problem 8B.5. Prove that if V is a normed vector space, f ∈ V , and r > 0, then the open ball
B(f, r) centered at f with radius r is convex.

Solution. For g, h ∈ B(f, r) and t ∈ [0, 1], the identity
(
(1− t)g + th

)
− f = (1 − t)(g − f) + t(h− f)

together with the triangle inequality and homogeneity of the norm gives∥∥((1− t)g + th
)
− f

∥∥ ≤ (1− t)‖g − f‖+ t ‖h− f‖ < (1− t)r + tr = r,

the last inequality strict because ‖g − f‖ < r, ‖h− f‖ < r, and t cannot be both 0 and 1, so at least
one of the two terms is bounded strictly. Hence (1− t)g + th ∈ B(f, r), which is convexity (8.25).
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Problem 8B.6. (a) Suppose V is an inner product space and B is the open unit ball in V (thus
B = {f ∈ V : ‖f‖ < 1}). Prove that if U is a subset of V such that B ⊆ U ⊆ B, then U is convex.
(b) Give an example to show that (a) can fail if the phrase inner product space is replaced by Banach
space.

Solution. (a) Let f, g ∈ U , let t ∈ (0, 1) (the values t = 0, 1 being trivial), and set h = (1−t)f+tg. Since
B = {f : ‖f‖ ≤ 1} (the norm is continuous, and (1− 1

n)f → f from inside B), we have ‖f‖, ‖g‖ ≤ 1,
so by 8.15

‖h‖ ≤ (1− t)‖f‖+ t‖g‖ ≤ (1− t) + t = 1.

(i) ‖h‖ < 1: then h ∈ B ⊆ U .
(ii) ‖h‖ = 1: then equality holds throughout, which forces ‖f‖ = ‖g‖ = 1 (since 1 − t, t > 0). Put
u = (1− t)f and v = tg, so u, v 6= 0 and ‖u+ v‖ = 1 = ‖u‖+ ‖v‖. Equality in the triangle inequality
(8.18) makes one of u, v a nonnegative multiple of the other, so v = cu with c > 0; taking norms gives
c = t/(1− t), whence tg = tf and g = f , so h = f ∈ U .
(b) Take V = R2 with ‖(x1, x2)‖ = max{|x1|, |x2|}, a Banach space because convergence in this norm
is coordinatewise convergence. Then B and B are the open and closed unit squares, and

U = B ∪ {(1, 1), (1,−1)}

satisfies B ⊆ U ⊆ B but is not convex, since 1
2(1, 1) +

1
2(1,−1) = (1, 0) /∈ U .

Problem 8B.7. Suppose V is a normed vector space and U is a closed subset of V . Prove that U
is convex if and only if

f + g

2
∈ U for all f, g ∈ U.

Solution. If U is convex, take t = 1
2 in 8.25. Conversely, suppose f+g

2 ∈ U whenever f, g ∈ U , fix
f, g ∈ U , and set

D =
{
t ∈ [0, 1] : (1− t)f + tg ∈ U

}
;

we show D = [0, 1], which is convexity.
D is closed under averaging: for s, t ∈ D the hypothesis applied to (1 − s)f + sg and (1 − t)f + tg
puts their average, namely

(
1 − s+t

2

)
f + s+t

2 g, in U , so s+t
2 ∈ D. Since 0, 1 ∈ D, induction on n now

gives k/2n ∈ D for all 0 ≤ k ≤ 2n: an even k is covered by the previous stage, and an odd k = 2j + 1
satisfies k

2n+1 = 1
2

( j
2n + j+1

2n

)
. (Check!)

D is closed in [0, 1]: the map γ(t) = (1 − t)f + tg satisfies ‖γ(t) − γ(s)‖ = |t − s| ‖g − f‖, hence is
continuous, and U is closed, so D = γ−1(U) is closed. Being closed and containing the dense set of
dyadic rationals, D = [0, 1].

Problem 8B.8. Prove that if U is a convex subset of a normed vector space, then U is also convex.

Solution. Given f, g ∈ U and t ∈ [0, 1], pick sequences fk, gk ∈ U with fk → f and gk → g (each ball
B(f, 1/k) meets U , else f would lie in the open set V \ U). Convexity of U puts hk = (1− t)fk + tgk
in U , and the triangle inequality with homogeneity gives∥∥((1− t)f + tg

)
− hk

∥∥ ≤ (1− t)‖f − fk‖+ t‖g − gk‖ −→ 0.

Hence (1− t)f + tg ∈ U , so U is convex (8.25).

Problem 8B.9. Prove that if U is a convex subset of a normed vector space, then the interior of U
is also convex.
[The interior of U is the set {f ∈ U : B(f, r) ⊆ U for some r > 0}.]
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Solution. Given f, g ∈ intU with B(f, r) ⊆ U and B(g, s) ⊆ U , and t ∈ [0, 1], the ball B(h, ρ) around
h = (1 − t)f + tg with ρ = min{r, s} lies in U , so h ∈ intU . Indeed, for k ∈ B(h, ρ) put u = k − h;
then ‖u‖ < ρ places f + u in B(f, r) ⊆ U and g + u in B(g, s) ⊆ U , so convexity of U gives

(1− t)(f + u) + t(g + u) = h+
(
(1− t) + t

)
u = k ∈ U.

Hence intU is convex (vacuously so if it is empty).

Problem 8B.10. Suppose V is a Hilbert space, U is a nonempty closed convex subset of V , and
g ∈ U is the unique element of U with smallest norm (obtained by taking f = 0 in 8.28). Prove that

Re〈g, h〉 ≥ ‖g‖2

for all h ∈ U .

Solution. Perturb g toward h inside U . For h ∈ U and t ∈ (0, 1], convexity (8.25) puts (1− t)g + th =
g + t(h− g) in U , so minimality of ‖g‖ and expansion of the norm give

‖g‖2 ≤ ‖g + t(h− g)‖2 = ‖g‖2 + 2tRe〈g, h− g〉+ t2‖h− g‖2,

the cross terms combining because 〈h − g, g〉 = 〈g, h− g〉 and z + z̄ = 2Re z. Subtracting ‖g‖2 and
dividing by 2t > 0 gives 0 ≤ Re〈g, h − g〉 + t

2‖h − g‖2 for every t ∈ (0, 1]; letting t → 0+ yields
Re〈g, h− g〉 ≥ 0. Since Re〈g, h− g〉 = Re〈g, h〉 − ‖g‖2 by additivity in the second slot, the inequality
Re〈g, h〉 ≥ ‖g‖2 follows.

Problem 8B.11. Suppose V is a Hilbert space. A closed half-space of V is a set of the form

{g ∈ V : Re〈g, h〉 ≥ c}

for some h ∈ V and some c ∈ R. Prove that every closed convex subset of V is the intersection of
all the closed half-spaces that contain it.

Solution. Let C be closed and convex and let I be the intersection of all closed half-spaces containing
C. Then C ⊆ I trivially, so only I ⊆ C needs proof: given f /∈ C, we exhibit a closed half-space
containing C but not f .
(i) C = ∅: taking h = 0 and c = 1 makes {g : Re〈g, 0〉 ≥ 1} = ∅ itself a closed half-space containing
C, so I = ∅ = C.
(ii) C 6= ∅: by 8.28 (V a Hilbert space, C nonempty closed convex) there is g ∈ C with ‖f − g‖ =
distance(f, C), and u = f − g 6= 0. For k ∈ C and t ∈ (0, 1], convexity puts g + t(k − g) in C, so
minimality gives

‖u‖2 ≤ ‖u− t(k − g)‖2 = ‖u‖2 − 2tRe〈u, k − g〉+ t2‖k − g‖2,

whence Re〈u, k − g〉 ≤ t
2‖k − g‖2 for all such t, and letting t → 0+ gives the variational inequality

Re〈u, k − g〉 ≤ 0 for every k ∈ C. Now set

H =
{
k ∈ V : Re〈k,−u〉 ≥ −Re〈g, u〉

}
,

a closed half-space. It contains C, since for k ∈ C the variational inequality and Re〈k, u〉 = Re〈u, k〉
give Re〈k, u〉 ≤ Re〈g, u〉. It omits f , since f = g + u gives

Re〈f,−u〉 = −Re〈g, u〉 − ‖u‖2 < −Re〈g, u〉.

Hence f /∈ I, so I ⊆ C and C = I.
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Problem 8B.12. Give an example of a nonempty closed subset U of the Hilbert space `2 and a ∈ `2

such that there does not exist b ∈ U with ‖a− b‖ = distance(a, U).
[By 8.28, U cannot be a convex subset of `2.]

Solution. Take a = 0 and U = {uk : k ∈ Z+}, where uk =
(
1 + 1

k

)
ek and ek ∈ `2 is the k-th standard

basis sequence.
U is closed: distinct uj , uk are supported on disjoint coordinates, so

‖uj − uk‖2 =
(
1 + 1

j

)2
+
(
1 + 1

k

)2
> 2,

and a convergent sequence in U , being Cauchy, must therefore be eventually constant, with its limit
that constant value in U .
The distance is not attained: distance(0, U) = infk

(
1+ 1

k

)
= 1, while ‖0−uk‖ = 1+ 1

k > 1 for every k.

Problem 8B.13. In the real Banach space R2 with norm defined by ‖(x, y)‖∞ = max{|x|, |y|}, give
an example of a closed convex set U ⊆ R2 and z ∈ R2 such that there exist infinitely many choices
of w ∈ U with ‖z − w‖∞ = distance(z, U).

Solution. Take U = {(x, y) : x ≥ 1} and z = (0, 0); every w = (1, y) with |y| ≤ 1 is then a closest point.
U is closed as the inverse image of [1,∞) under the ‖ · ‖∞-continuous map (x, y) 7→ x, and convex
because (1− t)x+ tx′ ≥ 1 whenever x, x′ ≥ 1 and t ∈ [0, 1]. For w = (x, y) ∈ U we have ‖z − w‖∞ =
max{|x|, |y|} ≥ x ≥ 1, with ‖z − (1, 0)‖∞ = 1, so distance(z, U) = 1. Finally

‖z − (1, y)‖∞ = max{1, |y|} = 1 for all |y| ≤ 1,

giving infinitely many minimizers.

Problem 8B.14. Suppose f and g are elements of an inner product space. Prove that 〈f, g〉 = 0 if
and only if

‖f‖ ≤ ‖f + αg‖

for all α ∈ F.

Solution. Both directions run off the expansion

‖f + αg‖2 = ‖f‖2 + 2Re
(
α〈f, g〉

)
+ |α|2‖g‖2,

which holds for all α ∈ F by additivity in each slot, 〈f, αg〉 = α〈f, g〉, and 〈αg, f〉 = α〈f, g〉.
If 〈f, g〉 = 0, the middle term vanishes and ‖f + αg‖2 = ‖f‖2 + |α|2‖g‖2 ≥ ‖f‖2.
Conversely, suppose ‖f‖ ≤ ‖f+αg‖ for all α. If g = 0 then 〈f, g〉 = 0; otherwise take α = −〈f, g〉/‖g‖2,
for which α〈f, g〉 = −|〈f, g〉|2/‖g‖2 is real and |α|2‖g‖2 = |〈f, g〉|2/‖g‖2, so the expansion becomes

‖f‖2 ≤ ‖f + αg‖2 = ‖f‖2 − |〈f, g〉|2

‖g‖2
.

As ‖g‖2 > 0, this forces 〈f, g〉 = 0.

Problem 8B.15. Suppose U is a closed subspace of a Hilbert space V and f ∈ V . Prove that

‖PUf‖ ≤ ‖f‖,

with equality if and only if f ∈ U .
[This exercise asks you to prove 8.37(d).]
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Solution. Since f − PUf is orthogonal to every element of U (8.37(a)) and PUf ∈ U , the Pythagorean
Theorem (8.9) applied to f = (f − PUf) + PUf gives

‖f‖2 = ‖f − PUf‖2 + ‖PUf‖2 ≥ ‖PUf‖2.

Equality holds exactly when ‖f − PUf‖ = 0, that is, when f = PUf , which happens if and only if
f ∈ U : one direction because PUf ∈ U , the other because f ∈ U makes f itself the unique closest
point of U to f (8.28).

Problem 8B.16. Suppose V is a Hilbert space and P : V → V is a linear map such that P 2 = P
and ‖Pf‖ ≤ ‖f‖ for every f ∈ V . Prove that there exists a closed subspace U of V such that
P = PU .

Solution. Take U = rangeP .
U is a closed subspace: P 2 = P gives rangeP = {f : Pf = f} = null(I − P ), and ‖Pf‖ ≤ ‖f‖ makes
P , hence I − P , continuous, so this null space is the inverse image of the closed set {0}.
Every h ∈ nullP is orthogonal to every g ∈ U : linearity and Pg = g give P (g + αh) = g for all α ∈ F,
so the hypothesis applied to g + αh yields

‖g‖ = ‖P (g + αh)‖ ≤ ‖g + αh‖ for all α ∈ F,

whence 〈g, h〉 = 0 by Exercise 14 in this section.
Now let f ∈ V . Then Pf ∈ U , and P (f−Pf) = Pf−P 2f = 0 puts f−Pf in nullP , so 〈f−Pf, g〉 = 0
for every g ∈ U (conjugating the previous paragraph). Hence Pf = PUf by 8.37(b).

Problem 8B.17. Suppose U is a subspace of a Hilbert space V . Suppose also that W is a Banach
space and S : U → W is a bounded linear map. Prove that there exists a bounded linear map
T : V →W such that T |U = S and ‖T‖ = ‖S‖.
[If W = F, then this result is just the Hahn-Banach Theorem (6.69) for Hilbert spaces. The result
here is stronger because it allows W to be an arbitrary Banach space instead of requiring W to be
F. Also, the proof in this Hilbert space context does not require use of Zorn’s Lemma or the Axiom
of Choice.]

Solution. Take
T = S̃ ◦ PU : V →W,

where U is the closure of U , a closed subspace of V (Exercise 12 in Section 6C), and S̃ : U →W is the
extension of S with S̃|U = S and ‖S̃‖ = ‖S‖ supplied by Exercise 14 in Section 6C (W is a Banach
space, so the limits defining it exist).
T is linear as a composition of linear maps, PU being linear by 8.37(c). For f ∈ U we have PUf = f ,
so Tf = S̃f = Sf and T |U = S. Finally 8.37(d) gives ‖PUf‖ ≤ ‖f‖, so

‖Tf‖ ≤ ‖S̃‖ ‖PUf‖ ≤ ‖S‖ ‖f‖,

whence ‖T‖ ≤ ‖S‖; and ‖T‖ ≥ ‖S‖ because T extends S. Thus ‖T‖ = ‖S‖.

Problem 8B.18. Suppose U and W are subspaces of a Hilbert space V . Prove that U =W if and
only if U⊥ =W⊥.

Solution. Each direction is one application of a numbered result. If U =W , then 8.40(d) gives

U⊥ =
(
U
)⊥

=
(
W
)⊥

=W⊥.
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If U⊥ =W⊥, then 8.41 (applicable since U and W are subspaces of the Hilbert space V ) gives

U =
(
U⊥)⊥ =

(
W⊥)⊥ =W.

Problem 8B.19. Suppose U and W are closed subspaces of a Hilbert space. Prove that PUPW = 0
if and only if 〈f, g〉 = 0 for all f ∈ U and all g ∈W .

Solution. Both directions are the statement W ⊆ U⊥ read through 8.45(a), which gives nullPU = U⊥

and rangePW =W .
If 〈f, g〉 = 0 for all f ∈ U and g ∈ W , then W ⊆ U⊥ by 8.38, so for every h in the Hilbert space,
PWh ∈W ⊆ nullPU and hence PUPWh = 0.
Conversely, if PUPW = 0 and g ∈W , then PW g = g (as W is a closed subspace containing g), so

PUg = PUPW g = 0,

putting g in nullPU = U⊥, that is, 〈f, g〉 = 0 for every f ∈ U .

Problem 8B.20. Verify the assertions in Example 8.46. That example states: suppose U is the
closed subspace of L2(R) defined by

U = {f ∈ L2(R) : f(x) = 0 for almost every x < 0}.

Then
U⊥ = {g ∈ L2(R) : g(x) = 0 for almost every x ≥ 0},

and if h ∈ L2(R), then
PUh = hχ[0,∞) and PU⊥h = hχ(−∞,0).

Thus PU⊥h = h(1− χ[0,∞)) = (I − PU )h and hence PU⊥ = I − PU , as asserted in 8.45(c).

Solution. Write W = {g ∈ L2(R) : g = 0 almost everywhere on [0,∞)}; the whole example follows
from the splitting h = hχ[0,∞) + hχ(−∞,0) into a member of U and a member of W .
U is a closed subspace: it is closed under linear combinations (a union of two null sets is null), and if
fk ∈ U with fk → f in L2, then∫

(−∞,0)
|f |2 dλ =

∫
(−∞,0)

|f − fk|2 dλ ≤ ‖f − fk‖2 −→ 0,

forcing f = 0 almost everywhere on (−∞, 0), that is, f ∈ U .
U⊥ =W . If g ∈W and f ∈ U , then fg = 0 almost everywhere (each factor vanishes on one half-line),
so 〈f, g〉 = 0 and W ⊆ U⊥. Conversely, if g ∈ U⊥, then f = gχ[0,∞) lies in U (and in L2, since
|f | ≤ |g|), so

0 = 〈f, g〉 =
∫
[0,∞)

|g|2 dλ,

giving g = 0 almost everywhere on [0,∞), that is, g ∈W .
The projections. For h ∈ L2(R), the element hχ[0,∞) lies in U and h − hχ[0,∞) = hχ(−∞,0) lies in
W = U⊥, hence is orthogonal to every element of U ; so PUh = hχ[0,∞) by 8.37(b). Symmetrically
hχ(−∞,0) ∈ U⊥ (a closed subspace by 8.40(a)) and h− hχ(−∞,0) = hχ[0,∞) ∈ U is orthogonal to every
element of U⊥, so 8.37(b) applied to U⊥ gives PU⊥h = hχ(−∞,0). Consequently

PU⊥h = h
(
1− χ[0,∞)

)
= h− PUh = (I − PU )h,

confirming 8.45(c) here.
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Problem 8B.21. Show that every inner product space is a subspace of some Hilbert space.
Hint: See Exercise 13 in Section 6C.

Solution. Take B = V , the closure of V in a Banach space C that contains the normed space V
isometrically (Exercise 13 in Section 6C). Then B is a subspace of C (Exercise 12 in Section 6C) and
is closed, hence complete; so B is a Banach space in which V is dense.
Extend the inner product of V to B by continuity. Given f, g ∈ B, choose fk → f and gk → g with
fk, gk ∈ V ; convergent sequences are bounded, say by M , so the Cauchy-Schwarz inequality (8.11) in
V gives ∣∣〈fk, gk〉V − 〈fj , gj〉V

∣∣ = ∣∣〈fk − fj , gk〉V + 〈fj , gk − gj〉V
∣∣

≤M
(
‖fk − fj‖+ ‖gk − gj‖

)
.

The right side tends to 0, so 〈fk, gk〉V converges; the same estimate with f ′k, g′k in place of fj , gj shows
the limit is independent of the approximating sequences. Hence

〈f, g〉 = lim
k→∞

〈fk, gk〉V (f, g ∈ B)

is well defined, and constant sequences give 〈f, g〉 = 〈f, g〉V for f, g ∈ V .
Linearity in the first slot and conjugate symmetry pass to the limit because addition, scalar multipli-
cation, and conjugation are continuous (Check!). For positivity, continuity of the norm gives

〈f, f〉 = lim
k→∞

‖fk‖2 = ‖f‖2,

so 〈f, f〉 ≥ 0 with equality only when f = 0, and the norm induced by 〈·, ·〉 is the norm of B. Being
complete in that norm, B is a Hilbert space (8.21) containing V as a subspace with its original inner
product.

Problem 8B.22. Prove that if V is a Hilbert space and T : V → V is a bounded linear map such
that the dimension of rangeT is 1, then there exist g, h ∈ V such that

Tf = 〈f, g〉h

for all f ∈ V .

Solution. Take h 6= 0 spanning the one-dimensional subspace rangeT , and take g to be the Riesz vector
of the functional ϕ below.
For each f ∈ V the equation Tf = ϕ(f)h determines the scalar ϕ(f) uniquely, because h 6= 0. That
uniqueness converts the linearity of T into linearity of ϕ: applying it to

ϕ(f1 + αf2)h = T (f1 + αf2) =
(
ϕ(f1) + αϕ(f2)

)
h

gives ϕ(f1 + αf2) = ϕ(f1) + αϕ(f2). Furthermore

|ϕ(f)| ‖h‖ = ‖Tf‖ ≤ ‖T‖ ‖f‖,

so ϕ is bounded, with ‖ϕ‖ ≤ ‖T‖/‖h‖. Because V is a Hilbert space, the Riesz Representation Theorem
(8.47) supplies g ∈ V with ϕ(f) = 〈f, g〉 for all f ∈ V . Hence

Tf = ϕ(f)h = 〈f, g〉h for all f ∈ V.

Problem 8B.23. (a) Give an example of a Banach space V and a bounded linear functional ϕ on
V such that |ϕ(f)| < ‖ϕ‖ ‖f‖ for all f ∈ V \ {0}.
(b) Show there does not exist an example in part (a) where V is a Hilbert space.
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Solution. (a) Take V = `1, a Banach space by 7.24, and

ϕ(a) =

∞∑
k=1

(
1− 1

k

)
ak for a = (a1, a2, . . . ) ∈ `1,

the series converging absolutely since |(1− 1/k)ak| ≤ |ak|.
Here ‖ϕ‖ = 1: the same bound gives |ϕ(a)| ≤ ‖a‖1, while ϕ(ek) = 1 − 1/k and ‖ek‖1 = 1 for the kth
standard basis vector ek, so ‖ϕ‖ ≥ 1− 1/k for every k. If a 6= 0, choose m with am 6= 0; then

|ϕ(a)| ≤ ‖a‖1 −
∞∑
k=1

|ak|
k

≤ ‖a‖1 −
|am|
m

< ‖a‖1 = ‖ϕ‖ ‖a‖1,

all quantities being finite because a ∈ `1.
(b) On a Hilbert space every bounded linear functional attains its norm, so the strict inequality always
fails somewhere. Indeed, let V 6= {0} be a Hilbert space and ϕ a bounded linear functional on V ; the
Riesz Representation Theorem (8.47) gives h ∈ V with ϕ(f) = 〈f, h〉 for all f and ‖ϕ‖ = ‖h‖.
(i) If h 6= 0, then f = h is nonzero and

|ϕ(h)| = ‖h‖2 = ‖ϕ‖ ‖h‖.

(ii) If h = 0, then ϕ = 0 and ‖ϕ‖ = 0, so |ϕ(f)| = 0 = ‖ϕ‖ ‖f‖ for any nonzero f ∈ V .
(For V = {0} the condition in (a) is vacuous.)

Problem 8B.24. (a) Suppose ϕ and ψ are bounded linear functionals on a Hilbert space V such
that ‖ϕ+ ψ‖ = ‖ϕ‖+ ‖ψ‖. Prove that one of ϕ,ψ is a scalar multiple of the other.
(b) Give an example to show that (a) can fail if the hypothesis that V is a Hilbert space is replaced
by the hypothesis that V is a Banach space.

Solution. (a) The hypothesis forces equality in Cauchy-Schwarz for the two Riesz vectors. By 8.47
there are g, h ∈ V with ϕ = 〈·, g〉, ψ = 〈·, h〉, ‖ϕ‖ = ‖g‖, and ‖ψ‖ = ‖h‖; since ϕ+ ψ = 〈·, g + h〉, the
uniqueness in 8.47 gives ‖ϕ+ ψ‖ = ‖g + h‖. So ‖g + h‖ = ‖g‖+ ‖h‖, and squaring both sides yields

Re〈g, h〉 = ‖g‖ ‖h‖.

As Re〈g, h〉 ≤ |〈g, h〉| ≤ ‖g‖ ‖h‖ by the Cauchy–Schwarz inequality (8.11), both inequalities are equal-
ities, and the equality case of 8.11 makes one of g, h a scalar multiple of the other. If g = αh, then

ϕ(f) = 〈f, αh〉 = αψ(f) for all f ∈ V,

so ϕ = αψ; symmetrically, h = αg gives ψ = αϕ.
(b) Take V = F2 with ‖(a1, a2)‖ = max{|a1|, |a2|}, a Banach space because convergence in this norm
is coordinatewise convergence in the complete field F, and take

ϕ(a1, a2) = a1, ψ(a1, a2) = a2.

Then ‖ϕ‖ = ‖ψ‖ = 1, attained at (1, 0) and (0, 1), while |a1 + a2| ≤ 2‖(a1, a2)‖ with equality at (1, 1)
gives

‖ϕ+ ψ‖ = 2 = ‖ϕ‖+ ‖ψ‖.

Yet ϕ = cψ fails at (1, 0) and ψ = cϕ fails at (0, 1).

Problem 8B.25. (a) Suppose that µ is a finite measure, 1 ≤ p ≤ 2, and ϕ is a bounded linear
functional on Lp(µ). Prove that there exists h ∈ Lp

′
(µ) such that ϕ(f) =

∫
fh dµ for every f ∈ Lp(µ).

(b) Same as (a), but with the hypothesis that µ is a finite measure replaced by the hypothesis that
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µ is a measure, and assume that 1 < p ≤ 2.
[See 7.25, which along with this exercise shows that we can identify the dual of Lp(µ) with Lp

′
(µ)

for 1 < p ≤ 2. See 9.42 for an extension to all p ∈ (1,∞).]

Solution. Take h = g, where g ∈ L2(µ) is the Riesz vector of the restriction of ϕ to L2(µ). Throughout,
(X,S, µ) is the measure space, 1

p +
1
p′ = 1, and σ = h/|h| on {h 6= 0} and σ = 0 elsewhere, so |σ| ≤ 1

and σh = |h|.
(a) Assume µ(X) > 0 (otherwise h = 0 works), and note 2 ≤ p′ ≤ ∞. Hölder’s inequality (7.9) applied
to |f |p and 1 with the conjugate exponents 2

p ,
2

2−p gives

‖f‖p ≤ c ‖f‖2, c = µ(X)
1
p
− 1

2 ∈ (0,∞),

so L2(µ) ⊆ Lp(µ) and |ϕ(f)| ≤ c‖ϕ‖‖f‖2 there. As L2(µ) is a Hilbert space (8.22), the Riesz Repre-
sentation Theorem (8.47) supplies g ∈ L2(µ) with ϕ(f) = 〈f, g〉 =

∫
fg dµ for f ∈ L2(µ); put h = g,

so ϕ(f) =
∫
fh dµ on L2(µ).

Next, h ∈ Lp
′
(µ) with ‖h‖p′ ≤ ‖ϕ‖. Because µ is finite, every bounded measurable function lies in

L2(µ) ∩ Lp(µ), and |h| <∞ almost everywhere since h ∈ L2(µ).
(i) 1 < p ≤ 2, so 2 ≤ p′ <∞. With En = {|h| ≤ n} and fn = χEn |h|p

′−1σ, the function fn is bounded
by np

′−1 and fnh = χEn |h|p
′ ; since (p′ − 1)p = p′, the number In =

∫
En

|h|p′dµ ≤ np
′
µ(X) satisfies

‖fn‖pp = In and hence
In = |ϕ(fn)| ≤ ‖ϕ‖ ‖fn‖p = ‖ϕ‖ I1/pn .

So I
1/p′
n ≤ ‖ϕ‖ (trivially if In = 0), and since χEn |h|p

′ increases pointwise to |h|p′ , the Monotone
Convergence Theorem (3.11) gives

∫
|h|p′dµ ≤ ‖ϕ‖p′ .

(ii) p = 1, so p′ = ∞. Given ε > 0, put E = {|h| > ‖ϕ‖ + ε}; the bounded function f = χEσ has
fh = χE |h| and ‖f‖1 = µ(E), whence

(‖ϕ‖+ ε)µ(E) ≤
∫
E
|h| dµ = ϕ(f) ≤ ‖ϕ‖µ(E).

As µ(E) ≤ µ(X) <∞, this forces µ(E) = 0; so ‖h‖∞ ≤ ‖ϕ‖.
Finally ψ(f) =

∫
fh dµ is a bounded linear functional on Lp(µ) by Hölder (7.9), and ϕ = ψ on L2(µ).

For f ∈ Lp(µ) the truncations fχ{|f |≤n} are bounded, hence in L2(µ), and

‖f − fχ{|f |≤n}‖pp =
∫
{|f |>n}

|f |p dµ −→ 0

by the Dominated Convergence Theorem (3.31) (dominant |f |p ∈ L1(µ); here p < ∞). So L2(µ) is
dense in Lp(µ) and the continuous functional ϕ− ψ vanishes identically.
(b) Now µ is arbitrary and 1 < p ≤ 2, so 2 ≤ p′ <∞; that finiteness is essential below.
Local representations. For E ∈ S with µ(E) <∞ let µE be the restriction of µ to {A ∈ S : A ⊆ E}, a
finite measure, and write f̃ for extension by 0, a linear isometry of Lp(µE) into Lp(µ). Then f 7→ ϕ(f̃)
is a bounded linear functional on Lp(µE) of norm at most ‖ϕ‖, so part (a) gives hE ∈ Lp

′
(µE) with

ϕ(f̃) =

∫
E
fhE dµ for all f ∈ Lp(µE).

Since 1 < p ≤ 2, the map of 7.25 from Lp
′
(µE) to Lp(µE)′ is one-to-one and norm-preserving, so hE is

unique and ‖hE‖p′ ≤ ‖ϕ‖; uniqueness applied to E ⊆ F with µ(F ) <∞ gives the consistency relation
hF |E = hE almost everywhere on E.
A maximizing σ-finite set. Let

M = sup{‖hE‖p′ : E ∈ S, µ(E) <∞} ≤ ‖ϕ‖ <∞,

choose Fn of finite measure with ‖hFn‖
p′

p′ > Mp′ − 1
n , and set En = F1 ∪ · · · ∪ Fn. Consistency gives

‖hEn‖
p′

p′ ≥
∫
Fn

|hFn |p
′
dµ > Mp′ − 1

n , while ‖hEn‖p′ ≤ M is nondecreasing in n; hence ‖hEn‖p′ → M .
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Put E =
⋃
nEn. Discarding the null set

⋃
n<m{x ∈ En : hEm(x) 6= hEn(x)} (a countable union of null

sets, by consistency) makes the representatives agree, so

h = hEn on En, h = 0 off E

is unambiguous and measurable, being the pointwise limit of hEnχEn . Since χEn |h|p
′ increases to |h|p′ ,

the Monotone Convergence Theorem (3.11) gives ‖h‖p
′

p′ = limn ‖hEn‖
p′

p′ =Mp′ , so h ∈ Lp
′
(µ).

Nothing lives outside E. If µ(A) < ∞ and A ∩ E = ∅, then hEn∪A agrees with hEn on En and with
hA on A, so disjointness gives

Mp′ ≥ ‖hEn‖
p′

p′ + ‖hA‖p
′

p′ −→Mp′ + ‖hA‖p
′

p′ .

Because M < ∞ and p′ < ∞ (this additivity of ‖ · ‖p
′

p′ over disjoint pieces is exactly what fails for
p′ = ∞), we get hA = 0, hence ϕ(f̃) = 0 for every f ∈ Lp(µA).
Conclusion. Fix f ∈ Lp(µ). Then {f 6= 0} is σ-finite, since

1
kp µ

(
{|f | > 1

k}
)
≤ ‖f‖pp <∞.

Write A = {f 6= 0} \ E =
⋃
k Ak with Ak increasing of finite measure, each disjoint from E; then

ϕ(fχAk
) = 0, and fχAk

→ fχA in Lp(µ) by the Dominated Convergence Theorem (3.31), so continuity
of ϕ gives

ϕ(fχX\E) = ϕ(fχA) = 0 =

∫
fχX\E h dµ,

the last equality because h = 0 off E. Also

ϕ(fχEn) =

∫
En

fhEn dµ =

∫
fχEnh dµ,

and ‖fχE − fχEn‖p → 0 (3.31) sends the left side to ϕ(fχE) by continuity and the right side to∫
fχEh dµ by Hölder (7.9). Adding the two lines,

ϕ(f) = ϕ(fχE) + ϕ(fχX\E) =

∫
fh dµ.

Problem 8B.26. Prove that if V is an infinite-dimensional Hilbert space, then the Banach space
B(V, V ) is nonseparable.

Solution. The orthogonal projections TS = PUS
onto the closed subspaces US = span{ek : k ∈ S},

indexed by the uncountably many subsets S ⊆ Z+, are pairwise at distance at least 1, and no metric
space containing such a family is separable.
Here e1, e2, . . . is an orthonormal sequence in V , obtained by choosing fn /∈ span(f1, . . . , fn−1) induc-
tively (possible since V is infinite-dimensional) and applying Gram–Schmidt:

vn = fn −
n−1∑
k=1

〈fn, ek〉ek 6= 0, en =
vn

‖vn‖

(Check! the en are orthonormal and span the same subspaces as the fn).
Each TS exists and lies in B(V, V ) with ‖TS‖ ≤ 1, by 8.37(c) and 8.37(d), since V is a Hilbert space
and US is closed. If k ∈ S, then ek ∈ US , so TSek = ek by 8.37(b). If k /∈ S, then ek is orthogonal to
every finite combination of {ej : j ∈ S}, so ek ∈ U⊥

S by 8.40(d), and nullPUS
= U⊥

S by 8.45(a) gives
TSek = 0. Hence for distinct S, S′, picking k in their symmetric difference (say k ∈ S \ S′),

‖TS − TS′‖ ≥ ‖(TS − TS′)ek‖ = ‖ek‖ = 1.

Now if D were a countable dense subset of B(V, V ), choosing dS ∈ D with ‖TS − dS‖ < 1
2 for each S
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would give an injection of the uncountable collection of subsets of Z+ into D: if dS = dS′ with S 6= S′,
the triangle inequality would give ‖TS − TS′‖ < 1.

8.3 Exercises 8C

Problem 8C.1. Verify that the family {ek}k∈Z as defined in the third bullet point of Example 8.51
is an orthonormal family in L2

(
(−π, π]

)
. The following formulas should help:

(sinx)(cos y) = sin(x− y) + sin(x+ y)

2
,

(sinx)(sin y) = cos(x− y)− cos(x+ y)

2
,

(cosx)(cos y) = cos(x− y) + cos(x+ y)

2
.

Solution. Everything reduces to three product integrals, since all the ek are real valued (so 〈f, g〉 =∫ π
−π fg dλ) and, cos being even, the family is the constant e0 = 1√

2π
together with

em(t) =
1√
π

sin(mt), e−m(t) =
1√
π

cos(mt) (m ∈ Z+),

each continuous and bounded on (−π, π], hence in L2
(
(−π, π]

)
.

Antidifferentiating gives
∫ π
−π sin(nt) dt = 0 for every n ∈ Z, and

∫ π
−π cos(nt) dt = 0 for n 6= 0 while it is

2π for n = 0 (Check!). Hence for m,n ∈ Z+ the three displayed product formulas give∫ π

−π
sin(mt) sin(nt) dt = 1

2

∫ π

−π
cos
(
(m− n)t

)
dt− 1

2

∫ π

−π
cos
(
(m+ n)t

)
dt,∫ π

−π
cos(mt) cos(nt) dt = 1

2

∫ π

−π
cos
(
(m− n)t

)
dt+ 1

2

∫ π

−π
cos
(
(m+ n)t

)
dt,∫ π

−π
sin(mt) cos(nt) dt = 1

2

∫ π

−π
sin
(
(m− n)t

)
dt+ 1

2

∫ π

−π
sin
(
(m+ n)t

)
dt.

Since m + n ≥ 2, the first two equal π when m = n and 0 when m 6= n, and the third is 0. Dividing
by π: ‖e±m‖ = 1, while 〈ej , ek〉 = 0 for distinct nonzero j, k.
Finally ‖e0‖2 =

∫ π
−π

1
2πdt = 1, and 〈em, e0〉 and 〈e−m, e0〉 are multiples of

∫ π
−π sin(mt) dt and∫ π

−π cos(mt) dt, both 0. Every pair j, k ∈ Z is now covered, so the family is orthonormal (8.50).

Problem 8C.2. Suppose {ak}k∈Γ is a family in R and ak ≥ 0 for each k ∈ Γ. Prove the unordered
sum

∑
k∈Γ ak converges if and only if

sup
{∑
j∈Ω

aj : Ω is a finite subset of Γ
}
<∞.

Furthermore, prove that if
∑

k∈Γ ak converges then it equals the supremum above.

Solution. Both directions run off monotonicity of finite subsums: if Ω ⊆ Ω′ are finite subsets of Γ, then∑
j∈Ω′ aj −

∑
j∈Ω aj =

∑
j∈Ω′\Ω aj ≥ 0. Write S ∈ [0,∞] for the supremum in question.

(i) Suppose S < ∞ and let ε > 0. Choose a finite Ω ⊆ Γ with
∑

j∈Ω aj > S − ε. Then for every finite
Ω′ with Ω ⊆ Ω′ ⊆ Γ, monotonicity and the definition of S give

S − ε <
∑
j∈Ω

aj ≤
∑
j∈Ω′

aj ≤ S,

so
∣∣S −

∑
j∈Ω′ aj

∣∣ < ε; by 8.53 the unordered sum converges, with value S.
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(ii) Suppose
∑

k∈Γ ak = g ∈ R, and given ε > 0 take the finite set Ωε provided by 8.53. For an arbitrary
finite Ω ⊆ Γ, the set Ω ∪ Ωε contains Ωε, so∑

j∈Ω
aj ≤

∑
j∈Ω∪Ωε

aj < g + ε.

Hence S ≤ g + ε: with ε = 1 this makes S finite, and letting ε→ 0 gives S ≤ g. In the other direction
S ≥

∑
j∈Ωε

aj > g − ε for every ε > 0, so S = g.

Problem 8C.3. Suppose {ek}k∈Γ is an orthonormal family in an inner product space V . Prove that
if f ∈ V , then {k ∈ Γ : 〈f, ek〉 6= 0} is a countable set.

Solution. The set in question is
⋃∞
n=1 Γn, where

Γn =
{
k ∈ Γ : |〈f, ek〉|2 > 1

n

}
,

since 〈f, ek〉 6= 0 forces |〈f, ek〉|2 > 1
n for some n by the Archimedean property, and conversely each Γn

consists of such indices.
Each Γn is finite. Bessel’s inequality (8.57), combined with Exercise 2 of this section identifying a
nonnegative unordered sum with the supremum of its finite subsums, gives∑

j∈Ω
|〈f, ej〉|2 ≤ ‖f‖2 for every finite Ω ⊆ Γ.

So if Ω ⊆ Γn is finite with m ≥ 1 elements, then m
n < ‖f‖2, that is, m < n‖f‖2; every finite subset of

Γn is thus bounded in size by n‖f‖2, which forces Γn itself to be finite.
Hence the set is a countable union of finite sets, so it is countable.

Problem 8C.4. Suppose {fk}k∈Γ and {gk}k∈Γ are families in a normed vector space such that∑
k∈Γ fk and

∑
k∈Γ gk converge. Prove that

∑
k∈Γ(fk + gk) converges and∑

k∈Γ
(fk + gk) =

∑
k∈Γ

fk +
∑
k∈Γ

gk.

Solution. Write f =
∑

k∈Γ fk and g =
∑

k∈Γ gk. Given ε > 0, take Ω = Ω1 ∪ Ω2, where Ω1 and Ω2 are
the finite sets that 8.53 supplies for these two sums at tolerance ε/2.
If Ω′ is finite with Ω ⊆ Ω′ ⊆ Γ, then both estimates apply to Ω′, and finite sums split, so the triangle
inequality gives ∥∥∥(f + g)−

∑
j∈Ω′

(fj + gj)
∥∥∥ ≤

∥∥∥f −
∑
j∈Ω′

fj

∥∥∥+ ∥∥∥g − ∑
j∈Ω′

gj

∥∥∥
< ε

2 + ε
2 = ε.

By 8.53 this says exactly that
∑

k∈Γ(fk + gk) converges to f + g.

Problem 8C.5. Suppose {fk}k∈Γ is a family in a normed vector space such that
∑

k∈Γ fk converges.
Prove that if c ∈ F, then

∑
k∈Γ(cfk) converges and∑

k∈Γ
(cfk) = c

∑
k∈Γ

fk.

Solution. Write f =
∑

k∈Γ fk. Given ε > 0, take the finite set Ω that 8.53 supplies for this sum at
tolerance ε/(1 + |c|).
If Ω′ is finite with Ω ⊆ Ω′ ⊆ Γ, then scalar multiplication distributes over the finite sum, so homogeneity
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of the norm gives ∥∥∥cf −
∑
j∈Ω′

(cfj)
∥∥∥ = |c|

∥∥∥f −
∑
j∈Ω′

fj

∥∥∥ ≤ |c|
1 + |c|

ε < ε.

By 8.53 this says exactly that
∑

k∈Γ(cfk) converges to cf .

Problem 8C.6. Suppose {ak}k∈Γ is a family in R. Prove that the unordered sum
∑

k∈Γ ak converges
if and only if

∑
k∈Γ |ak| <∞.

Solution. By Exercise 2 of this section, the condition
∑

k∈Γ |ak| <∞ says precisely that

S = sup
{∑
j∈Ω

|aj | : Ω is a finite subset of Γ
}
<∞.

(i) Suppose S <∞, and put a+k = max{ak, 0} and a−k = max{−ak, 0}, so ak = a+k −a−k with a±k ≤ |ak|.
Every finite subsum of the nonnegative families {a+k } and {a−k } is then at most S, so Exercise 2 makes∑

k∈Γ a
+
k and

∑
k∈Γ a

−
k converge; Exercise 5 (with c = −1) and Exercise 4 then give convergence of∑

k∈Γ ak =
∑

k∈Γ
(
a+k + (−a−k )

)
.

(ii) Suppose
∑

k∈Γ ak = g, and apply 8.53 with ε = 1 to get a finite Ω0 ⊆ Γ with
∣∣g −∑j∈Ω′ aj

∣∣ < 1
for all finite Ω′ with Ω0 ⊆ Ω′ ⊆ Γ. For finite Ω ⊆ Γ \ Ω0, disjointness gives∑

j∈Ω
aj =

( ∑
j∈Ω0∪Ω

aj − g
)
+
(
g −

∑
j∈Ω0

aj

)
,

so
∣∣∑

j∈Ω aj
∣∣ < 2. Splitting Ω into Ω+ = {j ∈ Ω : aj ≥ 0} and Ω− = Ω \ Ω+, both again finite subsets

of Γ \ Ω0, ∑
j∈Ω

|aj | =
∣∣∣ ∑
j∈Ω+

aj

∣∣∣+ ∣∣∣ ∑
j∈Ω−

aj

∣∣∣ < 4.

Hence any finite Ω ⊆ Γ satisfies
∑

j∈Ω |aj | ≤
∑

j∈Ω0
|aj |+ 4, a fixed finite bound, so S <∞.

Problem 8C.7. Suppose {fk}k∈Z+ is a family in a normed vector space V and f ∈ V . Prove that
the unordered sum

∑
k∈Z+ fk equals f if and only if the usual ordered sum

∑∞
k=1 fp(k) equals f for

every injective and surjective function p : Z+ → Z+.

Solution. For injective p, the ordered partial sum
∑n

k=1 fp(k) is the finite unordered sum over Ω =
{p(1), . . . , p(n)}, and each direction exploits this.
(i) Suppose

∑
k∈Z+ fk = f and p is a bijection. Given ε > 0, take the finite set Ω from 8.53 and put

N = max{p−1(j) : j ∈ Ω} (with N = 1 if Ω = ∅). For n ≥ N we have Ω ⊆ {p(1), . . . , p(n)}, so 8.53
applied to that set gives ∥∥∥f −

n∑
k=1

fp(k)

∥∥∥ < ε (n ≥ N).

Hence
∑∞

k=1 fp(k) = f in the sense of 6.40.
(ii) Conversely, suppose

∑
k∈Z+ fk = f fails. Negating 8.53 produces ε > 0 such that every finite

A ⊆ Z+ is contained in some finite Ω ⊆ Z+ with
∥∥f −

∑
j∈Ω fj

∥∥ ≥ ε. Starting from Ω0 = ∅ and
applying this to Am = Ωm−1 ∪ {1, . . . ,m} gives finite sets Ω1 ⊆ Ω2 ⊆ · · · with∥∥∥f −

∑
j∈Ωm

fj

∥∥∥ ≥ ε, {1, . . . ,m} ⊆ Ωm,

so
⋃
mΩm = Z+ and nm = |Ωm| ≥ m tends to ∞. Let p list Ω1 in increasing order and then, for each

m ≥ 2, the elements of Ωm \Ωm−1 in increasing order; the blocks are disjoint with union Z+, so p is a
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bijection with {p(1), . . . , p(nm)} = Ωm. Then∥∥∥f −
nm∑
k=1

fp(k)

∥∥∥ =
∥∥∥f −

∑
j∈Ωm

fj

∥∥∥ ≥ ε

for every m, and nm → ∞, so
∑∞

k=1 fp(k) does not equal f .

Problem 8C.8. Explain why 8.58 implies that if Γ is a finite set and {ek}k∈Γ is an orthonormal
family in a Hilbert space V , then span{ek}k∈Γ is a closed subspace of V .

Solution. For finite Γ the set on the right side of 8.58(a), namely{∑
k∈Γ

αkek : {αk}k∈Γ is a family in F and
∑
k∈Γ

|αk|2 <∞
}
,

is exactly span{ek}k∈Γ, so 8.58(a) reads span{ek}k∈Γ = span{ek}k∈Γ, and a set equal to its own closure
is closed (6.7).
Three consequences of finiteness give that identification. The constraint

∑
k∈Γ |αk|2 < ∞ is vacuous,

since the sum has finitely many finite terms. The unordered sum
∑

k∈Γ αkek of 8.53 converges to the
ordinary finite sum, because taking Ω = Γ in 8.53 leaves Ω′ = Γ as the only option. And extending
a family on a finite Ω ⊆ Γ by zeros on Γ \ Ω changes no sum, so those finite sums are precisely the
elements of the span (6.54).

Problem 8C.9. Suppose V is an infinite-dimensional Hilbert space. Prove that there does not exist
a basis of V that is an orthonormal family.

Solution. The witness is f =
∑∞

n=1
1
nekn , which lies in V but in no finite span of the ek.

Suppose {ek}k∈Γ is an orthonormal family that is a basis of V , so span{ek}k∈Γ = V by 6.54. Then Γ
is infinite, since otherwise V would be the span of a finite list and hence finite-dimensional. Choose
distinct k1, k2, . . . ∈ Γ and set αkn = 1

n , with αk = 0 for all other k. As
∑

k∈Γ |αk|2 =
∑

n
1
n2 <∞ and

V is complete, 8.54(a) makes f =
∑

k∈Γ αkek converge in V .
Moreover 〈f, ej〉 = αj for every j ∈ Γ: given ε > 0, take the finite Ω from 8.53 and put Ω′ = Ω∪{j}, so
that orthonormality gives 〈

∑
i∈Ω′ αiei, ej〉 = αj and hence, by Cauchy–Schwarz (8.11) with ‖ej‖ = 1,∣∣〈f, ej〉 − αj

∣∣ = ∣∣∣〈f −
∑
i∈Ω′

αiei, ej

〉∣∣∣ ≤ ∥∥∥f −
∑
i∈Ω′

αiei

∥∥∥ < ε.

In particular 〈f, ekn〉 = 1
n 6= 0 for every n.

But f ∈ V = span{ek}k∈Γ, so f =
∑

j∈Ω0
βjej for some finite Ω0 ⊆ Γ; choosing n with kn /∈ Ω0

(possible since Ω0 is finite and the kn are distinct), orthonormality gives 〈f, ekn〉 = 0, a contradiction.

Problem 8C.10. (a) Show that the orthonormal family given in the first bullet point of Example
8.51 is an orthonormal basis of `2.
(b) Show that the orthonormal family given in the second bullet point of Example 8.51 is an or-
thonormal basis of `2(Γ).
(c) Show that the orthonormal family given in the fourth bullet point of Example 8.51 is not an
orthonormal basis of L2

(
[0, 1)

)
.

(d) Show that the orthonormal family given in the fifth bullet point of Example 8.51 is not an
orthonormal basis of L2(R).

Solution. Lemma. An orthonormal family {ek}k∈Γ in a Hilbert space V is an orthonormal basis of V
if and only if the only f ∈ V with 〈f, ek〉 = 0 for all k ∈ Γ is f = 0. Indeed, with U = span{ek}k∈Γ,
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additivity and conjugate homogeneity of the second slot give

U⊥ = {f ∈ V : 〈f, ek〉 = 0 for all k ∈ Γ}

(for the reverse inclusion take u = ek), while 8.42 says U = V if and only if U⊥ = {0}, and U = V is
Definition 8.61.
(a) For f = (a1, a2, . . .) ∈ `2 the standard inner product gives 〈f, ek〉 = ak, so orthogonality to every
ek forces f = 0; apply the Lemma.
(b) Here ek = χ{k} and µ is counting measure on Γ, so fek is the simple function f(k)χ{k} and

〈f, ek〉 =
∫
Γ
fek dµ = f(k)µ({k}) = f(k).

Hence orthogonality to every ek forces f = 0 (with counting measure the only null set is ∅); apply the
Lemma. Part (a) is the case Γ = Z+.
(c) Take f = e1e2, which on the four quarter-intervals of [0, 1) has values (1,−1,−1, 1), because
there e1 = (1, 1,−1,−1) and e2 = (1,−1, 1,−1). Since |f | = 1 we have ‖f‖2 = 1, so f 6= 0, yet
〈f, ek〉 =

∫ 1
0 fek = 0 for every k ≥ 0 (all functions here are real valued):

(i) k ∈ {0, 1, 2}. The products fe0 = (1,−1,−1, 1), fe1 = (1,−1, 1,−1), and fe2 = (1, 1,−1,−1) are
constant on the four quarter-intervals, of equal length 1

4 , with values summing to 0.
(ii) k ≥ 3. Writing f = cj on Ij = [j2−2, (j + 1)2−2), the Fact below with m = 2 < k gives∫ 1
0 fek =

∑3
j=0 cj

∫
Ij
ek = 0.

Fact. For integers k > m ≥ 0 and j ∈ {0, . . . , 2m − 1},∫
[ j2−m, (j+1)2−m)

ek = 0,

since that interval is the disjoint union of the intervals
[
n−1
2k
, n
2k

)
for 2k−m consecutive integers n, an

even number of them, so ek takes the value 1 on exactly half of these equal-length pieces and −1 on
the other half.
Thus f 6= 0 is orthogonal to every ek, and the Lemma applies.
(d) Take the extension by 0 of the f of (c), so |f | = χ[0,1) and ‖f‖2 = 1. If m 6= 0, then [m,m+ 1) ∩
[0, 1) = ∅, so fek,m ≡ 0; if m = 0, then ek,0 agrees with ek on [0, 1) and

〈f, ek,0〉 =
∫ 1

0
fek = 0

by (c). So f 6= 0 is orthogonal to the whole family, and the Lemma applies.

Problem 8C.11. Suppose µ is a σ-finite measure on (X,S) and ν is a σ-finite measure on (Y, T ).
Suppose also that {ej}j∈Ω is an orthonormal basis of L2(µ) and {fk}k∈Γ is an orthonormal basis of
L2(ν) for some countable set Γ. For j ∈ Ω and k ∈ Γ, define gj,k : X × Y → F by

gj,k(x, y) = ej(x)fk(y).

Prove that {gj,k}j∈Ω, k∈Γ is an orthonormal basis of L2(µ× ν).

Solution. By the Lemma of Exercise 10 it suffices to prove the family orthonormal and to show that
no nonzero h ∈ L2(µ× ν) is orthogonal to every gj,k. The σ-finiteness of µ and ν is what makes µ× ν
a measure and licenses each use below of Tonelli (5.28) and Fubini (5.32); for F = C apply those to
real and imaginary parts (and, for Tonelli, to their positive and negative parts).
Orthonormal. Each gj,k is S ⊗ T -measurable, being the product of (x, y) 7→ ej(x) and (x, y) 7→ fk(y),
whose inverse images are rectangles. Tonelli (5.28) applied to |gj,k|2 = |ej(x)|2|fk(y)|2 ≥ 0 gives
‖gj,k‖2 = ‖ej‖2‖fk‖2 = 1, so gj,k ∈ L2(µ × ν); then gj,kgj′,k′ ∈ L1(µ × ν) by Cauchy–Schwarz (8.11),
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and Fubini (5.32) gives
〈gj,k, gj′,k′〉 = 〈ej , ej′〉 〈fk, fk′〉,

which vanishes unless (j, k) = (j′, k′), since then j 6= j′ or k 6= k′.
Nothing nonzero is orthogonal. Suppose 〈h, gj,k〉 = 0 for all j ∈ Ω, k ∈ Γ. Tonelli (5.28) makes

ϕ(x) =

∫
Y
|h(x, y)|2 dν(y)

an S-measurable function with
∫
X ϕdµ = ‖h‖2 <∞, so ϕ <∞ on some E ∈ S with µ(X \E) = 0; for

x ∈ E the cross section hx, which is T -measurable by 5.9, lies in L2(ν) with ‖hx‖2 = ϕ(x). Define

Hk(x) = 〈hx, fk〉 for x ∈ E, Hk(x) = 0 for x /∈ E.

Cauchy–Schwarz (8.11) in L2(ν) gives |Hk| ≤ ϕ1/2 on X, so Hk ∈ L2(µ); and Hk is S-measurable by
5.28 applied to the positive and negative parts of the real and imaginary parts of (x, y) 7→ h(x, y)fk(y),
each finite on E by that bound.
Now use each basis once. Parseval’s identity 8.63(c) for {fk}k∈Γ, applied to hx, gives

ϕ(x) =
∑
k∈Γ

|Hk(x)|2 (x ∈ E),

while hgj,k ∈ L1(µ× ν) as above, so Fubini (5.32) gives

0 = 〈h, gj,k〉 =
∫
X
Hkej dµ = 〈Hk, ej〉 (j ∈ Ω),

the inner integral being Hk(x) for µ-almost every x. Parseval for {ej}j∈Ω then forces ‖Hk‖2 = 0, so
Hk = 0 almost everywhere.
Countability of Γ enters here: N =

⋃
k∈Γ{Hk 6= 0} has µ(N) = 0 by countable subadditivity, so ϕ = 0

on E \N and hence µ-almost everywhere, giving

‖h‖2 =
∫
X
ϕdµ = 0.

Problem 8C.12. Prove the converse of Parseval’s identity. More specifically, prove that if {ek}k∈Γ
is an orthonormal family in a Hilbert space V and

‖f‖2 =
∑
k∈Γ

|〈f, ek〉|2

for every f ∈ V , then {ek}k∈Γ is an orthonormal basis of V .

Solution. Put U = span{ek}k∈Γ. Then U⊥ = {0}, since every f ∈ U⊥ satisfies

‖f‖2 =
∑
k∈Γ

|〈f, ek〉|2 = 0

by the hypothesis.
Here U⊥ is exactly {f ∈ V : 〈f, ek〉 = 0 for all k ∈ Γ}, because the inner product is additive and
conjugate homogeneous in its second slot, so orthogonality to each ek gives orthogonality to every
finite combination of them (and conversely, take u = ek). As V is a Hilbert space and U is a subspace,
8.42 turns U⊥ = {0} into U = V ; with the family orthonormal by hypothesis, that is Definition 8.61.
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Problem 8C.13. (a) Show that the Hilbert space L2([0, 1]) is separable.
(b) Show that the Hilbert space L2(R) is separable.
(c) Show that the Banach space `∞ is not separable.

Solution. For (a) and (b) the countable dense set is

DJ =
{ n∑
j=1

qj χ(cj ,dj)

∣∣
J

: n ∈ Z+, qj ∈ QF, cj , dj ∈ Q, cj < dj

}
,

where QF = Q if F = R and QF = {r + is : r, s ∈ Q} if F = C. Each element of DJ is bounded and
supported in a bounded set, hence in L2(J), and DJ is countable, being the image of the countable set
of finite sequences from QF × Q × Q.
Claim 1. Simple measurable functions are dense in L2(J). Write f = u + iv with u, v real, so
u, v ∈ L2(J); by 2.89 there are simple measurable uk with |uk| ≤ |u| and uk → u pointwise, whence
|u−uk|2 ≤ 4u2 ∈ L1(J) and the Dominated Convergence Theorem (3.31) gives ‖u−uk‖2 → 0; likewise
for v.
Claim 2. If |A| <∞ and δ > 0, some finite union W of pairwise disjoint bounded open intervals with
rational endpoints has |A4W | < δ. By 2.71(e) choose open G ⊇ A with |G \ A| < δ/4, so |G| < ∞;
write G =

⋃
j Ij as a countable disjoint union of open intervals, each bounded, and choose N with

|G \ U | =
∑

j>N |Ij | < δ/4, where U =
⋃
j≤N Ij . Shrink each Ij = (αj , βj) with j ≤ N to a rational

interval (cj , dj) ⊆ Ij with |Ij | − (dj − cj) < δ/(4N), and set W =
⋃
j≤N (cj , dj), still pairwise disjoint.

Then
|A \W | ≤ |A \G|+ |G \ U |+ |U \W | < δ

2 , |W \A| ≤ |G \A| < δ
4 .

Claim 3. DJ is dense in L2(J) when |J | < ∞. Given f and ε > 0, Claim 1 supplies a simple
s =

∑n
k=1 akχAk

with the ak nonzero and the Ak ⊆ J disjoint, such that ‖f − s‖2 < ε/3. Choosing
qk ∈ QF with |ak − qk| < ε/

(
3n(1 + |J |)1/2

)
gives, since ‖χAk

‖2 = |Ak|1/2 ≤ |J |1/2,

∥∥∥s− n∑
k=1

qkχAk

∥∥∥
2
≤

n∑
k=1

|ak − qk| |Ak|1/2 <
ε

3
.

Now take δ with δ1/2
∑

k |qk| < ε/3 and, by Claim 2, sets Wk with |Ak4Wk| < δ; as |χAk
− χWk∩J | ≤

χAk4Wk
on J , ∥∥∥ n∑

k=1

qkχAk
−

n∑
k=1

qkχWk

∣∣
J

∥∥∥
2
≤

n∑
k=1

|qk| δ1/2 <
ε

3
.

The intervals composing each Wk are disjoint, so χWk
is the sum of their characteristic functions and∑

k qkχWk
|J ∈ DJ . Adding the three estimates finishes the claim.

(a) |[0, 1]| <∞, so Claim 3 makes D[0,1] a countable dense subset of L2([0, 1]) (8.64).
(b) Given f ∈ L2(R) and ε > 0, the Dominated Convergence Theorem (3.31) applied to |f −
fχ[−m,m]|2 ≤ |f |2 gives m with ‖f − fχ[−m,m]‖2 < ε/2, and Claim 3 on [−m,m] gives g ∈ D[−m,m]

within ε/2 of fχ[−m,m] there. Intersecting each of the finitely many intervals of g with (−m,m) yields
g̃ ∈ DR vanishing off [−m,m], so ‖fχ[−m,m] − g̃‖L2(R) < ε/2 and ‖f − g̃‖L2(R) < ε.
(c) For S ⊆ Z+ let xS ∈ `∞ have kth term 1 if k ∈ S and 0 otherwise. Distinct S, S′ differ in some
coordinate while all coordinates of the difference are at most 1 in absolute value, so ‖xS − xS′‖∞ = 1
and the uncountably many balls B(xS ,

1
2) are pairwise disjoint by the triangle inequality. A countable

dense C ⊆ `∞ would meet each of them, injecting an uncountable set into C.

Problem 8C.14. Prove that every subspace of a separable normed vector space is separable.

Solution. Take the countable dense set {fn}n∈I of V given by 8.64, indexed by some I ⊆ Z+, and put

C = {un,k : (n, k) ∈ P}, P =
{
(n, k) ∈ I × Z+ : B

(
fn,

1
k

)
∩ U 6= ∅

}
,
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where un,k is a chosen element of B(fn,
1
k ) ∩ U . Then C ⊆ U is countable, being the image of

P ⊆ Z+ × Z+.
C is dense in U : given u ∈ U and ε > 0, choose k with 2

k < ε and then n ∈ I with ‖u− fn‖ < 1
k , which

puts u in B(fn,
1
k ) ∩ U , so (n, k) ∈ P and

‖u− un,k‖ ≤ ‖u− fn‖+ ‖fn − un,k‖ < 2
k < ε.

Since the metric of U is the restriction of the metric of V , this says the closure of C in U is U (6.7).

Problem 8C.15. Suppose V is an infinite-dimensional Hilbert space. Prove that there does not exist
a translation invariant measure on the Borel subsets of V that assigns positive but finite measure to
each open ball in V .
[A subset of V is called a Borel set if it is in the smallest σ-algebra containing all the open subsets
of V . A measure µ on the Borel subsets of V is called translation invariant if µ(f + E) = µ(E)
for every f ∈ V and every Borel set E of V .]

Solution. Infinitely many disjoint balls of one fixed radius fit inside a single ball, which no such µ can
tolerate. Write B(f, r) = {g ∈ V : ‖g − f‖ < r}, a Borel set, and suppose µ is translation invariant
with 0 < µ(B) <∞ for every open ball B.
By 8.75 the space V has an orthonormal basis {ek}k∈Γ, and Γ is infinite: a finite Γ would make
Parseval’s identity 8.63(a) write every f ∈ V as

∑
k∈Γ〈f, ek〉ek, so that V would be finite-dimensional.

Choose distinct k1, k2, . . . ∈ Γ and set un = ekn . For m 6= n the Pythagorean theorem (8.9) gives

‖um − un‖2 = ‖um‖2 + ‖un‖2 = 2,

so with r =
√
2
2 the balls B(un, r) are pairwise disjoint (a common point h would give

√
2 ≤ ‖um −

h‖+ ‖h− un‖ <
√
2), and each lies in B(0, 1 + r) because ‖h‖ ≤ ‖h− un‖+ 1 < r + 1 there.

Since B(un, r) = un + B(0, r), translation invariance gives µ(B(un, r)) = µ(B(0, r)) = c > 0 for every
n, so monotonicity and countable additivity give

µ
(
B(0, 1 + r)

)
≥

∞∑
n=1

µ
(
B(un, r)

)
=

∞∑
n=1

c = ∞,

contradicting µ(B(0, 1 + r)) <∞.

Problem 8C.16. Find the polynomial g of degree at most 4 that minimizes∫ 1

0

∣∣x5 − g(x)
∣∣2 dx.

Solution. The minimizer is

g(x) =
5

2
x4 − 20

9
x3 +

5

6
x2 − 5

42
x+

1

252
.

Work in the real Hilbert space L2([0, 1]) with 〈p, q〉 =
∫ 1
0 pq, let f(x) = x5, and let U be the space

of polynomials of degree at most 4, a 5-dimensional and hence closed subspace (Exercise 9 in Section
6D). The minimizer therefore exists, is unique, and equals PUf (8.34); by 8.37(a) and 8.37(b) it is the
unique g ∈ U with f − g ∈ U⊥, that is,∫ 1

0

(
x5 − g(x)

)
xj dx = 0 for j = 0, 1, 2, 3, 4.

So x5 − g is the monic polynomial of degree 5 orthogonal to U . (Complex coefficients change nothing:
g = g1 + ig2 gives

∫ 1
0 |x5 − g|2 =

∫ 1
0 (x

5 − g1)
2 +

∫ 1
0 g

2
2, minimized only at g2 = 0.)
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That polynomial is q = 5!
10!u

(5), where u(x) = (x2−x)5 = x5(x−1)5. It is monic of degree 5, since u has
leading term x10. It is orthogonal to each xj with j ≤ 4 because 0 and 1 are zeros of u of multiplicity
5, so integrating by parts j + 1 times leaves∫ 1

0
u(5)(x)xj dx =

[ j∑
i=0

(−1)iu(4−i)(x) (xj)(i)
]1
0
+ (−1)j+1

∫ 1

0
u(4−j)(x) (xj)(j+1) dx = 0,

every boundary term involving some u(i) with i ≤ 4, and (xj)(j+1) = 0.
Expanding u(x) = x10 − 5x9 + 10x8 − 10x7 + 5x6 − x5 gives

u(5)(x) = 30240x5 − 75600x4 + 67200x3 − 25200x2 + 3600x− 120,

and 5!
10! =

1
30240 , so

q(x) = x5 − 5

2
x4 +

20

9
x3 − 5

6
x2 +

5

42
x− 1

252
.

Hence g = f − q is the polynomial displayed at the outset.

Problem 8C.17. Prove that each orthonormal family in a Hilbert space can be extended to an
orthonormal basis of the Hilbert space. Specifically, suppose {ej}j∈Ω is an orthonormal family in a
Hilbert space V . Prove that there exists a set Γ containing Ω and an orthonormal basis {fk}k∈Γ of
V such that fj = ej for every j ∈ Ω.

Solution. Apply Zorn’s Lemma to the orthonormal subsets of V containing E = {ej : j ∈ Ω}, then
index the maximal one.
The map j 7→ ej is injective, since 〈ej , ej〉 = 1 while 〈ej , ej′〉 = 0, so E is an orthonormal subset of V
in bijection with Ω. Let

A = {∅} ∪ {S ⊆ V : S is orthonormal and E ⊆ S},

the empty set included only so the empty chain’s union lies in A. If C ⊆ A is a chain with union
L 6= ∅, then some member of C contains E, so E ⊆ L; each f ∈ L has ‖f‖ = 1, and distinct f, g ∈ L
lie in a common member of the chain, hence 〈f, g〉 = 0. So L ∈ A, and Zorn’s Lemma (6.60) gives a
maximal F ∈ A.
Then E ⊆ F (were F = ∅ with E 6= ∅, the element E ∈ A would contradict maximality), and F is
maximal among all orthonormal subsets of V : any orthonormal F ′ ) F contains E, hence lies in A.
So F is an orthonormal basis of V by 8.74.
For the indexing put Λ = (F \ E) × {Ω}, which is disjoint from Ω (else (h,Ω) ∈ Ω would give the
membership cycle Ω ∈ {h,Ω} ∈ (h,Ω) ∈ Ω), and let Γ = Ω ∪ Λ ⊇ Ω with

fj = ej for j ∈ Ω, f(h,Ω) = h for (h,Ω) ∈ Λ.

Disjointness makes this well defined, and k 7→ fk is a bijection of Γ onto E∪(F \E) = F . Hence {fk}k∈Γ
is an orthonormal family whose set of values is F ; since the condition in Definition 8.61 depends only
on that set of values, {fk}k∈Γ is an orthonormal basis of V with fj = ej on Ω.

Problem 8C.18. Prove that every vector space has a basis.

Solution. Apply Zorn’s Lemma to the collection A of linearly independent subsets of V ; a maximal
element is a basis.
The hypothesis of 6.60 holds. Let C ⊆ A be a chain with union L, and suppose

a1g1 + · · ·+ angn = 0

with g1, . . . , gn distinct elements of L. Each gm lies in some Γm ∈ C, and one of the finitely many
Γm contains all the others (induction on n, since C is a chain); linear independence of that one forces

195



a1 = · · · = an = 0. (For C = ∅ the union ∅ is vacuously independent.) So A has a maximal element
Γ.
Then spanΓ = V , by the argument of 6.57: otherwise choose f /∈ spanΓ, so f /∈ Γ, and Γ∪ {f} is still
linearly independent, contradicting maximality. Indeed, in a relation af + a1g1 + · · ·+ angn = 0 with
g1, . . . , gn distinct in Γ, the case a 6= 0 would give

f = −a1
a
g1 − · · · − an

a
gn ∈ spanΓ,

so a = 0, and then independence of Γ kills the remaining coefficients. Being linearly independent and
spanning, Γ is a basis of V .

Problem 8C.19. Find the polynomial g of degree at most 4 such that

f
(
1
2

)
=

∫ 1

0
fg

for every polynomial f of degree at most 4.

Solution. The answer is

g(x) =
15

8

(
126x4 − 252x3 + 154x2 − 28x+ 1

)
=

945

4
x4 − 945

2
x3 +

1155

4
x2 − 105

2
x+

15

8
.

Let U ⊆ L2([0, 1]) be the space of polynomials of degree at most 4, with 〈p, q〉 =
∫ 1
0 pq; being finite-

dimensional it is closed, hence a Hilbert space [8.22], and ϕ(f) = f(12) is a linear functional on U ,
bounded because U is finite-dimensional (Exercise 7 in Section 6D). The Riesz Representation Theorem
(8.47) thus gives a unique g ∈ U with f(12) =

∫ 1
0 fg for every such f , and 8.77 computes it from any

orthonormal basis of U (the scalars here being real, so conjugation is invisible):

g =

4∑
k=0

ϕ(ek) ek =

4∑
k=0

ek
(
1
2

)
ek.

An orthonormal basis of U . Take the shifted Legendre polynomials

pk(x) =
1

k!

dk

dxk
[
(x2 − x)k

]
(k = 0, . . . , 4),

of degree k with leading coefficient (2k)!
(k!)2

, so that they form a basis of U . Writing u(x) = (x2 − x)k,
both 0 and 1 are zeros of u of multiplicity k, so for 0 ≤ j < k integrating by parts j + 1 times kills
every boundary term:∫ 1

0
u(k)(x)xj dx = (−1)j+1

∫ 1

0
u(k−j−1)(x) (xj)(j+1) dx = 0,

whence 〈pk, pj〉 = 0 for j < k. Integrating by parts k times instead, and using the beta integral∫ 1
0 x

k(1− x)kdx = (k!)2

(2k+1)! ,∫ 1

0
u(k)(x)xk dx = (−1)kk!

∫ 1

0
(x2 − x)k dx = k! · (k!)2

(2k + 1)!
,

so 〈pk, xk〉 = (k!)2

(2k+1)! and, by orthogonality to lower degrees,

‖pk‖2 =
〈
pk,

(2k)!

(k!)2
xk
〉
=

1

2k + 1
.

Hence ek =
√
2k + 1 pk for k = 0, . . . , 4 is an orthonormal basis of U .
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Evaluating at 1
2 . As (x2 − x)k is unchanged by x 7→ 1 − x, differentiating k times gives pk(1 − x) =

(−1)kpk(x), so pk(12) = 0 for odd k, while

p0 = 1, p2 = 6x2 − 6x+ 1, p4 = 70x4 − 140x3 + 90x2 − 20x+ 1

give p0(12) = 1, p2(12) = −1
2 , and p4(

1
2) =

3
8 . Since ek(12)ek = (2k + 1)pk(

1
2)pk,

g = p0 − 5
2 p2 +

27
8 p4,

which expands to the polynomial displayed at the outset.

Problem 8C.20. Suppose G is a nonempty open subset of C. The Bergman space L2
a(G) is

defined to be the set of analytic functions f : G→ C such that∫
G
|f |2 dλ2 <∞,

where λ2 is the usual Lebesgue measure on R2, which is identified with C. For f, h ∈ L2
a(G), define

〈f, h〉 to be
∫
G fh dλ2.

(a) Show that L2
a(G) is a Hilbert space.

(b) Show that if w ∈ G, then f 7→ f(w) is a bounded linear functional on L2
a(G).

Solution. Everything follows from one estimate: writing D(w, r) = {z : |z − w| < r} and ‖f‖ =
(
∫
G |f |2dλ2)1/2, if f is analytic on G and D(w, r) ⊆ G, then

|f(w)| ≤ 1√
π r

‖f‖.

Call this the pointwise bound. Indeed, Cauchy’s integral formula on the circle |z − w| = s (contained
in G with its inside, for 0 < s ≤ r) gives f(w) = 1

2π

∫ 2π
0 f(w+ seiθ) dθ; multiplying by 2πs, integrating

over s ∈ (0, r) and using polar coordinates (legitimate since f is bounded on the compact set D(w, r))
yields the area mean value property

πr2f(w) =

∫
D(w,r)

f dλ2,

and then Cauchy-Schwarz (8.11) against the constant 1 on D(w, r) gives |f(w)| ≤ 1
πr2

‖f‖(πr2)1/2,
which is the pointwise bound.
(a) L2

a(G) is a subspace of L2(λ2|G), since sums and scalar multiples of analytic functions are analytic
and |f + h|2 ≤ 2|f |2 + 2|h|2; 〈f, h〉 is the L2 inner product, and it is definite on L2

a(G) as a genuine
function space because f(w) 6= 0 forces |f | > 0 on a disk of positive measure. By 8.21 it remains to prove
completeness. Let f1, f2, . . . be Cauchy in L2

a(G). For compact K ⊆ G put rK = min{1, 12 dist(K,C \
G)} > 0 (positive as K is compact and disjoint from the closed set C\G), so D(w, rK) ⊆ G for w ∈ K
and the pointwise bound applied to fn − fm gives

sup
w∈K

|fn(w)− fm(w)| ≤
1√
π rK

‖fn − fm‖.

Thus fn → f uniformly on compact subsets of G, and f is analytic by the Weierstrass convergence
theorem. Given ε > 0 choose N with ‖fn − fm‖ < ε for n,m ≥ N ; for n ≥ N and compact K ⊆ G,
uniform convergence on K and λ2(K) <∞ give∫

K
|fn − f |2 dλ2 = lim

m→∞

∫
K
|fn − fm|2 dλ2 ≤ ε2.

Taking Kj = {z : |z| ≤ j, dist(z,C \ G) ≥ 1
j }, which are compact subsets of G increasing to G, the

Monotone Convergence Theorem (3.11) upgrades this to ‖fn − f‖2 ≤ ε2. Hence f = fn − (fn − f) ∈
L2
a(G) and fn → f in norm, so L2

a(G) is a Hilbert space.
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(b) Fix w ∈ G and pick r > 0 with D(w, r) ⊆ G. Evaluation ϕ(f) = f(w) is linear (operations in L2
a(G)

are pointwise) and the pointwise bound gives |ϕ(f)| ≤ 1√
π r

‖f‖, so ϕ is bounded with ‖ϕ‖ ≤ 1√
π r

.

Problem 8C.21. Let D denote the open unit disk in C; thus

D = {z ∈ C : |z| < 1}.

(a) Find an orthonormal basis of L2
a(D).

(b) Suppose f ∈ L2
a(D) has Taylor series

f(z) =

∞∑
k=0

akz
k

for z ∈ D. Find a formula for ‖f‖ in terms of a0, a1, a2, . . ..
(c) Suppose w ∈ D. By the previous exercise and the Riesz Representation Theorem (8.47 and 8.76),
there exists Γw ∈ L2

a(D) such that

f(w) = 〈f,Γw〉 for all f ∈ L2
a(D).

Find an explicit formula for Γw.

Solution. (a)
{√

(k + 1)/π zk
}
k≥0

; (b) ‖f‖ =
√
π
(∑

k
|ak|2
k+1

)1/2; (c) Γw(z) =
1

π(1−wz)2 .
For j, k ≥ 0 and 0 < s ≤ 1, polar coordinates give

∫
D(0,s)

zjzk dλ2 =

∫ s

0

∫ 2π

0
tj+kei(j−k)θ t dθ dt =

0 if j 6= k,

πs2k+2

k + 1
if j = k.

Now let f ∈ L2
a(D) have Taylor series f(z) =

∑
n≥0 anz

n, convergent on D and uniformly on each
D(0, s) with s < 1. Fix k ≥ 0 and 0 < s < 1; uniform convergence on the finite-measure set D(0, s)
permits term-by-term integration, so∫

D(0,s)
f(z)zk dλ2 =

∞∑
n=0

an

∫
D(0,s)

znzk dλ2 =
πs2k+2

k + 1
ak.

Letting s ↑ 1, the integrands χD(0,s)fzk are dominated by |f |, integrable on D by Cauchy-Schwarz
(8.11), so the Dominated Convergence Theorem (3.31) gives

〈f, zk〉 =
∫

D
fzk dλ2 =

π

k + 1
ak (k = 0, 1, 2, . . .)

(a) Put ek(z) =
√

k+1
π zk. The first display with s = 1 gives ‖zk‖2 = π

k+1 and 〈zj , zk〉 = 0 for j 6= k,
so {ek}k≥0 is an orthonormal subset of L2

a(D). It is maximal: if g ∈ L2
a(D) has 〈g, ek〉 = 0 for all k,

then the coefficient formula forces every Taylor coefficient of g to vanish, so g = 0. Hence by 8.74 it is
an orthonormal basis.
(b) With f(z) =

∑
k akz

k, the coefficient formula gives

〈f, ek〉 =
√
k + 1

π
〈f, zk〉 =

√
k + 1

π
· πak
k + 1

= ak

√
π

k + 1
.

Hence Parseval’s identity [8.63(c)] yields

‖f‖2 =
∞∑
k=0

|〈f, ek〉|2 = π
∞∑
k=0

|ak|2

k + 1
,
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that is, ‖f‖ =
√
π
(∑

k≥0
|ak|2
k+1

)1/2.
(c) Let ϕ(f) = f(w), bounded on L2

a(D) by 8C.20(b). By 8.76 and 8.77 the representing vector is

Γw =

∞∑
k=0

ϕ(ek) ek =

∞∑
k=0

√
k + 1

π
w k ek,

the series converging in norm, with n-th partial sum Sn(z) =
∑n

k=0
k+1
π w kzk. Since |wz| ≤ |w| < 1 on

D, the identity
∑

k≥0(k+1)uk = (1−u)−2 shows Sn(z) → 1
π(1−wz)2 pointwise on D. But ‖Sn−Γw‖ → 0,

and norm convergence forces pointwise convergence by the pointwise bound of 8C.20 (take r = 1−|z|
2 ).

The two limits agree, so
Γw(z) =

1

π(1− wz)2
(z ∈ D).

Problem 8C.22. Suppose G is the annulus defined by

G = {z ∈ C : 1 < |z| < 2}.

(a) Find an orthonormal basis of L2
a(G).

(b) Suppose f ∈ L2
a(G) has Laurent series

f(z) =

∞∑
k=−∞

akz
k

for z ∈ G. Find a formula for ‖f‖ in terms of . . . , a−1, a0, a1, . . ..

Solution. (a) The normalized powers ek = uk/‖uk‖, where uk(z) = zk for k ∈ Z and

‖uk‖2 = 2π

∫ 2

1
ρ2k+1 dρ =


π (4 k+1 − 1)

k + 1
if k 6= −1,

2π ln 2 if k = −1,

a finite positive number in each case. Throughout, polar coordinates turn an integral over an annulus
{r1 < |z| < r2} into

∫ r2
r1

∫ 2π
0 h(ρeiθ)ρ dθ dρ, valid for h ≥ 0 by Tonelli (5.28) and for h ∈ L1 by Fubini

(5.32).
Orthogonality is immediate from

∫ 2π
0 ei(j−k)θdθ = 0 for j 6= k, the product ujuk being bounded on G:

〈uj , uk〉 =
∫ 2

1

∫ 2π

0
ρ j+k+1ei(j−k)θ dθ dρ = 0 (j 6= k).

So {ek}k∈Z is orthonormal in L2
a(G), a Hilbert space by 8C.20.

For maximality, let f ∈ L2
a(G) have Laurent series f(z) =

∑
m amz

m on G. The Laurent series
converges uniformly on each circle |z| = ρ, and the circle has finite measure, so term-by-term integration
against e−ikθ gives ∫ 2π

0
f(ρeiθ) e−ikθ dθ = 2πakρ

k (1 < ρ < 2).

Since fuk ∈ L1(λ2|G) by Cauchy-Schwarz (8.11), the polar formula and this identity give

〈f, uk〉 =
∫ 2

1
ρ k+1 · 2πakρ k dρ = ak‖uk‖2.

Hence 〈f, ek〉 = 0 for all k forces every ak = 0, i.e. f = 0; by 8.74 the family is an orthonormal basis.
(b) The last display gives 〈f, ek〉 = ak‖uk‖, so Parseval [8.63(c)] yields

‖f‖ =

2π(ln 2) |a−1|2 + π
∑
k 6=−1

4 k+1 − 1

k + 1
|ak|2

1/2

.
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Problem 8C.23. Prove that if f ∈ L2
a(D \ {0}), then f has a removable singularity at 0 (meaning

that f can be extended to a function that is analytic on D).

Solution. Square integrability kills the principal part. Let f ∈ L2
a(D \ {0}) have Laurent series f(z) =∑

k∈Z akz
k on the punctured disk, converging uniformly on each circle |z| = ρ with 0 < ρ < 1. As

in 8C.22, uniform convergence on the finite-measure circle and orthonormality of {eikθ/
√
2π}k∈Z in

L2((0, 2π]) give, via 8.54, ∫ 2π

0
|f(ρeiθ)|2 dθ = 2π

∞∑
k=−∞

|ak|2ρ2k.

(The coefficients are square summable for each fixed ρ because
∑

k |ak|ρk <∞ makes |ak|ρk bounded.)
Polar coordinates and Tonelli (5.28), applied twice to nonnegative terms, then give the identity in
[0,∞] ∫

D\{0}
|f |2 dλ2 = 2π

∞∑
k=−∞

|ak|2
∫ 1

0
ρ2k+1 dρ.

The left side is finite by hypothesis. For k ≤ −1 we have 2k + 1 ≤ −1, so
∫ 1
0 ρ

2k+1dρ = ∞ and the
k-th term is ∞ unless ak = 0. Hence ak = 0 for all k ≤ −1, so

f(z) =

∞∑
k=0

akz
k (0 < |z| < 1),

a power series converging on all of D. Its sum is analytic on D and agrees with f off 0, so f has a
removable singularity at 0.

Problem 8C.24. The Dirichlet space D is defined to be the set of analytic functions f : D → C such
that ∫

D
|f ′|2 dλ2 <∞.

For f, g ∈ D, define 〈f, g〉 to be f(0)g(0) +
∫
D f

′ g′ dλ2.
(a) Show that D is a Hilbert space.
(b) Show that if w ∈ D, then f 7→ f(w) is a bounded linear functional on D.
(c) Find an orthonormal basis of D.
(d) Suppose f ∈ D has Taylor series

f(z) =

∞∑
k=0

akz
k

for z ∈ D. Find a formula for ‖f‖ in terms of a0, a1, a2, . . ..
(e) Suppose w ∈ D. Find an explicit formula for Γw ∈ D such that

f(w) = 〈f,Γw〉 for all f ∈ D.

Solution. Everything comes from one coefficient identity: for f analytic on D with f(z) =
∑

k≥0 akz
k,∫

D
|f ′|2 dλ2 = π

∞∑
k=1

k |ak|2 in [0,∞],

so that f ∈ D exactly when
∑

k≥1 k|ak|2 <∞, and then

‖f‖2 = |a0|2 + π

∞∑
k=1

k |ak|2,

which is the answer to (d). For the identity, fix ρ ∈ (0, 1): the series
∑

k≥1 kakρ
k−1ei(k−1)θ converges

uniformly in θ, hence in L2((0, 2π]), to θ 7→ f ′(ρeiθ), and its coefficients against the orthonormal family
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{eijθ/
√
2π}j∈Z are square summable (absolute convergence at ρ makes k|ak|ρk−1 a bounded summable

family), so 8.54 gives ∫ 2π

0
|f ′(ρeiθ)|2 dθ = 2π

∞∑
k=1

k2|ak|2ρ2k−2;

polar coordinates and Tonelli (5.28) on the nonnegative terms then give∫
D
|f ′|2 dλ2 = 2π

∞∑
k=1

k2|ak|2 ·
1

2k
= π

∞∑
k=1

k|ak|2.

(a) D is a vector space (differentiation is linear and L2(λ2|D) is closed under sums), and 〈·, ·〉 is
an inner product: finiteness is Cauchy-Schwarz (8.11), and 〈f, f〉 = 0 forces f ′ ≡ 0 by continuity,
hence f constant on the connected set D, hence f = 0 since f(0) = 0. For completeness, let Tf =
(a0,

√
π a1,

√
2π a2, . . .), read off the Taylor coefficients of f . The norm formula says ‖Tf‖`2 = ‖f‖,

so T is a linear isometry of D into `2. It is onto: given c ∈ `2, set a0 = c0 and ak = ck/
√
πk;

boundedness of (ck) gives lim sup |ak|1/k ≤ 1, so f(z) =
∑
akz

k is analytic on D, and the identity gives∫
D |f ′|2 =

∑
k≥1 |ck|2 < ∞, so f ∈ D with Tf = c. A Cauchy sequence in D is carried to a Cauchy

sequence in `2, which converges (8.22); pulling the limit back by T−1 shows D is complete, hence a
Hilbert space.
(b) Fix w ∈ D. For f ∈ D, splitting off a0 and applying Cauchy-Schwarz (8.11) to

√
πk |ak| against

|w|k/
√
πk,

|f(w)| ≤ |a0|+
(
π
∑
k≥1

k|ak|2
)1/2( 1

π

∑
k≥1

|w|2k

k

)1/2
.

Since
∑

k≥1 t
k/k = ln 1

1−t , the last factor is tw =
(
1
π ln 1

1−|w|2
)1/2

< ∞. Writing A = |a0| and B =

(π
∑

k≥1 k|ak|2)1/2, so ‖f‖2 = A2 +B2, Cauchy-Schwarz in R2 gives

|f(w)| ≤ A+Btw ≤ ‖f‖
(
1 +

1

π
ln 1

1− |w|2

)1/2
,

so evaluation at w is a bounded linear functional.
(c) e0(z) = 1 and ek(z) = zk/

√
πk for k ≥ 1. These are polynomials, and T carries them to the

standard basis of `2, an orthonormal basis by 8C.10(a); a linear isometry onto preserves inner products,
so {ek}k≥0 is an orthonormal basis of D.
(e) By 8.76 and 8.77 the representing vector for ϕ(f) = f(w) is Γw =

∑
k ϕ(ek) ek, and ϕ(e0) = 1,

ϕ(ek) = wk/
√
πk, so

Γw(z) = 1 +
1

π

∞∑
k=1

(wz)k

k
= 1 +

1

π
Log 1

1− wz
,

the principal branch being legitimate because 1 − wz lies in the open right half-plane for z ∈ D. Its
coefficients bk = w k/(πk) satisfy π

∑
k≥1 k|bk|2 =

1
π ln 1

1−|w|2 <∞, so indeed Γw ∈ D.

Problem 8C.25. (a) Prove that the Dirichlet space D is contained in the Bergman space L2
a(D).

(b) Prove that there exists a function f ∈ L2
a(D) such that f is uniformly continuous on D and f /∈ D.

Solution. Both parts read off the two coefficient criteria: for f analytic on D with f(z) =
∑

k≥0 akz
k,

f ∈ L2
a(D) ⇐⇒

∞∑
k=0

|ak|2

k + 1
<∞, f ∈ D ⇐⇒

∞∑
k=1

k |ak|2 <∞,

the first from 8C.21(b) and the second from 8C.24, both being identities in [0,∞] (
∫
D |f |2 = π

∑
k

|ak|2
k+1

and
∫
D |f ′|2 = π

∑
k≥1 k|ak|2).
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(a) For k ≥ 1 we have 1
k+1 ≤ 1 ≤ k, so

∞∑
k=0

|ak|2

k + 1
≤ |a0|2 +

∞∑
k=1

k |ak|2 <∞

whenever f ∈ D. Hence D ⊆ L2
a(D).

(b) Take the lacunary series

f(z) =

∞∑
k=1

z2
k

2k/2
(z ∈ D),

so an = 2−k/2 when n = 2k with k ≥ 1, and an = 0 otherwise. Since
∑

k≥1 2
−k/2 <∞, the Weierstrass

M -test makes the series converge uniformly on the compact set D; so f is analytic on D, extends
continuously to D, and is therefore uniformly continuous on D and bounded, whence f ∈ L2

a(D)
because λ2(D) = π <∞. But∫

D
|f ′|2 dλ2 = π

∞∑
n=1

n |an|2 = π
∞∑
k=1

2k · 2−k = ∞,

so f /∈ D.
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9.1 Exercises 9A

Problem 9A.1. Prove or give a counterexample: If ν is a real measure on a measurable space (X,S)
and A,B ∈ S are such that ν(A) ≥ 0 and ν(B) ≥ 0, then ν(A ∪B) ≥ 0.

Solution. False. Take X = {1, 2, 3} with S = 2X and let ν be the weighted counting measure with
weights 3,−2,−2 at 1, 2, 3:

ν(E) = 3χE(1)− 2χE(2)− 2χE(3).

This is a real measure (countable additivity is finite additivity here, since a disjoint sequence in 2X

has at most three nonempty terms). With A = {1, 2} and B = {1, 3},

ν(A) = ν(B) = 1 ≥ 0, ν(A ∪B) = ν(X) = −1 < 0.

Problem 9A.2. Suppose ν is a real measure on (X,S). Define µ : S → [0,∞) by

µ(E) = |ν(E)|.

Prove that µ is a (positive) measure on (X,S) if and only if the range of ν is contained in [0,∞) or
the range of ν is contained in (−∞, 0].

Solution. If the range of ν lies in [0,∞) then µ = ν, and if it lies in (−∞, 0] then µ = −ν; either
way µ takes values in [0,∞), satisfies µ(∅) = 0 by 9.3(a), and is countably additive, so µ is a positive
measure.
Conversely, suppose µ is a positive measure. For disjoint E,F ∈ S, additivity of µ and of ν gives
|ν(E) + ν(F )| = |ν(E)|+ |ν(F )|; squaring both sides (all quantities real) leaves

ν(E) ν(F ) = |ν(E)| |ν(F )| ≥ 0,

so ν never takes a strictly positive and a strictly negative value on two disjoint sets. Suppose now, for
a contradiction, that ν(A) > 0 and ν(B) < 0 for some A,B ∈ S. The three sets A∩B, A\B, B \A are
pairwise disjoint, so by the previous sentence their ν-values are all ≥ 0 or all ≤ 0. By finite additivity
(9.3(a) plus countable additivity),

ν(A) = ν(A ∩B) + ν(A \B), ν(B) = ν(A ∩B) + ν(B \A).

(i) All three ≥ 0: then ν(B) ≥ 0, contradiction. (ii) All three ≤ 0: then ν(A) ≤ 0, contradiction.
Hence the range of ν lies in [0,∞) or in (−∞, 0].

Problem 9A.3. Suppose ν is a complex measure on a measurable space (X,S). Prove that |ν|(X) =
ν(X) if and only if ν is a (positive) measure.

Solution. Suppose first that ν is a positive measure, so ν(E) ∈ [0,∞) for every E ∈ S. Taking n = 1,
E1 = X in the definition 9.8 of |ν| gives |ν|(X) ≥ ν(X); conversely, for disjoint E1, . . . , En ∈ S
contained in X, positivity and monotonicity give

n∑
k=1

|ν(Ek)| = ν(E1 ∪ · · · ∪ En) ≤ ν(X),

and taking the supremum yields |ν|(X) ≤ ν(X). Hence |ν|(X) = ν(X).
Conversely, suppose |ν|(X) = ν(X); in particular ν(X) ∈ [0,∞). For E ∈ S, the pair E, X \ E is
admissible in 9.8, so additivity of ν and Re z ≤ |z| give

|ν(E)|+ |ν(X \ E)| ≤ ν(X) = Re ν(E) + Re ν(X \ E) ≤ |ν(E)|+ |ν(X \ E)|,
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where taking real parts is legitimate because the outer terms are real. Equality throughout forces it
termwise, so Re ν(E) = |ν(E)|, which for a complex number means ν(E) ∈ [0,∞). As E was arbitrary
and ν is countably additive with ν(∅) = 0 by 9.3(a), ν is a (finite) positive measure.

Problem 9A.4. Suppose ν is a complex measure on a measurable space (X,S). Prove that if E ∈ S
then

|ν|(E) = sup
{ ∞∑
k=1

|ν(Ek)| : E1, E2, . . . is a disjoint sequence in S such that E =

∞⋃
k=1

Ek

}
.

Solution. Write s for the supremum on the right; each sum in it converges absolutely by 9.3(b), and
the sequence E,∅,∅, . . . shows the set is nonempty, so s ∈ [0,∞].
s ≤ |ν|(E): if E1, E2, . . . is a disjoint sequence in S with union E, then for each n the sets E1, . . . , En
are disjoint with union contained in E, so

∑n
k=1 |ν(Ek)| ≤ |ν|(E) by 9.8; let n → ∞ and take the

supremum.
|ν|(E) ≤ s: given disjoint E1, . . . , En ∈ S with E1 ∪ · · · ∪ En ⊆ E, pad them into a disjoint sequence
with union E by setting Fk = Ek for k ≤ n, Fn+1 = E \ (E1 ∪ · · · ∪ En), and Fk = ∅ for k > n + 1.
Then

n∑
k=1

|ν(Ek)| ≤
∞∑
k=1

|ν(Fk)| ≤ s,

since ν(∅) = 0 by 9.3(a). Taking the supremum over such choices gives |ν|(E) ≤ s by 9.8.

Problem 9A.5. Suppose µ is a (positive) measure on a measurable space (X,S) and h is a non-
negative function in L1(µ). Let ν be the (positive) measure on (X,S) defined by dν = h dµ. Prove
that ∫

f dν =

∫
fh dµ

for all S-measurable functions f : X → [0,∞].

Solution. Both sides agree on characteristic functions and then propagate up the standard approxima-
tion ladder.
(i) f = χA with A ∈ S: by 3.15 and the definition of ν,∫

χA dν = ν(A) =

∫
A
h dµ =

∫
χAh dµ.

(ii) g =
∑n

k=1 ckχAk
simple and nonnegative, with ck the distinct values of g and Ak = g−1({ck})

disjoint: 3.15 with respect to ν, and additivity (3.16) plus homogeneity (3.20) of the µ-integral, give∫
g dν =

n∑
k=1

ck ν(Ak) =
n∑
k=1

ck

∫
χAk

h dµ =

∫
gh dµ.

(iii) General f : by 2.89 choose simple S-measurable gk with |gk| ≤ |gk+1| ≤ |f | = f and gk → f
pointwise, and set fk = |gk|, so 0 ≤ f1 ≤ f2 ≤ · · · increases pointwise to f . Since h ≥ 0, the products
fkh increase pointwise to fh (with 0 · ∞ = 0 when h(x) = 0). The Monotone Convergence Theorem
(3.11), applied once for ν and once for µ, together with (ii), gives∫

f dν = lim
k→∞

∫
fk dν = lim

k→∞

∫
fkh dµ =

∫
fh dµ.
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Problem 9A.6. Suppose (X,S, µ) is a (positive) measure space. Prove that

{h dµ : h ∈ L1(µ)}

is a closed subspace of MF(S).

Solution. Write M = {h dµ : h ∈ L1(µ)}, where (h dµ)(E) =
∫
E h dµ is in MF(S) by 9.4. The whole

exercise turns on the isometry

‖h dµ− g dµ‖ = ‖(h− g) dµ‖ = ‖h− g‖1 (h, g ∈ L1(µ)),

which is 9.10 with E = X (equivalently the second bullet of 9.16) applied to h− g.
M is a subspace: L1(µ) is a vector space (7.5 with p = 1), and linearity of integration (3.20, 3.21) with
the definition 9.13 of the vector operations on measures gives h dµ+ α(g dµ) = (h+ αg) dµ ∈M .
M is closed: suppose νn = hn dµ → ν in MF(S). A convergent sequence is Cauchy, so the isometry
makes ‖hj − hk‖1 → 0, i.e. the corresponding classes h̃n form a Cauchy sequence in L1(µ) (7.17
identifies the two norms). Since L1(µ) is a Banach space (7.24), h̃n → h̃ for some h ∈ L1(µ), whence
‖hn − h‖1 → 0 and, by the isometry again, ‖νn − h dµ‖ → 0. Limits in a normed space are unique, so
ν = h dµ ∈M .

Problem 9A.7. (a) Suppose B is the collection of Borel subsets of R. Show that the Banach space
MF(B) is not separable.
(b) Give an example of a measurable space (X,S) such that the Banach space MF(S) is infinite-
dimensional and separable.

Solution. (a) The Dirac measures {δt}t∈R form an uncountable 2-separated set. Each δt (value 1 if t ∈ E,
else 0) is countably additive, since t lies in at most one term of a disjoint sequence, so δt ∈ MF(B);
and for s 6= t, taking E1 = {s}, E2 = {t} in 9.8 gives

‖δs − δt‖ ≥ |(δs − δt)({s})|+ |(δs − δt)({t})| = 2.

If D were a countable dense set, choosing νt ∈ D with ‖νt − δt‖ < 1 would give an injection t 7→ νt of
R into D (two equal choices would force 2 ≤ ‖δs − δt‖ < 2), contradicting countability. Hence MF(B)
is not separable.
(b) Take X = Z+ with S = 2X ; then Tν = (ν({1}), ν({2}), . . .) is a linear isometry of MF(S) onto `1,
which is infinite-dimensional and separable.
T maps into `1 by 9.3(b), and is linear by 9.13. Countable additivity gives ν(E) =

∑
k∈E ν({k}) for

every E, so T is injective; conversely each a ∈ `1 defines ν(E) =
∑

k∈E ak, countably additive because
an absolutely convergent series may be grouped and rearranged freely, so T is onto. For the isometry,
disjointness of E1, . . . , En gives

n∑
j=1

|ν(Ej)| ≤
n∑
j=1

∑
k∈Ej

|ak| ≤ ‖a‖1,

so ‖ν‖ ≤ ‖a‖1 by 9.8, while the choice Ej = {j} for j ≤ n gives
∑

j≤n |aj | ≤ ‖ν‖, hence ‖a‖1 ≤ ‖ν‖.
Finally `1 is infinite-dimensional (the standard basis vectors are independent) and separable, a count-
able dense set being the finitely supported sequences with coordinates in Q (or Q+ iQ): truncate a so
the tail has `1-norm below ε/2, then approximate each of the remaining n coordinates within ε/(2n).
A surjective isometry transports both properties to MF(S).

Problem 9A.8. Suppose t > 0 and λ is Lebesgue measure on the σ-algebra of Borel subsets of [0, t].
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Suppose h : [0, t] → C is the function defined by

h(x) = cosx+ i sinx.

Let ν be the complex measure defined by dν = h dλ.
(a) Show that ‖ν‖ = t.
(b) Show that if E1, E2, . . . is a sequence of disjoint Borel subsets of [0, t], then

∞∑
k=1

|ν(Ek)| < t.

[This exercise shows that the supremum in the definition of |ν|([0, t]) is not attained, even if countably
many disjoint sets are allowed.]

Solution. (a) Here h(x) = eix has |h| = 1, so 9.10 gives |ν|(E) =
∫
E |h| dλ = λ(E) for every Borel

E ⊆ [0, t]; in particular ‖ν‖ = λ([0, t]) = t.
(b) Everything follows from the strict inequality: |ν(E)| < λ(E) whenever λ(E) > 0. To see it, pick α
with |α| = 1 and αν(E) = |ν(E)|; since the left side is real,

λ(E)− |ν(E)| =
∫
E

(
1− Re(αeix)

)
dλ(x),

whose integrand is nonnegative and vanishes only where αeix = 1, i.e. on a countable (hence λ-null)
set. An integral of a nonnegative function that vanishes is 0 a.e. by Markov’s inequality (4.1) applied
at each level 1/n, so the integral above is strictly positive.
Also |ν(E)| ≤

∫
E |h| dλ = λ(E) for every Borel E. Now let E1, E2, . . . be disjoint Borel subsets of [0, t],

so
∑

k λ(Ek) ≤ λ([0, t]) = t.
(i) If λ(Ek) = 0 for all k, then every ν(Ek) = 0 and

∑
k |ν(Ek)| = 0 < t (using t > 0).

(ii) Otherwise λ(Ej) > 0 for some j; putting ε = λ(Ej)− |ν(Ej)| > 0,

∞∑
k=1

|ν(Ek)| ≤
∞∑
k=1

λ(Ek)− ε ≤ t− ε < t,

the sums being finite.

Problem 9A.9. Give an example to show that 9.9 can fail if the hypothesis that ν is a real measure
is replaced by the hypothesis that ν is a complex measure.

Solution. Take X = {1, 2, 3} with S = 2X , µ counting measure, ω = e2πi/3, and ν = h dµ where
h(1) = 1, h(2) = ω, h(3) = ω2; then 9.9 fails at E = X. Since X is finite, h ∈ L1(µ) and ν is a complex
measure by 9.4, with ν(E) =

∑
k∈E h(k).

By 9.10, |ν|(X) =
∫
X |h| dµ = 3. But 1 + ω + ω2 = 0, so

ν({1, 2}) = −ω2, ν({1, 3}) = −ω, ν({2, 3}) = −1, ν(X) = 0,

and as |ω| = |ω2| = 1 this gives |ν(E)| = 1 for every E other than ∅ and X, where |ν(E)| = 0. Hence

sup{|ν(A)|+ |ν(B)| : A,B ∈ S disjoint, A ∪B ⊆ X} = 2 < 3 = |ν|(X),

the value 2 being attained at A = {1}, B = {2}.

Problem 9A.10. Suppose (X,S) is a measurable space with S 6= {∅, X}. Prove that the total
variation norm on MF(S) does not come from an inner product. In other words, show that there
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does not exist an inner product 〈·, ·〉 on MF(S) such that ‖ν‖ = 〈ν, ν〉1/2 for all ν ∈ MF(S), where
‖ · ‖ is the usual total variation norm on MF(S).

Solution. Two Dirac measures at points separated by S violate the parallelogram equality. Since
S 6= {∅, X} there is E ∈ S with ∅ 6= E 6= X; pick b ∈ E and c ∈ X \ E, and let ν = δb, η = δc be the
corresponding Dirac measures, which are finite positive measures and so lie in MF(S).
For a finite positive measure µ, the first bullet of 9.16 gives ‖µ‖ = µ(X). Hence ‖ν‖ = ‖η‖ = 1 and
‖ν + η‖ = (δb + δc)(X) = 2. For the difference, any disjoint E1, . . . , En ∈ S satisfy

n∑
k=1

|(δb − δc)(Ek)| ≤ δb(X) + δc(X) = 2

by finite additivity and monotonicity, so ‖ν − η‖ ≤ 2 by 9.8; and E, X \ E give values 1 and −1, so
‖ν − η‖ ≥ 2. Thus ‖ν − η‖ = 2 and

‖ν + η‖2 + ‖ν − η‖2 = 8 6= 4 = 2‖ν‖2 + 2‖η‖2.

A norm coming from an inner product satisfies the parallelogram equality (expand 〈u± v, u± v〉 and
add), so the total variation norm does not.

Problem 9A.11. For (X,S) a measurable space and b ∈ X, define a finite (positive) measure δb on
(X,S) by

δb(E) =

{
1 if b ∈ E,

0 if b /∈ E

for E ∈ S.
(a) Show that if b, c ∈ X, then ‖δb + δc‖ = 2.
(b) Give an example of a measurable space (X,S) and b, c ∈ X with b 6= c such that ‖δb − δc‖ 6= 2.

Solution. (a) δb + δc is a finite positive measure, so the first bullet of 9.16 gives

‖δb + δc‖ = (δb + δc)(X) = δb(X) + δc(X) = 2.

(b) Take X = {1, 2} with the trivial σ-algebra S = {∅, X}, and b = 1, c = 2. Since b, c ∈ X, we have
δb = δc on S, so δb − δc is the zero measure and ‖δb − δc‖ = 0 6= 2.

9.2 Exercises 9B

Problem 9B.1. Suppose ν is a real measure on a measurable space (X,S). Prove that the Hahn
decomposition of ν is almost unique, in the sense that if A,B and A′, B′ are pairs satisfying the
Hahn Decomposition Theorem (9.23), then

|ν|(A \A′) = |ν|(A′ \A) = |ν|(B \B′) = |ν|(B′ \B) = 0.

Solution. The four sets are really two: A∪B = X and A∩B = ∅ give B = X \A, likewise B′ = X \A′,
so

A \A′ = A ∩B′ = B′ \B, A′ \A = A′ ∩B = B \B′.

If E ∈ S with E ⊆ A \ A′, then E ⊆ A gives ν(E) ≥ 0 by 9.23(b) and E ⊆ B′ gives ν(E) ≤ 0 by
9.23(c), so ν(E) = 0. Every finite disjoint family inside A\A′ therefore contributes 0 to the supremum
in 9.8, whence |ν|(A \A′) = 0. Interchanging the roles of the two decompositions gives |ν|(A′ \A) = 0,
and the set identities above supply the remaining two equalities.
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Problem 9B.2. Suppose µ is a (positive) measure and g, h ∈ L1(µ). Prove that g dµ ⊥ h dµ if and
only if g(x)h(x) = 0 for almost every x ∈ X.

Solution. Write νg = g dµ and νh = h dµ, and read almost every with respect to µ. The bridge in
both directions is 9.10: |νg|(F ) =

∫
F |g| dµ, and this vanishes exactly when g = 0 a.e. on F (Markov’s

inequality (4.1) at each level 1/n, then countable subadditivity).
Suppose νg ⊥ νh, and take A,B as in 9.28: disjoint with union X, νg(E) = νg(E ∩ A), νh(E) =
νh(E ∩ B). Every measurable F ⊆ B then has νg(F ) = νg(∅) = 0, so |νg|(B) = 0 by the third bullet
following 9.8, whence

∫
B |g| dµ = 0 and g = 0 a.e. on B. Symmetrically h = 0 a.e. on A. Off the union

of these two null sets, x ∈ A gives h(x) = 0 and x ∈ B gives g(x) = 0; either way g(x)h(x) = 0.
Conversely, suppose gh = 0 a.e., and set A = {g 6= 0}, B = {g = 0}, disjoint sets in S with union X.
On A minus the null set {gh 6= 0} we have h = 0, so

∫
E∩A h dµ = 0 and therefore

νh(E) = νh(E ∩A) + νh(E ∩B) = νh(E ∩B),

while g = 0 on B gives νg(E) = νg(E ∩A), for every E ∈ S. By 9.28, νg ⊥ νh.

Problem 9B.3. Suppose ν and µ are complex measures on a measurable space (X,S). Show that
the following are equivalent.
(a) ν ⊥ µ.
(b) |ν| ⊥ |µ|.
(c) Re ν ⊥ µ and Im ν ⊥ µ.

Solution. The engine is a restatement of 9.28: for complex measures σ and a partition X = A∪B into
disjoint measurable sets,

σ(E) = σ(E ∩A) for all E ∈ S ⇐⇒ |σ|(B) = 0.

Indeed, the left side makes σ(F ) = σ(∅) = 0 for every measurable F ⊆ B, which is |σ|(B) = 0 by the
third bullet following 9.8; conversely |σ|(B) = 0 forces |σ(E ∩ B)| ≤ |σ|(B) = 0 (first bullet following
9.8, with |σ| a positive measure by 9.11), so σ(E) = σ(E ∩A). The same equivalence holds for a finite
positive measure σ, with |σ| replaced by σ. Hence the singularity criterion: ν ⊥ µ iff there are disjoint
A,B ∈ S with A ∪B = X, |ν|(B) = 0, |µ|(A) = 0.
(a) ⇐⇒ (b). Since |ν|, |µ| are finite positive measures (9.11, 9.17), the positive form of the equivalence
says |ν| ⊥ |µ| iff there are disjoint A,B with union X, |ν|(B) = 0 and |µ|(A) = 0 – verbatim the
singularity criterion for ν ⊥ µ.
(a) =⇒ (c). Taking real and imaginary parts of ν(E) = ν(E ∩A) shows the same pair A,B from 9.28
witnesses Re ν ⊥ µ and Im ν ⊥ µ.
(c) =⇒ (a). Take pairs A1, B1 and A2, B2 from the criterion with |Re ν|(B1) = | Im ν|(B2) = |µ|(A1) =
|µ|(A2) = 0, and set A = A1 ∪ A2, B = X \ A = B1 ∩ B2. Then |µ|(A) ≤ |µ|(A1) + |µ|(A2) = 0. For
|ν|(B), any disjoint E1, . . . , En ⊆ B satisfy |z| ≤ |Re z|+ | Im z| termwise, so by 9.8

n∑
k=1

|ν(Ek)| ≤ |Re ν|(B) + | Im ν|(B) ≤ |Re ν|(B1) + | Im ν|(B2) = 0,

using B ⊆ B1 ∩B2 and monotonicity of total variation measures. Hence |ν|(B) = 0, and the criterion
gives ν ⊥ µ.

Problem 9B.4. Suppose ν and µ are complex measures on a measurable space (X,S). Prove that
if ν ⊥ µ, then |ν + µ| = |ν|+ |µ| and ‖ν + µ‖ = ‖ν‖+ ‖µ‖.

Solution. Take A,B as in 9.28: disjoint with union X, ν(E) = ν(E ∩ A) and µ(E) = µ(E ∩ B) for
all E ∈ S. Then every measurable F ⊆ B has ν(F ) = ν(∅) = 0, so |ν|(B) = 0 by the third bullet
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following 9.8, and symmetrically |µ|(A) = 0.
Consequently µ(F ) = 0 for every measurable F ⊆ A (since |µ(F )| ≤ |µ|(A) = 0), so ν + µ and ν agree
on all measurable subsets of A; as the supremum in 9.8 defining | · |(E ∩ A) ranges only over disjoint
families inside A, this gives |ν + µ|(E ∩A) = |ν|(E ∩A). Symmetrically |ν + µ|(E ∩B) = |µ|(E ∩B).
Also |ν|(E ∩ B) ≤ |ν|(B) = 0 and |µ|(E ∩ A) ≤ |µ|(A) = 0. Hence, by additivity of the positive
measures |ν|, |µ|, |ν + µ| (9.11),

|ν + µ|(E) = |ν + µ|(E ∩A) + |ν + µ|(E ∩B)

= |ν|(E ∩A) + |µ|(E ∩B) = |ν|(E) + |µ|(E).

Taking E = X and using the definition 9.15 of the norm gives ‖ν + µ‖ = ‖ν‖+ ‖µ‖.

Problem 9B.5. Suppose ν and µ are finite (positive) measures on a measurable space (X,S). Prove
that ν ⊥ µ if and only if ‖ν − µ‖ = ‖ν‖+ ‖µ‖.

Solution. Throughout, ‖σ‖ = σ(X) for a finite positive measure σ (first bullet of 9.16), and σ = ν − µ
is a real measure.
Suppose ν ⊥ µ, with A,B as in 9.28. Taking E = B and E = A in the two identities of 9.28 gives
ν(B) = 0 and µ(A) = 0, so ν(A) = ν(X) and µ(B) = µ(X) by finiteness. The disjoint pair A,B in 9.8
then gives

‖σ‖ ≥ |σ(A)|+ |σ(B)| = ν(X) + µ(X) = ‖ν‖+ ‖µ‖,

while for any disjoint E1, . . . , En ∈ S, two applications of 9.8 give
∑

k |σ(Ek)| ≤ |ν|(X) + |µ|(X) =
‖ν‖+ ‖µ‖, so ‖σ‖ ≤ ‖ν‖+ ‖µ‖. Hence ‖ν − µ‖ = ‖ν‖+ ‖µ‖.
Conversely, suppose ‖ν − µ‖ = ‖ν‖ + ‖µ‖, and take a Hahn decomposition A,B of σ (9.23). With
σ+(E) = σ(E ∩A) and σ−(E) = −σ(E ∩B) as in 9.30, we have |σ| = σ+ + σ− by 9.31, so

‖σ‖ = σ(A)− σ(B) = ν(A)− ν(B)− µ(A) + µ(B),

whereas ‖ν‖+ ‖µ‖ = ν(A)+ ν(B)+µ(A)+µ(B). Equating and cancelling the finite terms ν(A), µ(B)
gives 2(ν(B) + µ(A)) = 0, and positivity forces

ν(B) = 0 and µ(A) = 0.

Monotonicity then gives ν(E) = ν(E ∩A) and µ(E) = µ(E ∩B) for every E ∈ S, so ν ⊥ µ by 9.28.

Problem 9B.6. Suppose µ is a complex or positive measure on a measurable space (X,S). Prove
that

{ν ∈ MF(S) : ν ⊥ µ}

is a closed subspace of MF(S).

Solution. Write V = {ν ∈ MF(S) : ν ⊥ µ}, and call a partition X = A ∪ B into disjoint measurable
sets a witness for ν when |ν|(B) = 0 and µ(F ) = 0 for every measurable F ⊆ A. Unwinding 9.28 by
additivity (and the third bullet following 9.8 for the |ν| half), ν ⊥ µ iff ν has a witness; this phrasing
avoids |µ|, which need not be finite when µ is a positive measure.
Subspace. The pair ∅, X is a witness for 0. A witness for ν is a witness for αν, since |αν| = |α| |ν|
directly from 9.8. Given witnesses A1, B1 and A2, B2 for ν1, ν2, set A = A1 ∪ A2 and B = X \ A =
B1 ∩ B2: a measurable F ⊆ A splits as (F ∩ A1) ∪ (F \ A1) with the pieces inside A1 and A2, so
µ(F ) = 0; and B ⊆ B1 ∩B2 with 9.8 gives, for disjoint E1, . . . , En inside B,

n∑
k=1

|(ν1 + ν2)(Ek)| ≤ |ν1|(B) + |ν2|(B) = 0,

so |ν1 + ν2|(B) = 0 and A,B is a witness for ν1 + ν2.
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Closed. Suppose νk ∈ V with witnesses Ak, Bk and ‖ν − νk‖ → 0. Put A =
⋃
k Ak and B = X \ A =⋂

k Bk. A measurable F ⊆ A is the disjoint union of F1 = F ∩A1 and Fk = (F ∩Ak)\ (A1∪· · ·∪Ak−1),
each inside Ak, so countable additivity gives µ(F ) =

∑
k µ(Fk) = 0. And for each k, the subadditivity

estimate above applied to ν = (ν − νk) + νk gives

0 ≤ |ν|(B) ≤ |ν − νk|(B) + |νk|(B) ≤ ‖ν − νk‖ → 0,

using B ⊆ Bk. So A,B is a witness for ν and ν ∈ V .

Problem 9B.7. Use the Cantor set to prove that there exists a (positive) measure ν on (R,B) such
that ν ⊥ λ and ν(R) 6= 0 but ν({x}) = 0 for every x ∈ R; here λ denotes Lebesgue measure on the
σ-algebra B of Borel subsets of R.
[The second bullet point in Example 9.29 does not provide an example of the desired behavior because
in that example, ν({rk}) 6= 0 for all k ∈ Z+ with wk 6= 0.]

Solution. Take ν(E) = λ(f−1(E)), the pushforward of Lebesgue measure on [0, 1] under the right
inverse

f(y) = inf{x ∈ [0, 1] : Λ(x) ≥ y} (y ∈ [0, 1])

of the Cantor function Λ (2.77), where C is the Cantor set (2.74). The infimum is over a nonempty
set since Λ(1) = 1.
(i) Λ(f(y)) = y. Continuity of Λ (2.79) makes Sy = Λ−1([y,∞)) closed, so f(y) ∈ Sy and Λ(f(y)) ≥ y.
If f(y) = 0 then y ≤ Λ(0) = 0, so both sides are 0; if f(y) > 0 then Λ(x) < y for all x < f(y), and
letting x ↑ f(y) gives Λ(f(y)) ≤ y.
(ii) f is increasing, hence Borel measurable by 2.43, and injective: y ≤ y′ gives Sy′ ⊆ Sy hence
f(y) ≤ f(y′), and f(y) = f(y′) gives y = y′ by (i).
(iii) f(y) ∈ C. Both 0 and 1 lie in C, since every interval removed in 2.74 is an open middle third of
some [c, d], hence inside (c, d). So if f(y) /∈ C then 0 < f(y) < 1, and (as noted in the proof of 2.79) Λ
is constant, say = c, on an open interval (a, b) ⊆ (0, 1) containing f(y). Then c = Λ(f(y)) ≥ y by (i),
while any x ∈ (a, f(y)) lies outside Sy, giving c = Λ(x) < y – a contradiction.
Countable additivity of ν follows from that of λ applied to the disjoint sets f−1(Ek), so ν is a positive
measure on (R,B), and f−1(R) = [0, 1] gives ν(R) = 1 6= 0. By (iii), ν(R \ C) = λ(∅) = 0, while
λ(C) = 0 by 2.76(b); so the disjoint Borel pair A = C, B = R \ C satisfies ν(E) = ν(E ∩ A) and
λ(E) = λ(E ∩B) for every E ∈ B, i.e. ν ⊥ λ by 9.28. Finally f−1({x}) has at most one point by (ii),
so ν({x}) = 0 for every x ∈ R.

Problem 9B.8. Suppose ν is a real measure on a measurable space (X,S). Prove that

ν+(E) = sup{ν(D) : D ∈ S and D ⊆ E}

and
ν−(E) = − inf{ν(D) : D ∈ S and D ⊆ E}

for all E ∈ S.

Solution. Both suprema are attained, at D = E ∩A and D = E ∩B respectively, where A,B is a Hahn
decomposition of ν (9.23). The proof of 9.30 gives ν+(E) = ν(E ∩ A) and ν−(E) = −ν(E ∩ B), and
the uniqueness in 9.30 makes these independent of the decomposition chosen.
Fix E ∈ S and let s and i be the supremum and infimum of {ν(D) : D ∈ S, D ⊆ E}, a set containing
ν(∅) = 0 by 9.3(a).
ν+(E) = s: the admissible set D = E ∩ A gives s ≥ ν(E ∩ A) = ν+(E), while any admissible D
satisfies, using ν = ν+ − ν− (9.31) and monotonicity of the positive measure ν+,

ν(D) = ν+(D)− ν−(D) ≤ ν+(D) ≤ ν+(E),

so s ≤ ν+(E).
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ν−(E) = −i: the admissible set D = E ∩ B gives i ≤ ν(E ∩ B) = −ν−(E), while any admissible D
satisfies ν(D) ≥ −ν−(D) ≥ −ν−(E), so i ≥ −ν−(E).

Problem 9B.9. Suppose µ is a (positive) finite measure on a measurable space (X,S) and h is a
nonnegative function in L1(µ). Thus h dµ� dµ. Find a reasonable condition on h that is equivalent
to the condition dµ� h dµ.

Solution. The condition is µ(Z) = 0, where Z = {x ∈ X : h(x) = 0}; that is, h > 0 almost everywhere.
Write dν = h dµ, so ν(E) =

∫
E h dµ.

Suppose µ(Z) = 0, and suppose E ∈ S has ν(E) = 0. With En = {x ∈ E : h(x) > 1
n} we have

1
nχEn ≤ hχE , so

1
n µ(En) ≤

∫
E
h dµ = 0.

Since h ≥ 0, the sets En increase to E \ Z, so 2.59 gives µ(E \ Z) = limn→∞ µ(En) = 0 and hence

µ(E) = µ(E \ Z) + µ(E ∩ Z) ≤ 0 + µ(Z) = 0.

Thus µ� ν.
Conversely, if µ� ν then ν(Z) =

∫
Z h dµ = 0 forces µ(Z) = 0.

Problem 9B.10. Suppose µ is a (positive) measure on a measurable space (X,S) and ν is a complex
measure on (X,S). Show that the following are equivalent.
(a) ν � µ.
(b) |ν| � µ.
(c) Re ν � µ and Im ν � µ.

Solution. Everything follows from the definition 9.8 of |ν| and the bound |ν(E)| ≤ |ν|(E) recorded just
after it. Fix E ∈ S with µ(E) = 0.
(i) (a) ⇒ (b). If E1, . . . , En ∈ S are disjoint subsets of E, then µ(Ek) ≤ µ(E) = 0, so (a) gives
ν(Ek) = 0 and hence

|ν(E1)|+ · · ·+ |ν(En)| = 0.

The supremum of the left side over all such families is |ν|(E), so |ν|(E) = 0.
(ii) (b) ⇒ (a). Now |ν(E)| ≤ |ν|(E) = 0, so ν(E) = 0.
(iii) (a) ⇔ (c). Because (Re ν)(E) = Re

(
ν(E)

)
and (Im ν)(E) = Im

(
ν(E)

)
, the equation ν(E) = 0

holds if and only if (Re ν)(E) = (Im ν)(E) = 0.

Problem 9B.11. Suppose µ is a (positive) measure on a measurable space (X,S) and ν is a real
measure on (X,S). Show that ν � µ if and only if ν+ � µ and ν− � µ.

Solution. Both directions read off the Jordan decomposition 9.30, which supplies finite (positive) mea-
sures with

ν = ν+ − ν− and |ν| = ν+ + ν−.

Fix E ∈ S with µ(E) = 0.
If ν+ � µ and ν− � µ, then ν(E) = ν+(E)− ν−(E) = 0; thus ν � µ.
Conversely, if ν � µ then |ν| � µ by Exercise 9B.10, so

ν+(E) + ν−(E) = |ν|(E) = 0.

Both summands lie in [0,∞), so both vanish; thus ν+ � µ and ν− � µ.
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Problem 9B.12. Suppose µ is a (positive) measure on a measurable space (X,S). Prove that

{ν ∈ MF(S) : ν � µ}

is a closed subspace of MF(S).

Solution. Write V for the set in question and N = {E ∈ S : µ(E) = 0}; by 9.32,

V =
⋂
E∈N

{ν ∈ MF(S) : ν(E) = 0},

so it suffices to show that each evaluation ν 7→ ν(E) is linear and continuous.
Linearity is the definition 9.13 of the operations on MF(S):

(ν1 + ν2)(E) = ν1(E) + ν2(E), (αν)(E) = αν(E).

Hence each set in the intersection is a subspace, and so is V .
For continuity, let λ ∈ MF(S). The bound |λ(E)| ≤ |λ|(E) noted after 9.8, together with monotonicity
of the (positive) measure |λ| (9.11), gives

|λ(E)| ≤ |λ|(E) ≤ |λ|(X) = ‖λ‖.

So if νk ∈ V and ‖ν − νk‖ → 0, then for E ∈ N ,

|ν(E)| =
∣∣(ν − νk)(E)

∣∣ ≤ ‖ν − νk‖ → 0,

whence ν(E) = 0 and ν ∈ V . Thus each such set, and therefore V , is closed.

Problem 9B.13. Give an example to show that the Radon–Nikodym Theorem (9.36) can fail if the
σ-finite hypothesis is eliminated.

Solution. Take X = [0, 1] with S = B[0,1], let µ be counting measure, and let ν = λ|S be Lebesgue
measure, a finite (hence complex) measure.
Here µ is not σ-finite: a set of finite counting measure is finite, and the uncountable set [0, 1] is not a
countable union of finite sets.
Also ν � µ, because µ(E) = 0 forces E = ∅.
But no h ∈ L1(µ) satisfies dν = h dµ. Indeed, for each x ∈ [0, 1] the function hχ{x} equals the simple
function h(x)χ{x}, so

h(x) = h(x)µ({x}) =
∫
{x}

h dµ = ν({x}) = 0.

Thus h is identically 0, contradicting

1 = ν([0, 1]) =

∫
[0,1]

h dµ = 0.

Every hypothesis of 9.36 except σ-finiteness of µ holds, so that hypothesis cannot be eliminated.

Problem 9B.14. Suppose µ is a (positive) σ-finite measure on a measurable space (X,S) and ν is
a complex measure on (X,S). Show that the following are equivalent.
(a) ν � µ.
(b) For every ε > 0, there exists δ > 0 such that |ν(E)| < ε for every set E ∈ S with µ(E) < δ.
(c) For every ε > 0, there exists δ > 0 such that |ν|(E) < ε for every set E ∈ S with µ(E) < δ.
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Solution. We run the cycle (c) ⇒ (b) ⇒ (a) ⇒ (c).
(i) (c) ⇒ (b). The same δ works, since |ν(E)| ≤ |ν|(E) by the bound after 9.8.
(ii) (b) ⇒ (a). If µ(E) = 0 then µ(E) < δ for every δ, so |ν(E)| < ε for every ε > 0 and hence
ν(E) = 0.
(iii) (a) ⇒ (c). Here |ν| � µ by Exercise 9B.10, and |ν| is a finite (positive) measure by 9.11 and 9.17.
If (c) fails, then for some ε > 0 and every k ∈ Z+ there is Ek ∈ S with

µ(Ek) < 2−k and |ν|(Ek) ≥ ε.

Put Fn =
⋃∞
k=nEk, a decreasing sequence, and F =

⋂∞
n=1 Fn. Countable subadditivity (2.58) and

monotonicity give

µ(F ) ≤ µ(Fn) ≤
∞∑
k=n

2−k = 2−(n−1)

for every n, so µ(F ) = 0 and hence |ν|(F ) = 0. But |ν|(Fn) ≥ |ν|(En) ≥ ε, and |ν| is a finite (positive)
measure, so 9.7(d) applied to F1 ⊇ F2 ⊇ · · · gives

|ν|(F ) = lim
n→∞

|ν|(Fn) ≥ ε > 0,

a contradiction.
Method (2) for (iii), using the σ-finiteness hypothesis. The Radon–Nikodym Theorem (9.36) gives
h ∈ L1(µ) with dν = h dµ, and then |ν|(E) =

∫
E |h| dµ by 9.10. Given ε > 0, set hn = min{|h|, n};

since hn ↑ |h| with
∫
X |h| dµ <∞, the Monotone Convergence Theorem (3.11) supplies n with

∫
X(|h|−

hn) dµ < ε/2. Take δ = ε/(2n); then µ(E) < δ forces

|ν|(E) ≤
∫
X

(
|h| − hn

)
dµ+ nµ(E)

< ε
2 + ε

2 = ε.

Problem 9B.15. Prove 9.42 [with the extra hypothesis that µ is a σ-finite (positive) measure] in
the case where p = 1.

Solution. For h ∈ L∞(µ) put ϕh(f) =
∫
fh dµ; we show h 7→ ϕh is a one-to-one linear map of L∞(µ)

onto
(
L1(µ)

)′ with ‖ϕh‖ = ‖h‖∞.
Boundedness is 7.9 with the exponent pair 1,∞: |ϕh(f)| ≤ ‖h‖∞‖f‖1, so ‖ϕh‖ ≤ ‖h‖∞; linearity in h
is linearity of the integral.
For the reverse inequality, let 0 ≤ c < ‖h‖∞. Then A = {|h| > c} has µ(A) > 0, so σ-finiteness
and countable subadditivity give B ⊆ A with 0 < µ(B) < ∞. Setting f = χBh/|h| (well defined, as
|h| > c ≥ 0 on B) gives |f | = χB, ‖f‖1 = µ(B), and fh = χB|h|, so by 3.8

ϕh(f) =

∫
B
|h| dµ ≥ c µ(B) = c ‖f‖1.

Hence ‖ϕh‖ ≥ c, and letting c ↑ ‖h‖∞ gives ‖ϕh‖ = ‖h‖∞. Injectivity follows: ϕh1 = ϕh2 forces
‖h1 − h2‖∞ = ‖ϕh1−h2‖ = 0.
Surjectivity, first for µ(X) < ∞. Given ϕ ∈

(
L1(µ)

)′, set ν(E) = ϕ(χE), legitimate since χE ∈ L1(µ).
For disjoint E1, E2, . . . with union E,∥∥∥χE −

n∑
k=1

χEk

∥∥∥
1
=

∞∑
k=n+1

µ(Ek) −→ 0

because
∑

k µ(Ek) = µ(E) < ∞; continuity of ϕ then gives ν(E) =
∑∞

k=1 ν(Ek), so ν is a complex
measure. If µ(E) = 0 then χE = 0 in L1(µ), so ν(E) = 0; thus ν � µ, and since µ is finite the
Radon–Nikodym Theorem (9.36) supplies h ∈ L1(µ) with dν = h dµ. Hence ϕ(f) =

∫
fh dµ for simple

f , by linearity.
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This extends to f ∈ L∞(µ): taking simple fk → f uniformly (2.89, applied to the real and imaginary
parts of a bounded representative of f),

‖f − fk‖1 ≤ µ(X) sup
X

|f − fk| → 0,
∣∣∣∫ (f − fk)h dµ

∣∣∣ ≤ ‖h‖1 sup
X

|f − fk| → 0.

Next, ‖h‖∞ ≤ ‖ϕ‖. Otherwise An = {|h| ≥ ‖ϕ‖ + 1
n} has 0 < µ(An) ≤ µ(X) < ∞ for some n, and

f = χAnh/|h| ∈ L∞(µ) with ‖f‖1 = µ(An) gives

‖ϕ‖µ(An) ≥ |ϕ(f)| =
∫
An

|h| dµ

≥
(
‖ϕ‖+ 1

n

)
µ(An),

impossible. So h ∈ L∞(µ), and ϕ and ϕh are continuous functionals on L1(µ) agreeing on each
fk = fχ{|f |≤k}, where ‖f − fk‖1 → 0 by dominated convergence (3.31). Thus ϕ = ϕh.
Now let µ be σ-finite, say X1 ⊆ X2 ⊆ · · · with union X and µ(Xk) <∞. Identifying L1(µXk

) with the
functions in L1(µ) vanishing off Xk, the finite case applied to ϕ|L1(µXk

) (of norm at most ‖ϕ‖) yields
hk with ‖hk‖∞ ≤ ‖ϕ‖ and ϕ(f) =

∫
Xk
fhk dµ there. For j < k both hj and hk|Xj represent the same

functional, so the injectivity above (on Xj) gives hj = hk almost everywhere on Xj ; patching, there is
h with h = hk almost everywhere on Xk for each k, and |h| ≤ ‖ϕ‖ almost everywhere, so h ∈ L∞(µ).
For f ∈ L1(µ), dominated convergence (3.31) gives ‖f − fχXk

‖1 → 0 and hence

ϕ(f) = lim
k→∞

∫
Xk

fhk dµ = lim
k→∞

∫
fχXk

h dµ =

∫
fh dµ,

the last step dominated by ‖h‖∞|f | ∈ L1(µ). Thus ϕ = ϕh.

Problem 9B.16. Explain where the proof of 9.42 fails if p = ∞.

Solution. The proof fails at its first move: for p = ∞ the set function ν(E) = ϕ(χE) is only finitely
additive.
Countable additivity of ν is deduced from continuity of ϕ applied to

∑∞
k=1 χEk

= χE , which requires
convergence of the partial sums in norm. For p <∞ that holds, since∥∥∥χE −

n∑
k=1

χEk

∥∥∥
p
= µ

( ∞⋃
k=n+1

Ek

)1/p
−→ 0,

but the L∞(µ)-norm of a characteristic function is 1 whenever its set has positive measure, so that
quantity equals 1 for every n in the typical case. Hence ν need not be a complex measure, the Radon–
Nikodym Theorem (9.36) is unavailable, and with it dν = h dµ and every later step (9.43, 9.44).
A second breakdown occurs in the reduction to sets of finite measure, where one truncates a near-
maximizer fk to Dk = {|fk| > 1/nk} and needs µ(Dk) < ∞. The truncation itself survives p = ∞
(the discarded part has sup-norm at most 1/nk), but the bound does not: for p < ∞ it is Markov’s
inequality (4.1) applied to |fk|p, giving µ(Dk) ≤ n pk ‖fk‖

p
p, whereas membership in L∞(µ) bounds no

measure at all, as ‖χX‖∞ = 1 even when µ(X) = ∞.
That defect also kills the closing approximation of an arbitrary element of Lp(µ) by functions living
on σ-finite sets: for counting measure on an uncountable X, such a g vanishes off a countable set, so
‖χX − g‖∞ ≥ 1.
No repair is possible, since the conclusion itself is false for p = ∞: a Hahn–Banach extension (6.69)
to L∞(λ) of f 7→ f(0) on C([0, 1]) has ϕ(gn) = 1 for gn(x) = max{0, 1 − nx}, while

∫
gnh dλ → 0 for

every h ∈ L1(λ) by dominated convergence (3.31).

215



Problem 9B.17. Prove that if µ is a (positive) measure and 1 < p < ∞, then Lp(µ) is reflexive.
[See the definition before Exercise 19 in Section 7B for the meaning of reflexive.]

Solution. Surjectivity of the canonical isometry Φ, where (Φg)(ϕ) = ϕ(g) (Exercise 6D.20), comes from
applying 9.42 to both p and its dual exponent p′.
Since 1

p′ = 1− 1
p ∈ (0, 1), we have 1 < p′ < ∞ with dual exponent p; so 9.42 applies to each exponent

(its σ-finiteness hypothesis is needed only for exponent 1) and gives linear bijections

Λ : Lp
′
(µ) →

(
Lp(µ)

)′
, (Λh)(f) =

∫
fh dµ,

Γ : Lp(µ) →
(
Lp

′
(µ)
)′
, (Γg)(h) =

∫
hg dµ,

with ‖Λh‖ = ‖h‖p′ .
Let Ψ ∈ Lp(µ)′′. Then Ψ ◦ Λ is linear with

|(Ψ ◦ Λ)(h)| ≤ ‖Ψ‖ ‖Λh‖ = ‖Ψ‖ ‖h‖p′ ,

so Ψ ◦ Λ ∈
(
Lp

′
(µ)
)′, and surjectivity of Γ yields g ∈ Lp(µ) with Ψ(Λh) =

∫
hg dµ for all h ∈ Lp

′
(µ).

Given ϕ ∈
(
Lp(µ)

)′, surjectivity of Λ provides h with ϕ = Λh, and then

(Φg)(ϕ) = ϕ(g) =

∫
gh dµ = Ψ(Λh) = Ψ(ϕ).

Thus Φg = Ψ, so Φ is surjective and Lp(µ) is reflexive.

Problem 9B.18. Prove that L1(R) is not reflexive.

Solution. The element of L1(R)′′ outside the range of the canonical isometry Φ is Ψ = ψ ◦ Λ−1, where
ψ extends evaluation at 0.
Lebesgue measure λ is σ-finite, so Exercise 9B.15 (that is, 9.42 with p = 1) makes

Λ : L∞(R) →
(
L1(R)

)′
, (Λh)(f) =

∫
fh dλ,

a linear bijection with ‖Λh‖ = ‖h‖∞; hence Λ−1 is a norm-preserving linear bijection as well.
On the subspace Cb(R) of L∞(R) the essential supremum is the supremum, since |h(x0)| > c for
continuous h forces |h| > c on an open interval, a set of positive measure. So continuous functions
agreeing almost everywhere agree everywhere, and ψ0(h) = h(0) is a well-defined linear functional on
Cb(R) with |ψ0(h)| ≤ ‖h‖∞. The Hahn–Banach Theorem (6.69) extends it to ψ ∈

(
L∞(R)

)′.
Then |Ψ(ϕ)| ≤ ‖ψ‖ ‖Λ−1ϕ‖∞ = ‖ψ‖ ‖ϕ‖, so Ψ ∈ L1(R)′′. Suppose Φf = Ψ for some f ∈ L1(R).
Taking ϕ = Λh gives∫

fh dλ = (Φf)(Λh) = Ψ(Λh) = ψ(h) for every h ∈ L∞(R).

Apply this to hn(x) = max{0, 1− n|x|} ∈ Cb(R), so that ψ(hn) = hn(0) = 1. But |fhn| ≤ |f | ∈ L1(R)
and hn → 0 off the origin, so dominated convergence (3.31) gives

1 = lim
n→∞

∫
fhn dλ = 0,

a contradiction. Thus Φ is not surjective and L1(R) is not reflexive.
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10.1 Exercises 10A

Problem 10A.1. Define T : `2 → `2 by T (a1, a2, . . .) = (0, a1, a2, . . .). Find a formula for T ∗.

Solution. The answer is the left shift:

T ∗(b1, b2, b3, . . .) = (b2, b3, b4, . . .).

Write S for this left shift, a bounded linear map since ‖Sb‖ ≤ ‖b‖. Because the nth coordinate of Ta
is 0 for n = 1 and an−1 for n ≥ 2,

〈Ta, b〉 =
∞∑
n=2

an−1bn =
∞∑
k=1

akbk+1

=
∞∑
k=1

ak(Sb)k = 〈a, Sb〉

for all a, b ∈ `2, the reindexing being legitimate because the series converge absolutely by the Cauchy–
Schwarz inequality (8.11). Since T ∗b is the unique element of `2 with 〈Ta, b〉 = 〈a, T ∗b〉 for all a (10.1),
we get T ∗ = S.

Problem 10A.2. Suppose V is a Hilbert space, U is a closed subspace of V , and T : U → V is
defined by Tf = f . Describe the linear operator T ∗ : V → U .

Solution. T ∗ is the orthogonal projection of V onto U : T ∗g = PUg for every g ∈ V .
By 8.43 we may write g = PUg + (g − PUg) with PUg ∈ U and g − PUg ∈ U⊥. Hence for f ∈ U ,

〈Tf, g〉 = 〈f, g〉 = 〈f, PUg〉+ 〈f, g − PUg〉 = 〈f, PUg〉,

the last term vanishing by 8.37(a). Since PUg ∈ U and T ∗g is the unique element of U with 〈Tf, g〉 =
〈f, T ∗g〉 for all f ∈ U (10.1), we get T ∗g = PUg.

Problem 10A.3. Suppose V and W are Hilbert spaces and g ∈ V , h ∈W . Define T ∈ B(V,W ) by
Tf = 〈f, g〉h. Find a formula for T ∗.

Solution. The answer is T ∗u = 〈u, h〉g for u ∈W .
Indeed, for f ∈ V and u ∈W , using homogeneity in the first slot, conjugate symmetry, and conjugate
homogeneity in the second slot,

〈Tf, u〉 = 〈f, g〉〈h, u〉 = 〈u, h〉 〈f, g〉
=
〈
f, 〈u, h〉g

〉
.

Since T ∗u is the unique element of V with 〈Tf, u〉 = 〈f, T ∗u〉 for all f ∈ V (10.1), the formula follows.
As a sanity check with 10.13: if g 6= 0 and h 6= 0, then rangeT = {αh : α ∈ F}, and indeed nullT ∗ =
{u ∈ W : 〈u, h〉 = 0} = {h}⊥ = (rangeT )⊥, as 10.13(a) requires. Also ‖T‖ = ‖T ∗‖ = ‖g‖ ‖h‖, in
agreement with 10.11 (take f = g to see that the bound ‖g‖ ‖h‖ above is attained).

Problem 10A.4. Suppose V and W are Hilbert spaces and T ∈ B(V,W ) has finite-dimensional
range. Prove that T ∗ also has finite-dimensional range.

Solution. With n = dim rangeT (the case n = 0 being trivial), the range of T ∗ lies in the span of
T ∗g1, . . . , T

∗gn, where g1, . . . , gn is an orthonormal basis of rangeT obtained by Gram–Schmidt.
Indeed, let u ∈ W and f ∈ V . Expanding Tf =

∑n
j=1〈Tf, gj〉gj and using the defining property 10.2
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of the adjoint together with 〈gj , u〉 = 〈u, gj〉,

〈f, T ∗u〉 = 〈Tf, u〉 =
n∑
j=1

〈Tf, gj〉〈gj , u〉

=

n∑
j=1

〈f, T ∗gj〉 〈u, gj〉 =
〈
f,

n∑
j=1

〈u, gj〉T ∗gj

〉
.

Taking f to be the difference of the two second slots shows that difference has norm 0, so

T ∗u =
n∑
j=1

〈u, gj〉T ∗gj .

Hence dim rangeT ∗ ≤ n <∞.

Problem 10A.5. Prove or give a counterexample: If V is a Hilbert space and T : V → V is a
bounded linear map such that dim nullT <∞, then dim nullT ∗ <∞.

Solution. False. Take V = `2 and

T (a1, a2, a3, . . .) = (0, a1, 0, a2, 0, a3, . . .),

so that (Ta)2k = ak and (Ta)2k−1 = 0. Then ‖Ta‖ = ‖a‖, so T ∈ B(`2) is an isometry and nullT = {0}.
Its adjoint is T ∗b = (b2, b4, b6, . . .): writing Sb for that (bounded, as ‖Sb‖ ≤ ‖b‖),

〈Ta, b〉 =
∞∑
k=1

akb2k =

∞∑
k=1

ak(Sb)k = 〈a, Sb〉

for all a, b ∈ `2, the odd-indexed terms dropping out and the series converging absolutely by the
Cauchy–Schwarz inequality (8.11); uniqueness of the adjoint (10.1) gives T ∗ = S.
Hence nullT ∗ = {b ∈ `2 : b2k = 0 for all k}, which contains the orthonormal list e1, e3, e5, . . ., so
dim nullT ∗ = ∞.

Problem 10A.6. Suppose T is a bounded linear map from a Hilbert space V to a Hilbert space W .
Prove that ‖T ∗T‖ = ‖T‖2.
[This formula for ‖T ∗T‖ leads to the important subject of C∗-algebras.]

Solution. One inequality is 10.20 (the norm of a composition) combined with ‖T ∗‖ = ‖T‖ from 10.11:

‖T ∗T‖ ≤ ‖T ∗‖ ‖T‖ = ‖T‖2.

For the other, let f ∈ V with ‖f‖ ≤ 1. Then

‖Tf‖2 = 〈Tf, Tf〉 = 〈f, (T ∗T )f〉 = |〈f, (T ∗T )f〉|
≤ ‖f‖ ‖(T ∗T )f‖ ≤ ‖T ∗T‖ ‖f‖2 ≤ ‖T ∗T‖,

where the second equality is the defining property 10.2 of the adjoint, the third holds because that
number equals the nonnegative real ‖Tf‖2, and the first inequality is Cauchy–Schwarz (8.11). Taking
the supremum over such f gives ‖T‖2 ≤ ‖T ∗T‖.

Problem 10A.7. Suppose V is a Hilbert space and Inv(V ) is the set of invertible bounded operators
on V . Think of Inv(V ) as a metric space with the metric it inherits as a subset of B(V ). Show that
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T 7→ T−1 is a continuous function from Inv(V ) to Inv(V ).

Solution. Everything comes from the identity S−1 − T−1 = S−1(T − S)T−1 plus a bound on ‖S−1‖
that is uniform for S near T . (Each T−1 is indeed in B(V ): V is complete, so the Bounded Inverse
Theorem 6.83 applies.)
Fix T ∈ Inv(V ); we may assume V 6= {0}, so ‖T−1‖ > 0. Expanding the identity and applying 10.20
twice,

‖S−1 − T−1‖ ≤ ‖S−1‖ ‖T − S‖ ‖T−1‖.

Suppose ‖T − S‖ < 1
2‖T−1‖ . Then A = I − T−1S = T−1(T − S) has ‖A‖ < 1

2 , so T−1S = I − A is
invertible with (T−1S)−1 =

∑∞
k=0A

k by 10.22, whence

‖(T−1S)−1‖ ≤
∞∑
k=0

‖A‖k = 1

1− ‖A‖
≤ 2.

Since S−1 = (T−1S)−1T−1, this gives ‖S−1‖ ≤ 2‖T−1‖.
So given ε > 0, the choice δ = min

{
1

2‖T−1‖ ,
ε

2‖T−1‖2
}

yields, for S ∈ Inv(V ) with ‖S − T‖ < δ,

‖S−1 − T−1‖ ≤ 2‖T−1‖2 ‖T − S‖ < ε.

Hence inversion is continuous at each T ∈ Inv(V ).

Problem 10A.8. Suppose T is a bounded operator on a Hilbert space.
(a) Prove that T is left invertible if and only if T ∗ is right invertible.
(b) Prove that T is invertible if and only if T is both left and right invertible.

Solution. (a) Each direction is one application of the adjoint rules 10.12(c), 10.12(d) and (T ∗)∗ = T
(10.11), the adjoints being bounded by 10.11. If ST = I, then

T ∗S∗ = (ST )∗ = I∗ = I,

so T ∗ is right invertible. If T ∗R = I, then

R∗T = R∗(T ∗)∗ = (T ∗R)∗ = I,

so T is left invertible.
(b) If T is invertible, then T−1 is bounded by the Bounded Inverse Theorem (6.83), and it is both a
left and a right inverse. Conversely, if ST = I and TR = I with S,R ∈ B(V ), then

S = S(TR) = (ST )R = R,

so ST = TS = I. Hence T is injective (Tf = 0 gives f = S(Tf) = 0) and surjective (g = T (Sg)), that
is, invertible in the sense of 10.18.

Problem 10A.9. Suppose b1, b2, . . . is a bounded sequence in F. Define a bounded linear map
T : `2 → `2 by

T (a1, a2, . . .) = (a1b1, a2b2, . . .).

(a) Find a formula for T ∗.
(b) Show that T is injective if and only if bk 6= 0 for every k ∈ Z+.
(c) Show that T has dense range if and only if bk 6= 0 for every k ∈ Z+.
(d) Show that T has closed range if and only if

inf{|bk| : k ∈ Z+ and bk 6= 0} > 0.
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(e) Show that T is invertible if and only if inf{|bk| : k ∈ Z+} > 0.

Solution. Write ek for the kth standard basis vector, so Tek = bkek, and put N = {k : bk 6= 0} with
complement Z.
(a) T ∗(c1, c2, . . .) = (b1c1, b2c2, . . .), since

〈Ta, c〉 =
∞∑
k=1

akbkck =

∞∑
k=1

akbk ck =
〈
a, (bkck)k

〉
,

the series converging absolutely by Cauchy–Schwarz because (bkck) ∈ `2.
(b) If bk = 0 then Tek = 0 with ek 6= 0; conversely if every bk 6= 0 then Ta = 0 forces akbk = 0, hence
a = 0.
(c) By 10.14, T has dense range if and only if T ∗ is injective; by (a), T ∗ is the multiplier operator of
(bk), so (b) applies to it and gives the criterion bk 6= 0 for every k.
(d) Set c = inf{|bk| : k ∈ N}, with inf∅ = ∞ (if N = ∅ then T = 0 has closed range and the
equivalence holds).
(i) c > 0. Then rangeT = W := {a ∈ `2 : ak = 0 for k ∈ Z}, which is closed because |a(n)k − ak| ≤
‖a(n) − a‖ makes each coordinate map continuous. The inclusion rangeT ⊆ W is clear; conversely,
given a ∈ W , the sequence d with dk = ak/bk on N and dk = 0 on Z satisfies ‖d‖ ≤ ‖a‖/c < ∞ and
Td = a.
(ii) c = 0. Choose k1 < k2 < · · · in N with |bkj | < 1/j: having picked kj−1, the finitely many k ∈ N
with k ≤ kj−1 have |bk| ≥ δ for some δ > 0, while c = 0 supplies k ∈ N with |bk| < min{1/j, δ},
forcing k > kj−1. Let akj = 1/j and ak = 0 otherwise, so a ∈ `2. Its truncations to slots k1, . . . , kJ lie
in rangeT (finitely supported preimages) and converge to a, so a ∈ rangeT . But Td = a would give
dkjbkj = 1/j, hence

|dkj | =
1

j |bkj |
> 1 for every j,

contradicting d ∈ `2. So rangeT is not closed.
(e) If c = infk |bk| > 0, then S(a1, a2, . . .) = (a1/b1, a2/b2, . . .) is bounded with ‖S‖ ≤ 1/c and ST =
TS = I. Conversely, if T is invertible then every bk 6= 0 by (b), and T−1ek = ek/bk gives

1

|bk|
= ‖T−1ek‖ ≤ ‖T−1‖,

so infk |bk| ≥ 1/‖T−1‖ > 0.

Problem 10A.10. Suppose h ∈ L∞(R) and Mh : L2(R) → L2(R) is the bounded operator defined
by Mhf = fh.
(a) Show that Mh is injective if and only if |{x ∈ R : h(x) = 0}| = 0.
(b) Find a necessary and sufficient condition (in terms of h) for Mh to have dense range.
(c) Find a necessary and sufficient condition (in terms of h) for Mh to have closed range.
(d) Find a necessary and sufficient condition (in terms of h) for Mh to be invertible.

Solution. Write Z = {x ∈ R : h(x) = 0} and |A| for Lebesgue measure. The adjoint is (Mh)
∗ = Mh,

since
〈Mhf, g〉 =

∫
fhg dλ =

∫
fhg dλ = 〈f,Mhg〉.

(a) If |Z| > 0, then Z =
⋃
n(Z ∩ [−n, n]) and 2.59 give E = Z ∩ [−n, n] with 0 < |E| <∞; then χE 6= 0

in L2 while MhχE = 0. If |Z| = 0 and Mhf = 0, then fh = 0 almost everywhere forces f = 0 almost
everywhere off Z, hence f = 0 in L2(R).
(b) The condition is again |Z| = 0: by 10.14 the range is dense if and only if (Mh)

∗ =Mh is injective,
and {h = 0} = Z, so (a) applies.
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(c) The condition is that
∣∣{0 < |h| < δ}

∣∣ = 0 for some δ > 0.
(i) Such a δ exists. Then rangeMh = W := {f : f = 0 a.e. on Z}, and W = nullMχZ is closed. The
inclusion ⊆ is clear; conversely, for f ∈ W put g = f/h off Z and g = 0 on Z, so |g| ≤ |f |/δ almost
everywhere and Mhg = f .
(ii) No such δ. With Bn = { 1

n+1 ≤ |h| < 1
n}, infinitely many Bn have positive measure: otherwise

countable additivity would give |{0 < |h| < 1/M}| = 0 for large M . Pick n1 < n2 < · · · with |Bnj | > 0
(so nj ≥ j) and, as in (a), disjoint Ej ⊆ Bnj with 0 < |Ej | <∞. Set

f =

∞∑
j=1

1

j |Ej |1/2
χEj , ‖f‖22 =

∞∑
j=1

1

j2
<∞.

Each partial sum f (J) lies in rangeMh (divide by h, which is at least minj≤J 1
nj+1 > 0 on

⋃
j≤J Ej),

and ‖f − f (J)‖2 → 0. But Mhg = f would force, almost everywhere on Ej , where |h| < 1/nj ≤ 1/j,

|g| = |f |
|h|

>
1

|Ej |1/2
,

so
∫
Ej

|g|2 dλ ≥ 1 for every j and ‖g‖2 = ∞. Hence the range is not closed.
(d) The condition is that

∣∣{|h| < δ}
∣∣ = 0 for some δ > 0, that is, 1/h ∈ L∞(R).

If it holds, then ‖1/h‖∞ ≤ 1/δ, so M1/h is bounded and M1/hMh =MhM1/h = I. Conversely, if Mh is
invertible, then (Mh)

−1 is bounded by the Bounded Inverse Theorem (6.83); with α = ‖(Mh)
−1‖ > 0

we have ‖f‖2 ≤ α‖Mhf‖2 for all f . Were {|h| < δ} of positive measure for δ = 1/(2α), choosing E
inside it with 0 < |E| <∞ and f = χE would give

|E|1/2 ≤ α‖MhχE‖2 ≤ αδ|E|1/2 = 1
2 |E|1/2,

impossible.

Problem 10A.11. (a) Prove or give a counterexample: If T is a bounded operator on a Hilbert
space such that T and T ∗ are both injective, then T is invertible.
(b) Prove or give a counterexample: If T is a bounded operator on a Hilbert space such that T and
T ∗ are both surjective, then T is invertible.

Solution. (a) False. Take the operator of Example 10.28,

T (a1, a2, a3, . . .) =
(
a1,

a2
2
,
a3
3
, . . .

)
,

the multiplier operator of the real sequence bk = 1/k, so T ∗ = T by Exercise 10A.9(a). It is injective,
since Ta = 0 forces every ak = 0. But infk |bk| = 0, so T is not invertible by Exercise 10A.9(e).
(b) True. Because T ∗ is surjective, 10.13(b) gives

V = rangeT ∗ = (nullT )⊥,

and since nullT is a closed subspace, 8.41 yields

nullT =
(
(nullT )⊥

)⊥
= V ⊥ = {0}.

Thus T is injective as well as surjective, hence invertible by 10.18.

Problem 10A.12. Define T : `2 → `2 by T (a1, a2, a3, . . .) = (a2, a3, a4, . . .). Suppose α ∈ F.
(a) Prove that T − αI is injective if and only if |α| ≥ 1.
(b) Prove that T − αI is invertible if and only if |α| > 1.
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(c) Prove that T − αI is surjective if and only if |α| 6= 1.
(d) Prove that T − αI is left invertible if and only if |α| > 1.

Solution. Let S be the right shift, S(a1, a2, . . .) = (0, a1, a2, . . .), so that ‖Ta‖ ≤ ‖a‖ and ‖Sa‖ = ‖a‖.
Then T ∗ = S and S∗ = T , since

〈Sa, c〉 =
∞∑
j=1

ajcj+1 = 〈a, T c〉

and (S∗)∗ = S by 10.11.
Also, for |α| = 1 the operator T − αI is not bounded below: with a(n) = (1, α, . . . , αn−1, 0, . . .), every
coordinate of (T − αI)a(n) vanishes except the nth, which is −αn, so

‖(T − αI)a(n)‖
‖a(n)‖

=
1√
n
−→ 0.

(a) The equation (T − αI)a = 0 says ak+1 = αak, that is, ak = αk−1a1.
(i) |α| < 1: then a = (1, α, α2, . . .) is a nonzero element of `2 killed by T − αI.
(ii) |α| ≥ 1: if a1 6= 0 then |ak| ≥ |a1| > 0 for every k, contradicting a ∈ `2; so a1 = 0 and a = 0.
(b) If |α| > 1, then ‖T/α‖ ≤ 1/|α| < 1, so I − T/α is invertible by 10.22 (`2 being a Banach space),
and hence so is T − αI = −α(I − T/α). Conversely, invertibility gives injectivity, so |α| ≥ 1 by
(a); and |α| = 1 is impossible, since a bounded inverse (6.83) would give ‖(T − αI)a‖ ≥ c‖a‖ with
c = 1/‖(T − αI)−1‖ > 0, contradicting the display above.
(c) (i) |α| > 1: surjective, being invertible by (b).
(ii) |α| < 1: here (T − αI)∗ = S − αI by 10.12, and

‖(S − αI)b‖ ≥ ‖Sb‖ − |α| ‖b‖ = (1− |α|)‖b‖,

so 10.29(b) makes (T − αI)∗ left invertible; then Exercise 10A.8(a) applied to it, with
(
(T − αI)∗

)∗
=

T − αI (10.11), makes T − αI right invertible and hence surjective by 10.31.
(iii) |α| = 1: injective by (a), so surjectivity would force invertibility by 10.18, contradicting (b).
(d) (i) |α| > 1: invertible by (b), and its inverse is bounded (6.83), hence a left inverse.
(ii) |α| < 1: not injective by (a), so 10.29(c) fails.
(iii) |α| = 1: not bounded below, by the display above, so 10.29(b) fails.

Problem 10A.13. Suppose V is a Hilbert space.
(a) Show that {T ∈ B(V ) : T is left invertible} is an open subset of B(V ).
(b) Show that {T ∈ B(V ) : T is right invertible} is an open subset of B(V ).

Solution. (a) If T is left invertible, 10.29 supplies α ∈ (0,∞) with ‖f‖ ≤ α‖Tf‖ for all f ∈ V .
Then the ball of radius 1/α about T consists of left invertible operators: if ‖T − R‖ < 1/α and
ε = 1/α− ‖T −R‖ > 0, then

‖Rf‖ ≥ ‖Tf‖ − ‖(T −R)f‖ ≥ ‖f‖
α

− ‖T −R‖ ‖f‖ = ε‖f‖

for every f , so 10.29(b) holds for R with constant 1/ε.
(b) Adjunction is an isometry of B(V ): ‖T ∗−R∗‖ = ‖(T −R)∗‖ = ‖T −R‖ by 10.12(a), 10.12(b), and
10.11. So if T is right invertible, then T ∗ is left invertible by Exercise 10A.8(a) (using (T ∗)∗ = T ), and
(a) gives r > 0 such that every A with ‖T ∗ − A‖ < r is left invertible. Any R with ‖T −R‖ < r then
has R∗ left invertible, hence R right invertible by Exercise 10A.8(a) again.
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Problem 10A.14. Suppose T is a bounded operator on a Hilbert space V .
(a) Prove that T is invertible if and only if T has a unique left inverse. In other words, prove that
T is invertible if and only if there exists a unique S ∈ B(V ) such that ST = I.
(b) Prove that T is invertible if and only if T has a unique right inverse. In other words, prove that
T is invertible if and only if there exists a unique S ∈ B(V ) such that TS = I.

Solution. (a) If T is invertible, then T−1 ∈ B(V ) by the Bounded Inverse Theorem (6.83) is a left
inverse, and it is the only one: ST = I gives

S = S(TT−1) = (ST )T−1 = T−1.

Conversely, if S is the unique left inverse, then S′ = S + (I − TS) ∈ B(V ) satisfies

S′T = ST + (I − TS)T = I + T − T (ST ) = I,

so S′ = S, forcing TS = I; now Exercise 10A.8(b) makes T invertible.
(b) Likewise with the factors reversed. If T is invertible and TS = I, then S = (T−1T )S = T−1.
Conversely, if S is the unique right inverse, then S′ = S + (I − ST ) ∈ B(V ) satisfies

TS′ = TS + T (I − ST ) = I + T − (TS)T = I,

so S′ = S, forcing ST = I, and Exercise 10A.8(b) applies.

10.2 Exercises 10B

Problem 10B.1. Verify all the assertions in Example 10.33.
Example 10.33 (eigenvalues and spectrum) asserts the following.
• Suppose b1, b2, . . . is a bounded sequence in F. Define a bounded linear map T : `2 → `2 by

T (a1, a2, . . .) = (a1b1, a2b2, . . .).

Then the set of eigenvalues of T equals {bk : k ∈ Z+} and the spectrum of T equals the closure of
{bk : k ∈ Z+}.
• Suppose h ∈ L∞(R). Define a bounded linear map Mh : L2(R) → L2(R) by Mhf = fh. Then
α ∈ F is an eigenvalue of Mh if and only if |{t ∈ R : h(t) = α}| > 0. Also, α ∈ sp(Mh) if and
only if |{t ∈ R : |h(t)− α| < ε}| > 0 for all ε > 0.

• Define the right shift T : `2 → `2 and the left shift S : `2 → `2 by
T (a1, a2, a3, . . .) = (0, a1, a2, a3, . . .) and S(a1, a2, a3, . . .) = (a2, a3, a4, . . .).

Then T has no eigenvalues, and sp(T ) = {α ∈ F : |α| ≤ 1}. Also, the set of eigenvalues of S is the
open set {α ∈ F : |α| < 1}, and the spectrum of S is the closed set {α ∈ F : |α| ≤ 1}.

Solution. Write ek for the kth standard basis vector of `2. Each non-invertibility below is certified
the same way: an invertible R satisfies ‖f‖ ≤ ‖R−1‖ ‖Rf‖, so unit vectors fn with ‖Rfn‖ → 0 rule
invertibility out.
Multiplier operator on `2: here (T − αI)a =

(
ak(bk − α)

)
k
.

Eigenvalues: if α = bj then (T − αI)ej = 0, while if α 6= bk for every k, then ak(bk − α) = 0 forces
a = 0. So the eigenvalues are exactly {bk : k ∈ Z+}.
Spectrum: if c = infk |bk − α| > 0, the multiplier operator of

(
(bk − α)−1

)
k

is bounded by 1/c and
is a two-sided inverse of T − αI. If c = 0, choose kn with |bkn − α| → 0; then ‖ekn‖ = 1 and
‖(T −αI)ekn‖ = |bkn −α| → 0. Since c = 0 says exactly that α lies in the closure of {bk}, the spectrum
is that closure.
Multiplication operator on L2(R): put g = h− α, so Mh − αI =Mg.
Eigenvalues: by Exercise 10A.10(a) applied to g, the operator Mg fails to be injective precisely when
|{g = 0}| > 0, that is, |{h = α}| > 0.
Spectrum: if |{|g| < ε}| = 0 for some ε > 0, then ‖1/g‖∞ ≤ 1/ε and M1/g inverts Mg. If instead
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|{|g| < ε}| > 0 for every ε > 0, take (as in Exercise 10A.10(a)) sets Fn ⊆ {|g| < 1/n} with 0 < |Fn| <∞
and put fn = χFn/|Fn|1/2, so ‖fn‖2 = 1 and

‖Mgfn‖22 =
1

|Fn|

∫
Fn

|g|2 dλ ≤ 1

n2
.

Shifts on `2: here ‖Ta‖ = ‖a‖, while ‖Sa‖ ≤ ‖a‖ with ‖Se2‖ = 1, so ‖T‖ = ‖S‖ = 1.
T has no eigenvalue: Ta = αa gives 0 = αa1 and ak = αak+1. If α = 0 the latter forces every ak = 0;
if α 6= 0 the former gives a1 = 0 and then ak+1 = ak/α = 0 inductively.
sp(T ) = {|α| ≤ 1}: the inclusion ⊆ is 10.34(a) with ‖T‖ = 1. For |α| < 1, the nonzero vector
v = (1, α, α2, . . .) ∈ `2 satisfies, for every a ∈ `2,

〈(T − αI)a, v〉 = −αa1 +
∞∑
k=1

(ak − αak+1)α
k

= −αa1 + a1α = 0,

the series converging absolutely by Cauchy–Schwarz (8.11). So range(T −αI) ⊆ {v}⊥ 6= `2, and T −αI
is not surjective; since sp(T ) is closed (10.36), the whole closed disk lies in it.
Eigenvalues of S: Sa = αa says ak+1 = αak, that is, ak = αk−1a1. For |α| < 1 this gives the eigenvector
w = (1, α, α2, . . .) ∈ `2; conversely a 6= 0 forces a1 6= 0, and then

∑
k |a1|2|α|2(k−1) <∞ forces |α| < 1.

sp(S) = {|α| ≤ 1}: the eigenvalues lie in sp(S), which is closed (10.36), giving ⊇; and 10.34(a) with
‖S‖ = 1 gives ⊆.

Problem 10B.2. Suppose T is a bounded operator on a Hilbert space V .
• (a) Prove that sp(S−1TS) = sp(T ) for all bounded invertible operators S on V .
• (b) Prove that sp(T ∗) = {α : α ∈ sp(T )}.
• (c) Prove that if T is invertible, then sp(T−1) =

{
1
α : α ∈ sp(T )

}
.

Solution. Each part rests on one factorization of T − αI together with the fact that ABC is invertible
if and only if B is (for A,C invertible): if R inverts ABC then CRA inverts B. (Check!)
(a) For α ∈ F,

S−1TS − αI = S−1(T − αI)S,

so S−1TS − αI is invertible exactly when T − αI is. Hence sp(S−1TS) = sp(T ).
(b) Taking adjoints in RR−1 = R−1R = I and using 10.11 and 10.12(c), (d) shows R is invertible if
and only if R∗ is, with (R∗)−1 = (R−1)∗. By 10.12(a), (b), (c),

T ∗ − βI = T ∗ − β I∗ =
(
T − βI

)∗
,

so β ∈ sp(T ∗) if and only if β ∈ sp(T ). Because conjugation is an involution of F, this says sp(T ∗) =
{α : α ∈ sp(T )}.
(c) Invertibility of T and of T−1 puts 0 outside both sp(T ) and sp(T−1), so all reciprocals below are
defined. For α 6= 0, (

− 1
αT

−1
)
(T − αI) = − 1

α

(
I − αT−1

)
= T−1 − 1

αI,

and − 1
αT

−1 is invertible, so
1
α ∈ sp(T−1) ⇐⇒ α ∈ sp(T ).

Reading this forward gives {1/α : α ∈ sp(T )} ⊆ sp(T−1); reading it with α = 1/β for β ∈ sp(T−1)
(legitimate as β 6= 0) gives the reverse inclusion. Thus sp(T−1) = {1/α : α ∈ sp(T )}.

Problem 10B.3. Suppose E is a bounded subset of F. Show that there exists a Hilbert space V
and T ∈ B(V ) such that the set of eigenvalues of T equals E.
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Solution. Take V = `2(E), the space L2(µ) for µ counting measure on E (second bullet of Example
8.51), and let T be multiplication by the coordinate:

(Tf)(α) = αf(α) (α ∈ E).

(If E = ∅ this is V = {0}, T = 0, which has no eigenvalues since eigenvectors are nonzero.)
T is bounded: choosing M with |α| ≤M on E, which exists as E is bounded,

‖Tf‖2 =
∑
α∈E

|α|2|f(α)|2 ≤M2‖f‖2,

so T ∈ B(V ) with ‖T‖ ≤M .
Each β ∈ E is an eigenvalue: the indicator eβ of {β} has ‖eβ‖ = 1 and Teβ = βeβ, both sides vanishing
off β. Conversely, if Tf = βf with f 6= 0, then (α − β)f(α) = 0 for all α ∈ E, and picking α0 with
f(α0) 6= 0 gives β = α0 ∈ E. Thus the eigenvalues of T are exactly E.

Problem 10B.4. Suppose E is a nonempty closed bounded subset of F. Show that there exists
T ∈ B(`2) such that sp(T ) = E.

Solution. Take b1, b2, . . . an enumeration of a countable dense subset A of E (repeating terms if A is
finite) and let T be the diagonal operator

T (a1, a2, . . .) = (a1b1, a2b2, . . .).

The sequence (bk) is bounded because E is, so with M = supk |bk| we get ‖Ta‖2 =
∑

k |bk|2|ak|2 ≤
M2‖a‖2 and T ∈ B(`2). By the first bullet of Example 10.33 (Exercise 1 of this section),

sp(T ) = {bk : k ∈ Z+} = A = E,

the last equality because A ⊆ E is dense in E and E is closed.
It remains to produce A. Let D be Q or Q+iQ according as F = R or C, and for each (d, n) ∈ D×Z+

with {x ∈ E : |x − d| < 1/n} 6= ∅ choose a point xd,n of that set; let A be the set of chosen points.
Then A ⊆ E is countable, and nonempty since E 6= ∅. Given x ∈ E and ε > 0, pick n with 2/n < ε
and d ∈ D with |x− d| < 1/n; then xd,n exists and

|xd,n − x| ≤ |xd,n − d|+ |d− x| < 2
n < ε.

Problem 10B.5. Give an example of a bounded operator T on a normed vector space such that for
every α ∈ F, the operator T − αI is not invertible.

Solution. Take V to be the (incomplete) subspace of `2 of sequences with only finitely many nonzero
coordinates, with the `2-norm, and T the right shift

T (a1, a2, a3, . . .) = (0, a1, a2, a3, . . .).

Shifting preserves finite support, so T maps V into V , and ‖Ta‖ = ‖a‖, so T ∈ B(V ) with ‖T‖ = 1.
(By 10.34(b) no example on a Banach space exists, so incompleteness is forced.)
Fix α ∈ F and let e1 = (1, 0, 0, . . .). If (T − αI)a = e1 for some a ∈ V , then comparing coordinates in

(T − αI)a =
(
−αa1, a1 − αa2, a2 − αa3, . . .

)
gives −αa1 = 1 (so α 6= 0 and a1 = −1/α) and ak+1 = ak/α for k ≥ 1, whence ak = −1/αk 6= 0 for all
k, contradicting a ∈ V . So T − αI is not surjective, hence not invertible, for every α ∈ F.
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Problem 10B.6. Suppose T is a bounded operator on a complex nonzero Banach space V .
• (a) Prove that the function

α 7→ ϕ
(
(T − αI)−1f

)
is analytic on C \ sp(T ) for every f ∈ V and every ϕ ∈ V ′.
• (b) Prove that sp(T ) 6= ∅.

Solution. (a) The resolvent expands in a norm-convergent power series around each β /∈ sp(T ) (the
complement is open by 10.36). Put R = (T − βI)−1, which is nonzero, and take |α − β| < 1/‖R‖.
Then ‖(α− β)R‖ < 1, so I − (α− β)R is invertible by 10.22 with inverse

∑
k≥0(α− β)kRk. Since

(T − βI)
(
I − (α− β)R

)
= (T − βI)− (α− β)I = T − αI,

the operator T − αI is invertible and

(T − αI)−1 =
(
I − (α− β)R

)−1
R =

∞∑
k=0

(α− β)kRk+1.

The functional S 7→ ϕ(Sf) on B(V ) is bounded, with |ϕ(Sf)| ≤ ‖ϕ‖‖f‖‖S‖, so it passes through this
norm-convergent sum:

ϕ
(
(T − αI)−1f

)
=

∞∑
k=0

ϕ
(
Rk+1f

)
(α− β)k.

The coefficient bound |ϕ(Rk+1f)| ≤ ‖ϕ‖‖f‖‖R‖k+1 gives radius of convergence at least 1/‖R‖. Hence
the function is analytic at each β ∈ C \ sp(T ).
(b) Suppose sp(T ) = ∅, so T − αI is invertible for all α, in particular T is. Pick f 6= 0 (possible as
V 6= {0}) and ϕ ∈ V ′, and set g(α) = ϕ((T − αI)−1f), entire by (a). Then

|g(α)| ≤ ‖ϕ‖ ‖f‖
∥∥(T − αI)−1

∥∥ −→ 0

as |α| → ∞, by 10.34(c); being continuous, g is bounded on the complementary closed disc, so g is a
bounded entire function. By Liouville’s theorem g is constant, and the limit forces g ≡ 0; in particular
ϕ(T−1f) = g(0) = 0. As ϕ ∈ V ′ was arbitrary and 6.72 supplies ϕ with ϕ(h) = ‖h‖ for h = T−1f 6= 0,
we get h = 0, so f = Th = 0, a contradiction. Thus sp(T ) 6= ∅.

Problem 10B.7. Prove that if T is an operator on a Hilbert space V such that 〈Tf, g〉 = 〈f, Tg〉
for all f, g ∈ V , then T is a bounded operator.

Solution. Apply the Closed Graph Theorem 6.85, whose hypotheses hold because a Hilbert space is a
Banach space; so it suffices to show that

graph(T ) = {(f, Tf) : f ∈ V }

is closed in V × V with the norm ‖(f, g)‖ = max{‖f‖, ‖g‖} of 6.84. It is a subspace, by linearity of T .
(Check!)
Suppose (fk, T fk) → (f, g), that is fk → f and Tfk → g by 6.84, and let h ∈ V . Cauchy–Schwarz
(8.11) makes both 〈Tfk, h〉 → 〈g, h〉 and 〈fk, Th〉 → 〈f, Th〉, so the hypothesis applied to the pairs
(fk, h) and then (f, h) gives

〈g, h〉 = lim
k→∞

〈Tfk, h〉 = lim
k→∞

〈fk, Th〉 = 〈f, Th〉 = 〈Tf, h〉.

Taking h = g − Tf yields ‖g − Tf‖2 = 0, so (f, g) = (f, Tf) ∈ graph(T ). Hence the graph is closed
and T is bounded.
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Problem 10B.8. Suppose P is a bounded operator on a Hilbert space V such that P 2 = P . Prove
that P is self-adjoint if and only if there exists a closed subspace U of V such that P = PU .

Solution. If P = PU for a closed subspace U , then P is self-adjoint by the last bullet of 10.45.
Conversely, suppose P is self-adjoint and take U = rangeP . Then U = null(I − P ): for f = Pg ∈ U
we have Pf = P 2g = Pg = f , and conversely (I − P )f = 0 puts f = Pf ∈ rangeP . Hence U is the
null space of the bounded operator I − P , so U is closed and PU is defined.
Let f ∈ V . Then Pf ∈ U , and for g ∈ U (so Pg = g),

〈f − Pf, g〉 = 〈f, g〉 − 〈f, Pg〉 = 0,

using self-adjointness in the first step. So f − Pf ⊥ U with Pf ∈ U , and 8.37(b) with h = Pf gives
Pf = PUf . Thus P = PU .

Problem 10B.9. Suppose V is a real Hilbert space and T ∈ B(V ). The complexification of T is the
function TC : VC → VC defined by

TC(f + ig) = Tf + iTg

for f, g ∈ V (see Exercise 4 in Section 8B for the definition of VC).
(a) Show that TC is a bounded operator on the complex Hilbert space VC and ‖TC‖ = ‖T‖.
(b) Show that TC is invertible if and only if T is invertible.
(c) Show that (TC)

∗ = (T ∗)C.
(d) Show that T is self-adjoint if and only if TC is self-adjoint.
(e) Use the previous parts of this exercise and 10.49 and 10.38 to show that if T is self-adjoint and
V 6= {0}, then sp(T ) 6= ∅.

Solution. Throughout we use the norm identity on VC from Exercise 4 in Section 8B, immediate from
its inner product formula and the symmetry of the real inner product on V :

‖f + ig‖2 = ‖f‖2 + ‖g‖2.

(a) Additivity of TC is inherited from T , and for α, β ∈ R the R-linearity of T gives

TC
(
(α+ iβ)(f + ig)

)
= T (αf − βg) + iT (αg + βf)

= (α+ iβ)(Tf + iTg) = (α+ iβ)TC(f + ig),

so TC is C-linear. For the norm,

‖TC(f + ig)‖2 = ‖Tf‖2 + ‖Tg‖2 ≤ ‖T‖2
(
‖f‖2 + ‖g‖2

)
= ‖T‖2 ‖f + ig‖2.

Hence ‖TC‖ ≤ ‖T‖; and ‖TC(f+ i0)‖ = ‖Tf‖ with ‖f+ i0‖ = ‖f‖ gives the reverse. Thus ‖TC‖ = ‖T‖.
(b) If T is invertible, then (T−1)C, bounded by (a), inverts TC:

(T−1)CTC(f + ig) = T−1Tf + iT−1Tg = f + ig,

and symmetrically in the other order.
Conversely, let S = (TC)

−1. Then T is injective, since Tf = 0 forces TC(f + i0) = 0 and so f = 0.
It is surjective: writing S(f + i0) = u + iv and applying TC gives Tu = f and Tv = 0, so v = 0 by
injectivity and u = T−1f . The inverse of a linear bijection is linear, and it is bounded because

‖T−1f‖ = ‖u+ i0‖ = ‖S(f + i0)‖ ≤ ‖S‖ ‖f‖.

(c) Expand both sides in the inner product formula of VC:〈
f1 + ig1, (T

∗)C(f2 + ig2)
〉
= 〈f1, T ∗f2〉+ 〈g1, T ∗g2〉

+ i
(
〈g1, T ∗f2〉 − 〈f1, T ∗g2〉

)
= 〈Tf1, f2〉+ 〈Tg1, g2〉

+ i
(
〈Tg1, f2〉 − 〈Tf1, g2〉

)
=
〈
TC(f1 + ig1), f2 + ig2

〉
,
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the middle equality by 〈u, T ∗w〉 = 〈Tu,w〉 on V . Uniqueness of the adjoint now gives (TC)
∗ = (T ∗)C.

(d) The map S 7→ SC is injective, since SC(f + i0) = Sf + i0. So by (c),

T = T ∗ ⇐⇒ TC = (T ∗)C = (TC)
∗.

(e) VC is a nonzero complex Hilbert space (Exercise 4 in Section 8B; nonzero because ‖f + i0‖ = ‖f‖)
and TC is a self-adjoint bounded operator on it by (a) and (d). So 10.38 gives some α ∈ sp(TC), and
10.49 gives α ∈ R. Reality of α makes

(T − αI)C(f + ig) = (Tf − αf) + i(Tg − αg) = (TC − αI)(f + ig),

which is not invertible, so T − αI is not invertible by (b). Hence α ∈ sp(T ) 6= ∅.

Problem 10B.10. Suppose T is a bounded operator on a Hilbert space V such that 〈Tf, f〉 ≥ 0 for
all f ∈ V . Prove that sp(T ) ⊆ [0,∞).

Solution. The spectrum is real, and T + cI is invertible for every c > 0; these two facts give sp(T ) ⊆
[0,∞).
Reality: if F = R this is the definition 10.32; if F = C, the hypothesis makes 〈Tf, f〉 real for all f , so
T is self-adjoint by 10.48 and sp(T ) ⊆ R by 10.49.
Invertibility of T + cI: for f ∈ V , Cauchy–Schwarz (8.11) gives

‖(T + cI)f‖ ‖f‖ ≥ 〈(T + cI)f, f〉 ≥ c‖f‖2,

since 〈Tf, f〉 ≥ 0; dividing by ‖f‖ when f 6= 0 yields ‖f‖ ≤ 1
c‖(T + cI)f‖ for all f . So T + cI is left

invertible by 10.29, say R(T + cI) = I. The adjoint obeys the same hypothesis, because

〈T ∗f, f〉 = 〈f, T ∗f〉 = 〈Tf, f〉 = 〈Tf, f〉 ≥ 0,

so the same argument gives R′(T + cI)∗ = R′(T ∗ + cI) = I (here c real), and taking adjoints gives
(T + cI)(R′)∗ = I. Setting S = (R′)∗,

R = R(T + cI)S = S,

so R is a two-sided inverse of T + cI.
Now if α ∈ sp(T ) then α is real, and α < 0 would make T − αI = T + (−α)I invertible. Hence α ≥ 0.

Problem 10B.11. Suppose P is a bounded operator on a Hilbert space V such that P 2 = P . Prove
that P is self-adjoint if and only if P is normal.

Solution. Self-adjoint implies normal, since P ∗ = P gives P ∗P = P 2 = PP ∗.
Conversely, suppose P is normal. Set U = rangeP ; as in Exercise 8, P 2 = P makes U = null(I − P ),
a closed subspace. Its orthogonal complement is

U⊥ = nullP ∗,

because 〈Pf, g〉 = 〈f, P ∗g〉 vanishes for all f exactly when P ∗g = 0 (take f = P ∗g). Normality gives
‖Ph‖ = ‖P ∗h‖ by 10.53, so

nullP = nullP ∗ = U⊥.

Now for f ∈ V we have Pf ∈ U and P (f − Pf) = Pf − P 2f = 0, so f − Pf ∈ nullP = U⊥. Hence
8.37(b) with h = Pf gives Pf = PUf . Thus P = PU is self-adjoint by the last bullet of 10.45.
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Problem 10B.12. Prove that a normal operator on a separable Hilbert space has at most countably
many eigenvalues.

Solution. The set E of eigenvalues injects into a countable dense subset of V . For each α ∈ E pick a
unit eigenvector fα. Eigenvectors of a normal operator for distinct eigenvalues are orthogonal by 10.57,
so for α 6= β the Pythagorean Theorem (8.9) gives

‖fα − fβ‖2 = ‖fα‖2 + ‖fβ‖2 = 2.

Separability supplies a countable dense D ⊆ V (8.64); choose dα ∈ D with ‖fα − dα‖ <
√
2/2. If

dα = dβ then
‖fα − fβ‖ ≤ ‖fα − dα‖+ ‖dβ − fβ‖ <

√
2,

forcing α = β. Hence α 7→ dα is injective and E is at most countable.

Problem 10B.13. Prove or give a counterexample: If T is a normal operator on a Hilbert space
and T = A+ iB, where A and B are self-adjoint, then ‖T‖ =

√
‖A‖2 + ‖B‖2.

Solution. False. On V = C2 take

T (z1, z2) = (z1, iz2), A(z1, z2) = (z1, 0), B(z1, z2) = (0, z2).

Then T ∗(z1, z2) = (z1,−iz2) by 10.45, so T ∗T = TT ∗ = I and T is normal (indeed unitary). Both A
and B are orthogonal projections onto coordinate axes, hence self-adjoint by the last bullet of 10.45,
and

(A+ iB)(z1, z2) = (z1, iz2) = T (z1, z2).

Since T ∗T = I, T is an isometry by 10.60, so ‖T‖ = 1; and ‖A‖ = ‖B‖ = 1, attained at (1, 0) and
(0, 1). Thus √

‖A‖2 + ‖B‖2 =
√
2 6= 1 = ‖T‖.

Problem 10B.14. A number α ∈ F is called an approximate eigenvalue of a bounded operator T
on a Hilbert space V if

inf
{
‖(T − αI)f‖ : f ∈ V and ‖f‖ = 1

}
= 0.

Suppose T is a normal operator on a Hilbert space and α ∈ F. Prove that α ∈ sp(T ) if and only if
α is an approximate eigenvalue of T .

Solution. We prove both directions in contrapositive form, on the Hilbert space V on which T acts. (If
V = {0} both conditions fail for every α: sp(T ) = ∅ and the infimum over the empty set is ∞.) Note
T − αI is normal, since expanding (T − αI)∗ = T ∗ − αI gives

(T − αI)∗(T − αI) = T ∗T − αT ∗ − αT + |α|2I,

which by T ∗T = TT ∗ equals the same product in the other order.
(i) If α is not an approximate eigenvalue, the infimum c is positive, and scaling any f 6= 0 to a unit
vector gives ‖f‖ ≤ 1

c‖(T − αI)f‖ for all f ∈ V . So T − αI is left invertible by 10.29, hence invertible
by 10.55 as it is normal; thus α /∈ sp(T ).
(ii) If α /∈ sp(T ), put S = (T − αI)−1 6= 0. For ‖f‖ = 1,

1 =
∥∥S(T − αI)f

∥∥ ≤ ‖S‖
∥∥(T − αI)f

∥∥,
so the infimum is at least 1/‖S‖ > 0 and α is not an approximate eigenvalue.
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Problem 10B.15. Suppose T is a normal operator on a Hilbert space.
(a) Prove that if α is an eigenvalue of T , then |α|2 is an eigenvalue of T ∗T .
(b) Prove that if α ∈ sp(T ), then |α|2 ∈ sp(T ∗T ).

Solution. (a) If Tf = αf with f 6= 0, then T ∗f = αf by 10.56 (T normal), so

T ∗Tf = αT ∗f = |α|2f.

(b) Exercise 14 of this section identifies the spectrum of a normal operator with its set of approximate
eigenvalues, and shows in general that approximate eigenvalues lie in the spectrum. So it suffices to
produce unit vectors fn with ‖(T ∗T − |α|2I)fn‖ → 0.
By Exercise 14 applied to the normal T , take unit vectors fn with gn := (T −αI)fn → 0. The operator
T − αI is normal (Exercise 14), so 10.53 gives

‖hn‖ = ‖(T ∗ − αI)fn‖ = ‖(T − αI)fn‖ −→ 0,

where hn := (T ∗ − αI)fn. Substituting Tfn = αfn + gn and T ∗fn = αfn + hn,

T ∗Tfn = αT ∗fn + T ∗gn = |α|2fn + αhn + T ∗gn,

whence
‖(T ∗T − |α|2I)fn‖ ≤ |α| ‖hn‖+ ‖T ∗‖ ‖gn‖ −→ 0.

Thus |α|2 is an approximate eigenvalue of T ∗T , so |α|2 ∈ sp(T ∗T ).

Problem 10B.16. Suppose {ek}k∈Z+ is an orthonormal basis of a Hilbert space V . Suppose also
that T is a normal operator on V and ek is an eigenvector of T for every k ≥ 2. Prove that e1 is an
eigenvector of T .

Solution. The vector Te1 is orthogonal to every ek with k ≥ 2, so its expansion collapses to a multiple
of e1.
Write Tek = αkek for k ≥ 2. Normality gives T ∗ek = αkek by 10.56, so for k ≥ 2,

〈Te1, ek〉 = 〈e1, T ∗ek〉 = αk〈e1, ek〉 = 0,

by orthonormality. Hence the basis expansion 8.63(a) gives

Te1 =

∞∑
k=1

〈Te1, ek〉ek = 〈Te1, e1〉e1,

and ‖e1‖ = 1 6= 0, so e1 is an eigenvector with eigenvalue 〈Te1, e1〉.

Problem 10B.17. Prove that if T is a self-adjoint operator on a Hilbert space, then ‖Tn‖ = ‖T‖n
for every n ∈ Z+.

Solution. Get the identity first along powers of 2, then interpolate. Assume T 6= 0 (else both sides
vanish). Each Tn is self-adjoint, since (Tn)∗ = (T ∗)n = Tn by 10.12(d); so Exercise 6 in Section 10A
gives ‖S2‖ = ‖S∗S‖ = ‖S‖2 for S = T 2m , and induction on m yields

‖T 2m+1‖ = ‖T 2m‖2 =
(
‖T‖2m

)2
= ‖T‖2m+1

,

starting from the trivial case m = 0. Thus ‖T 2m‖ = ‖T‖2m for all m ≥ 0.
Now fix n; submultiplicativity (10.20) gives ‖Tn‖ ≤ ‖T‖n. For the converse choose m with j :=
2m − n ≥ 0; if j = 0 we are done, and otherwise two applications of 10.20 give

‖T‖2m = ‖TnT j‖ ≤ ‖Tn‖ ‖T j‖ ≤ ‖Tn‖ ‖T‖2m−n.
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Dividing by ‖T‖2m−n > 0 gives ‖T‖n ≤ ‖Tn‖.

Problem 10B.18. Prove that if T is a normal operator on a Hilbert space, then ‖Tn‖ = ‖T‖n for
every n ∈ Z+.

Solution. Let V be the Hilbert space and let T ∈ B(V ) be normal, so T ∗T = TT ∗. Fix n ∈ Z+.
Apply Exercise 17 of this section to the self-adjoint operator T ∗T , after rewriting (Tn)∗Tn as a power
of T ∗T .
Normality makes T ∗ commute with every power of T : from T ∗T = TT ∗, induction gives

T ∗T k+1 = T kT ∗T = T kTT ∗ = T k+1T ∗.

Hence, by a second induction using this commutation,

(T ∗T )n+1 = (T ∗)nTnT ∗T = (T ∗)nT ∗TnT = (T ∗)n+1Tn+1,

so (T ∗)nTn = (T ∗T )n for all n. Also (Tn)∗ = (T ∗)n and (T ∗T )∗ = T ∗T , both by 10.12(d). Thus by
Exercise 6 in Section 10A (used twice) and Exercise 17,

‖Tn‖2 = ‖(T ∗)nTn‖ = ‖(T ∗T )n‖ = ‖T ∗T‖n = ‖T‖2n,

and taking square roots gives ‖Tn‖ = ‖T‖n.

Problem 10B.19. Suppose T is an invertible operator on a Hilbert space. Prove that T is unitary
if and only if ‖T‖ = ‖T−1‖ = 1.

Solution. Both directions turn on 10.61(b): unitary is the same as surjective isometry. Assume V 6= {0},
as the norms are asserted to be 1.
(i) If T is unitary, then T is an isometry by 10.61, so ‖Tf‖ = ‖f‖ gives ‖T‖ = 1 (a unit vector exists
as V 6= {0}). Also T−1 = T ∗ is unitary by 10.61, so the same argument gives ‖T−1‖ = 1.
(ii) If ‖T‖ = ‖T−1‖ = 1, then for f ∈ V ,

‖Tf‖ ≤ ‖f‖ = ‖T−1(Tf)‖ ≤ ‖Tf‖,

so T is an isometry, and it is surjective since invertible. Hence T is unitary by 10.61.

Problem 10B.20. Suppose T is a bounded operator on a complex Hilbert space, with T = A+ iB,
where A and B are self-adjoint (see 10.54). Prove that T is unitary if and only if T is normal and
A2 +B2 = I.
[If z = x+ yi, where x, y ∈ R, then |z| = 1 if and only if x2 + y2 = 1. Thus this exercise strengthens
the analogy between the unit circle in the complex plane and the unitary operators.]

Solution. Everything follows from expanding T ∗T and TT ∗. Self-adjointness of A and B with 10.12(a),
(b) gives T ∗ = A∗ + iB∗ = A− iB, so

T ∗T = (A− iB)(A+ iB) = (A2 +B2) + i(AB −BA),

TT ∗ = (A+ iB)(A− iB) = (A2 +B2)− i(AB −BA).

(i) If T is unitary, then T ∗T = TT ∗ = I, so T is normal by 10.50, whence AB = BA by 10.54(b) and
the first display reads I = A2 +B2.
(ii) If T is normal and A2 +B2 = I, then AB = BA by 10.54(b), so both displays give T ∗T = TT ∗ =
A2 +B2 = I; by 10.58, T is unitary.
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Problem 10B.21. Suppose T is a unitary operator on a complex Hilbert space such that T − I is
invertible. Prove that

i(T + I)(T − I)−1

is a self-adjoint operator.
[The function z 7→ i(z + 1)(z − 1)−1 maps {z ∈ C : |z| = 1} \ {1} to R. Thus this exercise provides
another useful illustration of the analogies showing unitary ≈ {z ∈ C : |z| = 1} and self-adjoint
≈ R.]

Solution. Set S = i(T + I)(T − I)−1, a bounded operator since T − I is invertible; we compute S∗ and
get S back, using T ∗ = T−1 (10.61).
By 10.12(a), (b), (d), and by 10.19 (which makes (T − I)∗ invertible with inverse ((T − I)−1)∗),

S∗ = −i
(
(T − I)−1

)∗
(T + I)∗ = −i (T ∗ − I)−1(T ∗ + I).

Substituting T ∗ = T−1 and factoring,

T ∗ − I = −T−1(T − I), T ∗ + I = T−1(T + I),

so inverting the first product of invertibles gives (T ∗ − I)−1 = −(T − I)−1T and hence

S∗ = i (T − I)−1 T T−1 (T + I) = i (T − I)−1(T + I).

Finally T + I commutes with (T − I)−1, because (T + I)(T − I) = T 2 − I = (T − I)(T + I) and one
may multiply by (T − I)−1 on both sides. Therefore S∗ = i(T + I)(T − I)−1 = S.

Problem 10B.22. Suppose T is a self-adjoint operator on a complex Hilbert space. Prove that

(T + iI)(T − iI)−1

is a unitary operator.
[The function z 7→ (z + i)(z − i)−1 maps R to {z ∈ C : |z| = 1} \ {1}. Thus this exercise provides
another useful illustration of the analogies showing (a) unitary ⇐⇒ {z ∈ C : |z| = 1}; (b) self-adjoint
⇐⇒ R.]

Solution. Write A = T + iI, B = T − iI, so U = AB−1; we show U∗U = UU∗ = I. Self-adjointness
gives sp(T ) ⊆ R by 10.49, so ±i /∈ sp(T ) and both A and B are invertible; thus U ∈ B(V ).
By 10.12(a), (b), (c) and T ∗ = T , we have A∗ = B and B∗ = A; and (S−1)∗ = (S∗)−1 for invertible S,
by taking adjoints in SS−1 = S−1S = I. Hence

U∗ = (B−1)∗A∗ = (B∗)−1B = A−1B.

Also AB = T 2 + I = BA, and multiplying AB = BA by B−1 on both sides gives B−1A = AB−1; the
same trick with A−1 commutes all four operators. Therefore

U∗U = A−1BAB−1 = I and UU∗ = AB−1A−1B = I,

so U is unitary by 10.58.

Problem 10B.23. For T a bounded operator on a Banach space, define eT by

eT =

∞∑
k=0

T k

k!
.

(a) Prove that if T is a bounded operator on a Banach space V , then the infinite sum above converges
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in B(V ) and ‖eT ‖ ≤ e‖T‖.
(b) Prove that if S, T are bounded operators on a Banach space V such that ST = TS, then
eSeT = eS+T .
(c) Prove that if T is a self-adjoint operator on a complex Hilbert space, then eiT is unitary.

Solution. Throughout, T 0 = I and ‖T k‖ ≤ ‖T‖k for k ≥ 0, by submultiplicativity of the operator
norm.
(a) The series converges absolutely in the Banach space B(V ) (6.47), since

∞∑
k=0

∥∥∥∥T kk!
∥∥∥∥ ≤

∞∑
k=0

‖T‖k

k!
= e‖T‖ <∞,

so it converges by 6.41. The same bound applies to each partial sum An =
∑

k≤n T
k/k!, and continuity

of the norm gives ‖eT ‖ = limn ‖An‖ ≤ e‖T‖.
(b) Commutation gives the binomial theorem

(S + T )m =
m∑
k=0

(
m

k

)
SkTm−k,

proved by induction on m exactly as for numbers, using T jS = ST j and Pascal’s identity. (Check!)
Set

An =

n∑
j=0

Sj

j!
, Bn =

n∑
k=0

T k

k!
, Cn =

n∑
m=0

(S + T )m

m!
,

which converge to eS , eT , eS+T by (a). Multiplying out and using the binomial theorem,

AnBn =

n∑
j=0

n∑
k=0

SjT k

j! k!
, Cn =

n∑
m=0

1

m!

m∑
k=0

(
m

k

)
SkTm−k =

∑
j,k≥0
j+k≤n

SjT k

j! k!
.

Every index pair in Cn also occurs in AnBn, so

AnBn − Cn =
∑

(j,k)∈Dn

SjT k

j! k!
, where Dn = {(j, k) : 0 ≤ j, k ≤ n and j + k > n}.

Writing a = ‖S‖ and b = ‖T‖, the triangle inequality and ‖SjT k‖ ≤ ajbk give

‖AnBn − Cn‖ ≤
∑

(j,k)∈Dn

ajbk

j! k!
=

 n∑
j=0

aj

j!

( n∑
k=0

bk

k!

)
−
∑
j,k≥0
j+k≤n

ajbk

j! k!
,

the same index bookkeeping, now for nonnegative reals. The first product tends to eaeb and the
subtracted sum equals

∑
m≤n(a+b)

m/m! → ea+b = eaeb, so ‖AnBn−Cn‖ → 0. Finally AnBn → eSeT ,
since

‖AnBn − eSeT ‖ ≤ ‖An − eS‖ ‖Bn‖+ ‖eS‖ ‖Bn − eT ‖ → 0,

using ‖Bn‖ ≤ eb from (a). Hence eSeT = limnAnBn = limnCn = eS+T .
(c) First, (eA)∗ = eA

∗ for every A ∈ B(V ): taking adjoints term by term in a partial sum (legitimate
by 10.12 and (Ak)∗ = (A∗)k, with 1/k! real) gives(

n∑
k=0

Ak

k!

)∗

=
n∑
k=0

(A∗)k

k!
,

and the adjoint is continuous because ‖A∗ − B∗‖ = ‖A− B‖ by 10.11. With A = iT , self-adjointness
gives (iT )∗ = iT ∗ = −iT , so (eiT )∗ = e−iT . Since iT and −iT commute, part (b) gives

(eiT )∗eiT = e−iT eiT = e0 = I = eiT e−iT = eiT (eiT )∗,

so eiT is unitary by 10.58.
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Problem 10B.24. A bounded operator T on a Hilbert space is called a partial isometry if

‖Tf‖ = ‖f‖ for all f ∈ (nullT )⊥.

Suppose (X,S, µ) is a σ-finite measure space and h ∈ L∞(µ). As usual, let Mh ∈ B
(
L2(µ)

)
denote

the multiplication operator defined by Mhf = fh. Prove that Mh is a partial isometry if and only
if there exists a set E ∈ S such that |h| = χE .

Solution. The condition is that |h| = 1 almost everywhere on W = {h 6= 0}, and then E = W works.
Fix an S-measurable representative of h and write Z = X \W = {h = 0}.
First, Mhf = 0 if and only if f = 0 a.e. on W , so

(nullMh)
⊥ = {f ∈ L2(µ) : f = 0 a.e. on Z} :

⊇ holds because such f and any g ∈ nullMh have fg = 0 a.e.; ⊆ holds because g = χZf ∈ nullMh

forces 0 = 〈f, g〉 =
∫
Z |f |2 dµ. Since ‖Mhf‖2 =

∫
X |f |2|h|2 dµ, the operator Mh is a partial isometry if

and only if
(∗)

∫
W

|f |2
(
|h|2 − 1

)
dµ = 0 whenever f = 0 a.e. on Z.

(i) If |h| = χE , then W = E up to a null set and |h|2 − 1 = 0 a.e. on W , so (∗) holds.
(ii) Conversely, suppose Mh is a partial isometry but µ({x ∈W : |h(x)| 6= 1}) > 0. Since

{x ∈W : |h(x)| 6= 1} =
∞⋃
n=1

({
x ∈W : |h(x)| ≥ 1 + 1

n

}
∪
{
x ∈W : 0 < |h(x)| ≤ 1− 1

n

})
,

countable subadditivity gives n and F ∈ S with F ⊆W , µ(F ) > 0, and either |h| ≥ 1 + 1
n throughout

F or |h| ≤ 1− 1
n throughout F . By σ-finiteness, intersecting F with a piece of finite measure produces

A ⊆W with 0 < µ(A) <∞. Then f = χA lies in (nullMh)
⊥ with ‖f‖2 = µ(A), and in the first case

‖Mhf‖2 =
∫
A
|h|2 dµ ≥

(
1 + 1

n

)2
µ(A) > µ(A) = ‖f‖2,

and in the second case,

‖Mhf‖2 =
∫
A
|h|2 dµ ≤

(
1− 1

n

)2
µ(A) < µ(A) = ‖f‖2,

the strict inequalities using 0 < µ(A) < ∞. Either way ‖Mhf‖ 6= ‖f‖, a contradiction. Hence |h| = 1
a.e. on W and |h| = 0 on Z, so |h| = χW and E =W is the desired set.

Problem 10B.25. Suppose T is an isometry on a Hilbert space. Prove that T ∗ is a partial isometry.

Solution. The point is that (nullT ∗)⊥ = rangeT , on which T ∗ undoes T .
The range of T is closed: if Tfn → g, then ‖fn − fm‖ = ‖Tfn − Tfm‖ → 0, so fn → f for some f by
completeness, and continuity gives g = Tf . Hence 10.13(d) gives

(nullT ∗)⊥ = rangeT = rangeT.

Now let g = Tf be in this subspace. Since T ∗T = I by 10.60,

‖T ∗g‖ = ‖T ∗Tf‖ = ‖f‖ = ‖Tf‖ = ‖g‖,

so T ∗ is a partial isometry.
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Problem 10B.26. Suppose T is a bounded operator on a Hilbert space V . Prove that T is a partial
isometry if and only if T ∗T = PU for some closed subspace U of V .

Solution. The subspace is U = (nullT )⊥. Two identities drive both directions: ‖Sf‖2 = 〈f, S∗Sf〉 for
S ∈ B(V ), and, by orthogonality of PW f and f − PW f (8.43),

〈f, PW f〉 = ‖PW f‖2.

(i) If T ∗T = PU , then ‖Tf‖2 = 〈f, PUf〉 = ‖PUf‖2 for all f , so ‖Tf‖ = ‖PUf‖. In particular
nullT = nullPU = U⊥ by 8.45(a), and taking complements of the closed U via 8.41 gives (nullT )⊥ = U .
For f ∈ U we have PUf = f , so ‖Tf‖ = ‖f‖.
(ii) If T is a partial isometry, put U = (nullT )⊥, a closed subspace with U⊥ = nullT (by 8.41, nullT
being closed). Decomposing f = PUf + (f − PUf) with f − PUf ∈ nullT gives Tf = TPUf , and the
partial-isometry hypothesis at PUf ∈ U gives

〈f, T ∗Tf〉 = ‖Tf‖2 = ‖PUf‖2 = 〈f, PUf〉.

So S = T ∗T − PU satisfies 〈f, Sf〉 = 0 for all f ; it is self-adjoint, since (T ∗T )∗ = T ∗T and P ∗
U = PU

(last bullet of 10.45), so S = 0 by 10.46.

10.3 Exercises 10C

Problem 10C.1. Prove that if T is a compact operator on a Hilbert space V and e1, e2, . . . is an
orthonormal sequence in V , then limn→∞ Ten = 0.

Solution. An orthonormal sequence converges weakly to 0, so Exercise 3 of this section applies.
Indeed, Bessel’s inequality (8.57), applied to the orthonormal family {en} and any h ∈ V , gives

∞∑
n=1

|〈h, en〉|2 ≤ ‖h‖2 <∞.

The terms of a convergent series tend to 0, so 〈h, en〉 → 0, and hence

lim
n→∞

〈en, h〉 = lim
n→∞

〈h, en〉 = 0 for every h ∈ V.

Thus Exercise 3 (whose hypothesis is exactly this weak convergence, with T compact as assumed)
yields limn→∞ ‖Ten‖ = 0.

Problem 10C.2. Prove that if T is a compact operator on L2([0, 1]), then

lim
n→∞

√
n ‖T (xn)‖2 = 0,

where xn means the element of L2([0, 1]) defined by x 7→ xn.

Solution. Normalize: ‖xn‖22 =
∫ 1
0 x

2n dx = 1/(2n+ 1), so

gn =
√
2n+ 1xn

has ‖gn‖2 = 1, and
√
n ‖T (xn)‖2 ≤ 2−1/2‖Tgn‖2. It therefore suffices to show gn → 0 weakly and

quote Exercise 3 of this section.
Fix h ∈ L2([0, 1]) and ε > 0. Since |h|2χ[1−1/m,1] → 0 pointwise on [0, 1) and is dominated by the
integrable |h|2, the Dominated Convergence Theorem (3.31) gives

∫ 1
1−δ |h|

2 → 0 as δ ↓ 0; choose
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δ ∈ (0, 1) with
(∫ 1

1−δ |h|
2
)1/2

< ε/2. Splitting at 1− δ and using Cauchy–Schwarz on each piece,

|〈gn, h〉| ≤
√
2n+ 1

∫ 1−δ

0
xn|h| dx +

√
2n+ 1

∫ 1

1−δ
xn|h| dx

≤
√
2n+ 1 (1− δ)n‖h‖2 +

√
2n+ 1

(∫ 1

1−δ
x2n
)1/2(∫ 1

1−δ
|h|2
)1/2

≤
√
2n+ 1 (1− δ)n‖h‖2 + ε

2 ,

where the first term used xn ≤ (1− δ)n on [0, 1− δ] together with
∫ 1
0 |h| ≤ ‖h‖2, and the last step used∫ 1

1−δ x
2n ≤ 1/(2n + 1). Because 0 < 1 − δ < 1, exponential decay beats

√
2n+ 1, so the first term is

< ε/2 for all large n. Hence 〈gn, h〉 → 0 for every h.
Thus g1, g2, . . . is a sequence converging weakly to 0, so Exercise 3 gives ‖Tgn‖2 → 0 and therefore

lim
n→∞

√
n ‖T (xn)‖2 = lim

n→∞

√
n

2n+1 ‖Tgn‖2 = 0.

Problem 10C.3. Suppose T is a compact operator on a Hilbert space V and f1, f2, . . . is a sequence
in V such that limn→∞〈fn, g〉 = 0 for every g ∈ V . Prove that limn→∞ ‖Tfn‖ = 0.

Solution. The sequence f1, f2, . . . is bounded, and then compactness of T leaves no room for ‖Tfn‖ to
stay away from 0.
Boundedness: define ϕn ∈ B(V,F) by ϕn(g) = 〈g, fn〉, which is linear in g and satisfies ‖ϕn‖ = ‖fn‖
(Cauchy–Schwarz gives ≤; the choice g = fn gives ≥). For each fixed g,

ϕn(g) = 〈fn, g〉 −→ 0,

so supn |ϕn(g)| < ∞ for every g ∈ V . A Hilbert space is a Banach space, so the Principle of Uniform
Boundedness (6.86) applies and yields supn ‖fn‖ = supn ‖ϕn‖ <∞.
Now suppose ‖Tfn‖ 6→ 0, so that ‖Tfnk

‖ ≥ ε > 0 for some subsequence. That subsequence is bounded,
so compactness of T (10.66) gives a further subsequence with Tfnkj

→ u for some u ∈ V . Since T is
bounded (10.68), the adjoint T ∗ exists, and continuity of the inner product in its first slot gives

‖u‖2 = lim
j→∞

〈Tfnkj
, u〉 = lim

j→∞
〈fnkj

, T ∗u〉 = 0,

the last equality by the hypothesis with g = T ∗u. Hence u = 0 and ‖Tfnkj
‖ → 0, contradicting

‖Tfnkj
‖ ≥ ε. Therefore limn→∞ ‖Tfn‖ = 0.

Problem 10C.4. Suppose h ∈ L∞(R). Define Mh ∈ B
(
L2(R)

)
by Mhf = fh. Prove that if

‖h‖∞ > 0, then Mh is not compact.

Solution. The witnesses are normalized indicators of infinitely many disjoint sets on which |h| is bounded
below; their images under Mh are mutually far apart. Write λ for Lebesgue measure and put c =
1
2‖h‖∞ > 0.
The set E = {x : |h(x)| > c} has λ(E) > 0, since λ(E) = 0 would force ‖h‖∞ ≤ c < ‖h‖∞. Because E
is the countable union of the sets E ∩ [n, n+ 1), countable additivity gives an n0 ∈ Z with

E0 = E ∩ [n0, n0 + 1), 0 < λ(E0) ≤ 1.

Split E0 into infinitely many disjoint pieces: the function ϕ(t) = λ
(
E0 ∩ (−∞, t]

)
on [n0, n0 + 1]

is nondecreasing and Lipschitz, hence continuous, with ϕ(n0) = 0 and ϕ(n0 + 1) = λ(E0). By the
Intermediate Value Theorem pick tk with ϕ(tk) = λ(E0)(1 − 2−k); these values increase strictly, so
t1 < t2 < · · ·. Setting A1 = E0 ∩ (−∞, t1] and Ak = E0 ∩ (tk−1, tk] for k ≥ 2 gives pairwise disjoint
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Borel sets with
λ(A1) =

1
2λ(E0), λ(Ak) = 2−kλ(E0) ∈ (0,∞).

Now let fk = χAk
/
√
λ(Ak), so ‖fk‖2 = 1 and f1, f2, . . . is bounded. Since |h| > c on Ak ⊆ E,

‖Mhfk‖22 =
1

λ(Ak)

∫
Ak

|h|2 dλ ≥ c2,

and Mhfj ,Mhfk have disjoint supports for j 6= k, so

‖Mhfj −Mhfk‖22 = ‖Mhfj‖22 + ‖Mhfk‖22 ≥ 2c2.

Hence no subsequence of Mhf1,Mhf2, . . . is Cauchy, so the definition of compactness (10.66) fails and
Mh is not compact.

Problem 10C.5. Suppose (b1, b2, . . .) ∈ `∞. Define T : `2 → `2 by

T (a1, a2, . . .) = (a1b1, a2b2, . . .).

Prove that T is compact if and only if limn→∞ bn = 0.

Solution. Both directions run through the standard orthonormal basis e1, e2, . . . of `2, for which Tek =
bkek and hence ‖Tek‖ = |bk|. (That T ∈ B(`2) with ‖T‖ ≤ ‖b‖∞ follows from

∑
k |akbk|2 ≤ ‖b‖2∞‖a‖2.)

(i) Suppose bn → 0. Let Tn(a1, a2, . . .) = (a1b1, . . . , anbn, 0, 0, . . .), a bounded operator whose range
lies in span(e1, . . . , en), hence compact by 10.67. For a ∈ `2,

‖(T − Tn)a‖2 =
∑
k>n

|akbk|2 ≤
(

sup
k>n

|bk|
)2

‖a‖2,

so ‖T − Tn‖ ≤ supk>n |bk| → 0. Thus T is a norm limit of compact operators, and C(`2) is closed in
B(`2) by 10.69(a), so T is compact.
(ii) Suppose T is compact. Applying Exercise 1 of this section to the orthonormal sequence e1, e2, . . .
gives

lim
n→∞

|bn| = lim
n→∞

‖Ten‖ = 0.

Problem 10C.6. Suppose T is a bounded operator on a Hilbert space V . Prove that if there exists
an orthonormal basis {ek}k∈Γ of V such that∑

k∈Γ
‖Tek‖2 <∞,

then T is compact.

Solution. Truncating the orthonormal basis produces finite-rank operators converging to T in norm,
and C(V ) is closed.
Write S =

∑
k∈Γ ‖Tek‖2 <∞; the terms are nonnegative, so S is the supremum of the sums over finite

subsets of Γ (first bullet point following 8.53). Given ε > 0, choose a finite Ω ⊆ Γ with
∑

k∈Ω ‖Tek‖2 >
S − ε2; then for every finite F ⊆ Γ \ Ω, disjointness of Ω and F gives∑

k∈F
‖Tek‖2 =

∑
k∈Ω∪F

‖Tek‖2 −
∑
k∈Ω

‖Tek‖2 ≤ ε2.

Define PΩ : V → V by
PΩf =

∑
k∈Ω

〈f, ek〉ek
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(a finite sum), bounded because ‖PΩf‖2 =
∑

k∈Ω |〈f, ek〉|2 ≤ ‖f‖2 by Bessel’s inequality (8.57), with
range in span{ek}k∈Ω. So TPΩ has finite-dimensional range and is compact by 10.67.
Fix f ∈ V . Parseval’s identity 8.63(a) gives f =

∑
k∈Γ〈f, ek〉ek, so splitting off the finite piece indexed

by Ω leaves the convergent unordered sum f − PΩf =
∑

k∈Γ\Ω〈f, ek〉ek (Check!), and applying the
bounded, hence continuous, operator T term by term yields

T (f − PΩf) =
∑
k∈Γ\Ω

〈f, ek〉Tek.

For finite F ⊆ Γ \ Ω, the triangle inequality, Cauchy–Schwarz, Bessel’s inequality, and the tail bound
above give ∥∥∥∑

k∈F
〈f, ek〉Tek

∥∥∥ ≤
∑
k∈F

|〈f, ek〉| ‖Tek‖

≤
(∑
k∈F

|〈f, ek〉|2
)1/2(∑

k∈F
‖Tek‖2

)1/2
≤ ‖f‖ · ε.

Because T (f − PΩf) is the limit of such partial sums, this gives ‖(T − TPΩ)f‖ ≤ ε‖f‖ for every f , so
‖T − TPΩ‖ ≤ ε.
Taking ε = 1/m yields finite sets Ωm with TPΩm compact and ‖T − TPΩm‖ ≤ 1/m. Since C(V ) is
closed in B(V ) by 10.69(a), T is compact.

Problem 10C.7. Suppose T is a bounded operator on a Hilbert space V . Prove that if {ek}k∈Γ and
{fj}j∈Ω are orthonormal bases of V , then∑

k∈Γ
‖Tek‖2 =

∑
j∈Ω

‖Tfj‖2.

Solution. Both sides equal
∑

j∈Ω ‖T ∗fj‖2. All sums have nonnegative terms, so each is the supremum
of its sums over finite index sets (first bullet point following 8.53) and lives in [0,∞], where the asserted
equality is understood.
The interchange

∑
k∈Γ

∑
j∈Ω ak,j =

∑
j∈Ω

∑
k∈Γ ak,j , valid in [0,∞] for ak,j ≥ 0, is the only tool needed

beyond Parseval. To see it, call the sides L and R, fix a finite G ⊆ Ω, and for each j ∈ G pick a real
Mj <

∑
k∈Γ ak,j and a finite Fj ⊆ Γ with

∑
k∈Fj

ak,j > Mj . With F =
⋃
j∈G Fj , nonnegativity gives∑

j∈G
Mj ≤

∑
j∈G

∑
k∈F

ak,j =
∑
k∈F

∑
j∈G

ak,j ≤ L,

the middle step being a finite rearrangement. Supremum over the Mj , then over G, gives R ≤ L;
symmetry gives L ≤ R.
Now let {ek}k∈Γ and {fj}j∈Ω be any orthonormal bases. Parseval’s identity 8.63(c) applied to Tek,
then the interchange, then 〈Tek, fj〉 = 〈ek, T ∗fj〉 with 8.63(c) applied to T ∗fj , give∑

k∈Γ
‖Tek‖2 =

∑
k∈Γ

∑
j∈Ω

|〈Tek, fj〉|2

=
∑
j∈Ω

∑
k∈Γ

|〈T ∗fj , ek〉|2 =
∑
j∈Ω

‖T ∗fj‖2.

Call this (?). Using (?) with both bases equal to {fj}j∈Ω and then with the given pair,∑
j∈Ω

‖Tfj‖2 =
∑
j∈Ω

‖T ∗fj‖2 =
∑
k∈Γ

‖Tek‖2.
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Problem 10C.8. Suppose T is a bounded operator on a Hilbert space. Prove that T is compact if
and only if T ∗T is compact.

Solution. (i) If T is compact, then T ∗T is compact by 10.69(b), since T ∗ is bounded.
(ii) Suppose T ∗T is compact, and let f1, f2, . . . be a bounded sequence in V , say M = supn ‖fn‖ <∞.
Compactness gives a subsequence along which T ∗Tfn1 , T

∗Tfn2 , . . . converges, hence is Cauchy. Writing
h = fnj − fnk

, so that ‖h‖ ≤ 2M , Cauchy–Schwarz gives

‖Tfnj − Tfnk
‖2 = 〈T ∗Th, h〉 ≤ ‖T ∗Th‖ ‖h‖ ≤ 2M ‖T ∗Tfnj − T ∗Tfnk

‖.

The right side tends to 0 as j, k → ∞, so Tfn1 , T fn2 , . . . is Cauchy and converges by completeness of
V . Hence T is compact.

Problem 10C.9. Prove that if T is a compact operator on an infinite-dimensional Hilbert space,
then ‖I − T‖ ≥ 1.

Solution. Test I − T on an orthonormal sequence, along which ‖Ten‖ → 0.
Since V is infinite-dimensional, no finite list spans it, so a linearly independent sequence f1, f2, . . . may
be chosen inductively; Gram–Schmidt (see the proof of 8.67) turns it into an orthonormal sequence
e1, e2, . . .. By Exercise 1 of this section, limn→∞ ‖Ten‖ = 0. Since ‖en‖ = 1,

‖I − T‖ ≥ ‖(I − T )en‖ ≥ ‖en‖ − ‖Ten‖ = 1− ‖Ten‖,

and letting n→ ∞ gives ‖I − T‖ ≥ 1.

Problem 10C.10. Show that if T is a surjective but not injective operator on a vector space V ,
then

nullT ( nullT 2 ( nullT 3 ( · · · .

Solution. Pull a fixed nonzero null vector back through Tn. Fix f 6= 0 with Tf = 0, available because
T is not injective.
The inclusions nullTn ⊆ nullTn+1 are immediate from Tn+1f = T (Tnf). For strictness, fix n ∈ Z+;
since T is surjective so is Tn, so there is g ∈ V with Tng = f . Then

Tn+1g = Tf = 0 while Tng = f 6= 0,

so g ∈ nullTn+1 \ nullTn. As n was arbitrary, every inclusion in the chain is strict.

Problem 10C.11. Suppose T is a compact operator on a Hilbert space and α ∈ F \ {0}.
(a) Prove that range(T − αI)m−1 = range(T − αI)m for some m ∈ Z+.
(b) Prove that null(T − αI)n−1 = null(T − αI)n for some n ∈ Z+.
(c) Show that the smallest positive integer m that works in (a) equals the smallest positive integer
n that works in (b).

Solution. Write S = T −αI on the Hilbert space V , with S0 = I. The engine is the Binomial Theorem:
for k ∈ Z+,

Sk = Ck − βkI, Ck =

k∑
j=1

(
k

j

)
(−α)k−jT j , βk = −(−α)k 6= 0,

where each term of Ck is a bounded operator composed with the compact T , hence compact by 10.69(b),
so Ck is compact by 10.69(a). Therefore rangeSk is closed by 10.77 and nullSk is finite-dimensional
by 10.82 (trivially so for k = 0).
(a) The ranges decrease, since Skf = Sk−1(Sf). Suppose every inclusion were strict. Fix n; then
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U = rangeSn is closed in the complete space V , hence a Hilbert space by 6.16(b), and rangeSn+1 is a
proper closed subspace of U . Splitting some f ∈ U \ rangeSn+1 by 8.43 inside U and normalizing the
(nonzero) component orthogonal to rangeSn+1 gives

fn ∈ rangeSn ∩
(
rangeSn+1

)⊥
, ‖fn‖ = 1.

For j < k, writing T = S + αI gives Tfj − Tfk = u + αfj with u = Sfj − Sfk − αfk. Here
Sfj ∈ rangeSj+1, while fk and Sfk lie in rangeSk ⊆ rangeSj+1 because k ≥ j + 1; so u ⊥ fj and the
Pythagorean identity gives

‖Tfj − Tfk‖2 = ‖u‖2 + |α|2 ≥ |α|2 > 0.

Then Tf1, T f2, . . . has no Cauchy subsequence though f1, f2, . . . is bounded, contradicting compactness
of T .
(b) The nulls increase, and each nullSk is closed since Sk is bounded. Suppose every inclusion were
strict. The same splitting, applied by 8.43 inside the Hilbert space nullSn to some f ∈ nullSn \
nullSn−1, gives

en ∈ nullSn ∩
(
nullSn−1

)⊥
, ‖en‖ = 1.

For j < k, Tek−Tej = v+αek with v = Sek−Sej−αej . Here Sek ∈ nullSk−1 because Sk−1(Sek) = 0,
while ej ∈ nullSj ⊆ nullSk−1 and Sej ∈ nullSj−1 ⊆ nullSk−1; so v ⊥ ek and Pythagoras gives
‖Tek − Tej‖ ≥ |α| > 0, the same contradiction.
(c) Put dk = dim nullSk and ck = dim(rangeSk)⊥. These agree and are finite: both vanish at k = 0,
and for k ≥ 1, 10.13(a) gives (

rangeSk
)⊥

= null(Sk)∗ = null
(
C ∗
k − βkI

)
,

with C ∗
k compact by 10.73, so both spaces are finite-dimensional by 10.82, and 10.91 applied to the

compact Ck and the nonzero βk gives dk = ck.
Moreover rangeSk−1 = rangeSk exactly when ck−1 = ck: the inclusion (rangeSk−1)⊥ ⊆ (rangeSk)⊥
between finite-dimensional spaces of equal dimension is an equality, and taking orthogonal complements
of the closed ranges recovers them by 8.41. Likewise nullSk−1 = nullSk exactly when dk−1 = dk, the
nulls being nested and finite-dimensional. So the smallest m in (a) is the least k with ck−1 = ck, the
smallest n in (b) is the least k with dk−1 = dk, and dk = ck for all k forces m = n.

Problem 10C.12. Prove that if f : [0, 1] → F is a continuous function, then there exists a continuous
function g : [0, 1] → F such that

f(x) = g(x) +

∫ x

0
g

for all x ∈ [0, 1].

Solution. Take
g(x) = f(x)− h(x), h(x) = e−x

∫ x

0
etf(t) dt,

which is continuous because f is. Since f is continuous, the Fundamental Theorem of Calculus gives
h(0) = 0 and

h′(x) = −e−x
∫ x

0
etf(t) dt+ e−xexf(x) = f(x)− h(x) = g(x),

so
∫ x
0 g = h(x)− h(0) = h(x) and therefore

g(x) +

∫ x

0
g = f(x)− h(x) + h(x) = f(x)

for all x ∈ [0, 1].
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Method (2): let V be the Volterra operator (Vh)(x) =
∫ x
0 h on L2([0, 1]) (Example 10.15), which

is compact (comment after the proof of 10.70) with sp(V) = {0} (Example 10.89). Hence −1 /∈
sp(V), so I + V is invertible in B(L2([0, 1])), and since the continuous f is bounded on [0, 1], hence
in L2([0, 1]), there is g0 ∈ L2([0, 1]) with g0 + Vg0 = f . Cauchy–Schwarz on the measure-one interval
[0, 1] gives ‖g0‖1 ≤ ‖g0‖2 < ∞, so g0 is integrable and x 7→

∫ x
0 g0 is continuous by the Dominated

Convergence Theorem (3.31), the integrands χ[0,xn]g0 being dominated by |g0|. Thus g(x) = f(x)−
∫ x
0 g0

is continuous, equals g0 almost everywhere by the equation above, and so satisfies g(x) +
∫ x
0 g =

g(x) +
∫ x
0 g0 = f(x) at every x ∈ [0, 1].

Problem 10C.13. Suppose S is a bounded invertible operator on a Hilbert space V and T is a
compact operator on V .
(a) Prove that S + T has closed range.
(b) Prove that S + T is injective if and only if S + T is surjective.
(c) Prove that null(S + T ) and null(S∗ + T ∗) are finite-dimensional.
(d) Prove that dim null(S + T ) = dim null(S∗ + T ∗).
(e) Prove that there exists R ∈ B(V ) such that rangeR is finite-dimensional and S + T + R is
invertible.

Solution. Everything follows from the two factorizations

S + T = S(I +K) = (I + L)S, K = S−1T, L = TS−1,

in which K and L are compact by 10.69(b), since S−1 is bounded [10.18 with the Bounded Inverse
Theorem 6.83], so S is a homeomorphism of V onto V . Also S∗ is invertible with (S∗)−1 = (S−1)∗,
and T ∗ is compact by 10.73.
(a) By 10.77 applied to the compact K and α = −1 6= 0, the subspace range(I +K) is closed, and

range(S + T ) = S
(
range(I +K)

)
is the inverse image of that closed set under the continuous S−1, hence closed.
(b) Since S is bijective, S+T = S(I+K) is injective (surjective) exactly when I+K is. The Fredholm
Alternative 10.85, applied to the compact K with α = −1, makes “−1 is an eigenvalue of K” equivalent
to “K + I is not surjective”, that is, I +K fails injectivity exactly when it fails surjectivity.
(c) Injectivity of S gives null(S + T ) = null(K − (−1)I), finite-dimensional by 10.82 (compact K,
α = −1 6= 0). The same argument with S∗, T ∗ in place of S, T gives null(S∗+T ∗) = null(I+(S∗)−1T ∗),
finite-dimensional because (S∗)−1T ∗ is compact by 10.69(b).
(d) Chain the three identifications

null(I + L) = S
(
null(S + T )

)
,

dim null(I + L) = dim null(I + L∗),

null(S∗ + T ∗) = null(I + L∗).

The first holds because (I+L)Sh = (S+T )h and S is a linear isomorphism of V , so dimensions match;
the second is 10.91 for the compact L with α = −1 = −1; the third holds because (S+T )∗ = S∗(I+L∗)
with S∗ injective. Hence dim null(S + T ) = dim null(S∗ + T ∗).
(e) Take R = 0 if N = null(S + T ) is {0}, since then (b) makes S + T bijective, hence invertible by
10.18 with bounded inverse by 6.83. Otherwise let d = dimN ≥ 1, finite by (c), and note that by (a)
and 10.13(a), (

range(S + T )
)⊥

= null(S∗ + T ∗),

which has dimension d by (d). Pick orthonormal bases e1, . . . , ed of N (Gram–Schmidt) and u1, . . . , ud
of (range(S + T ))⊥, and set

Rf =
d∑
j=1

〈f, ej〉uj ,
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so ‖Rf‖2 =
∑d

j=1 |〈f, ej〉|2 ≤ ‖f‖2 by the Pythagorean identity and Bessel’s inequality (8.57), and
rangeR ⊆ span{u1, . . . , ud} is finite-dimensional.
Then S + T +R is injective: if (S + T )f +Rf = 0, the two summands are orthogonal, so both vanish;
Rf = 0 forces 〈f, ej〉 = 0 for all j, while (S + T )f = 0 puts f ∈ N , whence f =

∑
j〈f, ej〉ej = 0.

Since R is compact by 10.67 and hence T +R is compact by 10.69(a), part (b) applied to T +R makes
S + T +R surjective as well, hence invertible by 10.18 and 6.83.

Problem 10C.14. Suppose T is a compact operator on a Hilbert space V . Prove that rangeT is a
separable subspace of V .

Solution. Write rangeT =
⋃∞
n=1 T (Bn), where Bn = {f ∈ V : ‖f‖ ≤ n}; it is enough that each T (Bn)

be separable, since a countable union of countable dense sets is one.
Each T (Bn) is totally bounded. Otherwise some ε > 0 admits no finite cover of T (Bn) by ε-balls
centred in it, so one can choose f1, f2, . . . ∈ Bn inductively (starting at f1 = 0, with fk+1 outside the
ε-balls about Tf1, . . . , T fk) with

‖Tfj − Tfk‖ ≥ ε whenever j 6= k,

so Tf1, T f2, . . . has no convergent subsequence although f1, f2, . . . is bounded, contradicting compact-
ness (10.66).
A totally bounded set A is separable: choosing for each k a finite Fk ⊆ A whose 1/k-balls cover A
makes

⋃
k Fk a countable dense subset (Check!). So each T (Bn) has a countable dense subset Dn, and

D =
⋃
nDn is a countable dense subset of rangeT : any g = Tf lies in T (Bn) once n ≥ ‖f‖. Hence

rangeT is separable.

Problem 10C.15. Suppose T is a compact operator on a Hilbert space V and e1, e2, . . . is an
orthonormal basis of rangeT . Let Pn denote the orthogonal projection of V onto span{e1, . . . , en}.
(a) Prove that limn→∞ ‖T − PnT‖ = 0.
(b) Prove that a bounded operator on a Hilbert space V is compact if and only if it is the limit in
B(V ) of a sequence of bounded operators with finite-dimensional range.

Solution. Write U = rangeT , a closed subspace of V and hence a Hilbert space of which e1, e2, . . . is
an orthonormal basis.
(a) Two facts drive the argument. First, ‖I − Pn‖ ≤ 1, because f − Pnf ⊥ Pnf makes ‖f‖2 =
‖Pnf‖2 + ‖f − Pnf‖2. Second, ‖h− Pnh‖ → 0 for every h ∈ U : by 8.71 and Parseval,

‖h− Pnh‖2 =
∑
k>n

|〈h, ek〉|2 −→ 0,

the series
∑

k |〈h, ek〉|2 = ‖h‖2 being convergent.
Now if ‖T − PnT‖ 6→ 0, there are ε > 0, indices n1 < n2 < · · ·, and vectors fj with ‖fj‖ ≤ 1 and
‖(I − Pnj )Tfj‖ > ε. Compactness of T gives a subsequence with Tfji → g, and g ∈ U because U is
closed. Then

ε < ‖(I − Pnji
)Tfji‖ ≤ ‖Tfji − g‖+ ‖g − Pnji

g‖,
using ‖I−Pn‖ ≤ 1 on the first summand. Both terms on the right tend to 0 (the second because g ∈ U
and nji → ∞), a contradiction. Hence limn→∞ ‖T − PnT‖ = 0.
(b) If ‖S − Sn‖ → 0 with each Sn bounded of finite-dimensional range, then each Sn is compact by
10.67 and C(V ) is closed in B(V ) by 10.69(a), so S is compact.
Conversely let T be compact. By Exercise 14 of this section rangeT is separable, hence so is its closure
U . If U is finite-dimensional, the constant sequence T, T, . . . does the job. Otherwise 8.67 gives an
orthonormal basis of U , necessarily countable (distinct basis vectors are

√
2 apart, so the balls of radius

1
2 about them are disjoint and each captures a distinct point of a fixed countable dense set) and infinite;
list it as e1, e2, . . . and let Pn project onto span{e1, . . . , en}. Part (a) used only that e1, e2, . . . is an
orthonormal basis of U , so ‖T − PnT‖ → 0, and each PnT is bounded with finite-dimensional range.
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Problem 10C.16. Prove that if T is a compact operator on a Hilbert space V , then there exists a
sequence S1, S2, . . . of invertible operators on V such that limn→∞ ‖T − Sn‖ = 0.

Solution. Take Sn = T − αnI, where αn /∈ sp(T ) satisfies 0 < |αn| < 1/n. Such αn exists because
{α ∈ F : 0 < |α| < 1/n} contains the uncountable real interval (0, 1/n), while sp(T ) is countable: T is
compact, so {α ∈ sp(T ) : |α| ≥ 1/m} is finite by 10.93, and

sp(T ) ⊆ {0} ∪
∞⋃
m=1

{
α ∈ sp(T ) : |α| ≥ 1

m

}
is a countable union of finite sets together with one point.
Each Sn is invertible, since αn /∈ sp(T ), and

‖T − Sn‖ = |αn| ‖I‖ ≤ |αn| < 1
n −→ 0.

Problem 10C.17. Suppose T is a bounded operator on a Hilbert space such that p(T ) is compact
for some nonzero polynomial p with coefficients in F. Prove that sp(T ) is a countable set.

Solution. sp(T ) sits inside the p-preimage of the countable set sp(p(T )), and every fibre of p is finite.
If p is a nonzero constant c, then I = c−1p(T ) is compact [C(V ) is a subspace, 10.69(a)], so V is
finite-dimensional (the identity on an infinite-dimensional Hilbert space is not compact; remark after
10.67), where sp(T ) is the set of eigenvalues of T , at most dimV in number. So assume d = deg p ≥ 1.
(i) If α ∈ sp(T ) then p(α) ∈ sp(p(T )). Division by the root α gives a polynomial r over F with
p(z)− p(α) = (z − α)r(z), and polynomials in T commute, so

p(T )− p(α)I = (T − αI) r(T ) = r(T ) (T − αI).

If the left side had inverse R, then T − αI would have right inverse r(T )R and left inverse Rr(T );
these coincide, since B = B(T − αI)A = A for a left inverse B and right inverse A, so T − αI would
be invertible, contradicting α ∈ sp(T ).
(ii) sp(p(T )) is countable, since p(T ) is compact makes each {β ∈ sp(p(T )) : |β| ≥ 1/m} finite by 10.93,
and sp(p(T )) is contained in {0} together with the union of those sets over m ∈ Z+.
(iii) For each β, the set {z ∈ F : p(z) = β} is the root set of the nonzero degree-d polynomial p − β,
hence has at most d elements. By (i),

sp(T ) ⊆
⋃

β∈sp(p(T ))

{z ∈ F : p(z) = β},

a countable union of finite sets, hence countable.

Problem 10C.18. Suppose T ∈ B(`2) is defined by T (a1, a2, a3, . . .) = (a2, a3, a4, . . .). Suppose also
that α ∈ F and |α| < 1.
(a) Show that the geometric multiplicity of α as an eigenvalue of T equals 1.
(b) Show that the algebraic multiplicity of α as an eigenvalue of T equals ∞.

Solution. Write S = T − αI; the geometric multiplicity is dim nullS (10.81) and the algebraic multi-
plicity is dim

⋃
n null(Sn).

(a) The eigenvector is w = (1, α, α2, . . .), which lies in `2 because
∑

n≥0 |α|2n = (1− |α|2)−1 <∞, and
satisfies Tw = αw. Conversely, Tf = αf for f = (a1, a2, . . .) reads an+1 = αan, so an = αn−1a1 and
f = a1w. Hence nullS = span{w} has dimension 1.
(b) The operative fact is that S is surjective, with an explicit right inverse. Let R be the right shift
R(a1, a2, . . .) = (0, a1, a2, . . .), an isometry, so ‖Rj‖ ≤ 1 and TR = I, whence TRj+1 = Rj . Since∑

j |α|j < ∞ and B(`2) is a Banach space, C =
∑∞

j=0 α
jRj+1 converges in B(`2), and applying the
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continuous T and αI term by term gives

SC =
∞∑
j=0

αjTRj+1 −
∞∑
j=0

αj+1Rj+1

=
∞∑
j=0

αjRj −
∞∑
i=1

αiRi = I.

Now dim null(Sn) = n by induction, the case n = 1 being (a). Given the case n, the map Φf = Sf sends
null(Sn+1) into null(Sn) with null space nullS, of dimension 1, and is surjective because g ∈ null(Sn)
has the preimage f = Cg, which satisfies Sf = g and Sn+1f = Sng = 0. So

dim null(Sn+1) = 1 + dim null(Sn) = n+ 1.

Hence
⋃
n null(Sn) contains subspaces of every finite dimension, so the algebraic multiplicity is ∞.

Problem 10C.19. Prove that the geometric multiplicity of an eigenvalue of a normal operator on
a Hilbert space equals the algebraic multiplicity of that eigenvalue.

Solution. With S = T −αI, the two multiplicities agree because null(Sn) = null(S) for every n, so the
increasing union

⋃
n null(Sn) collapses to null(S).

S is normal: by 10.12(a)–(c), S∗ = T ∗ − αI, and

SS∗ = TT ∗ − αT − αT ∗ + |α|2I,
S∗S = T ∗T − αT − αT ∗ + |α|2I,

which agree because TT ∗ = T ∗T .
Hence null(S2) = null(S). Indeed, if S2f = 0, then g = Sf satisfies Sg = 0, so S∗g = 0 as well
(trivially if g = 0, and by 10.56 applied to the normal S with eigenvalue 0 otherwise), whence

‖Sf‖2 = 〈f, S∗Sf〉 = 〈f, S∗g〉 = 0.

Induction finishes: if null(Sn) = null(S) and Sn+1f = 0, then Sf ∈ null(Sn) = null(S), so S2f = 0
and hence Sf = 0 by the previous paragraph.

Problem 10C.20. Prove that every nonzero eigenvalue of a compact operator on a Hilbert space
has finite algebraic multiplicity.

Solution. With S = T − αI and null(S0) = {0}, the increasing chain null(Sk) stabilizes at a finite
stage, and every term of it is finite-dimensional.
Finite-dimensionality: the Binomial Theorem gives Sk = Kk − βkI, where βk = −(−α)k 6= 0 and

Kk =

k∑
j=1

(
k

j

)
(−α)k−jT j

is compact [each T j with j ≥ 1 is compact by 10.69(b), and C(V ) is a subspace of B(V ) by 10.69(a)].
So 10.82, applied to Kk and βk 6= 0, makes null(Sk) finite-dimensional.
Stabilization: suppose instead that every inclusion null(Sk) ⊆ null(Sk+1) were strict. Each null space
is closed, Sk being continuous, so for every n we may take h ∈ null(Sn) \ null(Sn−1) and normalize
h− Ph, where P projects onto null(Sn−1), obtaining by 8.43

en ∈ null(Sn) ∩
(
null(Sn−1)

)⊥
, ‖en‖ = 1.

For j < k, writing T = S+αI gives Tej−Tek = w−αek with w = Sej−Sek+αej . All three summands
of w lie in null(Sk−1): Sej ∈ null(Sj−1), Sek ∈ null(Sk−1), and ej ∈ null(Sj), with j ≤ k − 1. Since
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ek ⊥ null(Sk−1), the Pythagorean identity gives

‖Tej − Tek‖2 = ‖w‖2 + |α|2 ≥ |α|2 > 0,

so Te1, T e2, . . . has no convergent subsequence although e1, e2, . . . is bounded, contradicting compact-
ness of T . Hence null(Sn) = null(Sn+1) for some n ∈ Z+.
The chain is then constant from n on: if null(Sm) = null(Sm+1) and Sm+2f = 0, then Sf ∈
null(Sm+1) = null(Sm), so Sm+1f = 0. Therefore

∞⋃
k=1

null(T − αI)k = null(Sn),

which is finite-dimensional.

Problem 10C.21. Prove that if T is a compact operator on a Hilbert space and α is a nonzero
eigenvalue of T , then the algebraic multiplicity of α as an eigenvalue of T equals the algebraic
multiplicity of α as an eigenvalue of T ∗.

Solution. Both multiplicities equal dim null(SN ) for a common stabilizing index N , where S = T −αI,
so that S∗ = T ∗ − αI by 10.12(a)–(c) and (Sk)∗ = (S∗)k by 10.12(d).
Here T ∗ is compact by 10.73, and α is a nonzero eigenvalue of T ∗: α ∈ sp(T ) gives α ∈ sp(T ∗) by
10.19, and the Fredholm Alternative 10.85 applied to the compact T ∗ with α 6= 0 upgrades that to an
eigenvalue (remark following 10.89). So Exercise 20 of this section applies to both (T, α) and (T ∗, α):
the chains null(Sk) and null((S∗)k) are each eventually constant, say from index N on, and

∞⋃
k=1

null(Sk) = null(SN ),
∞⋃
k=1

null
(
(S∗)k

)
= null

(
(S∗)N

)
.

The Binomial Theorem writes SN = K − βI with β = −(−α)N 6= 0 and K =
∑N

j=1

(
N
j

)
(−α)N−jT j

compact [10.69(a),(b)], so (S∗)N = (SN )∗ = K∗ − βI with K∗ compact by 10.73. Now 10.91, applied
to the compact K and the nonzero β, gives

dim null(SN ) = dim null(K − βI) = dim null(K∗ − βI) = dim null
(
(S∗)N

)
.

Problem 10C.22. Prove that if V is a separable Hilbert space, then C(V ), the Banach space of
compact operators on V , is separable.

Solution. The countable dense set consists of the finite-rank operators

Acf =
∑
j,k∈Γn

cjk〈f, ek〉ej

whose matrix entries cjk are rational. Assume V 6= {0}, the other case being trivial.
By 8.67 and its proof, V has an orthonormal basis {ek}k∈Γ with Γ ⊆ Z+. Put Γn = {k ∈ Γ : k ≤ n}, a
finite set, and let Pn be the orthogonal projection onto the finite-dimensional, hence closed, subspace
Un = span{ek}k∈Γn , so that Pnf =

∑
k∈Γn

〈f, ek〉ek by 8.71. Three properties are used below:
(i) Pnf → f for every f ∈ V : Parseval’s identity 8.63(a) supplies a finite G ⊆ Γ beyond which the
partial sums are within ε of f , and G ⊆ Γn for all large n.
(ii) ‖Pn‖ ≤ 1 by 8.37(d), and ‖I − Pn‖ ≤ 1 because f − Pnf ⊥ Pnf [8.37(a)] and the Pythagorean
Theorem 8.9.
(iii) P ∗

n = Pn (Check! from the displayed formula), so I − Pn is self-adjoint too by 10.12(a)–(c).
Step (1): ‖T − TPn‖ → 0 for every T ∈ C(V ). Otherwise there are ε > 0, indices n1 < n2 < · · ·, and
vectors fj with ‖fj‖ ≤ 1 and ‖Tgj‖ > ε, where gj = (I − Pnj )fj has ‖gj‖ ≤ 1 by (ii). Compactness
of T gives a subsequence with Tgji → h. For any g ∈ V , the self-adjointness (iii) of I − Pn and
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Cauchy–Schwarz give

|〈Tgji , g〉| =
∣∣〈fji , (I − Pnji

)T ∗g
〉∣∣ ≤ ‖T ∗g − Pnji

T ∗g‖ −→ 0

by (i), so 〈h, g〉 = 0 for every g, whence h = 0. But ‖h‖ = limi ‖Tgji‖ ≥ ε, a contradiction.
Step (2): ‖T − PnTPn‖ → 0. Split T − PnTPn = (T − TPn) + (I − Pn)TPn. For the second term,
‖Pn‖ ≤ 1 and 10.12(d) with (iii) and 10.11 give

‖(I − Pn)TPn‖ ≤ ‖(I − Pn)T‖ = ‖T ∗ − T ∗Pn‖.

Since T ∗ is compact by 10.73, Step (1) applies to T and to T ∗, so

‖T − PnTPn‖ ≤ ‖T − TPn‖+ ‖T ∗ − T ∗Pn‖ −→ 0.

Step (3): density. For any Γn × Γn matrix d over F, orthonormality, Cauchy–Schwarz in FΓn , and
Bessel’s inequality 8.57 give

‖Adf‖2 =
∑
j∈Γn

∣∣∣∑
k∈Γn

djk〈f, ek〉
∣∣∣2

≤
∑
j∈Γn

(∑
k∈Γn

|djk|2
)(∑

k∈Γn

|〈f, ek〉|2
)
≤ ‖f‖2

∑
j,k∈Γn

|djk|2,

so ‖Ad‖ ≤ (
∑

j,k |djk|2)1/2; in particular each Ac is bounded with range inside Un, hence compact by
10.67. Let Q be Q or Q + iQ according as F is R or C, a countable dense subset of F, and let D be
the (countable) set of all Ac with c a Γn × Γn matrix over Q, n ∈ Z+.
Given T ∈ C(V ) and ε > 0, Step (2) supplies n with ‖T − PnTPn‖ < ε/2, and expanding Pn on both
sides shows PnTPn = Ab with bjk = 〈Tek, ej〉. Choosing c over Q with

∑
j,k∈Γn

|bjk − cjk|2 < ε2/4,
the estimate above and the linearity of c 7→ Ac give ‖PnTPn − Ac‖ < ε/2 and hence ‖T − Ac‖ < ε.
Since D ⊆ C(V ), which is closed in B(V ) by 10.69(a), D is a countable dense subset of C(V ), which is
therefore separable (8.64).

10.4 Exercises 10D

Problem 10D.1. Prove that if T is a compact operator on a nonzero Hilbert space, then ‖T‖2 is
an eigenvalue of T ∗T .

Solution. By 10.96, ‖T‖2 ∈ sp(T ∗T ), and T ∗T is compact by 10.69(b) (T compact, T ∗ bounded by
10.11 since T is bounded by 10.68).
(i) If ‖T‖ 6= 0, the Fredholm Alternative 10.85, applied to the compact T ∗T and the nonzero scalar
‖T‖2, turns membership in the spectrum into eigenvalue-hood.
(ii) If ‖T‖ = 0, then T ∗T = 0 and any nonzero f ∈ V (one exists because V 6= {0}) satisfies
(T ∗T )f = 0 = ‖T‖2f .

Problem 10D.2. Prove that if T is a self-adjoint operator on a nonzero Hilbert space V , then

‖T‖ = sup{|〈Tf, f〉| : f ∈ V and ‖f‖ = 1}.

Solution. Write M for the supremum in question; it is taken over the nonempty unit sphere of V , and
‖T‖ <∞ because self-adjointness presupposes boundedness (10.44). Since V 6= {0}, homogeneity also
gives ‖T‖ = sup{‖Tf‖ : ‖f‖ = 1} (Check!, from the definition 6.43).
M ≤ ‖T‖: for ‖f‖ = 1, Cauchy–Schwarz 8.11 gives |〈Tf, f〉| ≤ ‖Tf‖ ≤ ‖T‖. Rescaling g to g/‖g‖
then upgrades the definition of M to

|〈Tg, g〉| ≤M‖g‖2 for every g ∈ V.
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‖T‖ ≤ M : expanding 〈T (g ± h), g ± h〉 by additivity in each slot and subtracting, with 〈Th, g〉 =
〈h, Tg〉 = 〈Tg, h〉 by self-adjointness,

4Re〈Tg, h〉 = 〈T (g + h), g + h〉 − 〈T (g − h), g − h〉,

so the previous display and the parallelogram equality 8.20 give

4|Re〈Tg, h〉| ≤M‖g + h‖2 +M‖g − h‖2 = 2M
(
‖g‖2 + ‖h‖2

)
.

Now take g with ‖g‖ = 1 and Tg 6= 0 (the case Tg = 0 being trivial), and set h = Tg/‖Tg‖, a unit
vector with 〈Tg, h〉 = ‖Tg‖ real. The display becomes 4‖Tg‖ ≤ 4M , so ‖Tg‖ ≤ M ; the supremum
over unit g gives ‖T‖ ≤M .

Problem 10D.3. Suppose T is a bounded operator on a Hilbert space V and U is a closed subspace
of V . Prove that the following are equivalent.
(a) U is an invariant subspace for T .
(b) U⊥ is an invariant subspace for T ∗.
(c) TPU = PUTPU .

Solution. Prove (a) ⇔ (b) and (a) ⇔ (c), using 8.45(a) (rangePU = U , nullPU = U⊥) and PUg = g
for g ∈ U .
(a) ⇒ (b). For h ∈ U⊥ and g ∈ U , invariance puts Tg ∈ U , so

〈T ∗h, g〉 = 〈h, Tg〉 = 0,

and g ∈ U was arbitrary, so T ∗h ∈ U⊥.
(b) ⇒ (a). Apply the implication just proved to the bounded operator T ∗ and the closed subspace U⊥

(closed by 8.40): it makes (U⊥)⊥ invariant for (T ∗)∗. But (T ∗)∗ = T by 10.11 and (U⊥)⊥ = U by 8.41,
U being closed.
(a) ⇒ (c). For f ∈ V , invariance gives TPUf ∈ U , hence PUTPUf = TPUf .
(c) ⇒ (a). For f ∈ U we have PUf = f , so

Tf = TPUf = PUTPUf = PU (Tf) ∈ rangePU = U.

Problem 10D.4. Suppose T is a bounded operator on a Hilbert space V and U is a closed subspace
of V . Prove that the following are equivalent.
(a) U and U⊥ are invariant subspaces for T .
(b) U and U⊥ are invariant subspaces for T ∗.
(c) TPU = PUT .

Solution. Throughout, 8.45 gives rangePU = U , nullPU = U⊥, PUg = g for g ∈ U , and I −PU = PU⊥ .
(a) ⇔ (b): Exercise 3 applied to the closed subspace U says U is invariant for T iff U⊥ is invariant for
T ∗; applied to the closed subspace U⊥ (closed by 8.40, with (U⊥)⊥ = U by 8.41 since U is closed) it
says U⊥ is invariant for T iff U is invariant for T ∗. Conjoining gives (a) ⇔ (b).
(a) ⇒ (c): For f ∈ V , decompose f = PUf + PU⊥f by 8.43; invariance puts TPUf ∈ U and TPU⊥f ∈
U⊥ = nullPU , so

PUTf = PU (TPUf) + PU (TPU⊥f) = TPUf + 0.

(c) ⇒ (a): For f ∈ U we get Tf = TPUf = PUTf ∈ rangePU = U ; for f ∈ U⊥ = nullPU we get
PUTf = TPUf = 0, so Tf ∈ U⊥.

Problem 10D.5. Suppose T is a bounded operator on a nonseparable normed vector space V . Prove
that T has a closed invariant subspace other than {0} and V .
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Solution. Take U = W , where W = span{Tnf : n ≥ 0} (finite linear combinations, T 0 = I) for any
fixed f 6= 0; such f exists because {0} is separable and V is not.
U is a closed subspace, since the closure of a subspace of a normed space is a subspace (Check!), and
U 6= {0} because f ∈W .
U is invariant: T (W ) ⊆ W because T is linear and sends each spanning vector Tnf to Tn+1f ; and if
gn ∈W with gn → g ∈ U , then Tgn → Tg by boundedness of T , so Tg ∈W = U .
U 6= V , because U is separable while V is not. Indeed, let QF be Q or Q + iQ according as F = R or
C, a countable dense subset of F, and let D ⊆ W consist of the sums

∑N
n=0 cnT

nf with N ≥ 0 and
all cn ∈ QF; then D is a countable union (over N) of images of the countable sets (QF)

N+1, hence
countable. Given w =

∑N
n=0 anT

nf ∈W and ε > 0, put C = 1+
∑N

n=0 ‖Tnf‖ and pick cn ∈ QF with
|an − cn| < ε/C; then ∥∥∥w −

N∑
n=0

cnT
nf
∥∥∥ ≤

N∑
n=0

|an − cn| ‖Tnf‖ < ε.

Thus D is dense in W , which is dense in U , so D is dense in U .

Problem 10D.6. Suppose T is an operator on a Banach space V with dimension greater than 2.
Prove that T has an invariant subspace other than {0} and V .
[For this exercise, T is not assumed to be bounded and the invariant subspace is not required to be
closed.]

Solution. Fix f 6= 0 (possible as dimV > 2) and set U = span{Tnf : n ≥ 0}, with T 0 = I. Then U is
a subspace, U 6= {0} since f ∈ U , and U is invariant because T carries each spanning vector Tnf to
Tn+1f ∈ U . Only properness is at issue.
(i) V infinite-dimensional. Then U 6= V , so U is the desired subspace. Otherwise V = U =

⋃∞
n=1 Vn

with Vn = span{f, Tf, . . . , Tn−1f}, since every element of U is a finite linear combination of the T kf .
Each Vn has dimension at most n, hence is closed (Exercise 9 in Section 6D) and proper; a proper
subspace W has empty interior, for if B(g, r) ⊆ W then every h 6= 0 satisfies g + r

2‖h‖h ∈ W , whence
h ∈ W and W = V . So the Banach space V would be a countable union of closed sets with empty
interior, contradicting Baire’s theorem 6.76(a).
(ii) dimV = n with n ≥ 3. Assume U = V (else take U). Let m be least with f, Tf, . . . , Tmf
dependent; m ≤ n exists since any n + 1 vectors are dependent. Then f, . . . , Tm−1f is independent
and Tmf ∈ W := span{f, . . . , Tm−1f}, so T kf ∈ W for all k by induction (T k+1f ∈ T (W ) ⊆
span{Tf, . . . , Tmf} ⊆ W ); hence V = U = W and m = n, making f, Tf, . . . , Tn−1f a basis. Writing
Tnf = −(a0f + · · · + an−1T

n−1f) and p(z) = zn + an−1z
n−1 + · · · + a0 gives p(T )f = 0, hence

p(T )T kf = T kp(T )f = 0 for all k and so p(T ) = 0 on V = U .
Factor p = q1q2 · · · qr into monic irreducibles over F, so d := deg q1 ≤ 2 (degree 1 if F = C; degree 1
or 2 if F = R); since no polynomial of degree n ≥ 3 is irreducible over R or C, we have r ≥ 2, and
s := q2 · · · qr is monic with 1 ≤ deg s = n−d ≤ n−1. Observe that a monic q with 1 ≤ deg q = e ≤ n−1
has q(T )f 6= 0, because q(T )f is a combination of f, . . . , T ef with coefficient 1 on T ef and f, . . . , Tn−1f
is independent.
NowN := null q1(T ) is invariant (if q1(T )g = 0 then q1(T )Tg = Tq1(T )g = 0); N 6= V since q1(T )f 6= 0;
and N 6= {0} since g := s(T )f 6= 0 while q1(T )g = p(T )f = 0, both by the observation.

Problem 10D.7. Suppose T is a self-adjoint compact operator on a Hilbert space that has only
finitely many distinct eigenvalues. Prove that T has finite-dimensional range.

Solution. By 10.106(b) there are a countable Ω, an orthonormal family {ek}k∈Ω in the Hilbert space
V , and {αk}k∈Ω in R \ {0} with

Tf =
∑
k∈Ω

αk〈f, ek〉ek for all f ∈ V ;

it suffices to show Ω is finite, since then rangeT ⊆ span{ek : k ∈ Ω}, of dimension at most #Ω.
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Taking f = ej and using orthonormality kills all terms but k = j, giving Tej = αjej with ej 6= 0;
so each αk is a nonzero eigenvalue of T . By hypothesis these take only finitely many distinct values
λ1, . . . , λp. For each j, the family {ek : αk = λj} is orthonormal, hence linearly independent, and
lies in null(T − λjI), which is finite-dimensional by 10.82 since T is compact and λj 6= 0. Thus each
{k : αk = λj} is finite, and Ω is their union over j ≤ p.

Problem 10D.8. (a) Prove that if T is a self-adjoint compact operator on a Hilbert space, then
there exists a self-adjoint compact operator S such that S3 = T .
(b) Prove that if T is a normal compact operator on a complex Hilbert space, then there exists a
normal compact operator S such that S2 = T .

Solution. In both parts S is the diagonal operator obtained by taking the corresponding root of each
eigenvalue of T . The analytic content is the following lemma.
Lemma. Suppose {ek}k∈Ω is an orthonormal family in a Hilbert space V , where Ω is a countable set,
and suppose {βk}k∈Ω is a family in F such that

{k ∈ Ω : |βk| ≥ δ} is finite for every δ > 0.

Then the formula
Sf =

∑
k∈Ω

βk〈f, ek〉ek

defines a compact operator S on V with ‖S‖ ≤ supk∈Ω |βk|, and
• (i) S∗f =

∑
k∈Ω βk〈f, ek〉ek for all f ∈ V ;

• (ii) Snf =
∑

k∈Ω β
n
k 〈f, ek〉ek for all f ∈ V and all n ∈ Z+;

• (iii) Sej = βjej for each j ∈ Ω, and Sg = 0 for every g ∈
(
span{ek}k∈Ω

)⊥.
Proof of Lemma. Taking δ = 1 in the hypothesis bounds all but finitely many |βk| by 1; hence
M := supk∈Ω |βk| <∞. For f ∈ V , Bessel’s inequality 8.57 gives∑

k∈Ω
|βk〈f, ek〉|2 ≤M2

∑
k∈Ω

|〈f, ek〉|2 ≤M2‖f‖2 <∞,

so the unordered sum defining Sf converges by 8.54(a), and 8.54(b) gives ‖Sf‖2 =∑
k∈Ω |βk|2|〈f, ek〉|2 ≤M2‖f‖2; linearity is clear (Check!), so ‖S‖ ≤M .

Continuity of the inner product plus orthonormality give 〈Sf, ej〉 = βj〈f, ej〉 for j ∈ Ω. Taking f = ej
there, and using 〈g, ek〉 = 0 for all k when g ⊥ {ek}, gives (iii); feeding Snf into it gives (ii) by
induction. For (i), let S′ be the operator defined by {βk}k∈Ω, which satisfies the same hypothesis;
expanding both inner products through the convergent unordered sums,

〈Sf, g〉 =
∑
k∈Ω

βk〈f, ek〉〈ek, g〉

=
∑
k∈Ω

〈f, ek〉βk〈g, ek〉 = 〈f, S′g〉.

valid for all f, g ∈ V , so S∗ = S′.
For compactness: if Ω is finite then rangeS is finite-dimensional, so S is compact by 10.67; otherwise
enumerate Ω = {k1, k2, . . .}, note βkj → 0 by hypothesis, and set Snf =

∑n
j=1 βkj 〈f, ekj 〉ekj , compact

by 10.67. Since S − Sn is the diagonal operator for the family agreeing with {βk} on {kj : j > n}
and 0 elsewhere, the norm estimate gives ‖S − Sn‖ ≤ supj>n |βkj | → 0; and C(V ) is closed in B(V ) by
10.69(a).
Both parts also use: if {ek}k∈Ω is orthonormal with Tek = αkek and each αk 6= 0, then {k : |αk| ≥ δ}
is finite for every δ > 0. Indeed eigenvalues lie in sp(T ), so only finitely many distinct eigenvalues α
satisfy |α| ≥ δ by 10.93 (T compact); and for each such α the orthonormal, hence independent, family
{ek : αk = α} lies in null(T − αI), finite-dimensional by 10.82 since α 6= 0.
(a) By 10.106(b) write Tf =

∑
k∈Ω αk〈f, ek〉ek with Ω countable, {ek}k∈Ω orthonormal and αk ∈ R\{0};

taking f = ej gives Tej = αjej , so the criterion above applies. Let βk be the real cube root of αk, so
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|βk| ≥ δ ⇐⇒ |αk| ≥ δ3 and the lemma’s hypothesis holds. The resulting S is compact, is self-adjoint
by (i) since each βk is real, and satisfies S3 = T by (ii) since β 3

k = αk.
(b) By 10.107 there is an orthonormal basis {ek}k∈Γ of V with Tek = αkek, αk ∈ C. Parseval
8.63(a) gives f =

∑
k∈Γ〈f, ek〉ek, and applying the continuous operator T term by term yields Tf =∑

k∈Γ αk〈f, ek〉ek =
∑

k∈Ω αk〈f, ek〉ek, where Ω = {k ∈ Γ : αk 6= 0} is countable by the criterion above.
Choose βk ∈ C with β 2

k = αk; then |βk| ≥ δ ⇐⇒ |αk| ≥ δ2, so the lemma applies and its (ii) gives
S2 = T . By (iii), Sej = βjej for j ∈ Ω and Sej = 0 for j ∈ Γ \Ω (such ej being orthogonal to every ek,
k ∈ Ω), so the orthonormal basis {ek}k∈Γ consists of eigenvectors of S; hence S is normal by 10.103(b).

Problem 10D.9. Suppose T is a compact normal operator on a nonzero Hilbert space V . Prove
that there is a subspace of V with dimension 1 or 2 that is an invariant subspace for T .
[If F = C, the desired result follows immediately from the Spectral Theorem for compact normal
operators. Thus you can assume that F = R.]

Solution. If F = C, then 10.107 supplies an orthonormal basis of eigenvectors of T , nonempty since
V 6= {0}; the span of any one of them is a 1-dimensional invariant subspace (10.101, second bullet).
So assume F = R and set A = (T + T ∗)/2, B = (T − T ∗)/2, so T = A + B, A∗ = A, B∗ = −B, and
A,B are compact because T ∗ is compact (10.73) and C(V ) is a subspace of B(V ) (10.69(a)). Normality
TT ∗ = T ∗T gives

TA = 1
2(T

2 + TT ∗) = 1
2(T

2 + T ∗T ) = AT, T ∗A = AT ∗,

the second by the same computation, whence BA = 1
2(TA− T ∗A) = 1

2(AT −AT ∗) = AB.
By 10.99 applied to the self-adjoint compact A on V 6= {0}, either ‖A‖ or −‖A‖ is an eigenvalue α of
A; put U = null(A− αI) 6= {0}, a closed subspace since A is bounded, hence a nonzero Hilbert space.
For f ∈ U , (A−αI)Bf = B(A−αI)f = 0, so U is invariant for B, and likewise for T since AT = TA.
Let C = B|U , compact on U because U is a closed invariant subspace of the compact B (discussion
preceding 10.102). For f, g ∈ U , 〈Cf, g〉 = 〈f,B∗g〉 = 〈f,−Cg〉, so C∗ = −C; hence (C2)∗ = (−C)2 =
C2, and C2 is compact by 10.69(b), with

〈C2g, g〉 = 〈Cg,C∗g〉 = −‖Cg‖2 ≤ 0 (g ∈ U).

By 10.99 on U 6= {0}, pick an eigenvalue λ of C2 and g 6= 0 in U with C2g = λg; the display forces
λ‖g‖2 ≤ 0, so λ ≤ 0. Also Tf = αf + Cf for every f ∈ U .
(i) λ = 0. Then ‖Cg‖2 = −〈C2g, g〉 = 0, so Tg = αg and span{g} is invariant of dimension 1.
(ii) λ < 0. Take W = span{g, Cg}. Then dimW = 2, since Cg = cg with c ∈ R would give c2 = λ < 0;
and W is invariant because

Tg = αg + Cg ∈W, T (Cg) = αCg + C2g = λg + αCg ∈W.

Problem 10D.10. Suppose T is a self-adjoint compact operator on a Hilbert space and ‖T‖ ≤ 1
4 .

Prove that there exists a self-adjoint compact operator S such that S2 + S = T .

Solution. Take S to be the diagonal operator with eigenvalues ϕ(αk), where αk are the eigenvalues of
T and

ϕ(t) =
−1 +

√
1 + 4t

2
=

2t

1 +
√
1 + 4t

(the second form by rationalizing), defined for t ∈ [−1
4 ,

1
4 ] since there 1+ 4t ≥ 0. Writing u =

√
1 + 4t,

ϕ(t)2 + ϕ(t) =
u2 − 2u+ 1

4
+

2u− 2

4
=
u2 − 1

4
= t,

and 1 + u ≥ 1 on that interval gives |ϕ(t)| ≤ 2|t|.
By 10.106(b) write Tf =

∑
k∈Ω αk〈f, ek〉ek with Ω countable, {ek} orthonormal and αk ∈ R \ {0}.

Taking f = ej gives Tej = αjej , so |αk| ≤ ‖T‖ ≤ 1
4 and ϕ(αk) is defined; moreover {k : |αk| ≥ δ} is finite
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for each δ > 0, since 10.93 leaves only finitely many distinct such eigenvalues α and each null(T − αI)
is finite-dimensional by 10.82 (α 6= 0) while {ek : αk = α} is orthonormal, hence independent.
Set βk = ϕ(αk) ∈ R. Then |βk| ≤ 2|αk|, so {k : |βk| ≥ δ} ⊆ {k : |αk| ≥ δ/2} is finite for every δ > 0,
and the lemma of Exercise 8 produces a compact operator Sf =

∑
k∈Ω βk〈f, ek〉ek, self-adjoint by part

(i) of that lemma since the βk are real. By part (ii) of the lemma and β2k + βk = αk,

(S2 + S)f =
∑
k∈Ω

(β 2
k + βk)〈f, ek〉ek = Tf.

Problem 10D.11. For k ∈ Z, define gk ∈ L2
(
(−π, π]

)
and hk ∈ L2

(
(−π, π]

)
by

gk(t) =
1√
2π

eit/2eikt and hk(t) =
1√
2π

eikt;

here we are assuming that F = C.
(a) Use the conclusion of Example 10.108 to show that {gk}k∈Z is an orthonormal basis of L2

(
(−π, π]

)
.

(b) Use (a) to show that {hk}k∈Z is an orthonormal basis of L2
(
(−π, π]

)
.

(c) Use (b) to show that the orthonormal family in the third bullet point of Example 8.51 is an
orthonormal basis of L2

(
(−π, π]

)
.

Solution. Each part transports the previous basis by a surjective linear isometry, which carries or-
thonormal bases to orthonormal bases: such a Ψ preserves inner products by polarization, and Ψ,Ψ−1

continuous gives Ψ(spanA) = spanΨ(A). We also use the change of variables
∫
ϕ(ax + b) dx = 1

a

∫
ϕ

for a > 0 and ϕ ≥ 0 measurable, which holds for ϕ = χE by translation invariance 2.7 and |cE| = c|E|,
then extends by linearity and 3.11.
(a) Define Φ : L2([0, 1]) → L2((−π, π]) by (Φf)(t) = 1√

2π
f( t

2π + 1
2); as t ranges over (−π, π], the

argument ranges over (0, 1]. The change of variables with a = 1
2π , b = 1

2 , applied to |f |2 extended by
0, gives

‖Φf‖2 = 1

2π

∫ π

−π

∣∣∣f( t

2π
+

1

2

)∣∣∣2dt = ∫ 1

0
|f |2 = ‖f‖2,

so Φ is a linear isometry, surjective since (Φ−1v)(x) =
√
2π v(2πx − π) is a two-sided inverse. With

uk(x) = ei(2k+1)πx, which form an orthonormal basis of L2([0, 1]) by Example 10.108,

(Φuk)(t) =
1√
2π
ei(2k+1)t/2ei(2k+1)π/2 = ck gk(t), |ck| = 1.

So {Φuk} is an orthonormal basis, and gk = ck Φuk with |ck| = 1 leaves orthonormality and the span
unchanged.
(b) Multiplication Mv = mv by m(t) = e−it/2 is a linear isometry of L2((−π, π]) since |m| = 1, bijective
with inverse multiplication by m; and Mgk = hk (Check!), so (a) gives the conclusion.
(c) Those ek are orthonormal by 8.51, so only the span is at issue. Here e0 = h0, and for n ∈ Z+, from
e±int = cos(nt)± i sin(nt) and

√
2π/(2

√
π) = 1/

√
2,

en =
1

i
√
2
(hn − h−n), e−n =

1√
2
(hn + h−n),

which solve to h±n = 1√
2
(e−n ± i en). Hence the two families have the same span, so the same closed

span, which is L2((−π, π]) by (b).

Problem 10D.12. Suppose T is a compact operator on a Hilbert space. Prove that s1(T ) = ‖T‖.

Solution. The operator T ∗T on V is compact (10.73 and 10.69(b)) and self-adjoint, and its eigenvalues
obey two bounds.
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Upper: if T ∗Tf = αf with f 6= 0, then

α‖f‖2 = 〈T ∗Tf, f〉 = ‖Tf‖2 ≤ ‖T‖2‖f‖2,

so α ≤ ‖T‖2 (and α ≥ 0).
Lower: if ‖T‖ 6= 0, then ‖T‖2 ∈ sp(T ∗T ) by 10.96, and since ‖T‖2 6= 0 and T ∗T is compact, the
Fredholm Alternative 10.85 makes ‖T‖2 a positive eigenvalue of T ∗T .
(i) T ∗T has no positive eigenvalue. Then s1(T ) = 0 by 10.116 (second bullet), and ‖T‖ 6= 0 would
contradict the lower bound, so ‖T‖ = 0 = s1(T ).
(ii) T ∗T has a positive eigenvalue. The set P of positive eigenvalues has a maximum: fixing α0 ∈ P ,
the set {α ∈ P : α ≥ α0} is finite by 10.93 and nonempty, and its largest element dominates all of
P . By 10.116 (first bullet) the singular values are the positive square roots of the elements of P in
decreasing order, so s1(T ) =

√
maxP . Here T 6= 0, so the lower bound gives ‖T‖2 ∈ P and hence

‖T‖2 ≤ maxP , while the upper bound applied to maxP gives maxP ≤ ‖T‖2. Thus s1(T )2 = ‖T‖2
with both quantities nonnegative.

Problem 10D.13. Suppose T is a compact operator on a Hilbert space and n ∈ Z+. Prove that
dim rangeT < n if and only if sn(T ) = 0.

Solution. Both sides say |Ω| < n, where Ω indexes a singular value decomposition of T . Since T ∗T is
compact (10.73, 10.69(b)), self-adjoint, and has nonnegative eigenvalues (start of the proof of 10.113),
10.106(b) supplies a countable Ω, an orthonormal {ek}k∈Ω in V and positive reals {αk} with (T ∗T )f =∑

k∈Ω αk〈f, ek〉ek; setting sk =
√
αk and hk = Tek/sk, the proof of 10.113 makes {hk}k∈Ω orthonormal

with
Tf =

∑
k∈Ω

sk〈f, ek〉hk (f ∈ V ).

First, dim rangeT = |Ω|: each hk = Tek/sk ∈ rangeT and {hk} is orthonormal, hence independent,
giving ≥; and if Ω is finite the display puts rangeT ⊆ span{hk}, giving ≤.
Second, for every α > 0,

null(T ∗T − αI) = span{ek : k ∈ Ω, αk = α}.

Indeed ⊇ holds since (T ∗T )ej = αjej ; and if (T ∗T )f = αf , pairing the formula for (T ∗T )f with ej
gives (αj − α)〈f, ej〉 = 0, so αf =

∑
αk=α

α〈f, ek〉ek and f =
∑

αk=α
〈f, ek〉ek, a finite sum because

{ek : αk = α} is orthonormal inside null(T ∗T − αI), finite-dimensional by 10.82.
Consequently the positive eigenvalues of T ∗T are exactly the values taken by {αk} (otherwise the
display gives a zero null space), and each has geometric multiplicity equal to #{k : αk = α}. So the
list of positive singular values in 10.116 is a decreasing rearrangement of {sk}k∈Ω, and the number N
of positive singular values equals |Ω|, with sm(T ) > 0 ⇐⇒ m ≤ N . Hence

sn(T ) = 0 ⇐⇒ N < n ⇐⇒ |Ω| < n ⇐⇒ dim rangeT < n.

Problem 10D.14. Suppose T is a compact operator on a Hilbert space V with singular value
decomposition

Tf =
∞∑
k=1

sk(T )〈f, ek〉hk

for all f ∈ V . For n ∈ Z+, define Tn : V → V by

Tnf =

n∑
k=1

sk(T )〈f, ek〉hk.

Prove that limn→∞ ‖T − Tn‖ = 0.
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[This exercise gives another proof, in addition to the proof suggested by Exercise 15 in Section 10C,
that an operator on a Hilbert space is compact if and only if it is the limit of bounded operators
with finite-dimensional range.]

Solution. It suffices to prove ‖T −Tn‖ ≤ sn+1(T ) and sn(T ) → 0; here {ek} and {hk} are the orthonor-
mal families of 10.113, and only the decreasing ordering s1(T ) ≥ s2(T ) ≥ · · · of 10.116 is used.
For the estimate, fix n and f ∈ V . Then (T − Tn)f =

∑
k>n sk(T )〈f, ek〉hk, so orthonormality of

{hk}k>n and 8.54(b), then sk(T ) ≤ sn+1(T ) for k > n and Bessel’s inequality 8.57 for {ek}, give

‖(T − Tn)f‖2 =
∑
k>n

sk(T )
2|〈f, ek〉|2 ≤ sn+1(T )

2‖f‖2.

For the limit: T ∗T is compact (10.73, 10.69(b)) and self-adjoint. If it has only finitely many positive
eigenvalues, then sk(T ) = 0 for large k by 10.116 (second bullet). Otherwise every sk(T ) is, by 10.116
(first bullet), the positive square root of a positive eigenvalue α of T ∗T , listed dim null(T ∗T − αI)
times. Fix δ > 0: only finitely many eigenvalues satisfy α ≥ δ2 by 10.93, and each such null(T ∗T −αI)
is finite-dimensional by 10.82 since α 6= 0. So {k : sk(T ) ≥ δ} is finite, and sn(T ) → 0.

Problem 10D.15. Suppose T is a compact operator on a Hilbert space V and n ∈ Z+. Prove that

inf{‖T − S‖ : S ∈ B(V ) and dim rangeS < n} = sn(T ).

Solution. The infimum I is attained by the truncation of T after n− 1 singular values. Fix a singular
value decomposition Tf =

∑
k∈Ω sk〈f, ek〉hk (10.113), with {ek}, {hk} orthonormal and sk > 0. By

the uniqueness discussed before 10.116 the sk are the positive square roots of the positive eigenvalues
of T ∗T repeated by their (finite, by 10.82) multiplicities, so we may reindex by a bijection onto an
initial segment of Z+ putting them in decreasing order, which alters neither orthonormality nor the
unordered sums; thus Ω is an initial segment, sk = sk(T ) for k ∈ Ω, and sj(T ) = 0 for j /∈ Ω.
I ≤ sn(T ): take Sf =

∑
k∈Ω,k≤n−1 sk〈f, ek〉hk, a sum of at most n − 1 terms, so dim rangeS < n.

Then (T − S)f =
∑

k∈Ω,k≥n sk〈f, ek〉hk, so 8.54(b) and Bessel 8.57 give

‖(T − S)f‖2 =
∑

k∈Ω, k≥n
s 2k |〈f, ek〉|2 ≤ sn(T )

2‖f‖2,

the middle step because sk ≤ sn = sn(T ) for k ≥ n in Ω when n ∈ Ω, while if n /∈ Ω no such k exists
(Ω is an initial segment) and both sides vanish.
I ≥ sn(T ): assume sn(T ) > 0, so n ∈ Ω and e1, . . . , en are orthonormal. Given S with dim rangeS < n,
the restriction of S to the n-dimensional U = span{e1, . . . , en} has dim null(S|U ) ≥ n − (n − 1) = 1
by the Fundamental Theorem of Linear Maps, so some f =

∑n
k=1 akek ∈ U has ‖f‖ = 1 and Sf = 0.

Here 〈f, ek〉 = ak for k ≤ n and 0 for k ∈ Ω with k > n, so Tf =
∑n

k=1 skakhk and

‖(T − S)f‖2 =
n∑
k=1

s 2k |ak|2 ≥ sn(T )
2

n∑
k=1

|ak|2 = sn(T )
2.

Problem 10D.16. Suppose T is a compact operator on a Hilbert space V and n ∈ Z+. Prove that

sn(T ) = inf{‖T |U⊥‖ : U is a subspace of V with dimU < n}.

Solution. The infimum I is attained by U = span{ek : k ∈ Ω, k ≤ n − 1}, for the singular value
decomposition Tf =

∑
k∈Ω sk〈f, ek〉hk normalized exactly as in Exercise 15: Ω an initial segment of

Z+, sk = sk(T ) for k ∈ Ω, and sj(T ) = 0 otherwise.
I ≤ sn(T ): with that U , which has dimU ≤ n− 1, any f ∈ U⊥ has 〈f, ek〉 = 0 for k ≤ n− 1 in Ω, so
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Tf =
∑

k∈Ω,k≥n sk〈f, ek〉hk and, by 8.54(b) then Bessel 8.57,

‖Tf‖2 =
∑

k∈Ω, k≥n
s 2k |〈f, ek〉|2 ≤ sn(T )

2‖f‖2,

the middle step because sk ≤ sn = sn(T ) for such k when n ∈ Ω, and the sum is empty otherwise.
I ≥ sn(T ): assume sn(T ) > 0, so n ∈ Ω. Let U be any subspace with d := dimU < n, with basis
u1, . . . , ud, and let W = span{e1, . . . , en}, of dimension n. The linear map ϕ : W → Fd, ϕ(f) =
(〈f, u1〉, . . . , 〈f, ud〉), has nullϕ 6= {0} by the Fundamental Theorem of Linear Maps since n > d; pick
f =

∑n
k=1 akek in it with ‖f‖ = 1. Then f ⊥ uj for each j, hence f ∈ U⊥, and since 〈f, ek〉 = ak for

k ≤ n and 0 for k ∈ Ω with k > n,

‖Tf‖2 =
n∑
k=1

s 2k |ak|2 ≥ sn(T )
2

n∑
k=1

|ak|2 = sn(T )
2.

Problem 10D.17. Suppose T is a compact operator on a Hilbert space V with singular value
decomposition

Tf =
∑
k∈Ω

sk〈f, ek〉hk

for all f ∈ V . Prove that
T ∗f =

∑
k∈Ω

sk〈f, hk〉ek

for all f ∈ V .

Solution. Write Sf =
∑

k∈Ω sk〈f, hk〉ek; it suffices to show that S is a bounded operator with 〈Tf, g〉 =
〈f, Sg〉 for all f, g ∈ V . Here {ek}k∈Ω, {hk}k∈Ω are orthonormal and the sk are positive, as in 10.113.
Taking f = ej in the decomposition gives Tej = sjhj , so sj = ‖Tej‖ ≤ ‖T‖; hence Bessel’s inequality
8.57 for {hk}k∈Ω gives ∑

k∈Ω
|sk〈f, hk〉|2 ≤ ‖T‖2

∑
k∈Ω

|〈f, hk〉|2 ≤ ‖T‖2‖f‖2 <∞,

so the unordered sum defining Sf converges by 8.54(a) and ‖Sf‖2 ≤ ‖T‖2‖f‖2 by 8.54(b); linearity is
clear (Check!), so ‖S‖ ≤ ‖T‖.
A bounded linear functional ϕ passes through an unordered sum

∑
k∈Ω xk = x, because

∣∣ϕ(x) −∑
k∈F ϕ(xk)

∣∣ ≤ ‖ϕ‖ ‖x −
∑

k∈F xk‖ for every finite F ⊆ Ω. Applying this to Tf with ϕ = 〈 · , g〉, and
to Sg with ϕ = 〈 · , f〉 followed by conjugation,

〈Tf, g〉 =
∑
k∈Ω

sk〈f, ek〉〈g, hk〉 = 〈Sg, f〉 = 〈f, Sg〉.

By 10.1 we also have 〈Tf, g〉 = 〈f, T ∗g〉, so 〈f, T ∗g − Sg〉 = 0 for all f, g ∈ V ; taking f = T ∗g − Sg
gives T ∗ = S.

Problem 10D.18. Suppose that T is an operator on a finite-dimensional Hilbert space V with
dimV = n.
(a) Prove that T is invertible if and only if sn(T ) 6= 0.
(b) Suppose T is invertible and T has a singular value decomposition

Tf = s1(T )〈f, e1〉h1 + · · ·+ sn(T )〈f, en〉hn
for all f ∈ V . Show that

T−1f =
〈f, h1〉
s1(T )

e1 + · · ·+ 〈f, hn〉
sn(T )

en
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for all f ∈ V .

Solution. Here T is compact, being a bounded operator with finite-dimensional range (10.67), so singular
values apply.
(a) T is invertible iff dim rangeT = n, since an operator on a finite-dimensional space is invertible iff
it is surjective, and by Exercise 13 that fails exactly when sn(T ) = 0.
(b) Define Rf =

∑n
j=1

〈f,hj〉
sj(T )

ej , which makes sense because s1(T ) ≥ · · · ≥ sn(T ) > 0 by (a). The
orthonormal lists e1, . . . , en and h1, . . . , hn are independent and of length n = dimV , hence bases of
V , and evaluating both formulas on them gives Tej = sj(T )hj and Rhj = ej/sj(T ). Therefore

(RT )ej = ej , (TR)hj = hj (j = 1, . . . , n),

so the linear maps RT and TR agree with I on a basis, giving R = T−1.

Problem 10D.19. Suppose T is a compact operator on a Hilbert space V . Prove that

∑
k∈Γ

‖Tek‖2 =
∞∑
n=1

(
sn(T )

)2
for every orthonormal basis {ek}k∈Γ of V .

Solution. The left side is independent of the orthonormal basis, and one basis built from a singular
value decomposition evaluates it. All sums are of nonnegative terms, taken in [0,∞] as

∑
i∈I ai =

sup{
∑

i∈F ai : F ⊆ I finite}, which agrees with the unordered sum when the latter converges; the
asserted equality is an equality in [0,∞].
Such double sums may be interchanged: with A =

∑
k∈Γ

∑
j∈Λ ak,j and B =

∑
j∈Λ

∑
k∈Γ ak,j , any

finite F ⊆ Γ, G ⊆ Λ satisfy
∑

j∈G
∑

k∈F ak,j =
∑

k∈F
∑

j∈G ak,j ≤ A; and given a finite G and
c <

∑
j∈G

∑
k∈Γ ak,j , pick tj <

∑
k∈Γ ak,j with

∑
j∈G tj > c, then finite Fj with

∑
k∈Fj

ak,j > tj , and
put F =

⋃
j∈G Fj ; nonnegativity gives

∑
j∈G

∑
k∈F ak,j > c, so c < A. Hence B ≤ A, and A ≤ B by

symmetry.
Independence of the basis: for orthonormal bases {ek}k∈Γ and {gj}j∈Λ of V , Parseval 8.63(c) applied
twice, the interchange, and 10.1 give∑

k∈Γ
‖Tek‖2 =

∑
k∈Γ

∑
j∈Λ

|〈Tek, gj〉|2 =
∑
j∈Λ

∑
k∈Γ

|〈ek, T ∗gj〉|2

=
∑
j∈Λ

‖T ∗gj‖2,

whose right side does not mention {ek}.
Evaluation: write Tf =

∑
k∈Ω sk(T )〈f, uk〉vk as in Exercise 15, with Ω an initial segment of Z+,

sk(T ) > 0 on Ω and sj(T ) = 0 off it. Put U = span{uk}k∈Ω, so {uk}k∈Ω is an orthonormal basis of
U by 8.61, and let {wi}i∈Λ be an orthonormal basis of the Hilbert space U⊥ (8.75). Their union is
orthonormal, and its closed span contains U + U⊥ = V by 8.43, so it is an orthonormal basis of V .
Here Tuj = sj(T )vj gives ‖Tuj‖2 = sj(T )

2, while wi ⊥ uk for all k gives Twi = 0. Splitting the sum
over the disjoint union,

∑
k∈Ω

‖Tuk‖2 +
∑
i∈Λ

‖Twi‖2 =
∑
k∈Ω

sk(T )
2 =

∞∑
n=1

(
sn(T )

)2
,

the last equality because sn(T ) = 0 off Ω and nonnegative unordered sums over subsets of Z+ agree
with the series.
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Problem 10D.20. Use the result of Example 10.124 to evaluate
∞∑
n=1

1

n2
.

Solution.
∑∞

n=1 1/n
2 = π2/6.

Write S =
∑∞

n=1 1/n
2, which is finite because

∑N
n=1 n

−2 ≤ 1 +
∑N

n=2

(
1

n−1 − 1
n

)
< 2 for every N .

Splitting the first 2N terms by parity,

2N∑
n=1

1

n2
=

N∑
k=1

1

(2k − 1)2
+

1

4

N∑
k=1

1

k2
,

and letting N → ∞, with
∑∞

k=1(2k − 1)−2 = π2/8 by Example 10.124, gives S = π2/8 + S/4, so
S = 4

3 · π2

8 = π2/6.

Problem 10D.21. Suppose T is a normal compact operator on a complex Hilbert space. Prove
that the following are equivalent.
(a) rangeT is finite-dimensional.
(b) sp(T ) is a finite set.
(c) sn(T ) = 0 for some n ∈ Z.

Solution. Since 10.116 defines sn(T ) only for n ∈ Z+, the printed n ∈ Z in (c) is read as n ∈ Z+. We
prove (a) ⇔ (c), then (a) ⇒ (b) ⇒ (a).
(a) ⇔ (c): Exercise 13 gives sn(T ) = 0 ⇐⇒ dim rangeT < n, and rangeT is finite-dimensional
precisely when dim rangeT < n for some n ∈ Z+.
(a) ⇒ (b): let m = dim rangeT <∞. Eigenvectors f1, . . . , fj for distinct nonzero eigenvalues α1, . . . , αj
satisfy fi = Tfi/αi ∈ rangeT , and are pairwise orthogonal by 10.57 (T normal), hence independent;
so j ≤ m and T has at most m nonzero eigenvalues. Every nonzero α ∈ sp(T ) is an eigenvalue by the
Fredholm Alternative 10.85, so sp(T ) has at most m+ 1 elements.
(b) ⇒ (a): by 10.107 there is an orthonormal basis {fk}k∈Γ of V with Tfk = λkfk. Each λk lies in the
finite set sp(T ), since T − λkI is not injective; and for each nonzero value λ the orthonormal, hence
independent, family {fk : λk = λ} lies in null(T −λI), finite-dimensional by 10.82. So Λ = {k : λk 6= 0}
is finite. By Parseval 8.63(a) and continuity of T ,

Tf =
∑
k∈Γ

λk〈f, fk〉fk =
∑
k∈Λ

λk〈f, fk〉fk,

so rangeT ⊆ span{fk}k∈Λ, which is finite-dimensional.

Problem 10D.22. Find the singular values of the Volterra operator.
[Your answer, when combined with Exercise 12, should show that the norm of the Volterra operator
is 2

π . This appearance of π can be surprising because the definition of the Volterra operator does not
involve π.]

Solution. The singular values of the Volterra operator V , (V f)(x) =
∫ x
0 f (Example 10.15), are

sn(V ) =
2

(2n− 1)π
(n ∈ Z+),

each occurring exactly once; with Exercise 12 this gives ‖V ‖ = s1(V ) = 2/π.
V is the integral operator with kernel K = χ{y<x} ∈ L2(µ × µ), hence compact (paragraph after the
proof of 10.70), and 10.16 gives (V ∗f)(x) =

∫ 1
x f ; so V ∗V is compact and self-adjoint, and by 10.116 the

singular values of V are the positive square roots of the positive eigenvalues of V ∗V , with multiplicity.
Suppose V ∗V f = αf with α > 0 and f 6= 0. Since ‖f‖1 ≤ ‖f‖2 by Hölder 7.9 on the finite measure
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space [0, 1], V f is defined, and it is continuous because |(V f)(x)− (V f)(x′)| ≤
∫
[x′,x] |f | → 0 by 3.31.

So the Fundamental Theorem of Calculus makes V ∗V f continuously differentiable with (V ∗V f)′ =
−V f ; then f = 1

αV
∗V f agrees a.e. with a C1 function, and after replacing f by that representative,

(V f)′ = f , so f is C2 with

αf ′′(x) = −(V f)′(x) = −f(x) (0 ≤ x ≤ 1).

Both sides of V ∗V f = αf and of (V ∗V f)′ = −V f are now continuous, so they hold pointwise;
evaluating the first at x = 1 and the second at x = 0 gives f(1) = 0 and f ′(0) = 0.
Write α = 1/λ2 with λ > 0, so f ′′+λ2f = 0 and hence f(x) = A cos(λx)+B sin(λx). (If u′′+λ2u = 0
with u(0) = u′(0) = 0 then (u′)2 + λ2u2 has zero derivative and vanishes at 0, so u ≡ 0 for real u, and
for complex u apply this to its real and imaginary parts; subtracting the combination with A = f(0),
B = f ′(0)/λ gives the claim.) Now f ′(0) = 0 forces B = 0 and so A 6= 0, and f(1) = 0 forces cosλ = 0,
i.e. λ = λk :=

(2k+1)π
2 with k ≥ 0, since λ > 0. Thus α = 4/((2k+1)2π2) and its eigenspace lies in the

span of fk(x) = cos(λkx).
Each such α is indeed an eigenvalue: (V fk)(x) = sin(λkx)/λk, so, using cosλk = 0,

(V ∗V fk)(x) =

∫ 1

x

sin(λkt)
λk

dt =
cos(λkx)− cosλk

λ 2
k

=
1

λ 2
k

fk(x).

By the previous paragraph each has geometric multiplicity 1 and there are no others, so listing 1/λk
in decreasing order gives sn(V ) = 1/λn−1 =

2
(2n−1)π .
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11.1 Exercises 11A

Problem 11A.1. Prove that f̂(n) = f̂(−n) for all f ∈ L1(∂D) and all n ∈ Z.

Solution. On ∂D we have z = 1/z, so zn = z−n and z−n = zn; hence f(z) zn = f(z) z−n = f(z)z−n.
Since conjugation commutes with integration, 11.7 gives

f̂(n) =

∫
∂D

f(z) z−n dσ(z)

=

∫
∂D

f(z) z−n dσ(z) = f̂(−n).

Problem 11A.2. Suppose 1 ≤ p ≤ ∞ and n ∈ Z.
(a) Show that the function f 7→ f̂(n) is a bounded linear functional on Lp(∂D) with norm 1.
(b) Find all f ∈ Lp(∂D) such that ‖f‖p = 1 and |f̂(n)| = 1.

Solution. Write ϕ(f) = f̂(n). Since σ(∂D) = 1, we have Lp(∂D) ⊆ L1(∂D) with

‖f‖1 ≤ ‖f‖p (∗)

for all p ∈ [1,∞]: this is 7.10 for 1 < p <∞ (the constant being σ(∂D)(p−1)/p = 1), and
∫
|f | dσ ≤ ‖f‖∞

for p = ∞. So ϕ is defined on Lp(∂D).
(a) ϕ is linear by 11.9(a),(b), and |ϕ(f)| ≤ ‖f‖1 ≤ ‖f‖p by 11.9(c) and (∗), so ‖ϕ‖ ≤ 1. Equality holds
because g(z) = zn has |g| = 1, hence ‖g‖p = 1, while ϕ(g) =

∫
∂D znzn dσ = 1 by 11.6.

(b) For 1 < p ≤ ∞ these are exactly f(z) = λzn with |λ| = 1; for p = 1 they are exactly f(z) = λh(z)zn

with |λ| = 1 and h ≥ 0 in L1(∂D) with
∫
h dσ = 1.

These work: such an f has ‖f‖1 =
∫
h dσ = 1 and f̂(n) = λ

∫
h dσ = λ; and h = 1 gives f(z) = λzn

with ‖f‖p = 1 for all p.
No others: if ‖f‖p = 1 and |f̂(n)| = 1, then 11.9(c) and (∗) give

1 = |f̂(n)| ≤ ‖f‖1 ≤ ‖f‖p = 1,

so both are equalities. Put g(z) = f(z)zn, so |g| = |f | and f̂(n) =
∫
g dσ, and pick |λ| = 1 with

λ
∫
g dσ = |

∫
g dσ|. Then

∫
(|g| − Re(λg)) dσ = ‖f‖1 − |f̂(n)| = 0 with nonnegative integrand, so by

3.43 Re(λg) = |g| = |λg| a.e., forcing λg = |g| a.e. and hence

f(z) = λ|f(z)|zn a.e. (∗∗)

With h = |f | this is the claimed form for p = 1.
For 1 < p <∞ put g = |f |, so

∫
g dσ =

∫
gp dσ = 1, and let ψ(t) = tp−pt+p−1; then ψ′(t) = p(tp−1−1)

is negative on (0, 1) and positive on (1,∞), so ψ ≥ 0 with equality only at t = 1. Since∫
∂D

ψ(g) dσ = 1− p+ (p− 1) = 0,

we get g = 1 a.e. For p = ∞, |f | ≤ 1 a.e. and
∫
(1 − |f |) dσ = 0 give the same. Substituting |f | = 1

into (∗∗) yields f(z) = λzn a.e.

Problem 11A.3. Show that if 0 ≤ r < 1 and t ∈ R, then

Pr(e
it) =

1− r2

1− 2r cos t+ r2
.

260



Solution. By 11.14, Pr(eit) = (1− r2)/|1− reit|2, so it suffices to evaluate the denominator. Since r is
real, 1− reit = 1− re−it, so

|1− reit|2 = (1− reit)(1− re−it) = 1− r(eit + e−it) + r2 = 1− 2r cos t+ r2.

Problem 11A.4. Suppose f ∈ L1(∂D), z ∈ ∂D, and f is continuous at z. Prove that

lim
r↑1

(Prf)(z) = f(z).

[The result in this exercise differs from 11.18 because here we are assuming continuity only at a
single point and we are not even assuming that f is bounded, as compared to 11.18, which assumed
continuity at all points of ∂D.]

Solution. Since
∫
∂D Pr(zw) dσ(w) =

∫
∂D Pr dσ = 1 by 11.17 and 11.16(b), the integral formula 11.15

gives
(Prf)(z)− f(z) =

∫
∂D

(
f(w)− f(z)

)
Pr(zw) dσ(w).

Also 1− zw = w(w − z) for w ∈ ∂D, so |1− zw| = |w − z|.
Given ε > 0, continuity at z supplies δ > 0 with |f(w)− f(z)| < ε whenever |w− z| < δ; let Aδ be that
set of w, which is measurable, being relatively open. Since Pr > 0 by 11.16(a), the part of the integral
over Aδ is at most ε

∫
∂D Pr(zw) dσ(w) = ε.

Off Aδ we bound the kernel instead of f , which need not be bounded: there |1−zw| ≥ δ, so if 1−r < δ/2
then |1− rzw| ≥ |1− zw| − (1− r) > δ/2, whence by 11.14

Pr(zw) =
1− r2

|1− rzw|2
<

4(1− r2)

δ2
,

and therefore, using σ(∂D) = 1 and f ∈ L1(∂D),∫
∂D\Aδ

|f(w)− f(z)|Pr(zw) dσ(w) ≤
4(1− r2)

δ2
(
‖f‖1 + |f(z)|

)
.

Since δ depends only on ε and 1− r2 → 0, we get lim supr↑1 |(Prf)(z)− f(z)| ≤ ε for every ε > 0.

Problem 11A.5. Suppose a, b ∈ C, f ∈ L1(∂D), z ∈ ∂D, lim
t↓0

f(eitz) = a, and lim
t↑0

f(eitz) = b.
Prove that

lim
r↑1

(Prf)(z) =
a+ b

2
.

[If a 6= b, then f is said to have a jump discontinuity at z.]

Solution. The Poisson kernel splits its unit mass evenly between the two sides of z, so the one-sided
limits are averaged with equal weights. Write pr(t) = Pr(e

it) = 1−r2
1−2r cos t+r2 by Exercise 3, an even

function of t; in particular Pr(e−it) = pr(t).
Rotation invariance

∫
∂DG(zw) dσ(w) =

∫
∂DGdσ holds for G ∈ L1(σ): apply 11.17 to h(ζ) = G(ζ)

with z in place of z, giving
∫
G(zw) dσ(w) =

∫
G(ζ) dσ(ζ), then 11.17 with h = G and z = 1. Applying

this to G(w) = f(w)Pr(zw) in 11.15, with zzw = w, and transferring to (−π, π] by 11.4,

(Prf)(z) =
∫
∂D

f(zw)Pr(w) dσ(w) =

∫ π

−π
f(eitz) pr(t)

dt

2π
,

all integrals being defined since the same invariance gives
∫ π
−π |f(e

itz)| dt2π = ‖f‖1 <∞.
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By 11.16(b) and 11.4,
∫ π
−π pr(t)

dt
2π = 1, so evenness of pr gives

∫ π
0 pr

dt
2π =

∫ 0
−π pr

dt
2π = 1

2 and hence

(Prf)(z)−
a+ b

2
=

∫ π

0

(
f(eitz)− a

)
pr(t)

dt

2π

+

∫ 0

−π

(
f(eitz)− b

)
pr(t)

dt

2π
.

Given ε > 0, the one-sided limits supply δ ∈ (0, π) with |f(eitz)−a| < ε for 0 < t < δ and |f(eitz)−b| <
ε for −δ < t < 0; split both integrals at ±δ. Since pr > 0, the two inner pieces contribute at most
2 · ε · 1

2 = ε. For δ ≤ |t| ≤ π we have cos t ≤ cos δ, so

1− 2r cos t+ r2 = (1− r)2 + 2r(1− cos t) ≥ 2r(1− cos δ),

giving pr(t) ≤ 1−r2
1−cos δ for 1

2 ≤ r < 1 (note 1 − cos δ > 0); hence the two outer pieces total at most
1−r2

1−cos δ (‖f‖1 + |a| + |b|). As δ depends only on ε and 1 − r2 → 0, the limsup as r ↑ 1 is at most ε for
every ε > 0.

Problem 11A.6. Prove that for each p ∈ [1,∞), there exists f ∈ L1(∂D) such that

∞∑
n=−∞

|f̂(n)|p = ∞.

Solution. Suppose not, so that
∑

n |f̂(n)|p < ∞ for every f ∈ L1(∂D); the Dirichlet kernel will
contradict this. Then Tf = (f̂(n))n∈Z maps the Banach space L1(∂D) into the Banach space `p(Z)
(both by 7.24), and is linear by 11.9(a),(b).
T has closed graph: if fk → f in L1 and Tfk → c in `p, then |f̂k(n) − f̂(n)| ≤ ‖fk − f‖1 → 0 by
11.9(a)–(c), while |f̂k(n)− cn| ≤ ‖Tfk− c‖p → 0, so c = Tf . By the Closed Graph Theorem 6.85 there
is C <∞ with ( ∞∑

n=−∞
|f̂(n)|p

)1/p
≤ C‖f‖1 for all f ∈ L1(∂D).

Apply this to DN (w) =
∑N

n=−N w
n. By 11.6 we get D̂N (m) = 1 for |m| ≤ N and 0 otherwise, so the

left side is (2N + 1)1/p. For the right side, summing the geometric series and multiplying numerator
and denominator by e−it/2,

DN (e
it) = e−iNt

ei(2N+1)t − 1

eit − 1
=

sin
(
(N + 1

2)t
)

sin(t/2)
(t 6= 0),

so |DN (e
it)| ≤ 1/| sin(t/2)| ≤ π/|t| for 0 < |t| ≤ π, using sinu ≥ 2u/π on [0, π/2] by concavity; also

|DN | ≤ 2N + 1 from the definition. Using the second bound on |t| ≤ 1
N and the first on 1

N ≤ |t| ≤ π,

‖DN‖1 ≤
1

2π

(2(2N + 1)

N
+ 2π ln(πN)

)
≤ 3 + lnN,

since 1
2π (4 +

2
N ) < 1 and lnπ < 1.2. Thus (2N + 1)1/p ≤ C(3 + lnN) for every N , which fails for large

N because p <∞.

Problem 11A.7. Suppose ζ ∈ ∂D. Show that the function

w 7→ 1− |w|2

|1− ζw|2

is harmonic on C \ {ζ} by finding an analytic function on C \ {ζ} whose real part is the function
above.
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Solution. Take
g(w) =

1 + ζw

1− ζw
.

This is a quotient of polynomials in w, so it is analytic off the zero set of the denominator; and
1− ζw = 0 exactly when w = 1/ζ = ζ, the last equality because ζζ = |ζ|2 = 1. Thus g is analytic on
C \ {ζ}.
Write u = ζw, so u 6= 1 and |u| = |w|. Multiplying numerator and denominator by 1− u,

1 + u

1− u
=

(1 + u)(1− u)

|1− u|2
=

(1− |u|2) + (u− u)

|1− u|2
.

Here u−u is purely imaginary while 1−|u|2 and |1−u|2 are real, so taking real parts and substituting
u = ζw gives

(Re g)(w) = 1− |w|2

|1− ζw|2
for w ∈ C \ {ζ}.

The real part of a function analytic on an open subset of C is harmonic there, by the first bullet point
of 11.20, so the given function is harmonic on C \ {ζ}.

Problem 11A.8. Suppose f : ∂D → R is the function defined by

f(x, y) = x4y

for (x, y) ∈ R2 with x2 + y2 = 1. Find a polynomial u of two variables x, y such that u is harmonic
on R2 and u|∂D = f .
[Of course, u|D is the Poisson integral of f . However, here you are asked to find an explicit formula
for u in closed form, without involving or computing an integral. It may help to think of f as defined
by f(z) = (Re z)4(Im z) for z ∈ ∂D.]

Solution. The answer is

u(x, y) = 1
16

(
5x4y − 10x2y3 + y5 + 9x2y − 3y3 + 2y

)
,

which is exactly u(w) = 1
16 Im

(
w5 + 3w3 + 2w

)
under the usual identification w = x+ yi.

Since g(w) = 1
16(w

5+3w3+2w) is a polynomial, hence analytic on C, the function u = Im g is harmonic
on R2 by the first bullet point of 11.20. It remains to check u|∂D = f .
For z ∈ ∂D we have Re z = z+z

2 , Im z = z−z
2i and zz = 1, so

f(z) =
(z + z)4(z − z)

32i
, (z + z)4 = z4 + 4z2 + 6 + 4z 2 + z 4,

the second identity by the binomial theorem with zz = 1. Multiplying out, again using zz = 1 (so
z4z = z3, zz 2 = z, and so on),

(z + z)4(z − z) =
(
z5 + 4z3 + 6z + 4z + z 3

)
−
(
z3 + 4z + 6z + 4z 3 + z 5

)
=
(
z5 − z 5

)
+ 3
(
z3 − z 3

)
+ 2
(
z − z

)
= 2i Im

(
z5 + 3z3 + 2z

)
.

Hence f(z) = 1
16 Im(z5 + 3z3 + 2z) = u(z) on ∂D, as required.

Writing w = x + yi and picking out the odd-index binomial terms gives Im(w3) = 3x2y − y3 and
Im(w5) = 5x4y − 10x2y3 + y5, which assembles into the displayed polynomial.
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Problem 11A.9. Find a formula (in closed form, not as an infinite sum) for Prf , where f is the
function in the second bullet point of Example 11.8.

Solution. For f(z) = 1/|3− z|2, every r ∈ [0, 1) and every z ∈ ∂D,

(Prf)(z) =
9− r2

8 |3− rz|2
=

9− r2

8 (9− 6rRe z + r2)
.

Indeed, the second bullet point of Example 11.8 gives f̂(n) = 1
83

−|n|, so by the definition 11.11, with
ρ := r/3 ∈ [0, 13),

(Prf)(z) =
∞∑

n=−∞
r|n|f̂(n)zn =

1

8

∞∑
n=−∞

ρ|n|zn =
1

8
· 1− ρ2

|1− ρz|2
,

the last equality by 11.13 (legitimate since ρ ∈ [0, 1) and |z| = 1, which also makes the series absolutely
convergent). Multiplying numerator and denominator by 9, using |1 − r

3z|
2 = 1

9 |3 − rz|2, yields the
first form; and

|3− rz|2 = 9− 3r(z + z) + r2|z|2 = 9− 6rRe z + r2

yields the second.

Problem 11A.10. Suppose f : ∂D → C is three times continuously differentiable. Prove that

f [1](z) = i

∞∑
n=−∞

n f̂(n) zn

for all z ∈ ∂D.

Solution. Apply 11.27 to f [1] and then 11.26 to f .
The hypothesis of 11.27 holds for f [1]: with g̃(t) = g(eit) as in 11.24, the second bullet point of 11.24
gives f̃ [1] = f̃ (1), so

(
f̃ [1]
)(2)

= f̃ (3), which exists on R and is continuous by hypothesis; hence f [1] is
twice continuously differentiable. Thus 11.27 gives, for z ∈ ∂D,

f [1](z) =

∞∑
n=−∞

f̂ [1](n) zn,

the series converging absolutely since
∑

n |f̂ [1](n)| <∞ by 11.29 applied to f [1]. Now f is continuously
differentiable, so 11.26 with k = 1 gives f̂ [1](n) = inf̂(n), and absolute convergence lets i come out of
the sum:

f [1](z) =
∞∑

n=−∞
i n f̂(n) zn = i

∞∑
n=−∞

n f̂(n) zn.

Problem 11A.11. Let C(∂D) denote the Banach space of continuous functions from ∂D to C, with
the supremum norm. For M ∈ Z+, define a linear functional ϕM : C(∂D) → C by

ϕM (f) =

M∑
n=−M

f̂(n).

Thus ϕM (f) is a partial sum of the Fourier series
∑∞

n=−∞ f̂(n)zn, evaluated at z = 1.

264



(a) Show that

ϕM (f) =

∫ π

−π
f(eit)

sin
(
M + 1

2

)
t

sin t
2

dt

2π

for every f ∈ C(∂D) and every M ∈ Z+.
(b) Show that

lim
M→∞

∫ π

−π

∣∣∣∣∣sin
(
M + 1

2

)
t

sin t
2

∣∣∣∣∣ dt2π = ∞.

(c) Show that limM→∞ ‖ϕM‖ = ∞.

(d) Show that there exists f ∈ C(∂D) such that lim
M→∞

M∑
n=−M

f̂(n) does not exist (as an element of

C).
[Because the sum in (d) is a partial sum of the Fourier series evaluated at z = 1, part (d) shows that
the Fourier series of a continuous function on ∂D need not converge pointwise on ∂D.
The family of functions (one for each M ∈ Z+) on ∂D defined by

eit 7→
sin
(
M + 1

2

)
t

sin t
2

is called the Dirichlet kernel.]

Solution. Set DM (t) =
∑M

n=−M eint, a continuous real-valued 2π-periodic function (pair n with −n),
and LM =

∫ π
−π |DM (t)| dt2π . For t ∈ [−π, π] \ {0}, summing the geometric series of ratio eit 6= 1 and

then multiplying numerator and denominator by e−it/2,

DM (t) =
ei(M+1)t − e−iMt

eit − 1
=

2i sin
(
M + 1

2

)
t

2i sin t
2

=
sin
(
M + 1

2

)
t

sin t
2

.

So DM agrees with the Dirichlet kernel off the null set {0}, and may replace it inside any integral over
[−π, π].
(a) By the definition 11.7, linearity of the integral across the finite sum, and the reindexing n 7→ −n
of {−M, . . . ,M},

ϕM (f) =
M∑

n=−M

∫ π

−π
f(eit)e−int

dt

2π
=

∫ π

−π
f(eit)DM (t)

dt

2π
;

now insert the closed form.
(b) The integral in question is LM . Using

∣∣sin t
2

∣∣ ≤ |t|
2 , evenness of the integrand, and the substitution

s =
(
M + 1

2

)
t,

LM ≥ 2

π

∫ (M+ 1
2
)π

0

| sin s|
s

ds ≥ 2

π

M−1∑
k=0

1

(k + 1)π

∫ (k+1)π

kπ
| sin s| ds

=
4

π2

M∑
k=1

1

k
,

bounding 1
s ≥ 1

(k+1)π on [kπ, (k + 1)π] and using
∫ (k+1)π
kπ | sin s| ds = 2. The harmonic series diverges,

so LM → ∞.
(c) In fact ‖ϕM‖ = LM . The bound |ϕM (f)| ≤ ‖f‖∞LM is immediate from (a). Conversely, fix
ε > 0 and put fε(eit) = DM (t)/(|DM (t)| + ε); this is continuous on ∂D with ‖fε‖∞ ≤ 1, since DM is
continuous and 2π-periodic and the denominator is at least ε. As a2/(|a|+ ε) ≥ |a| − ε for real a, part
(a) gives

‖ϕM‖ ≥ ϕM (fε) =

∫ π

−π

DM (t)2

|DM (t)|+ ε

dt

2π
≥ LM − ε,
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and ε > 0 was arbitrary. With (b), ‖ϕM‖ → ∞.
(d) Otherwise limM ϕM (f) exists, hence supM |ϕM (f)| < ∞, for every f in the Banach space C(∂D);
since each ϕM is a bounded linear functional by (c), the Principle of Uniform Boundedness 6.86 would
force supM ‖ϕM‖ <∞, contradicting (c).

Problem 11A.12. Define f : ∂D → R by

f(z) =


1 if Im z > 0,

−1 if Im z < 0,

0 if Im z = 0.

(a) Show that if n ∈ Z, then

f̂(n) =

− 2i

nπ
if n is odd,

0 if n is even.

(b) Show that
(Prf)(z) =

2

π
arctan 2r Im z

1− r2

for every r ∈ [0, 1) and every z ∈ ∂D.
(c) Verify that limr↑1(Prf)(z) = f(z) for every z ∈ ∂D.
(d) Prove that Prf does not converge uniformly to f on ∂D as r ↑ 1.

Solution. (a) With f(eit) = 1 on (0, π), −1 on (−π, 0), and 0 on the null set {0, π}, the definition 11.7
gives, for n 6= 0,

f̂(n) =
1

2π

(∫ π

0
e−int dt−

∫ 0

−π
e−int dt

)
=

1

2π
·
2
(
1− (−1)n

)
in

=
1− (−1)n

inπ
,

using e∓inπ = (−1)n. This vanishes for n even and equals − 2i
nπ for n odd (as 1

i = −i); and f̂(0) = 0,
both integrals being π.
(b) Put w = rz. By 11.11 and (a) the series

∑
n r

|n|f̂(n)zn converges absolutely (terms dominated by
2
π r

|n|), so we may pair n with −n; since z−n = z n and zn − z n = 2i Im(zn), each pair with n odd and
positive contributes 4

nπ Im(wn). Hence

(Prf)(z) =
4

π

∞∑
k=0

Im
(
w2k+1

)
2k + 1

=
4

π
Im g(w), g(w) :=

∞∑
k=0

w2k+1

2k + 1
.

That power series has radius of convergence 1, so g is analytic on D with g(0) = 0 and g′(w) =∑
k w

2k = 1
1−w2 . Setting ψ(w) = 1+w

1−w ,

ψ(w) =
(1 + w)(1− w)

|1− w|2
=

(
1− |w|2

)
+ 2i Imw

|1− w|2
,

so Reψ > 0 on D; hence ψ lands in the right half-plane, where Log is analytic, and h := 1
2 Log ◦ψ

is analytic on D with h(0) = 0 and h′(w) = 1
2ψ

′(w)/ψ(w) = 1
1−w2 . Two analytic functions on the

connected set D with the same derivative that agree at 0 coincide, so g = h. Taking imaginary parts,
with Im Log(a+ bi) = arctan b

a for a > 0,

Im g(w) = 1
2 arctan 2 Imw

1− |w|2
, so (Prf)(z) =

2

π
arctan 2r Im z

1− r2
.

(c) As r ↑ 1 we have 1 − r2 ↓ 0 through positive values. (i) If Im z > 0 the argument of arctan tends
to +∞, so (Prf)(z) → 2

π · π2 = 1 = f(z). (ii) If Im z < 0 it tends to −∞, giving −1 = f(z). (iii) If
Im z = 0 the argument is 0 for every r, so (Prf)(z) = 0 = f(z).
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(d) For r ∈ [
√
2− 1, 1) set sr = 1−r2

2r , which lies in (0, 1] since sr ≤ 1 is equivalent to r2 + 2r − 1 ≥ 0,
and put zr =

√
1− s 2r + isr ∈ ∂D. Then f(zr) = 1 while (b) gives (Prf)(zr) = 2

π arctan 1 = 1
2 , so

‖f − Prf‖∞ ≥
∣∣f(zr)− (Prf)(zr)

∣∣ = 1
2

for all such r, ruling out uniform convergence.

11.2 Exercises 11B

Problem 11B.1. Show that the family {ek}k∈Z of trigonometric functions defined by 11.1 is an
orthonormal basis of L2

(
(−π, π]

)
.

Solution. Transport the basis {zn}n∈Z of 11.30 across the unitary map

U : L2(∂D) → L2
(
(−π, π]

)
, (Uf)(t) =

1√
2π

f(eit).

That U is unitary is the transfer of integration recorded just after 11.4: it gives 〈Uf,Uh〉 =
∫
∂D fh dσ =

〈f, h〉, and surjectivity because g 7→
√
2π g( · ) ◦ ϕ−1 inverts it, where ϕ(t) = eit is the bijection of 11.2

(measurability matches by the definition 11.4). Hence fn := U(zn), that is fn(t) = eint/
√
2π, is an

orthonormal basis of L2
(
(−π, π]

)
.

By 11.1, e0 = 1√
2π

= f0 and, for n ∈ Z+, en(t) = sin(nt)√
π

and e−n(t) =
cos(nt)√

π
. So

f±n =
e−n ± ien√

2
, equivalently e−n =

fn + f−n√
2

, en =
fn − f−n

i
√
2

.

Thus span{ek} = span{fn}, which is dense. Orthonormality of {ek} follows from that of {fn}: ‖e±n‖2 =
1
2(‖fn‖

2 + ‖f−n‖2) = 1 and 〈en, e−n〉 = 1
2i(‖fn‖

2 − ‖f−n‖2) = 0, while for |j| 6= |k| the vectors ej and
ek are combinations of the disjoint pairs {f|j|, f−|j|} and {f|k|, f−|k|}, so 〈ej , ek〉 = 0. By the definition
8.61, {ek}k∈Z is an orthonormal basis.

Problem 11B.2. Use the result of Exercise 12(a) in Section 11A to show that

1 +
1

32
+

1

52
+

1

72
+ · · · = π2

8
.

Solution. Apply Parseval’s identity to the function f of Exercise 12 in Section 11A, for which f̂(n) =
− 2i
nπ for n odd and f̂(n) = 0 for n even by part (a) of that exercise.

Since {z ∈ ∂D : Im z = 0} = {1,−1} has σ-measure 0, we have |f | = 1 almost everywhere, so
f ∈ L2(∂D) and ‖f‖22 = σ(∂D) = 1. By 11.30 the family {zn}n∈Z is an orthonormal basis of L2(∂D),
and 〈f, zn〉 = f̂(n) by the definition 11.7, so 8.63(c) gives

1 = ‖f‖22 =
∞∑

n=−∞
|f̂(n)|2 = 2

∞∑
k=0

4

(2k + 1)2π2
=

8

π2

∞∑
k=0

1

(2k + 1)2
,

the regrouping into pairs ±n being legitimate for a family of nonnegative numbers. Hence the sum
equals π2/8.

Problem 11B.3. Use techniques similar to Example 11.32 to evaluate
∞∑
n=1

1

n4
.

[If you feel industrious, you may also want to evaluate
∑∞

n=1 1/n
6. Similar techniques work to

evaluate
∑∞

n=1 1/n
k for each positive even integer k. You can become famous if you figure out how
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to evaluate
∑∞

n=1 1/n
3, which currently is an open question.]

Solution.
∑∞

n=1 1/n
4 = π4/90. Apply Parseval to f(eit) = t2 on (−π, π], which is bounded and

measurable, hence in L2(∂D).
Directly, f̂(0) = 1

2π

∫ π
−π t

2 dt = π2

3 . For n 6= 0, oddness of t2 sin(nt) and the antiderivative∫
t2 cos(nt) dt = t2 sin(nt)

n
+

2t cos(nt)
n2

− 2 sin(nt)
n3

(which vanishes at 0 and equals 2π(−1)n/n2 at π) give

f̂(n) =
1

π

∫ π

0
t2 cos(nt) dt = 2(−1)n

n2
.

Since {zn}n∈Z is an orthonormal basis by 11.30 and 〈f, zn〉 = f̂(n), Parseval 8.63(c) gives

π4

9
+ 8

∞∑
n=1

1

n4
=

∞∑
n=−∞

|f̂(n)|2 = ‖f‖22 =
∫ π

−π
t4
dt

2π
=
π4

5
,

whence
∑

n≥1 n
−4 = 1

8π
4(15 − 1

9) = π4/90.
For

∑∞
n=1 1/n

6 take g(eit) = t3. Then ĝ(0) = 0 by oddness, and for n 6= 0, using
∫
t3 sin(nt) dt =

− t3 cos(nt)
n + 3t2 sin(nt)

n2 + 6t cos(nt)
n3 − 6 sin(nt)

n4 (Check!),

ĝ(n) =
−i
π

∫ π

0
t3 sin(nt) dt = i(−1)n

(
π2

n
− 6

n3

)
.

Summing |ĝ(n)|2 = π4

n2 − 12π2

n4 + 36
n6 over n 6= 0 (three absolutely convergent series) with ζ(2) = π2/6

from Example 11.32 and ζ(4) = π4/90, Parseval gives

π6

15
+ 72

∞∑
n=1

1

n6
= ‖g‖22 =

∫ π

−π
t6
dt

2π
=
π6

7
,

so
∑

n≥1 n
−6 = 1

72π
6(17 − 1

15) = π6/945.

Problem 11B.4. Suppose f, g : ∂D → C are measurable functions. Prove that the function (w, z) 7→
f(w) g(zw) is a measurable function from ∂D× ∂D to C.
[Here the σ-algebra on ∂D× ∂D is the usual product σ-algebra as defined in 5.2.]

Solution. Everything reduces to one claim: the map m(w, z) = zw from ∂D × ∂D to ∂D is S ⊗ S-
measurable, where S is the σ-algebra of 11.4.
Write ϕ(t) = eit for the bijection (−π, π] → ∂D and B for the Borel subsets of (−π, π]; by 11.4,
S = {E : ϕ−1(E) ∈ B} = {ϕ(B) : B ∈ B}. Let ψ(s, t) be the representative of t− s in (−π, π], so that
ϕ ◦ ψ = m ◦ (ϕ× ϕ) by 2π-periodicity of eiθ.
(i) ψ−1(B) ∈ B⊗B for B ∈ B. Each hc(s, t) = t− s+ c is B⊗B-measurable by 2.46(a) (the coordinate
maps are, their inverse images being measurable rectangles), and since t− s ∈ (−2π, 2π),

ψ−1(B) =
3⋃
j=1

(
Dj ∩ h−1

cj (B)
)
, (c1, c2, c3) = (2π, 0,−2π),

where D1, D2, D3 are the h0-inverse images of (−∞,−π], (−π, π], (π,∞).
(ii) C ∈ B ⊗B implies (ϕ×ϕ)(C) ∈ S ⊗S. The collection of such C is a σ-algebra, because ϕ×ϕ is a
bijection, so taking images commutes with complements and unions; and it contains every measurable
rectangle, since (ϕ× ϕ)(B1 ×B2) = ϕ(B1)× ϕ(B2).
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For E ∈ S put B = ϕ−1(E) ∈ B. Bijectivity of ϕ × ϕ and the identity ϕ ◦ ψ = m ◦ (ϕ × ϕ) give
m−1(E) = (ϕ× ϕ)

(
ψ−1(B)

)
, which lies in S ⊗ S by (i) and (ii). This proves the claim.

Hence (w, z) 7→ g(zw) = (g ◦m)(w, z) is measurable, and so is (w, z) 7→ f(w) (inverse images of its
real and imaginary parts are measurable rectangles). Their product is measurable by 2.46(a), applied
to the real and imaginary parts of f(w)g(zw).

Problem 11B.5. Where does the proof of 11.42 fail when p = ∞?

Solution. At the very first step: the choice of a continuous g on ∂D with ‖f − g‖p < ε. Continuous
functions are dense in Lp(∂D) for p ∈ [1,∞) but not in L∞(∂D).
Nothing else in the proof uses p <∞:
• the triangle inequality ‖f −Prf‖∞ ≤ ‖f − g‖∞+ ‖g−Prg‖∞+ ‖Prg−Prf‖∞ holds in any normed

space;
• 11.18 supplies R ∈ [0, 1) with ‖g − Prg‖∞ < ε for r ∈ (R, 1), for continuous g, with no reference to
p;

• Pr(g − f) = Pr ∗ (g − f) = (g − f) ∗ Pr by 11.35 and commutativity of convolution 11.41, which
needs only that both functions lie in L1(∂D);

• 11.38 is proved for all p ∈ [1,∞], giving ‖Pr ∗ (g − f)‖∞ ≤ ‖Pr‖1‖g − f‖∞;
• ‖Pr‖1 = 1 by 11.16(a) and 11.16(b).
The gap is not an artifact: the conclusion of 11.42 itself is false for p = ∞, by Exercise 12(d) in Section
11A.

Problem 11B.6. Suppose f ∈ L1(∂D). Prove that f is real valued (almost everywhere) if and only
if f̂(−n) = f̂(n) for every n ∈ Z.

Solution. Both directions follow from Exercise 1 in Section 11A, which states that f̂(n) = f̂(−n) for
every n ∈ Z (note f ∈ L1(∂D) since |f | = |f |).
If f is real valued almost everywhere then f = f in L1(∂D), so

f̂(n) = f̂(n) = f̂(−n),

and conjugating gives f̂(−n) = f̂(n).
Conversely, if f̂(−n) = f̂(n) for all n, then conjugating gives f̂(n) = f̂(−n) = f̂(n), so by linearity of
h 7→ ĥ(n) every Fourier coefficient of f − f ∈ L1(∂D) vanishes. By 11.43, f = f almost everywhere.

Problem 11B.7. Suppose f ∈ L1(∂D). Show that f ∈ L2(∂D) if and only if
∞∑

n=−∞
|f̂(n)|2 <∞.

Solution. If f ∈ L2(∂D) then
∑

n |f̂(n)|2 = ‖f‖22 < ∞ by Parseval 8.63(c), since {zn}n∈Z is an
orthonormal basis by 11.30 and f̂(n) = 〈f, zn〉.
Conversely, suppose f ∈ L1(∂D) with

∑
n |f̂(n)|2 < ∞. As L2(∂D) is a Hilbert space (complete by

7.24) in which {zn} is orthonormal (11.6), 8.58(a) makes the unordered sum

g :=
∑
n∈Z

f̂(n) zn

converge in L2(∂D). For m ∈ Z and finite Ω 3 m, orthonormality gives 〈
∑

n∈Ω f̂(n)z
n, zm〉 = f̂(m), so

by Cauchy–Schwarz ∣∣〈g, zm〉 − f̂(m)
∣∣ ≤ ∥∥∥g −∑

n∈Ω
f̂(n)zn

∥∥∥
2
,

which can be made arbitrarily small; hence ĝ(m) = f̂(m) for all m. Now g ∈ L2(∂D) ⊆ L1(∂D), the
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inclusion by 7.9 with σ(∂D) = 1, so f − g ∈ L1(∂D) has all Fourier coefficients 0; by 11.43, f = g
almost everywhere, and so f ∈ L2(∂D).

Problem 11B.8. Suppose f ∈ L2(∂D). Prove that |f(z)| = 1 for almost every z ∈ ∂D if and only
if

∞∑
k=−∞

f̂(k) f̂(k − n) =

{
1 if n = 0,

0 if n 6= 0

for all n ∈ Z.

Solution. Both directions come from the identity

|̂f |2(n) =
∞∑

k=−∞
f̂(k) f̂(k − n) (n ∈ Z),

together with 1̂(n) = 〈z0, zn〉, which is 1 for n = 0 and 0 otherwise by orthonormality 11.6.
To prove the identity, fix n and set g = znf ∈ L2(∂D) (as |zn| = 1). Since znz k = z k−n on ∂D, we
get ĝ(k) = f̂(k−n). The family {zk}k∈Z is an orthonormal basis by 11.30, so Parseval 8.63(b) applied
to the pair f, g gives

∞∑
k=−∞

f̂(k) f̂(k − n) = 〈f, g〉 =
∫
∂D

|f |2 z n dσ = |̂f |2(n),

where |f |2 ∈ L1(∂D) by Cauchy–Schwarz, and the series converges absolutely by Cauchy–Schwarz in
`2(Z) using Bessel 8.57.
(i) If |f | = 1 almost everywhere then |f |2 = 1, so the left side equals 1̂(n) for every n, which is the
displayed condition. (ii) If the condition holds then |f |2 − 1 ∈ L1(∂D) has all Fourier coefficients 0 by
11.9(a) and 11.9(b), so |f |2 = 1 almost everywhere by 11.43.

Problem 11B.9. For this exercise, for each r ∈ [0, 1) think of Pr as an operator on L2(∂D).
• (a) Show that Pr is a self-adjoint compact operator for each r ∈ [0, 1).
• (b) For each r ∈ [0, 1), find all eigenvalues and eigenvectors of Pr.
• (c) Prove or disprove: limr↑1 ‖I − Pr‖ = 0.

Solution. In the orthonormal basis {zn}n∈Z of L2(∂D) (11.30), Pr is the diagonal operator

P̂rf(n) = r|n|f̂(n) (n ∈ Z),

since the series of 11.11 converges uniformly on ∂D, hence in L2 as σ is a probability measure. Parseval
8.63(c) then gives ‖Prf‖2 ≤ ‖f‖2.
(a) Self-adjoint: by Parseval 8.63(b),

〈Prf, g〉 =
∞∑

n=−∞
r|n|f̂(n)ĝ(n) = 〈f,Prg〉,

each r|n| being real. Compact: let TMf =
∑

|n|≤M r|n|f̂(n)zn, which is bounded with finite-dimensional
range, hence compact by 10.67. Parseval gives ‖(Pr − TM )f‖22 =

∑
|n|>M r2|n||f̂(n)|2 ≤ r2(M+1)‖f‖22,

so ‖Pr − TM‖ ≤ rM+1 → 0 as r < 1; now 10.69(a).
(b) Comparing Fourier coefficients, Prf = λf forces f̂(n) = 0 whenever r|n| 6= λ, so any λ /∈ {r|n|}
gives f = 0 by 11.43; and each r|n| is an eigenvalue with eigenvector zn.
• (i) r ∈ (0, 1): the eigenvalues are 1, r, r2, . . ., with eigenvectors the nonzero constants for λ = 1

and the nonzero elements azm + bz−m of span{zm, z−m} for λ = rm, m ∈ Z+. Here 0 is not an
eigenvalue.
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• (ii) r = 0: P0f = 〈f, 1〉1 is the orthogonal projection onto the constants, with eigenvalue 1 (eigen-
vectors the nonzero constants) and eigenvalue 0 (eigenvectors the nonzero f with f̂(0) = 0).

(c) False: ‖I − Pr‖ = 1 for every r ∈ [0, 1). Indeed I − Pr is diagonal with entries 1− r|n| ∈ [0, 1], so
‖I − Pr‖ ≤ 1 by Parseval, while ‖(I − Pr)zn‖2 = 1− r|n| → 1 as n→ ∞ and ‖zn‖2 = 1.

Problem 11B.10. Suppose f ∈ L1(∂D). Define T : L2(∂D) → L2(∂D) by Tg = f ∗ g.
• (a) Show that T is a compact operator on L2(∂D).
• (b) Prove that T is injective if and only if f̂(n) 6= 0 for every n ∈ Z.
• (c) Find a formula for T ∗.
• (d) Prove: T is self-adjoint if and only if all Fourier coefficients of f are real.
• (e) Show that T is a normal operator.

Solution. By 11.44, T is the diagonal operator T̂ g(n) = f̂(n)ĝ(n) in the orthonormal basis {zn}n∈Z
of 11.30; it maps L2(∂D) into itself because L2(∂D) ⊆ L1(∂D) (σ is finite) and 11.38 with p = 2
gives ‖Tg‖2 ≤ ‖f‖1‖g‖2. Throughout we use Parseval 8.63(c) and the fact that Fourier coefficients
determine an element of L1(∂D) (11.43).
(a) Set εM = sup|n|>M |f̂(n)|, which tends to 0 by the Riemann–Lebesgue Lemma 11.10. With QM
the orthogonal projection onto span{zn : |n| ≤ M}, the operator QMT has finite-dimensional range,
hence is compact by 10.67, and Parseval gives

‖(T −QMT )g‖22 =
∑

|n|>M

|f̂(n)|2|ĝ(n)|2 ≤ ε2M‖g‖22.

So ‖T −QMT‖ ≤ εM → 0, and T is compact by 10.69(a).
(b) If f̂(m) = 0 then all Fourier coefficients of Tzm vanish (those with n 6= m because ẑm(n) = 0 by
11.6), so Tzm = 0 by 11.43 with zm 6= 0. Conversely, if every f̂(n) 6= 0 and Tg = 0, then ĝ(n) = 0 for
all n, so g = 0 by 11.43.
(c) T ∗h = f# ∗ h, where f#(z) = f(z̄); equivalently T̂ ∗h(n) = f̂(n)ĥ(n). Taking z = 1 in 11.17 gives∫
∂D h(w̄) dσ(w) =

∫
∂D h dσ; applied to |f | this puts f# in L1(∂D), and applied to f(ζ)ζn it gives

f̂#(n) = f̂(n). Hence, by Parseval 8.63(b) and 11.44 twice,

〈Tg, h〉 =
∞∑

n=−∞
ĝ(n)f̂(n)ĥ(n) = 〈g, f# ∗ h〉,

the sums converging absolutely since {f̂(n)} is bounded by 11.9(c) while {ĝ(n)}, {ĥ(n)} ∈ `2(Z). As
h 7→ f# ∗ h is bounded on L2(∂D), uniqueness of the adjoint gives the formula; unwinding with 11.17
once more,

(T ∗h)(z) =

∫
∂D

f(w)h(zw) dσ(w).

(d) If T = T ∗, comparing the m-th Fourier coefficients of Tzm and T ∗zm (and ẑm(m) = 1 by 11.6)
gives f̂(m) = f̂(m), so every f̂(m) is real. Conversely, if every f̂(n) is real then f̂#(n) = f̂(n), so
f# = f by 11.43 and T ∗ = T .
(e) By (c) and 11.44, T̂ T ∗g(n) = |f̂(n)|2ĝ(n) = T̂ ∗Tg(n) for every n, so TT ∗g = T ∗Tg by 11.43.

Problem 11B.11. Show that if f, g ∈ L1(∂D) then

(f ∗ g)∼(t) = 1

2π

∫ π

−π
f̃(x) g̃(t− x) dx,

for those t ∈ R such that (f ∗ g)(eit) makes sense; here (f ∗ g)∼, f̃ , and g̃ denote the transfers to the
real line as defined in 11.24.
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Solution. Put z = eit and apply the transfer of integration recorded after 11.4 to w 7→ f(w)g(zw̄), the
integrand in the definition 11.36 of convolution. Writing w = eix gives zw̄ = ei(t−x), so the integrand
transfers to f̃(x) g̃(t− x) and

(f ∗ g)∼(t) =
∫
∂D

f(w) g(zw̄) dσ(w) =
1

2π

∫ π

−π
f̃(x) g̃(t− x) dx,

for exactly those t at which (f ∗ g)(eit) makes sense, which by 11.37 is almost every t. (Here g̃(t−x) is
unambiguous because g̃ is 2π-periodic, and w 7→ g(zw̄) is measurable since w 7→ zw̄ corresponds under
11.2 to x 7→ t− x modulo 2π.)

Problem 11B.12. Suppose 1 ≤ p ≤ ∞. Prove that if f ∈ Lp(∂D) and g ∈ Lp
′
(∂D), then f ∗ g is a

continuous function on ∂D.

Solution. Everything follows from continuity of translation: writing hz(w) = h(zw̄), the map z 7→ hz
is continuous from ∂D into Lq(∂D) whenever q <∞ and h ∈ Lq(∂D).
Note first that ‖hz‖q = ‖h‖q for every q ∈ [1,∞], by 11.17 applied to |h|q when q < ∞ and because
w 7→ zw̄ preserves null sets when q = ∞. Hence 7.9 gives, for each z,∫

∂D
|f(w)g(zw̄)| dσ(w) ≤ ‖f‖p ‖gz‖p′ = ‖f‖p ‖g‖p′ <∞,

so (f ∗ g)(z) is defined at every point of ∂D.
For the claim, fix z0 and ε > 0, and (continuous functions being dense in Lq(∂D) for q < ∞, as used
in the proof of 11.42) pick ϕ continuous with ‖h− ϕ‖q < ε. Since ‖hz − ϕz‖q = ‖h− ϕ‖q,

‖hz − hz0‖q ≤ 2ε+ ‖ϕz − ϕz0‖q ≤ 2ε+ ‖ϕz − ϕz0‖∞,

using σ(∂D) = 1. As |zw̄ − z0w̄| = |z − z0| for all w, and ϕ is uniformly continuous on the compact
set ∂D, the last term tends to 0 as z → z0. Since ε was arbitrary, ‖hz − hz0‖q → 0.
At least one of p, p′ is finite. (i) If p′ <∞, then 7.9 gives

|(f ∗ g)(z)− (f ∗ g)(z0)| ≤ ‖f‖p ‖gz − gz0‖p′ −→ 0

as z → z0, by the claim with h = g, q = p′. (ii) If p′ = ∞ then p = 1, and since f ∗ g = g ∗ f by
11.41 (applicable as Lq(∂D) ⊆ L1(∂D) for finite σ), the same estimate with the roles reversed gives
|(g ∗ f)(z)− (g ∗ f)(z0)| ≤ ‖g‖∞‖fz − fz0‖1 → 0. In both cases f ∗ g is continuous.

Problem 11B.13. Suppose g ∈ L1(∂D) is such that ĝ(n) 6= 0 for infinitely many n ∈ Z. Prove that
if f ∈ L1(∂D), then f ∗ g 6= g.

Solution. Suppose f ∗ g = g for some f ∈ L1(∂D). Taking Fourier coefficients, 11.44 gives(
f̂(n)− 1

)
ĝ(n) = 0 (n ∈ Z),

so f̂(n) = 1 on the set S = {n : ĝ(n) 6= 0}, which is infinite and hence unbounded. Choosing nk ∈ S
with |nk| → ∞ contradicts the Riemann–Lebesgue Lemma 11.10, which forces f̂(nk) → 0.

Problem 11B.14. Show that there exists a two-sided sequence . . . , b−2, b−1, b0, b1, b2, . . . such that
limn→±∞ bn = 0 but there does not exist f ∈ L1(∂D) with f̂(n) = bn for all n ∈ Z.

Solution. Such a sequence exists because the map Φ(f) = (f̂(n))n∈Z from L1(∂D) to c0(Z) is not
surjective, where c0(Z) is the space of two-sided sequences tending to 0 at ±∞ under the supremum
norm.
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Both spaces are Banach: L1(∂D) by 7.24, and c0(Z) as a closed subspace of `∞(Z) (a uniform limit
of sequences vanishing at infinity vanishes at infinity). The map Φ lands in c0(Z) by the Riemann–
Lebesgue Lemma 11.10, is linear by 11.9(a) and 11.9(b), is bounded by 11.9(c), and is injective by
11.43. So if Φ were surjective, the Bounded Inverse Theorem 6.83 would supply c ∈ (0,∞) with

‖f‖1 ≤ c sup
n∈Z

|f̂(n)| for all f ∈ L1(∂D).

The Dirichlet kernels DM (z) =
∑M

n=−M zn refute this. They are continuous, and by 11.6 their Fourier
coefficients are 1 for |n| ≤ M and 0 otherwise, so the right side above would be c for every M . But
summing the geometric series gives DM (eit) = sin

(
(M + 1

2)t
)
/ sin t

2 , so by Exercise 11(b) in Section
11A,

‖DM‖1 =
∫ π

−π

∣∣∣∣∣sin
(
(M + 1

2)t
)

sin t
2

∣∣∣∣∣ dt2π −→ ∞

as M → ∞. Hence Φ is not surjective, and any b ∈ c0(Z) outside its range is the required sequence.

Problem 11B.15. Prove that if f, g ∈ L2(∂D), then

f̂g(n) =
∞∑

k=−∞
f̂(k) ĝ(n− k)

for every n ∈ Z.

Solution. Fix n and set h(z) = g(z) zn, so that h ∈ L2(∂D) with h(z) = g(z)z̄ n and hence

f̂g(n) =

∫
∂D

f(z)g(z)z̄ n dσ(z) = 〈f, h〉.

(Here fg ∈ L1(∂D) by 7.9.) Since zz̄ = 1 on ∂D,

ĥ(k) =

∫
∂D

g(z) z̄ n−k dσ(z) = ĝ(n− k).

The family {zk}k∈Z is an orthonormal basis by 11.30, so Parseval 8.63(b) gives

f̂g(n) = 〈f, h〉 =
∞∑

k=−∞
f̂(k) ĥ(k) =

∞∑
k=−∞

f̂(k) ĝ(n− k),

the series converging absolutely by Cauchy–Schwarz in `2(Z) together with Bessel 8.57, since k 7→ n−k
is a bijection of Z.

Problem 11B.16. Suppose f ∈ L1(∂D). Prove that Pr(Psf) = Prsf for all r, s ∈ [0, 1).

Solution. Both sides have the same Fourier coefficients, namely (rs)|n|f̂(n).
Indeed, the series

∑
m s

|m|f̂(m)zm of 11.11 converges uniformly on ∂D (its terms are dominated by
‖f‖1s|m|), so it may be integrated termwise against z̄ n; orthonormality of {zm}m∈Z (11.6) then leaves
one term:

P̂sf(n) = s|n|f̂(n) (n ∈ Z).

Uniform convergence also makes Psf continuous, hence in L1(∂D), so 11.11 applies to it and gives, for
z ∈ ∂D, (

Pr(Psf)
)
(z) =

∞∑
n=−∞

r|n|s|n|f̂(n)zn = (Prsf)(z),
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by 11.11 again with rs ∈ [0, 1).

Problem 11B.17. Suppose p ∈ [1,∞] and f ∈ Lp(∂D). Prove that if 0 ≤ r < s < 1, then

‖Prf‖p ≤ ‖Psf‖p.

Solution. Factor Pr through Ps: since 0 ≤ r < s < 1 we have t := r/s ∈ [0, 1), and Exercise 16 in this
section gives

Pt(Psf) = Ptsf = Prf.

(Here f ∈ L1(∂D) because ‖f‖1 ≤ ‖f‖p by 7.9, σ being a probability measure.)
Now Pt does not increase the Lp-norm. Indeed 11.35 says Ptg = g ∗ Pt, which equals Pt ∗ g by 11.41;
the Poisson kernel is continuous and positive with ‖Pt‖1 = 1 by 11.16(a) and 11.16(b); so 11.38 gives

‖Ptg‖p = ‖Pt ∗ g‖p ≤ ‖Pt‖1 ‖g‖p = ‖g‖p.

Apply this with g = Psf , which lies in Lp(∂D) because the series of 11.11 converges uniformly on ∂D,
making Psf continuous hence bounded. Combining the two displays gives ‖Prf‖p ≤ ‖Psf‖p.

Problem 11B.18. Prove Wirtinger’s inequality: If f : R → R is a continuously differentiable 2π-
periodic function and

∫ π
−π f(t) dt = 0, then∫ π

−π

(
f(t)

)2
dt ≤

∫ π

−π

(
f ′(t)

)2
dt,

with equality if and only if f(t) = a sin(t) + b cos(t) for some constants a, b.

Solution. Transfer to the circle: let F (eit) = f(t), well defined by 2π-periodicity, so F̃ = f and F
is once continuously differentiable in the sense of 11.24, with F [1](eit) = f ′(t). Both are continuous,
hence in L2(∂D), and by the transfer of integration after 11.4,

‖F‖22 =
1

2π

∫ π

−π
f(t)2 dt,

∥∥F [1]
∥∥2
2
=

1

2π

∫ π

−π
f ′(t)2 dt.

The hypotheses read F̂ (0) = 1
2π

∫ π
−π f = 0 and, by 11.26 with k = 1, F̂ [1](n) = inF̂ (n).

Since {zn}n∈Z is an orthonormal basis by 11.30, Parseval 8.63(c) applied to F and to F [1] gives, both
sums being finite, ∥∥F [1]

∥∥2
2
− ‖F‖22 =

∑
n6=0

(n2 − 1)
∣∣F̂ (n)∣∣2 ≥ 0,

using F̂ (0) = 0 to drop the n = 0 term from ‖F‖22. Multiplying by 2π gives Wirtinger’s inequality.
Equality forces every term to vanish, so F̂ (n) = 0 for |n| ≥ 2 as well as for n = 0. By 11.31 the Fourier
series converges to F in L2(∂D), so F (z) = F̂ (1)z + F̂ (−1)z̄ almost everywhere, hence everywhere:
both sides are continuous, so the set where they differ is relatively open, and a nonempty relatively open
subset of ∂D has positive σ-measure by 11.4. Since f is real valued, F̂ (−1) =

∫
∂D F (z)z dσ(z) = F̂ (1),

so writing F̂ (1) = α− iβ,
f(t) = 2Re

(
F̂ (1)eit

)
= 2β sin t+ 2α cos t.

Conversely, for f(t) = a sin t+ b cos t we have f ′(t) = a cos t− b sin t, and
∫ π
−π sin2 =

∫ π
−π cos2 = π with∫ π

−π sin t cos t dt = 0 make both sides equal π(a2 + b2).
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11.3 Exercises 11C

Problem 11C.1. Suppose f ∈ L1(R). Prove that ‖f̂‖∞ = ‖f‖1 if and only if there exists ζ ∈ ∂D
and t ∈ R such that ζf(x)e−itx ≥ 0 for almost every x ∈ R.

Solution. Suppose first that ζf(x)e−itx ≥ 0 almost everywhere for some ζ ∈ ∂D, t ∈ R. Since
|ζf(x)e−itx| = |f(x)|, that hypothesis says ζf(x)e−itx = |f(x)| almost everywhere, so with s0 = t/(2π),

|f̂(s0)| =
∣∣∣∣ζ̄ ∫ ∞

−∞
ζf(x)e−itx dx

∣∣∣∣ = ‖f‖1.

Hence ‖f̂‖∞ ≥ ‖f‖1, and the reverse inequality is 11.49.
Conversely, suppose ‖f̂‖∞ = ‖f‖1; we may assume ‖f‖1 > 0, since otherwise ζ = 1, t = 0 works. As f̂
is continuous, ‖f̂‖∞ = sups |f̂(s)| (a continuous function exceeding c somewhere exceeds c on a set of
positive measure). By 11.49 there is M with |f̂(s)| < 1

2‖f‖1 for |s| > M , so the supremum is attained
on the compact interval [−M,M ], say at s0, giving |f̂(s0)| = ‖f‖1.
Write f̂(s0) = λ‖f‖1 with |λ| = 1, and set ζ = λ̄, t = 2πs0, g(x) = ζf(x)e−itx. Then |g| = |f | and∫ ∞

−∞
g(x) dx = λ̄ f̂(s0) = ‖f‖1 =

∫ ∞

−∞
|g(x)| dx.

Taking real parts, the nonnegative function h = |g| − Re g ∈ L1(R) has
∫
h = 0, so h = 0 almost

everywhere by Markov’s inequality 4.1 applied with c = 1/n and countable subadditivity. Where
Re g(x) = |g(x)| we get (Im g(x))2 = 0, hence g(x) = |g(x)| ≥ 0; that is, ζf(x)e−itx ≥ 0 almost
everywhere.

Problem 11C.2. Suppose f(x) = xe−πx
2 for all x ∈ R. Show that f̂ = −if .

Solution. Apply 11.50 to ϕ(x) = e−πx
2 , taking g(x) = xϕ(x) = f(x); both ϕ and f lie in L1(R), since∫∞

−∞ |x|e−πx2 dx = 1/π <∞. As ϕ̂ = ϕ by Example 11.51, for all t ∈ R

−2πi f̂(t) = (ϕ̂)′(t) = ϕ′(t)

= −2πt e−πt
2
.

Dividing by −2πi and using 1/i = −i gives f̂(t) = −i te−πt2 = −if(t).

Problem 11C.3. Suppose f(x) = 4πx2e−πx
2 − e−πx

2 for all x ∈ R. Show that f̂ = −f .

Solution. Write f = 4πf2 − ϕ, where ϕ(x) = e−πx
2 and fk(x) = xke−πx

2 ; each lies in L1(R), being
continuous with decay faster than any power of 1/|x|. By 11C.2, f̂1(t) = −i te−πt2 , so applying 11.50
to f1 with g = f2 ∈ L1(R),

−2πi f̂2(t) = (f̂1)
′(t)

=
(
−i+ 2πit2

)
e−πt

2
,

whence f̂2(t) =
(

1
2π − t

2
)
e−πt

2 . Since ϕ̂ = ϕ by Example 11.51, linearity of the Fourier transform gives,
for all t ∈ R,

f̂(t) = 4π f̂2(t)− ϕ̂(t)

=
(
2− 4πt2

)
e−πt

2 − e−πt
2

= −
(
4πt2e−πt

2 − e−πt
2)

= −f(t).
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Problem 11C.4. Find f ∈ L1(R) such that f 6= 0 and f̂ = if .

Solution. Take f(x) = (4πx3−3x)e−πx
2 , which is in L1(R) (continuous, decaying faster than any power

of 1/|x|) and nonzero, as f(1) = (4π − 3)e−π 6= 0.
With fk(x) = xke−πx

2 , all in L1(R), we have f = 4πf3− 3f1. By 11C.2 and the computation in 11C.3,
f̂1(t) = −i te−πt2 and f̂2(t) =

(
1
2π − t2

)
e−πt

2 . Applying 11.50 to f2 with g = f3 ∈ L1(R),

−2πi f̂3(t) = (f̂2)
′(t)

=
(
2πt3 − 3t

)
e−πt

2
,

so f̂3(t) = i
2π (2πt

3 − 3t)e−πt
2 . Hence for all t ∈ R,

f̂(t) = 4π f̂3(t)− 3 f̂1(t)

= i
(
4πt3 − 6t

)
e−πt

2
+ 3ite−πt

2

= i
(
4πt3 − 3t

)
e−πt

2
= if(t).

Problem 11C.5. Prove that if p is a polynomial on R with complex coefficients and f : R → C is
defined by f(x) = p(x)e−πx

2 , then there exists a polynomial q on R with complex coefficients such
that deg q = deg p and f̂(t) = q(t)e−πt

2 for all t ∈ R.

Solution. Set gn(x) = xne−πx
2 , each in L1(R) by Gaussian decay; we prove by induction that ĝn(t) =

qn(t)e
−πt2 for a polynomial qn of degree n with leading coefficient (−i)n.

For n = 0, Example 11.51 gives q0 = 1. Assuming the claim for n, apply 11.50 to gn with g = gn+1 ∈
L1(R):

(ĝn)
′(t) =

(
q′n(t)− 2πt qn(t)

)
e−πt

2

= −2πi ĝn+1(t),

so ĝn+1(t) = qn+1(t)e
−πt2 with qn+1 = i

2π

(
q′n − 2πt qn

)
, a polynomial. Since q′n contributes no term

of degree n + 1 while t qn(t) has degree n + 1 with leading coefficient (−i)n, the polynomial qn+1 has
degree n+ 1 with leading coefficient i

2π (−2π)(−i)n = (−i)n+1 6= 0.
Now let p be a polynomial. If p = 0 take q = 0. Otherwise write p(x) =

∑n
k=0 akx

k with an 6= 0;
then f =

∑n
k=0 akgk ∈ L1(R), so linearity of the Fourier transform gives f̂(t) = q(t)e−πt

2 with q =∑n
k=0 akqk. As deg qk = k ≤ n, no power above tn occurs in q, and the coefficient of tn is an(−i)n 6= 0;

hence deg q = n = deg p.

Problem 11C.6. Suppose

f(x) =

{
xe−2πx if x > 0,

0 if x ≤ 0.

Show that f̂(t) = 1

4π2(1 + it)2
for all t ∈ R.

Solution. Everything comes from the formula
∫∞
0 xe−ax dx = 1/a2, valid for every a ∈ C with c =

Re a > 0, applied with a = 2π(1 + it).
To prove the formula, put F (x) = −x

ae
−ax − 1

a2
e−ax; then F ′(x) = xe−ax (Check!), and since |e−ax| =

e−cx,
|F (x)| ≤

( x
|a|

+
1

|a|2
)
e−cx −→ 0 as x→ ∞.

The same antiderivative with a replaced by c gives
∫M
0 xe−cx dx ↗ 1/c2, so by 3.11 applied to

χ(0,k)(x)xe
−cx the dominating function |xe−ax| = xe−cx is integrable on (0,∞). Hence the Funda-
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mental Theorem of Calculus on [0,M ] (applied to the real and imaginary parts of F ) together with
3.31 yields ∫ ∞

0
xe−ax dx = lim

M→∞

(
F (M)− F (0)

)
=

1

a2
.

Taking a = 2π shows
∫∞
−∞ |f | = 1/(4π2) < ∞, so f ∈ L1(R). Now fix t ∈ R and take a = 2π(1 + it),

which has Re a = 2π > 0; as f vanishes on (−∞, 0],

f̂(t) =

∫ ∞

0
xe−2π(1+it)x dx =

1

4π2(1 + it)2
.

Problem 11C.7. Prove the formulas in 11.55 for the Fourier transforms of translations, rotations,
and dilations.

Solution. Each formula is the change of variable that matches it; fix f ∈ L1(R), b, t ∈ R.
(i) g(x) = f(x − b). Translation invariance of Lebesgue measure (2.7) gives

∫∞
−∞ h(u + b) du =∫∞

−∞ h(x) dx for every h ∈ L1(R): true for characteristic functions of measurable sets by 2.7 (transla-
tion carries Borel sets to Borel sets and null sets to null sets, hence measurable sets to measurable sets
by 2.70), then for simple functions by linearity, for nonnegative measurable functions by 3.11, and for
L1(R) by splitting into real and imaginary, positive and negative, parts. In particular

∫
|g| =

∫
|f | <∞,

so g ∈ L1(R). Applying this to h(x) = f(x− b)e−2πitx, for which h(u+ b) = e−2πibtf(u)e−2πitu,

ĝ(t) =

∫ ∞

−∞
h(x) dx = e−2πibtf̂(t).

(ii) g(x) = e2πibxf(x). Here |g| = |f |, so g ∈ L1(R), and since e2πibxe−2πitx = e−2πi(t−b)x,

ĝ(t) =

∫ ∞

−∞
f(x) e−2πi(t−b)x dx = f̂(t− b).

(iii) b 6= 0, g(x) = f(bx). For c 6= 0 the map I 7→ cI is a bijection of the open intervals onto themselves
with `(cI) = |c| `(I), carrying covers of E onto covers of cE, so the definition of outer measure (2.2)
gives |cE| = |c| |E| for every E ⊆ R; and cE is measurable whenever E is, since by 2.70 there is a Borel
B ⊆ E with |E \ B| = 0 and then cB ⊆ cE is Borel with |cE \ cB| = |c| · 0 = 0. Hence x 7→ ψ(bx)
is measurable when ψ is, because {x : ψ(bx) ∈ B} = 1

b{u : ψ(u) ∈ B}, and for ψ = χE we get
ψ(b ·) = χ(1/b)E , so ∫ ∞

−∞
ψ(bx) dx =

∣∣∣1bE∣∣∣ = 1

|b|

∫ ∞

−∞
ψ(u) du,

which extends to nonnegative simple functions by linearity, to nonnegative measurable ψ by 2.89 and
3.11, and to L1(R) by splitting into parts. In particular

∫
|g| = 1

|b|
∫
|f | < ∞, so g ∈ L1(R); applying

the rule to ψ(u) = f(u)e−2πi(t/b)u, for which ψ(bx) = f(bx)e−2πitx,

ĝ(t) =
1

|b|

∫ ∞

−∞
f(u) e−2πi(t/b)u du =

1

|b|
f̂
( t
b

)
.

Problem 11C.8. Suppose f ∈ L1(R) and n ∈ Z+. Define g : R → C by g(x) = xnf(x). Prove that
if g ∈ L1(R), then f̂ is n times continuously differentiable on R and

(f̂)(n)(t) = (−2πi)nĝ(t)

for all t ∈ R.

Solution. Iterate 11.50 along gk(x) = xkf(x) for k ∈ {0, 1, . . . , n}, so that g0 = f and gn = g. Each gk
lies in L1(R), because |x|k ≤ 1 + |x|n for all x gives |gk| ≤ |f |+ |g|, an integrable bound.
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We show by induction that f̂ is k times continuously differentiable with (f̂)(k) = (−2πi)kĝk. For k = 0
this reads f̂ = ĝ0, and f̂ is continuous by 11.49. Suppose it holds for some k < n. Both gk and x 7→
xgk(x) = gk+1(x) lie in L1(R), so 11.50 makes ĝk continuously differentiable with (ĝk)

′ = −2πi ĝk+1,
and hence

(f̂)(k+1)(t) = (−2πi)k(ĝk)
′(t) = (−2πi)k+1ĝk+1(t),

which is continuous since gk+1 ∈ L1(R) (11.49). Taking k = n gives (f̂)(n)(t) = (−2πi)nĝ(t) for all
t ∈ R.

Problem 11C.9. Suppose n ∈ Z+ and f ∈ L1(R) is n times continuously differentiable and f (k) ∈
L1(R) for k = 1, . . . , n. Prove that if t ∈ R, then

f̂ (n)(t) = (2πit)nf̂(t).

Solution. Iterate 11.54: we show by induction that f̂ (k)(t) = (2πit)kf̂(t) for k ∈ {0, 1, . . . , n}, the case
k = 0 reading f̂ = f̂ .
Suppose the formula holds for some k < n. Then f (k) ∈ L1(R) (by hypothesis, or by f (0) = f when
k = 0); since k + 1 ≤ n, the function f (k) is differentiable with derivative f (k+1), which is continuous
because f is n times continuously differentiable; and f (k+1) ∈ L1(R) by hypothesis. These are exactly
the hypotheses of 11.54, which therefore gives

f̂ (k+1)(t) = 2πit f̂ (k)(t) = (2πit)k+1f̂(t)

for all t ∈ R. The case k = n is the assertion.

Problem 11C.10. Suppose 1 ≤ p ≤ ∞, f ∈ Lp(R), and g ∈ Lp
′
(R). Prove that f ∗ g is a uniformly

continuous function on R.

Solution. Everything follows from the estimate |(f ∗ g)(x) − (f ∗ g)(x′)| ≤ ‖g‖p′‖f − f−h‖p, where
h = x′ − x and fh(u) = f(u− h) as in Exercise 23 in Section 7A.
Lebesgue measure is invariant under t 7→ c − t for each c ∈ R (translation invariance is 2.7, and
`(−I) = `(I) for open intervals gives invariance under t 7→ −t; both maps preserve measurability), so
‖u(c−·)‖q = ‖u‖q for every q ∈ [1,∞]. Hence for each x, since ‖g(x−·)‖p′ = ‖g‖p′ , Hölder’s inequality
(7.9) puts t 7→ f(t)g(x − t) in L1(R) with integral of modulus at most ‖f‖p‖g‖p′ ; thus (f ∗ g)(x) is
defined for every x.
Because 1

p+
1
p′ = 1, at most one of p, p′ equals ∞, and f ∗g = g∗f by 11.65, so interchanging (f, p) with

(g, p′) if necessary we may assume p <∞. For x, x′ ∈ R and h = x′−x we have f(x′− t) = f−h(x− t),
so 11.65 followed by 7.9 and the invariance above gives∣∣(f ∗ g)(x)− (f ∗ g)(x′)

∣∣ = ∣∣∣∫ ∞

−∞
g(t) (f − f−h)(x− t) dt

∣∣∣
≤ ‖g‖p′ ‖f − f−h‖p.

Now let ε > 0, and assume ‖g‖p′ > 0 (otherwise f ∗ g = 0). Since 1 ≤ p < ∞, Exercise 23(a) in
Section 7A makes h 7→ ‖f − fh‖p uniformly continuous, and it vanishes at h = 0; so there is δ > 0 with
‖f − f−h‖p < ε/‖g‖p′ whenever |h| < δ. The display then gives |(f ∗ g)(x)− (f ∗ g)(x′)| < ε whenever
|x− x′| < δ, with δ independent of x.

Problem 11C.11. Suppose f ∈ L∞(R), x ∈ R, and f is continuous at x. Prove that

lim
y↓0

(Pyf)(x) = f(x).
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Solution. Since f ∈ L∞(R) and Py ∈ L1(R), the convolution Pyf = f ∗ Py is defined at every point
(11.70 with p = ∞) and 11.65 writes it as (Pyf)(x) =

∫∞
−∞ Py(t)f(x− t) dt.

Continuity at x forces |f(x)| ≤ ‖f‖∞: given ε > 0, continuity supplies δ > 0 with |f(z)− f(x)| < ε for
|z − x| < δ, and since (x − δ, x + δ) has positive measure while |f | ≤ ‖f‖∞ almost everywhere, some
such z has |f(z)| ≤ ‖f‖∞, whence |f(x)| ≤ ‖f‖∞ + ε. Hence |f(x − t) − f(x)| ≤ 2‖f‖∞ for almost
every t.
Fix ε > 0 and take δ > 0 with |f(x − t) − f(x)| < ε whenever |t| < δ. Using Py > 0 and

∫∞
−∞ Py = 1

(11.69(a),(b)) and splitting at |t| = δ,

∣∣(Pyf)(x)− f(x)
∣∣ ≤ ∫ ∞

−∞
|f(x− t)− f(x)|Py(t) dt

≤ ε+ 2‖f‖∞
∫
{t : |t|≥δ}

Py(t) dt

for every y > 0. The last integral tends to 0 as y ↓ 0 by 11.69(c), so the limit superior of the left side
is at most ε; as ε was arbitrary, limy↓0(Pyf)(x) = f(x).

Problem 11C.12. Suppose p ∈ [1,∞] and f ∈ Lp(R). Prove that Py(Py′f) = Py+y′f for all
y, y′ > 0.

Solution. The identity is the semigroup law Py ∗ Py′ = Py+y′ transported through Fubini; p′ is the
conjugate exponent.
First, Py ∈ Lq(R) for every q ∈ [1,∞]: by 11.68, 0 < Py(x) ≤ 1

πy , while ‖Py‖1 = 1 by 11.69(a),(b), so
‖Py‖qq ≤ ‖Py‖ q−1

∞ ‖Py‖1 <∞ when q <∞. Hence for g ∈ Lp(R), 11.64 and 11.65 give

‖Pyg‖p = ‖Py ∗ g‖p ≤ ‖Py‖1 ‖g‖p = ‖g‖p,

so Py′f ∈ Lp(R) and Py(Py′f) is defined everywhere (Py ∈ Lp
′
(R) with 7.9).

For the semigroup law, Py ∗ Py′ and Py+y′ both lie in L1(R) (11.64 with p = 1), and 11.66 with 11.79
gives

P̂y ∗ Py′(t) = e−2πy|t|e−2πy′|t| = P̂y+y′(t),

so their difference has Fourier transform 0 and 11.80 makes them equal almost everywhere. Both are
continuous (Py+y′ visibly; Py ∗ Py′ by 11C.10 with exponents 1 and ∞), hence equal everywhere.
Fix x ∈ R. The nonnegative F (s, t) = |f(t)|Py′(s− t)Py(x− s) is product measurable (a function of t
alone times continuous functions of (s, t)), so Tonelli (5.28) and then Hölder (7.9) give∫ ∞

−∞

∫ ∞

−∞
F (s, t) dt ds =

∫ ∞

−∞
Py(x− s)

(
|f | ∗ Py′

)
(s) ds

≤ ‖Py‖p′ ‖f‖p <∞,

using
∥∥|f | ∗ Py′∥∥p ≤ ‖f‖p and ‖Py(x− ·)‖p′ = ‖Py‖p′ (Py is even and 2.7 applies). Hence Fubini (5.32)

permits the interchange below, and the substitution r = s− t (again 2.7) identifies the inner integral:

(
Py(Py′f)

)
(x) =

∫ ∞

−∞
f(t)

(∫ ∞

−∞
Py′(s− t)Py(x− s) ds

)
dt

=

∫ ∞

−∞
f(t) (Py′ ∗ Py)(x− t) dt

=

∫ ∞

−∞
f(t)Py+y′(x− t) dt =

(
Py+y′f

)
(x),

the last line by the semigroup law together with 11.65.
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Problem 11C.13. Suppose p ∈ [1,∞] and f ∈ Lp(R). Prove that if 0 < y < y′, then

‖Pyf‖p ≥ ‖Py′f‖p.

Solution. Set s = y′ − y > 0, so that Py′f = Ps(Pyf) by 11C.12.
Each Ps is a contraction on Lp(R): since ‖Ps‖1 = 1 by 11.69(a),(b), results 11.64 and 11.65 give
Psg = Ps ∗ g ∈ Lp(R) with ‖Psg‖p ≤ ‖Ps‖1‖g‖p = ‖g‖p for every g ∈ Lp(R). Applying this with
g = Pyf ∈ Lp(R),

‖Py′f‖p = ‖Ps(Pyf)‖p
≤ ‖Pyf‖p.

Problem 11C.14. Suppose f ∈ L1(R).
(a) Prove that f̂(t) = f̂(−t) for all t ∈ R.
(b) Prove that f(x) ∈ R for almost every x ∈ R if and only if f̂(t) = f̂(−t) for all t ∈ R.

Solution. (a) Conjugation commutes with the integral, and e−2πi(−t)x = e−2πitx, so for t ∈ R

f̂(t) =

∫ ∞

−∞
f(x) e−2πi(−t)x dx

=

∫ ∞

−∞
f(x) e−2πi(−t)x dx = f̂(−t).

(b) If f is real almost everywhere, then f = f as elements of L1(R), so f̂ = f̂ and (a) gives f̂(t) = f̂(−t)
for all t.
Conversely, if f̂(t) = f̂(−t) for all t, then (a) rewrites this as f̂ = f̂ ; by linearity the function f − f ∈
L1(R) has Fourier transform identically 0, so 11.80 gives f(x) = f(x) for almost every x, that is,
f(x) ∈ R for almost every x.

Problem 11C.15. Define f ∈ L1(R) by f(x) = e−x
4
χ[0,∞)(x). Show that f̂ /∈ L1(R).

Solution. If f̂ were in L1(R), then f would agree almost everywhere with a continuous function, which
is impossible because f jumps by 1 at the origin.
In detail, suppose f̂ ∈ L1(R) and set h(x) =

(
f̂
)̂(−x) = ∫∞

−∞ f̂(t)e2πixt dt, continuous by 11.49 applied
to f̂ ∈ L1(R). Since f, f̂ ∈ L1(R), the Fourier Inversion Formula (11.76) gives f = h on a set E with
|R \ E| = 0. For each n ∈ Z+ the intervals (0, 1n) and (− 1

n , 0) have positive measure, hence meet E;
choose an and bn in them. Then an, bn → 0 while

h(an) = f(an) = e−a
4
n −→ 1, h(bn) = f(bn) = 0,

so continuity of h at 0 forces 1 = h(0) = 0, a contradiction.

Problem 11C.16. Suppose f ∈ L1(R) and f̂ ∈ L1(R). Prove that f ∈ L2(R) and f̂ ∈ L2(R).

Solution. The hypotheses force f to be bounded, and a bounded function in L1(R) lies in L2(R).
Since f and f̂ are both in L1(R), the Fourier Inversion Formula (11.76) gives f(x) =

(
f̂
)̂(−x) for

almost every x, while the definition of the Fourier transform bounds
∣∣(f̂ )̂(s)∣∣ ≤ ‖f̂ ‖1 for every s.

Hence ‖f‖∞ ≤ ‖f̂ ‖1 <∞, so

‖f‖22 =
∫ ∞

−∞
|f(x)| |f(x)| dx ≤ ‖f‖∞‖f‖1 <∞,
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giving f ∈ L2(R). Thus f ∈ L1(R) ∩ L2(R), so Plancherel’s Theorem (11.82) gives ‖f̂ ‖2 = ‖f‖2 <∞,
whence f̂ ∈ L2(R).

Problem 11C.17. Prove there exists a continuous function g : R → R such that lim
t→±∞

g(t) = 0 and

g /∈ {f̂ : f ∈ L1(R)}.

Solution. Take the odd function

g(t) =


1

log t
if t ≥ 2,

t

2 log 2
if 0 ≤ t < 2,

−g(−t) if t < 0.

The two formulas agree at t = 2 and g(0) = 0, so g is continuous and real valued on R, with g(t) → 0
as t→ ±∞. Its operative feature is the divergence property

lim
T→∞

∫ T

1

g(t)

t
dt = ∞,

since g(t)/t is bounded on [1, 2] while
∫∞
2

dt
t log t = limT→∞(log logT − log log 2) = ∞.

We need one lemma: S(A) =
∫ A
0

sinu
u du (integrand 1 at u = 0) has M := supA≥0 |S(A)| < ∞ and a

finite limit L at ∞. Indeed |S(A)| ≤ 1 for A ≤ 1, while for A > 1 integration by parts gives∫ A

1

sinu
u

du = cos 1− cosA
A

−
∫ A

1

cosu
u2

du,

of absolute value at most 1 + 1 +
∫∞
1 u−2 du = 3, so |S| ≤ 4; and the right side converges as A → ∞

because cosA
A → 0 and

∫∞
1

cosu
u2

du converges absolutely.
Suppose now f ∈ L1(R) satisfies f̂ = g. Reflection invariance of Lebesgue measure gives∫∞
−∞ f(−x)e−2πitx dx = f̂(−t), so f1(x) = f(x)−f(−x)

2 is an odd element of L1(R) with f̂1(t) =
g(t)−g(−t)

2 = g(t). Write f1 = u + iv with u, v ∈ L1(R) real valued and odd. For any real odd
w ∈ L1(R),

ŵ(t) = −2i

∫ ∞

0
w(x) sin(2πtx) dx,

because x 7→ w(x) cos(2πtx) is odd and integrable (so integrates to 0) while x 7→ w(x) sin(2πtx)
is even. Hence g = û + iv̂ = −2iA(t) + 2B(t) with A,B the real numbers

∫∞
0 u sin(2πtx) dx and∫∞

0 v sin(2πtx) dx; as g is real valued, taking real parts gives

g(t) = 2

∫ ∞

0
v(x) sin(2πtx) dx for all t ∈ R.

Fix T > 1. The function (t, x) 7→ v(x) sin(2πtx)
t is product measurable on [1, T ] × (0,∞) (continuous

in (t, x) times measurable in x), Lebesgue measure is σ-finite, and Tonelli (5.28) bounds its absolute
integral by ‖v‖1 logT <∞; so Fubini (5.32) permits the interchange∫ T

1

g(t)

t
dt = 2

∫ ∞

0
v(x)ΦT (x) dx, ΦT (x) =

∫ T

1

sin(2πtx)
t

dt.

For x > 0 the substitution u = 2πtx turns ΦT (x) into S(2πTx)−S(2πx), so |ΦT | ≤ 2M and ΦT (x) →
L−S(2πx) as T → ∞. Hence for any sequence Tn → ∞, the Dominated Convergence Theorem (3.31)
with dominating function 2M |v| ∈ L1(R) gives

lim
n→∞

∫ Tn

1

g(t)

t
dt = 2

∫ ∞

0
v(x)

(
L− S(2πx)

)
dx,

a real number of modulus at most 4M‖v‖1. This contradicts the divergence property, so no f ∈ L1(R)
has f̂ = g.
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Problem 11C.18. Prove that if f ∈ L1(R), then ‖f̂ ‖2 = ‖f‖2.
[This exercise slightly improves Plancherel’s Theorem (11.82) because here we have the weaker hy-
pothesis that f ∈ L1(R) instead of f ∈ L1(R) ∩ L2(R). Because of Plancherel’s Theorem, here you
need only prove that if f ∈ L1(R) and ‖f‖2 = ∞, then ‖f̂ ‖2 = ∞.]

Solution. Plancherel’s Theorem (11.82) settles the case ‖f‖2 <∞, so it suffices to prove ‖f‖2 ≤ ‖f̂ ‖2,
with ‖ · ‖2 ∈ [0,∞]; the case ‖f‖2 = ∞ then forces ‖f̂ ‖2 = ∞.
Fix y > 0 and let Py be the Poisson kernel (11.68). Then ‖Py‖1 = 1 by 11.69(a),(b), and Py ∈ L2(R)
because 0 < Py ≤ 1

πy and Py(x) ≤ y
πx2

for x 6= 0; so 11.64 applied twice with f in the L1 slot gives
‖f ∗ Py‖1 ≤ ‖f‖1‖Py‖1 and ‖f ∗ Py‖2 ≤ ‖f‖1‖Py‖2, both finite. Hence 11.82 applies to f ∗ Py ∈
L1(R) ∩ L2(R), and since (f ∗ Py)̂(t) = f̂(t)e−2πy|t| by 11.85 (that is, 11.66 with 11.79),

‖f ∗ Py‖2 =
(∫ ∞

−∞
|f̂(t)|2e−4πy|t| dt

)1/2
≤ ‖f̂ ‖2.

By 11.74 with p = 1 we have ‖f − f ∗ Py‖1 → 0 as y ↓ 0, so choosing yn → 0 and passing to a
subsequence by 7.23 gives (f ∗ Pyn)(x) → f(x) for almost every x. Fatou’s Lemma (Exercise 17 in
Section 3A), applied to the nonnegative functions |f ∗ Pyn |2, therefore yields

‖f‖22 ≤ lim inf
n→∞

‖f ∗ Pyn‖22 ≤ ‖f̂ ‖22.

Problem 11C.19. Suppose y > 0. Define an operator T on L2(R) by Tf = f ∗ Py.
(a) Show that T is a self-adjoint operator on L2(R).
(b) Show that sp(T ) = [0, 1].
[Because the spectrum of each compact operator is a countable set (by 10.93), part (b) above implies
that T is not a compact operator. This conclusion differs from the situation on the unit circle—see
Exercise 9 in Section 11B.]

Solution. (a) The Poisson kernel Py(x) = 1
π

y
x2+y2

(11.68) is real valued and even, with ‖Py‖1 = 1 by
11.69(a),(b); so 11.65 and 11.64 give ‖Tf‖2 = ‖Py ∗ f‖2 ≤ ‖Py‖1‖f‖2 = ‖f‖2, making T a bounded
linear operator on L2(R) with ‖T‖ ≤ 1.
Let f, g ∈ L2(R). The function (t, x) 7→ f(t)Py(x− t)g(x) is product measurable (measurable in each
variable alone times a continuous function of (t, x)), and Tonelli (5.28) with 11.64, 11.65, and Hölder
(7.9) bounds its absolute integral by

∥∥|f | ∗ Py∥∥2‖g‖2 ≤ ‖f‖2‖g‖2 < ∞. Hence Fubini (5.32) permits
the interchange below, and Py(x− t) = Py(t− x) is real, so

〈Tf, g〉 =
∫ ∞

−∞
f(t)

(∫ ∞

−∞
Py(t− x) g(x) dx

)
dt

=

∫ ∞

−∞
f(t) (g ∗ Py)(t) dt = 〈f, Tg〉.

Thus T ∗ = T .
(b) sp(T ) = [0, 1]. Put m(t) = e−2πy|t| ∈ (0, 1] and let Mmh = mh, bounded since |m| ≤ 1. For
f ∈ L2(R), Exercise 11C.20 with 11.65 and 11.79 gives

F(Tf) = F(Py ∗ f) = P̂y · Ff =Mm(Ff),

so FT = MmF ; as F is unitary by 11.87(a), T − λI = F−1(Mm − λI)F for every λ, and hence
sp(T ) = sp(Mm).
(i) λ /∈ [0, 1]. Then d = inft |m(t)− λ| ≥ dist(λ, [0, 1]) > 0, so 1

m−λ is bounded by 1
d and M1/(m−λ) is a

bounded two-sided inverse of Mm − λI; thus λ /∈ sp(Mm).
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(ii) λ ∈ [0, 1]. Choose tn with m(tn) → λ: for λ ∈ (0, 1] the Intermediate Value Theorem gives a single
t with m(t) = λ, since m is continuous with m(0) = 1 and m(t) → 0; for λ = 0 take tn = n. Continuity
of m at tn supplies δn > 0 with |m(s) −m(tn)| < 1

n on In = (tn − δn, tn + δn), and the unit vectors
hn = χIn/

√
2δn satisfy

‖(Mm − λI)hn‖22 ≤ sup
s∈In

|m(s)− λ|2 ≤
(

1
n + |m(tn)− λ|

)2
−→ 0.

A bounded inverse S would then give 1 = ‖hn‖2 ≤ ‖S‖ ‖(Mm − λI)hn‖2 → 0, so λ ∈ sp(Mm).

Problem 11C.20. Prove that if f ∈ L1(R) and g ∈ L2(R), then F(f ∗ g) = f̂ Fg.

Solution. Truncating g reduces the identity to 11.66, and the truncations converge.
Put gn = gχ[−n,n]. Hölder’s inequality (7.9) gives ‖gn‖1 ≤

√
2n ‖g‖2 < ∞, so gn ∈ L1(R) ∩ L2(R),

while |g − gn|2 → 0 pointwise under the dominating function |g|2 ∈ L1(R), so ‖g − gn‖2 → 0 by 3.31.
Since f, gn ∈ L1(R), result 11.66 gives (f ∗ gn)̂ = f̂ ĝn; as f ∗ gn ∈ L1(R)∩L2(R) by 11.64 with p = 1
and with p = 2, the definition 11.86 turns this into

F(f ∗ gn) = f̂ Fgn.

Now let n→ ∞. By 11.64 with p = 2 we have f ∗g ∈ L2(R) and ‖f ∗g−f ∗gn‖2 ≤ ‖f‖1‖g−gn‖2 → 0,
so, F being an isometry on L2(R) (11.82 with 11.86), F(f ∗ gn) → F(f ∗ g). On the other side,
‖f̂ ‖∞ ≤ ‖f‖1 by 11.49, so

‖f̂ Fg − f̂ Fgn‖2 ≤ ‖f̂ ‖∞‖g − gn‖2 → 0.

Uniqueness of limits in L2(R) gives F(f ∗ g) = f̂ Fg.

Problem 11C.21. Prove that if f, g ∈ L2(R), then f̂g = (Ff) ∗ (Fg).

Solution. The identity is unitarity of F (11.87(a)) tested against ht(x) = g(x) e2πitx.
Two identities for F on L2(R) are needed; each holds on the dense subspace L1(R)∩L2(R) and extends
by continuity, both sides being norm-preserving (conjugate) linear maps of L2(R) into itself (11.82,
11.86).
(A) F(h)(s) = (Fh)(−s) for almost every s; on L1(R) ∩ L2(R) this is 11C.14(a).
(B) F(e2πib · h)(s) = (Fh)(s− b) for almost every s; on L1(R) ∩ L2(R) this is 11.55(b), the modulated
function having the same modulus as h.
Fix t ∈ R. Then |ht| = |g| puts ht in L2(R), and since fg ∈ L1(R) by Hölder (7.9),

〈f, ht〉 =
∫ ∞

−∞
f(x)g(x)e−2πitx dx

= f̂g(t).

Applying (B) with b = t and h = g, then (A) with h = g, gives (Fht)(s) = (Fg)(t− s) for almost
every s. As F is unitary it preserves inner products, so

f̂g(t) = 〈f, ht〉 = 〈Ff,Fht〉 =
∫ ∞

−∞
(Ff)(s) (Fg)(t− s) ds

=
(
(Ff) ∗ (Fg)

)
(t),

the integral being unaffected by altering Fht on a null set.
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12.1 Exercises

Problem 12.1. Suppose (Ω,F , P ) is a probability space and A ∈ F . Prove that A and Ω \ A are
independent if and only if P (A) = 0 or P (A) = 1.

Solution. Because A∩ (Ω \A) = ∅ has probability 0, and P (Ω \A) = 1−P (A) by finite additivity, the
definition of independence (12.7) says that A and Ω \A are independent if and only if

0 = P (A)
(
1− P (A)

)
.

A product of real numbers vanishes exactly when a factor does, so this holds if and only if P (A) = 0
or P (A) = 1.

Problem 12.2. Suppose P is Lebesgue measure on [0, 1]. Give an example of two disjoint Borel
subsets A and B of [0, 1] such that P (A) = P (B) = 1

2 , [0, 12 ] and A are independent, and [0, 12 ] and
B are independent.

Solution. Take
A =

[
0, 14
]
∪
(
1
2 ,

3
4

]
, B =

(
1
4 ,

1
2

]
∪
(
3
4 , 1
]
.

These are Borel, and they are disjoint because the four intervals
[
0, 14
]
,
(
1
4 ,

1
2

]
,
(
1
2 ,

3
4

]
,
(
3
4 , 1
]

partition
[0, 1], with A the union of the first and third and B the union of the second and fourth. Each of the
four has measure 1

4 (2.14 with 2.68; single points are null, so included endpoints do not matter), so
P (A) = P (B) = 1

2 = P
([
0, 12
])

. Finally

P
([
0, 12
]
∩A

)
= P

([
0, 14
])

= 1
4 = 1

2 · 1
2 ,

P
([
0, 12
]
∩B

)
= P

((
1
4 ,

1
2

])
= 1

4 = 1
2 · 1

2 ,

so
[
0, 12
]

is independent of each of A and B.

Problem 12.3. Suppose (Ω,F , P ) is a probability space and A,B ∈ F . Prove that the following
are equivalent.
• A and B are independent events.
• A and Ω \B are independent events.
• Ω \A and B are independent events.
• Ω \A and Ω \B are independent events.

Solution. All four are equivalent by one lemma: for C,D ∈ F , the events C and D are independent
if and only if Ω \ C and D are. Indeed D is the disjoint union of C ∩ D and (Ω \ C) ∩ D, so
P ((Ω \ C) ∩D) = P (D)− P (C ∩D); and P (Ω \ C)P (D) = P (D)− P (C)P (D). Subtracting,

P
(
(Ω \ C) ∩D

)
− P (Ω \ C)P (D) = P (C)P (D)− P (C ∩D),

so one side vanishes exactly when the other does. Independence is symmetric in its two events (C∩D =
D ∩ C), so the lemma may equally complement the second event.
Now the lemma with C = A, D = B gives (first) ⇐⇒ (third); with C = B, D = A, plus symmetry,
it gives (first) ⇐⇒ (second); and with C = A, D = Ω \B it gives (second) ⇐⇒ (fourth).

Problem 12.4. Suppose (Ω,F , P ) is a probability space and {Ak}k∈Γ is a family of events. Prove
the family {Ak}k∈Γ is independent if and only if the family {Ω \Ak}k∈Γ is independent.

Solution. Assume {Ak}k∈Γ is independent and prove the stronger mixed statement: for all distinct
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k1, . . . , kn ∈ Γ and all m ∈ {0, . . . , n},

P
( m⋂
j=1

(Ω \Akj ) ∩
n⋂

j=m+1

Akj

)
=

m∏
j=1

(
1− P (Akj )

) n∏
j=m+1

P (Akj ),

with empty intersections read as Ω and empty products as 1. We induct on m; the case m = 0 is the
independence hypothesis (12.7) when n ≥ 1, and reads P (Ω) = 1 when n = 0.
Let m ≥ 1 and set C =

⋂m−1
j=1 (Ω \Akj )∩

⋂n
j=m+1Akj . The induction hypothesis applies to C (its n− 1

distinct indices, the first m − 1 complemented) and also to C ∩ Akm (its n distinct indices with the
same m− 1 complemented, after a reordering that changes neither intersection nor product). Since C
is the disjoint union of C ∩Akm and C ∩ (Ω \Akm), additivity gives

P
(
C ∩ (Ω \Akm)

)
= P (C)− P (C ∩Akm)

=

m−1∏
j=1

(
1− P (Akj )

)(
1− P (Akm)

) n∏
j=m+1

P (Akj ),

which is the claim for m, because C ∩ (Ω \Akm) is the required intersection.
Taking m = n, and using P (Ω \ Ak) = 1 − P (Ak), shows that {Ω \ Ak}k∈Γ is independent. Applying
that implication to the family {Ω \Ak}k∈Γ, whose complements are the Ak, gives the converse.

Problem 12.5. Give an example of a probability space (Ω,F , P ) and events A,B1, B2 such that A
and B1 are independent, A and B2 are independent, but A and B1 ∪B2 are not independent.

Solution. Take Ω = {1, 2, 3, 4} with F all subsets of Ω and P (E) = |E|/4, and

A = {1, 2}, B1 = {1, 3}, B2 = {1, 4}.

Each of these has probability 1
2 , and A ∩ B1 = A ∩ B2 = {1} has probability 1

4 = 1
2 · 1

2 , so A is
independent of B1 and of B2. But B1 ∪B2 = {1, 3, 4} while A ∩ (B1 ∪B2) = {1}, so

P
(
A ∩ (B1 ∪B2)

)
= 1

4 6= 3
8 = P (A)P (B1 ∪B2).

Problem 12.6. Give an example of a probability space (Ω,F , P ) and events A1, A2, A3 such that
A1 and A2 are independent, A1 and A3 are independent, and A2 and A3 are independent, but the
family A1, A2, A3 is not independent.

Solution. Take Ω = {H,T}2 (two tosses of a fair coin), F = 2Ω, and P counting measure on Ω divided
by 4, with

A1 = {(H,H), (H,T )} (first toss heads),
A2 = {(H,H), (T,H)} (second toss heads),
A3 = {(H,H), (T, T )} (the tosses agree).

Each Aj has two elements, so P (A1) = P (A2) = P (A3) =
1
2 , and each of the three pairwise intersections

equals {(H,H)} (Check!). Hence for j 6= k,

P (Aj ∩Ak) = 1
4 = 1

2 · 1
2 = P (Aj) · P (Ak),

so the three pairs are independent. But A1 ∩A2 ∩A3 = {(H,H)}, so

P (A1 ∩A2 ∩A3) =
1
4 6= 1

8 = P (A1) · P (A2) · P (A3),

and thus A1, A2, A3 fails the condition in 12.7 for the index set {1, 2, 3}.
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Problem 12.7. Suppose (Ω,F , P ) is a probability space, A ∈ F , and B1 ⊆ B2 ⊆ · · · is an increasing
sequence of events such that A and Bn are independent events for each n ∈ Z+. Show that A and⋃∞
n=1Bn are independent.

Solution. Write B =
⋃∞
n=1Bn; both {Bn} and {A ∩ Bn} are increasing sequences of events, with⋃∞

n=1(A∩Bn) = A∩B. Hence two applications of 2.59 and the hypothesis P (A∩Bn) = P (A) ·P (Bn)
give

P (A ∩B) = lim
n→∞

P (A ∩Bn) = P (A) · lim
n→∞

P (Bn)

= P (A) · P (B),

the constant P (A) coming out of the limit because limn→∞ P (Bn) exists (it is P (B), again by 2.59).
By 12.7, A and B are independent.

Problem 12.8. Suppose (Ω,F , P ) is a probability space and {At}t∈R is an independent family of
events such that P (At) < 1 for each t ∈ R. Prove that there exists a sequence t1, t2, . . . in R such
that

P
( ∞⋂
n=1

Atn

)
= 0.

Solution. Take t1, t2, . . . distinct in Sm = {t ∈ R : P (Ω \ At) > 1
m}, for an m ∈ Z+ with Sm infinite.

Such an m exists: every t has P (Ω \ At) = 1 − P (At) > 0 and so lies in Sm for large m, whence
R =

⋃∞
m=1 Sm; were every Sm finite, R would be countable.

Fix N ∈ Z+. The t1, . . . , tN are distinct indices of the independent family, so 12.7 and the bound
P (Atn) = 1− P (Ω \Atn) ≤ 1− 1

m give

P
( ∞⋂
n=1

Atn

)
≤ P

( N⋂
n=1

Atn

)
=

N∏
n=1

P (Atn) ≤
(
1− 1

m

)N
,

the first inequality by monotonicity of P (2.57). Since 0 ≤ 1 − 1
m < 1, letting N → ∞ forces

P
(⋂∞

n=1Atn
)
= 0.

Problem 12.9. Suppose (Ω,F , P ) is a probability space and B1, . . . , Bn ∈ F are such that P (B1 ∩
· · · ∩Bn) > 0. Prove that

P (A ∩B1 ∩ · · · ∩Bn) = P (B1) · PB1(B2) · · ·PB1∩···∩Bn−1(Bn) · PB1∩···∩Bn(A)

for every event A ∈ F .

Solution. The right side telescopes. Put Ck = B1 ∩ · · · ∩Bk, so that C1 ⊇ · · · ⊇ Cn and hence P (Ck) ≥
P (Cn) > 0 by 2.57(a); thus each PCk

is defined (12.23). For k ∈ {2, . . . , n}, since Bk ∩ Ck−1 = Ck,
definition 12.23 gives

PCk−1
(Bk) =

P (Bk ∩ Ck−1)

P (Ck−1)
=

P (Ck)

P (Ck−1)
, PCn(A) =

P (A ∩ Cn)
P (Cn)

.

All denominators are nonzero, so multiplying these together with P (B1) = P (C1) gives

P (B1) · PC1(B2) · · ·PCn−1(Bn) · PCn(A)

= P (C1) ·
P (C2)

P (C1)
· · · P (Cn)

P (Cn−1)
· P (A ∩ Cn)

P (Cn)
= P (A ∩ Cn),

each P (Ck) occurring once in a numerator and once in a denominator. As Cn = B1 ∩ · · · ∩Bn, this is
the asserted identity.
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Problem 12.10. Suppose (Ω,F , P ) is a probability space and A ∈ F is an event such that 0 <
P (A) < 1. Prove that

P (B) = PA(B) · P (A) + PΩ\A(B) · P (Ω \A)

for every event B ∈ F .

Solution. Both conditional measures are defined: P (A) > 0 by hypothesis and P (Ω\A) = 1−P (A) > 0
by additivity and P (A) < 1, so 12.23 applies to each. Fix B ∈ F . Then B ∩ A and B ∩ (Ω \ A) are
disjoint with union B, so additivity of P and 12.23 give

P (B) = P (B ∩A) + P
(
B ∩ (Ω \A)

)
=
P (B ∩A)
P (A)

· P (A) +
P
(
B ∩ (Ω \A)

)
P (Ω \A)

· P (Ω \A)

= PA(B) · P (A) + PΩ\A(B) · P (Ω \A).

Problem 12.11. Give an example of a probability space (Ω,F , P ) and X,Y ∈ L2(P ) such that
σ2(X + Y ) = σ2(X) + σ2(Y ) but X and Y are not independent random variables.

Solution. Take Ω = {−1, 0, 1} with F = 2Ω and P counting measure divided by 3, and set X(ω) = ω,
Y (ω) = ω2; every function on this finite set is bounded and measurable, so X,Y ∈ L2(P ). Each
singleton has probability 1

3 , so (using ω4 = ω2 on Ω)

EX = 0, E(X2) = 2
3 , EY = 2

3 , E(Y 2) = 2
3 ,

and X + Y takes the values 0, 0, 2 at −1, 0, 1, so E(X + Y ) = 2
3 and E((X + Y )2) = 4

3 . Hence 12.20
gives

σ2(X) + σ2(Y ) =
(
2
3 − 0

)
+
(
2
3 − 4

9

)
= 8

9

= 4
3 − 4

9 = σ2(X + Y ).

But with the Borel sets U = V = {0} we have {X ∈ U} = {Y ∈ V } = {0}, so

P
(
{X ∈ U} ∩ {Y ∈ V }

)
= 1

3 6= 1
9 = P (X ∈ U) · P (Y ∈ V ),

and therefore X and Y are not independent (12.14).

Problem 12.12. Suppose (Ω,F , P ) and (Ω′,F ′, P ′) are probability spaces, X is a random variable
on Ω, Y is a random variable on Ω′, and X̃ = Ỹ . Prove that PX = P ′

Y .

Solution. The Monotone Class Theorem upgrades the hypothesis from half-lines to B. Write H = X̃ =
Ỹ ; by 12.27 the hypothesis says PX((−∞, s]) = H(s) = P ′

Y ((−∞, s]) for all s ∈ R. Let A be the
collection of finite unions of half-open intervals, meaning sets

I(α, β) = {x ∈ R : α < x ≤ β}, α ∈ R ∪ {−∞}, β ∈ R ∪ {∞}.

(i) A is an algebra (5.10). Intersections stay inside the class, since I(α1, β1) ∩ I(α2, β2) =
I(maxαi,minβi), and each complement R \ I(α, β) is the union of at most the two half-open in-
tervals I(−∞, α) and I(β,∞); so De Morgan plus distributivity turns the complement of a finite union
into a finite union again (Check!).
(ii) The smallest σ-algebra S containing A is B. Half-open intervals are Borel, so S ⊆ B; conversely
(a, b) =

⋃∞
k=1(a, b−

1
k ] and (−∞, b) =

⋃∞
k=1(−k, b−

1
k ] lie in S, so S contains every open interval, hence

every open set (a countable union of such), hence B.
(iii) PX and P ′

Y agree on A. Additivity gives

PX
(
(a, b]

)
= H(b)−H(a), PX

(
(a,∞)

)
= 1−H(a),
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along with PX(R) = 1 and PX(∅) = 0, and identically for P ′
Y ; so the two agree on every half-open

interval. Given E = I(α1, β1) ∪ · · · ∪ I(αm, βm), cutting R at the finitely many real numbers among
the αj , βj exhibits E as a finite union of pairwise disjoint half-open intervals, so finite additivity gives
PX(E) = P ′

Y (E).
(iv) M = {B ∈ B : PX(B) = P ′

Y (B)} is a monotone class (5.15): for increasing sequences apply 2.59 to
each measure, and for decreasing sequences 2.60, whose finiteness hypothesis holds because PX(E1) ≤ 1
and P ′

Y (E1) ≤ 1.
By (iii), M contains A, hence the smallest monotone class containing A, which by 5.17 is S = B. Thus
M = B, that is, PX = P ′

Y .

Problem 12.13. Suppose H : R → (0, 1) is a continuous one-to-one function satisfying conditions
(a) through (d) of 12.29. Show that the function X : (0, 1) → R produced in the proof of 12.29 is
the inverse function of H.

Solution. The function is X(ω) = sup{t ∈ R : H(t) < ω} for ω ∈ (0, 1) (12.30), and the set inside the
supremum is the half-line (−∞,H−1(ω)).
First, H is strictly increasing: for s < t, condition (a) gives H(s) ≤ H(t) and one-to-oneness rules
out equality. Next, H maps R onto (0, 1): given u ∈ (0, 1), conditions (b) and (c) supply a, b with
H(a) < u < H(b), hence a < b, and the Intermediate Value Theorem applied to the continuous H on
[a, b] gives r with H(r) = u. So H−1 : (0, 1) → R exists.
Now fix ω ∈ (0, 1) and put r = H−1(ω). If t < r then H(t) < H(r) = ω, and if t ≥ r then H(t) ≥ ω;
hence

{t ∈ R : H(t) < ω} = (−∞, r),

whose supremum is r. Therefore X(ω) = r = H−1(ω) for every ω ∈ (0, 1).

Problem 12.14. Suppose (Ω,F , P ) is a probability space and X is a random variable. Prove that
the following are equivalent.
• X̃ is a continuous function on R.
• X̃ is a uniformly continuous function on R.
• P (X = t) = 0 for every t ∈ R.
• (X̃ ◦X)∼(s) = s for all s ∈ [0, 1].

Solution. Label the statements (A), (B), (C), (D); we prove (A) ⇔ (C), (A) ⇔ (B), (A) ⇒ (D), (D)
⇒ (C). The proof of 12.29 gives that X̃ is increasing and right continuous with limits 0 at −∞ and 1
at ∞; write Z = X̃ ◦X, a random variable with values in [0, 1] because X̃ is increasing, hence Borel
measurable by 2.39, and 2.44 applies.
Jump identity: the events {X ≤ s − 1

k} increase to {X < s}, so 2.59 and monotonicity of X̃ give
limt↑s X̃(t) = P (X < s), whence by additivity

X̃(s)− lim
t↑s

X̃(t) = P (X ≤ s)− P (X < s) = P (X = s).

(A) ⇔ (C). By right continuity, X̃ is continuous at s exactly when its left limit at s equals X̃(s), which
by the jump identity is exactly P (X = s) = 0.
(B) ⇒ (A) is immediate. For (A) ⇒ (B), let ε > 0 and choose a < b with X̃(a) < ε

2 and X̃(b) > 1− ε
2 ;

continuity on the compact interval [a− 1, b+ 1] gives δ ∈ (0, 1) with |X̃(u)− X̃(v)| < ε whenever u, v
lie there with |u− v| < δ. Now take u ≤ v with v − u < δ.
• (i) v ≤ a: then 0 ≤ X̃(v)− X̃(u) ≤ X̃(a) < ε, as X̃ ≥ 0 is increasing.
• (ii) u ≥ b: then 0 ≤ X̃(v)− X̃(u) ≤ 1− X̃(b) < ε, as X̃ ≤ 1.
• (iii) otherwise v > a and u < b, so u > a− 1 and v < b+ 1 and the choice of δ applies.
(A) ⇒ (D). Let s ∈ [0, 1] and Ts = {t ∈ R : X̃(t) = s}. For s = 1, Z ≤ 1 gives Z̃(1) = 1. For
s ∈ [0, 1) with Ts = ∅: the Intermediate Value Theorem and the limits 0, 1 force s = 0, and Z ≥ 0 gives
{Z ≤ 0} = {X ∈ T0} = ∅, so Z̃(0) = 0. Otherwise Ts is nonempty, closed (continuity) and bounded
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above (since X̃ → 1 > s when s < 1), so bs = maxTs satisfies X̃(bs) = s, and

{Z ≤ s} = {X ≤ bs},

since X(ω) ≤ bs forces Z(ω) ≤ X̃(bs) = s, while X(ω) > bs forces X̃(X(ω)) ≥ s with equality excluded
by bs = maxTs. Hence Z̃(s) = X̃(bs) = s.
(D) ⇒ (C), by contraposition. Suppose P (X = t0) = c > 0 and put s0 = X̃(t0). The jump identity
gives limt↑t0 X̃(t) = s0 − c ≥ 0, so X̃(t) ≤ s0 − c for t < t0 and X̃(t) ≥ s0 for t ≥ t0; thus X̃, and hence
Z, omits the interval (s0 − c, s0). So {Z ≤ s} = {Z ≤ s0 − c} for all s ∈ [s0 − c, s0) ⊆ [0, 1], and (D)
would force

s0 − c
2 = Z̃

(
s0 − c

2

)
= Z̃(s0 − c) = s0 − c,

contradicting c > 0.

Problem 12.15. Suppose α > 0 and

h(x) =

{
0 if x < 0,

α2xe−αx if x ≥ 0.

Let P = h dλ and let X be the random variable defined by X(x) = x for x ∈ R.
(a) Verify that

∫∞
−∞ h dλ = 1.

(b) Find a formula for the distribution function X̃.
(c) Find a formula (in terms of α) for EX.
(d) Find a formula (in terms of α) for σ(X).

Solution. The answers are 1 in (a), EX = 2
α in (c), σ(X) =

√
2
α in (d), and in (b)

X̃(s) =

{
0 if s < 0,

1− (1 + αs)e−αs if s ≥ 0.

All four come from the moment integrals

Jn :=

∫
[0,∞)

xne−αx dλ(x) =
n!

αn+1
(n ≥ 0).

To see this, note that xne−αx is continuous and nonnegative, so on each [0, b] its Lebesgue and Riemann
integrals agree (3.34); integration by parts gives

I0(b) =
1− e−αb

α
, In(b) = −b

ne−αb

α
+
n

α
In−1(b)

for In(b) =
∫ b
0 x

ne−αx dx. The functions xne−αxχ[0,k] increase pointwise to xne−αxχ[0,∞), so 3.11 gives
Jn = limk→∞ In(k); since bne−αb → 0, the recursions pass to J0 = 1

α and Jn = n
αJn−1, and induction

finishes.
Part (a). Since h ≥ 0 is Borel and vanishes on (−∞, 0),∫ ∞

−∞
h dλ = α2J1 = α2 · 1

α2
= 1.

In particular h ∈ L1(R), so 12.33 applies to P = h dλ and X(x) = x.
Part (b). By 12.33, h is the density of X, so X̃(s) =

∫ s
−∞ h dλ, which is 0 for s < 0. For s ≥ 0 the

integrand is continuous on [0, s], so 3.34 and the antiderivative −(1 + αx)e−αx of α2xe−αx give

X̃(s) =

∫ s

0
α2xe−αx dx = 1− (1 + αs)e−αs.
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Part (c). For every Borel f ≥ 0 we have
∫
f dP =

∫
fh dλ: this is the definition of P for f = χB, extends

to nonnegative simple f by 3.20 and 3.16, and then to general f ≥ 0 by 2.89 and two applications of
3.11 (one for P , one for λ). Taking f = |X|,∫

R
|X| dP = α2J2 =

2

α
<∞,

so X ∈ L1(P ) and the mean formula of 12.33 gives EX = α2J2 =
2
α .

Part (d). Likewise
∫
R |X|2 dP = α2J3 = 6

α2 < ∞, so X ∈ L2(P ) and the variance formula of 12.33
gives

σ2(X) =
6

α2
− 4

α2
=

2

α2
, σ(X) =

√
2

α
.

Problem 12.16. Suppose B is the σ-algebra of Borel subsets of [0, 1) and P is Lebesgue measure
on
(
[0, 1),B

)
. Let {ek}k∈Z+ be the family of functions defined by the fourth bullet point of Example

8.51 (notice that k = 0 is excluded). Show that the family {ek}k∈Z+ is an i.i.d.

Solution. By 8.51, ek equals 1 on the dyadic interval Ik,n = [n−1
2k
, n
2k
) for n odd and −1 for n even; for

fixed k ∈ Z+ the 2k intervals Ik,1, . . . , Ik,2k are disjoint with union [0, 1) and P (Ik,n) = 2−k, so ek is a
linear combination of their characteristic functions and hence a random variable.
(i) Marginals. Exactly 2k−1 of the n ∈ {1, . . . , 2k} are odd (here k ≥ 1 is used), so additivity gives
P (ek = 1) = P (ek = −1) = 2k−1 · 2−k = 1

2 . Hence

ẽk(s) =


0 if s < −1,
1
2 if − 1 ≤ s < 1,

1 if s ≥ 1,

a formula not involving k; so the family is identically distributed (12.35). (For k = 0 we would have
e0 ≡ 1, which is why k = 0 is excluded.)
(ii) ek reads the k-th binary digit. For x ∈ [0, 1) and j ∈ Z+ put dj(x) = b2jxc − 2b2j−1xc; with
a = 2j−1x this is b2(a − bac)c ∈ {0, 1}. Since bxc = 0, the sum

∑k
j=1 dj(x)2

k−j telescopes to b2kxc,
and x ∈ Ik,n exactly when n− 1 = b2kxc; hence the index n with x ∈ Ik,n is

n = 1 +

k∑
j=1

dj(x)2
k−j .

Every term with j < k is even, so n is odd if and only if dk(x) = 0, that is, ek(x) = 1 ⇐⇒ dk(x) = 0.
The same formula shows x 7→ (d1(x), . . . , dN (x)) is constant on each IN,n and, since (a1, . . . , aN ) 7→
1 +

∑
j aj2

N−j is a bijection {0, 1}N → {1, . . . , 2N}, attains each element of {0, 1}N on exactly one of
the 2N intervals.
(iii) Prescribed values. Let k1 < · · · < km, let εi ∈ {−1, 1}, put δi = 1−εi

2 and N = km. By (ii),⋂m
i=1{eki = εi} is the union of those IN,n whose digit string has aki = δi, and exactly 2N−m of the 2N

strings do; the intervals being disjoint of measure 2−N ,

P
( m⋂
i=1

{eki = εi}
)
= 2N−m · 2−N = 2−m =

m∏
i=1

P (eki = εi).

(iv) Independence. Let {Uk} be Borel subsets of R and k1 < · · · < km distinct indices (permuting
indices changes neither side). Put Vi = Uki ∩{−1, 1}; since eki takes only the values ±1, {eki ∈ Uki} is
the disjoint union of {eki = ε} over ε ∈ Vi, so P (eki ∈ Uki) =

|Vi|
2 by (i). Distributing the intersection

over these unions gives a disjoint union over the |V1| · · · |Vm| tuples in V1×· · ·×Vm, each of probability
2−m by (iii), so

P
( m⋂
i=1

{eki ∈ Uki}
)
= |V1| · · · |Vm| · 2−m =

m∏
i=1

P (eki ∈ Uki).
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So these events are independent (12.7) for every choice of {Uk}, which by 12.14 makes {ek}k∈Z+ an
independent family; with (i) it is an i.i.d. family (12.35).

Problem 12.17. Suppose B is the σ-algebra of Borel subsets of (−π, π] and P is Lebesgue measure
on
(
(−π, π],B

)
divided by 2π. Let {ek}k∈Z\{0} be the family of trigonometric functions defined by

the third bullet point of Example 8.51 (notice that k = 0 is excluded).
(a) Show that {ek}k∈Z\{0} is not an independent family of random variables.
(b) Show that {ek}k∈Z\{0} is an identically distributed family.

Solution. By 8.51, ek(t) = 1√
π

sin(kt) for k > 0 and 1√
π

cos(kt) for k < 0; each is continuous, hence a
random variable on ((−π, π],B), and P (A) = λ(A)

2π where λ is Lebesgue measure.
Part (a). Take k = 1 and k = −1 with U1 = U−1 = U = {x ∈ R : x2 > 1

2π} and Uk = R otherwise. The
Pythagorean identity e1(t)

2 + e−1(t)
2 = 1

π makes {e1 ∈ U} and {e−1 ∈ U} disjoint, since a common
point would give 1

π >
1
2π + 1

2π . Each has probability 1
2 : the condition e1(t)

2 > 1
2π says | sin t| > 1√

2
,

and e−1(t)
2 > 1

2π says | cos t| > 1√
2
, so

{e1 ∈ U} =
(
−3π

4 ,−
π
4

)
∪
(
π
4 ,

3π
4

)
,

{e−1 ∈ U} =
(
−π,−3π

4

)
∪
(
−π

4 ,
π
4

)
∪
(
3π
4 , π

]
,

both of measure π. Hence

P
(
{e1 ∈ U1} ∩ {e−1 ∈ U−1}

)
= 0 6= 1

4 = P (e1 ∈ U1) · P (e−1 ∈ U−1),

so these events fail 12.7 and by 12.14 the family is not independent.
Part (b). Fix s ∈ R and put

S = {u ∈ R : sinu ≤ s
√
π}, T = {u ∈ R : cosu ≤ s

√
π};

both are Borel (preimages of the closed set (−∞, s
√
π ] under continuous maps) and periodic, meaning

S + 2π = S. Two facts about a periodic Borel set S:
• (A) λ(S ∩ (a, a + 2π]) = λ(S ∩ (−π, π]) for every a ∈ R. Shifting a by a multiple of 2π changes

neither side (periodicity and translation invariance 2.7), so take −π < a ≤ π; then S ∩ (a, a + 2π]
is the disjoint union of S ∩ (a, π] and (S ∩ (−π, a]) + 2π, whose measures add to λ(S ∩ (−π, π]) by
2.7.

• (B) λ({t ∈ (−π, π] : mt ∈ S}) = λ(S ∩ (−π, π]) for m ∈ Z+. That set is 1
m(S ∩ (−mπ,mπ]), Borel

with measure 1
mλ(S ∩ (−mπ,mπ]) by 5.41; and (−mπ,mπ] splits into m windows of length 2π,

each contributing λ(S ∩ (−π, π]) by (A).
For k > 0, ek(t) ≤ s means kt ∈ S, so (B) with m = k gives P (ek ≤ s) = 1

2πλ(S ∩ (−π, π]), a
quantity free of k. For k < 0, evenness of cosine gives ek(t) = 1√

π
cos(mt) with m = −k, so (B) gives

P (ek ≤ s) = 1
2πλ(T ∩ (−π, π]). Finally cosu = sin(u+ π

2 ) gives T = S − π
2 , so 2.7 and then (A) on the

window (−π
2 ,

3π
2 ] give

λ
(
T ∩ (−π, π]

)
= λ

(
S ∩

(
−π

2 ,
3π
2

])
= λ

(
S ∩ (−π, π]

)
.

Thus ẽk(s) does not depend on k, so the family is identically distributed (12.35).

292


	Riemann Integration
	Exercises 1A
	Exercises 1B

	Measures
	Exercises 2A
	Exercises 2B
	Exercises 2C
	Exercises 2D
	Exercises 2E

	Integration
	Exercises 3A
	Exercises 3B

	Differentiation
	Exercises 4A
	Exercises 4B

	Product Measures
	Exercises 5A
	Exercises 5B
	Exercises 5C

	Banach Spaces
	Exercises 6A
	Exercises 6B
	Exercises 6C
	Exercises 6D
	Exercises 6E

	Lp Spaces
	Exercises 7A
	Exercises 7B

	Hilbert Spaces
	Exercises 8A
	Exercises 8B
	Exercises 8C

	Real and Complex Measures
	Exercises 9A
	Exercises 9B

	Linear Maps on Hilbert Spaces
	Exercises 10A
	Exercises 10B
	Exercises 10C
	Exercises 10D

	Fourier Analysis
	Exercises 11A
	Exercises 11B
	Exercises 11C

	Probability Measures
	Exercises


